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Abstract. We investigate the problem of deciding first-order theories of
finite trees with several distinguished congruence relations, each of them
given by some equational axioms. We give an automata-based solution
for the case where the different equational axiom systems are linear and
variable-disjoint (this includes the case where all axioms are ground),
and where the logic does not permit to express tree relations x=f(y,z).
We show that the problem is undecidable when these restrictions are
relaxed.

As motivation and application, we show how to translate the model
checking problem of Apil,, a spatial equational logic for the applied pi-
calculus, to the validity of first-order formulas in term algebras with
multiple congruence relations.

1 Introduction

There exist a number of decidability results for the first-order theory of finite
trees, or also called term algebras. The decidability of the first-order theory of
finite trees over a finite signature, with syntactic equality as the only predicate,
was first shown by Malc’ev [1], this result was later rediscovered and extended
independently by Maher [2] and Comon and Lescanne [3]. Encouraged by this
result, several researchers started in the late 80s the program to show decidabil-
ity of the first-order theory of term algebras with different predicates than just
syntactic equality. Research basically went into several directions: one direction
was to add relations other than equality to the theory, in particular ordering
relations that were useful for ordered rewrite calculi [4, 5], or for typing of pro-
gramming languages [6, 7]. Another direction was the addition of predicates that
can be recognized by various classes of tree automata [8,9]. A third direction
was to replace the syntactic equality relation in the original result by an equality
relation modulo a set of equational axioms. The initial optimism was fueled by
the fact that for quantifier-free positive constraints, so-called unification systems,
the extension of syntactic unification to unification modulo equational theories
has led to a rich theory and many useful results (see, for instance, [10] for a
survey). The probably strongest result in this direction is the decidability of
the theory of term algebras modulo so-called shallow equational theories [11].
However, it also turned out that the limits of decidability are met much earlier



with first-order theories than with unification problems, and undecidability of
the theory of term algebras modulo some important equational theories were
shown, among them AC [12,13].

Most of these decidability results were obtained by quantifier elimination.
The reason why automata techniques were not used here is that one typically
wants to express relations like z = f(y, z), which cannot be done using automata
techniques. All results concerned structures with only one congruence relation,
which hence could be seen as an equality in some quotient algebra. The technical
reason for this limitation was that quantifier elimination procedures typically
contain a rule for eliminating positive occurrences of equations, were one side is
reduced to a variable, like this:

Jr.(x=tA¢)
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In this rule, ¢ is an arbitrary conjunction of literals, and ¢[z<t] denotes the for-
mula obtained by replacing every occurrence of the variable x by the term ¢. The
hypothesis and the conclusion of this rule are obviously logically equivalent when
= is interpreted as syntactic equality, and more generally when = is interpreted
as a congruence relation with respect to all predicates of the structure.
Recently, work on a spatial equational logic for the applied 7-calculus [14]
demanded the decidability of a first-order logic of a term-algebra with multiple
congruence relations, each of them defined by a set of ground equational axioms.
Is it possible to obtain the needed result by extending existing techniques? An
investigation of typically used quantifier elimination procedures showed that this
would be very difficult at best. The reason is that, faced with a formula like
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where =; and =5 are two different congruence relations of our structure, one
could not simply eliminate x; or x5 as before. The problem is that in general, =
would not be a congruence with respect to =2, and vice versa, since in general
the equational axioms used for defining these equivalence relations would be
independent.

Looking again back at unification one might hope that there could be a
solution to this problem. If {61,...,60,} is a complete set of unifiers of x =; 1,
that is for the equational theory =1, then the above formula would be equivalent
to

E'.’EQ,gl. (1’2 =2 t2 A ¢)91 V...V E'.’EQ,:IJQ. (xg =2 t2 A (]5)971

where g; is the set of extra variables introduced by the unifier ;. This paper is
about the question whether this can indeed be achieved for the full first-order
theory.

Contents of this paper: In Section 3 we show the decidability of the first-
order theory of term algebras with several congruence relations. The predicates
of our structure are of the form = =; y, where each =; is given by a set of
linear and variable-disjoint equational axioms. The structure does not contain



function symbols, and hence does not allow to express a relation like z = f(y, 2).
This restriction makes the structure accessible to automata-theoretic techniques,
which is a key to our decidability result. We will also show that decidability does
no longer hold when we allow to express term relations like = f(y, ), or when
one generalizes to flat axiom systems. Then, in Section 4, we show how to extend
the decidability result to a certain class of “background” rewrite systems. An
application to a spatial equational logic for the applied m-calculus is given in
Section 5.

2 Preliminaries

We assume the usual notions of rewriting. A signature is called monadic if it
contains only unary and constant function symbols. The set of variables is V;
given a signature X, we denote by T(X,V) the set of terms over X, and by
T(X) the set of ground terms (terms without variables). A term ¢ € T'(X, V)
can be conveniently seen as a function from its set of positions Pos(t) (non-
empty subset of N* that is closed under prefix and left brother) into X U V. Let
Vars(t) denote the set of variables of ¢, depth(t) its depth, ¢|, the subterm of ¢
at position p, and t[s], the replacement in ¢ of the subterm at position p by s.
The term ¢t is called linear if every variable of Vars(t) occurs exactly once in t.

Equations are considered non-oriented, that is £ = r is considered the same
as r = £. We call an equation F = (¢ = r) ground when Vars(¢) = Vars(r) = 0,
variable-disjoint when Vars(¢) is disjoint with Vars(r), flat when depth(?), depth(r) <
1 and shallow when every variable of Vars(¢) N Vars(r) occurs at depth at most
1in £ and r. A set of equations is variable-disjoint (resp. ground, flat, shallow)
when each of its equations is. Any flat equation is shallow, and any ground
equation is both shallow and variable-disjoint, while in general flat or shallow
equations are not necessarily variable-disjoint.

Let R be a rewrite system, and FE a set of equational axioms. We write s = ¢
when s rewrites to ¢ in one step by R, and s <> t when s transforms to ¢ in
one equational proof step by E. The relations =+ » and =g are the reflexive and
transitive closures of respectively — g and <> g, that is, in the latter case, s =g t
when s and ¢ are equal modulo the set E of equations. We write =g g for the
reflexive, symmetric and transitive closure of <5 U —g.

Given a finite signature X, a (bottom-up) tree autornaton A is given by
(Q, F, A) where

— (@ is a finite set of states.
— F C (@ is called the set of accepting states.
— Ais a set of rewrite rules f(q1,...,q,) = ¢ with f € X, ¢1,...,aqn,q € Q.

The automaton A accepts a tree t iff t =+ ¢ € F' by the transition rules A. The
language L 4 is the set of all trees accepted by A.

Tree automata enjoy (almost) all the nice properties of word automata, in
particular closure under Boolean operations, decidability of the emptiness prob-
lem, determinization, minimization [15].



The convolution operation defined below allows to code n-tuples of trees as
trees over a signature of n-tuples. Let X be a signature with O ¢ Y. We define
the signature X", for n > 1, as

S = {[f1, . fa] | fi € ZU{O}, fi # O for some i}

The arity of [f1 ..., f] in X" is the maximum of the arities of those f; that are
in 3.

For t1,...,t, € T(X), the convolution t; ®...®t, is the tree t € T(Z[”]) defined
by Pos(t) = Pos(t1) U...U Pos(t,), and for all = € Pos(t), t(7) = [f1,. .., fn)
where f; = t;(w) if m# € Pos(t;), and f; = O otherwise. Projection is defined by
7Ti(t1 X ... ®tn) =1;.

For example, let X' = {h, f,a}, where a is a constant, f unary, and h binary.
Then we have that f(a) @ h(a, f(a)) = [f, h)([a, al, [0, £1(I0, a])),

Now, one can define tree-automatic representations and tree-automatic struc-
tures analogously to the definition given in [16] for automata over finite words.
This definition applies only to so-called relational structures, that is structures
that have only predicates in their logical language and no constants or func-
tion symbols. This is not a restriction as constants or functions can always be
expressed by predicates.

Let A be a structure over a relational signature with relation symbols Ry, ..., R,.
A tree-automatic representation of A is given by

1. a finite signature X,

2. a recognizable tree language Ls C T(X),

3. an onto function v: Ls — A,

4. arecognizable tree language Lr C T'(X ["]) for each relation symbol R of the
signature of A, such that for all x1,...,x, € L; :

21 ®...Qx, € Ly iff (v(zy),...,v(z,)) € R
In this case we say that the relation R4 is recognizable.

A structure is tree-automatic if it has a tree-automatic representation. The first-
order theory of any tree-automatic structure is decidable.

Ground Tree Transducers (GTT) have been introduced in [17]. A GTT is
defined by two tree automata A; and As over the same signature, and possibly
with shared states. The GTT defined by A; and A, recognizes the pair (¢,t¢') iff
there exists a context C, terms t,,¢, € T(X), and states ¢; for 1 < i < n, such
that t = Clt1,...,t,], t' = C[t},...,t,], t: = ¢ by Ay and t; = ¢; by As.
Any relation defined by a GTT is recognizable, and the set of GTT-definable
relations is closed under iteration (Kleene star) [18].

3 The Case of Several Congruence Relations

Definition 1. Let X' be a countable signature with an upper bound on the arities
of the function symbols, (F;)icr be a (possibly infinite) family of sets of equations



over X, and (L;)jes a (possibly infinite) family of recognizable tree languages
over the signature X. The first-order structure A(X, (E;)icr, (Lj);er) is defined
as follows:

— The universe is the set of all ground X -terms.

— There are no constant or function symbols.

— For every i € I we have a binary relation =;, interpreted as t1 =; to iff
t1 =g, ta.

— For every j € J we have a unary relation L;, interpreted as L;(t) iff t € L;.

The structure H(X, (E;)icr, (Lj)jeg) contains in addition to A(X, (E;)ier, (Lj)jer)
all symbols from X as function symbols, interpreted as free constructor symbols.
In addition we assume that the empty set of equational axioms is part of (E;)icy-

Note that this definition allows to consider a structure in which every ground
term ¢ € T(X) exists as a syntactic constant. This would be represented by
having in the family of recognizable tree languages, for every t € T(X), the
language consisting of the single term ¢ only (each such language is of course
recognizable). Also, note that the logical language of H(X, (E;)ier, (Lj)jes) al-
lows to express unification problems like x = f(y, z); however this is not possible
in A(X, (Ei)ier, (Lj)je)-

We will show that A(X, (E;)ier, (Lj);jes) is an automatic structure in case all
equation systems are variable-disjoint. The first step is to define the encoding of
the algebra as trees over a finite signature, the (minor) difficulty here being that
the algebra contains trees over a possibly infinite alphabet but with a bounded
arity. The details of this are given in Appendix A.

The languages L;, j € J, are recognizable by definition. In order to show
that every =;, i € I, is recognizable we construct a Ground Tree Transducer as
follows:

Given the ground equational theory E = {s; = t1,...,8, = tn}, let Ay be
the tree automaton that recognizes the set of instances of s; in state g;, for any
i, and the set of instances of ¢; in state p;, for any 7. Symmetrically, let As be
the tree automaton that recognizes the set of instances of s; in state p;, for any
1, and the set of instances of ¢; in state g;, for any i. These automata can be
constructed exactly because each equational axiom is linear. Since the axioms
are variable-disjoint, the GTT defined by A; and As recognizes a pair of terms
(t,t') iff ¢ is obtained from ¢’ by a parallel equational replacement with respect to
E. The transitive closure of this relation is exactly the equality relation modulo
E, which is again a GTT [18], and hence recognizable. Hence:

Theorem 1. For any arity-bounded countable signature X, family (E;);cr of

sets of linear variable-disjoint equations over X, and family (L;);cs of recogniz-

able tree languages over the signature X, the first-order theory of A(X, (Ey)ier, (Lj)eq)
is decidable.

The following theorem states that Theorem 1 no longer holds if generalized
to the structure H(X, (E;)icr, (Lj)jes), that is if one also allows relations like



Theorem 2. The problem of deciding the first-order theory of H(X, (E;)1<i<s, (Lj)i1<j<3)
1s undecidable even when X is finite, E1 and E5 are systems of ground equations,

and Es = (.

Proof (sketch, see Appendix B for details). We use a technique called shifted

pairing [19] in order to encode the acceptance problem of the empty tape for

Turing machines.

Let M be a Turing machine computing on a tape bounded on the left and
unbounded on the right, with input alphabet I" and state set S. We represent
a configuration of M as a word ¢ in I'*S I'*b*, where the unique state symbol
s € S in ¢ indicates the current position of the head of M. The blank symbol
b is used for padding the right of the tape: for commodity, we consider finite
computations of M such that successive configurations all have the same length
(the length of a word c¢ is denoted by |c|).

We encode the configurations of M as right-combs built with a binary func-
tion symbol g, using a unary operator _* defined by ¢! := g(ci1,...,9(cik,b))
for a configuration ¢; = ¢;1...¢; 5. A computation co,...,c, of M (sequence
of configurations) is also encoded as a right comb f(cf, ..., f(c},b)), where f is
another binary function symbol.

Let us define the following three recognizable languages

Ly which contains the term representations ¢} of initial configurations cg of M
(i.e. an initial state followed by an arbitrarily long sequence of b),

L. which contains the term representations f(ch,..., f(c!,b)) of sequences of
configurations c¢o,...,c, of M (possibly not successive), such that ¢, is a
final configuration,

L, which contains terms f(ci @ d,..., f(ct,_ ®d., f(c, ®b,b))) such that for
all i < n, |¢;| = |di+1| and d;41 is a successor of ¢; using a transition of M.

Here, ® is a simplified version of the convolution product (see Section 2) defined
recursively by g(a,s) ® g(b,t) = ¢([a,bl,s ®t), b®b = b and g(a,s) ® b =
9([a, 0], s ®D).

Then we propose then three sets of equational axioms

FE4 which defines the left projection over the signatures of pairs,
with equations of the form [a, b] = a,

E5 which defines the right projection, with equations of the form [a, b] = b, and
moreover will delete the last element ¢!, ®b of terms of Ly, providing that the
configuration ¢, is final, with the equations g([p,0],b) = #, g([p, 0], #) = #
and f(g([sf, 0], #),b) = b for all final state s’

FE5 which is empty.

Regarding the definition of Es, note that we assume wlog that entering a final
state terminates the computation of M and that before entering a final state,
M deletes the whole tape (all the symbols of I" are replaced by b).

With these constructions, it holds that the first order formula

¢ =y, y1, Y2, To- Lep(Y)AYy =5, 1ALe(y1)NY =B, Y2ALe(y2)ALo(20)Ay1 = f(x0,Y2)



is satisfiable in H(X, (E;)ie1,2, (Lsp, Le, Lo)) iff M admits a successful compu-
tation starting with a blank tape.
Note that we could get rid of the recognizable languages L, and L. in the struc-
ture, and of the atoms L, (y) and L.(z1) in ¢ by adding two ground equational
theories which describe the bottom-up transitions of two tree automata recog-
nizing respectively Lg, and L. O
The next result shows that Theorem 1 no longer holds when one replaces
variable-disjoint equational systems by flat equational systems, even if one has
only two different flat systems and unification equations z = f(y,z) are not
allowed. Moreover, the signature considered below is monadic, hence the results
holds already when considering a domain of words. Note that the first-order the-
ory of one congruence relation defined by a shallow equational system (hence in
particular, by one flat equational system), without unitary recognizable predi-
cates but with unification equations z = f(y, z), is decidable [11].

Theorem 3. The first-order theory of A(X, (E;)1<i<s,(Lj)1<j<2) is undecid-
able when X' is finite and monadic and E1, FEs are two sets of flat equations over

3 and E5 = 0.

Proof We reduce the Post correspondence problem (PCP). The principle of
the reduction presented here follows an idea used in [20] for showing undecid-
ability of another problem (termination of shallow term rewriting systems). Let
us consider the following instance of PCP without empty words given by a finite
set of pairs of words:

P o= {(ui,v;) | wi,v; € {a,b}T,1<i < N}

A solution of P is a finite sequence (i;)o<j<i with 1 < ig,...,i < N, such
that w;,u;, ... u;, = Viyv;, ...v;, . The problem of the existence of a solution is
undecidable [21]. For all 1 <@ < N, let u; = w1 ... U |y, and V3 = V31 ... V; ;|-
Let L := max(|u;l,|v;| | ¢ < N), and let us define the signature

Yi={a:1,b:1,p:0}U{P,;:1|1<i<N,1<j<L}

For the sake of readability, we shall write the terms of T'(X) as words of X7 Xy.
For all 1 < ¢ < N, let P; be the word P;;---P; 1. Let us consider two tree
automata:

— L, recognizing {a,b}™h,
— Lp recognizing {P; | 1 <i < N}*b.

The purpose of the symbols P; ; in the words F; is to represent a “skeleton” of
solution of P, i.e. a sequence of indexes that will be replaced by letters of the
u;’s or v;’s by the following two sets of flat equations

1<i<N, 1<i<N

1<i<N, 1<i<N,



Let E3 = (). Finally, let ¢ be the following closed first formula over A(Z, (Ei)1<i<s, (La, Lp))
¢:=3r,u,v.Lp(x) Nx =g, uANx =g, v A Lo(u) A Lo (v) Au=w.

We show in Appendix C that ¢ is satisfiable in A(Z7 (Ei)i<i<s, (La, Lp)) iff P
has a solution. O

4 Adding a Background Term Rewrite System

In this section we show that Theorem 1 can be extended to the case where
all equations are taken modulo an additional term rewrite system with some
particular properties. The first property is that the system is canonical, that is
normalizing and confluent, such that each term has a unique normal form. This
allows us to restrict the universe of the logic structure to contain only terms in
normal form, and each ground term would be interpreted in that structure as
its normal form.

Definition 2. Let X, (E;)icr, and (Lj) e be as in Definition 1, and R a canon-

ical and left-linear term rewrite system. The first-order structure A(X, (E;)icr, (Lj)et, R)
is defined as A(X, (E;)icr, (Lj)jes) in Definition 1, except that the universe is
restricted to R-normal forms, and that t; =; ta is interpreted as t1 =g, r ta2-

Note that the term rewrite system may indeed intervene even when the struc-
ture contains only terms in normal form, and when all equational systems are
normalized with respect to the rewrite system. Take, for example, a rewrite
system R consisting of the rule

left(pair(z,y)) —

and the equational system E = {c¢ = pair(a,b)}. The system E is normalized
w.r.t. R, and so are the terms a and left(c). However, left(¢) = a is a consequence
of E'U R but not of E alone.

For the decidability result below we require in addition the rewrite system to
be orthogonal, that is left-linear and without critical pairs. The set of terms in
normal forms is then recognizable as a consequence of left-linearity [15]; absence
of critical pairs will be useful in the proof of Theorem 4. Orthogonality implies
confluence [22].

The idea is to “complete” any of the given equational systems w.r.t. R. If this
process terminates for each single of these (probably infinitely many) systems
then we can conclude. If [ = r is an equational axiom and g — d a rewrite rule
then a critical pair is given in the following two cases:

— there is a substitution ¢ and a non-variable position p of g such that go |,=
lo, in that case the critical pair is go[ro], = do.

— there is a substitution ¢ and a non-variable position p of lo such that go =
lo |p, in that case the critical pair is ro = lo[do],,.



In order to meet the hypotheses of Theorem 1, we have to assure that the critical
pair is again linear and variable disjoint. Linearity may be violated only by a
non-linearity of d (since all other terms are linear), and variable disjointness may
be violated in the first case when go[e], is not ground. We say that E’ is the
completion of E by R when E’ is the smallest set containing F and that contains
all its own critical pairs with R. If this set is finite then it can be calculated from
E by successive addition of critical pairs.

Lemma 1. If E' is the completion of E by R then s =g r t iff s =g/ t for all
terms s,t in R-normal form.

Proof Any FE’ proof step can be simulated by several F, R proof steps, so the
back direction is obvious. For the other direction, first note that when s =g g t
then s =g/ g t since E C E’. Any proof of s =g/ g ¢ can be transformed into a
proof such that any R-rewrite step is either preceded by an R rewrite-step, or
by an E-step such that the redex of the rewrite step has a non-trivial overlap
with the previous equational step. This is a consequence of the orthogonality
of R and the fact that s and ¢ are in R-normal form, since a rewrite step can
be commuted with a non-overlapping equational step. If the shortest such proof
used an R-step then we could replace the preceding equational step and that
rewrite step by one single equational step (their critical pair), which would yield
a contradiction. g

Hence, we obtain together with Theorem 1:

Theorem 4. If R is orthogonal and terminating, and if every E; has a finite
completion w.r.t. R that is linear and variable-disjoint, then the first-order theory
of the structure A(X, (E;)icr, (Lj)jet, R) is decidable.

Example. Let R be the following term rewrite system:

left(pair(z,y)) — =« right(pair(z,y)) — vy
and the following equational theory:
E = {pair(a, pair(b,c)) = d}
Completion terminates successfully with the following equational system:
E = {pair(a, pair(b,c)) = d,a = left(d),
pair(b, c) = right(d), b = left(right(d)), c = right(right(d))}

We can characterize a simple case in which completion always succeeds: We
call a term a jack when it is either shallow and linear, or f(t1,...,%;,...,t,)
such that some ¢; is shallow and linear, and each ¢; with j # ¢ is a constant.

Lemma 2. When R is a non-overlapping rewrite system of rules g — x where
each g is a jack, x € Vars(g), and E a ground equational system such that no
constant occurring on a left-hand side of R is a side of E, then completion of
any variable-disjoint and linear equation system succeeds.



Proof The rewrite system is, as an easy consequence of the hypotheses, termi-
nating and orthogonal. Since any right-hand side is subterm of a left-hand-side,
which in turn is linear, all terms involved and hence all critical pairs are linear. If
[ = r is an equation and go, = lo an overlap, then due to the definition of jacks
and the third condition in the lemma, go[e], is ground, and hence the critical
pair is variable-disjoint. See Appendix D for a termination proof of completion.

O

Here is an example of a term rewrite system that satisfies the condition of
Lemma 2. This system describes the cryptographic operators of pairing and
projection, and asymmetric encryption and decryption for fized keys.

left(pair(z,y)) — dec(inv(a), enc(a,x)) —
right(pair(z,y)) — dec(inv(b), enc(b, z)) = x
enc(a, dec(inv(a), z)) — enc(b, dec(inv(b),z)) — x

In this case, equational axioms may not contain a or b (the ground subterms
of the left-hand sides of R). The generalization of these axioms to arbitrary
keys represented by a variable, i.e. dec(inv(y), enc(y,z)) — = would lead to a
left-hand side that is not a jack.

Note that there might in general be an infinity of equational systems, and
the completion algorithm has to terminate successfully on each of them. In or-
der to integrate this into a practical algorithm one would have to perform the
completion on demand for the only finitely many congruence relations that may
occur in any given first-order formula.

In the following we will show that Theorem 4 does not hold when the com-
pletion is no longer variable disjoint:

Theorem 5. The first-order theory of A(X, (E;)1<i<3(Lj)i<j<2) is undecidable
when X is finite, R is a rewrite system whose rules have the form f(x,c) = x
for fe Xy, ce Xy andx €V, Ey, Ey are two sets of ground equations over X,
E3 =0, and when the congruence relation =, is interpreted as =g, R.

Proof The proof is very similar to the proof of Theorem 3, with a reduction of
the Post correspondence problem (PCP). The main difference is that we consider
binary terms instead of unary terms (words).

Let us consider an instance of PCP without empty words P := {(u;, v;) ’
ug,v; € {a,b} T, 1 <i < N} with us = wi1 ...y, and v; = v31 ... v; |y, for all
1<i< N and let L := max(|u|, |v;| | # < N). The signature is now

Y2:={f:2,a:0,0:0,0:0,0:2}U{P,;:0]1<i<N,1<j<L}

Given a word w = w;y ... w, € X%, we denote w' the term f(wy,..., f(w,,b)) €
T(X). We extend this notation to sets of words in the natural way.
The tree automata are defined the same way as in the proof of Theorem 3

— L, recognizes ({a,b}"’)t and
— Lp recognizes (H [1<i< L}*)t.



The transformation of P;;...F;r into u; and v; is now done using ground
equations for replacement of constant symbols and collapsing rewrite rules for
erasing the superfluous [’s.

Ey={Pj=u; |1<i<N,1<j<|ul}
U{P,;=0[1<i<N,|u| <j<L}

Ey={Pj=v;; |1 <i<N,1<j< v}

E3:®

R={f0Oz) -z}

Finally, the closed formula ¢ over A(Z, (Ei)1<i<s, (La, Lp)) is the same as for
Theorem 3

¢:=3r,u,v.Lp(x) Nx =g, uANx =g, VA Lo(u) A Lo (v) Au=v.

We can show similarly as for Theorem 3 (see Appendix C) that P has a solution
iff (b is satisfiable in A(E, (Ei)1§i§3a R, (Lou Lp)) Il

Note that in the case of the proof of Theorem 5, completion of for instance
an equation P; ; = O by the rule f(O,2) — « yields the non variable-disjoint
equation f(P;;,x) = .

5 Application to a Spatial Logic for the Applied
w-Calculus

We investigate the model checking problem for a spatial equational logic for the
applied m-calculus [23] (A7 for short), an extension of the m-calculus [24] where
processes may communicate terms through channels. These terms are tested for
equality using an equational theory &, which is global and defined by the user
so as to allow her to choose what cryptographic primitives are used, as well as
local axioms placed in a frame, which act as a record of what has been sent to
the environment so far. The calculus is parametric in £, so as to be flexible w.r.t.
the properties that the user wants to model about her cryptographic primitives.

For example, assuming & is the equational theory of pairs, the frame {u =
pair(s,w),v = left(u)} augments the equational theory with two equations on
u and v. We can declare s to be a secret name by making it hidden, using the
following notation: F' = vs. {u = pair(s,w),v = left(u)}. Here, s denotes a name
in applied m-calculus, whereas u, v denote a frame variable. Names are used to
refer to channels, nounces, and secret keys, while each A7n variable identifies a
message whose content is the (ground) term associated with it in the frame.
We will represent both frame variables and names as constants of our signature,
keeping them distinct from the first-order variables. More formally, we suppose
given a signature X, along with an equational theory £. X contains the sets V™
and N'™, which are disjoint, infinite, and represent respectively A variables and
names. V' is the usual set of (first-order) variables, distinct from V7.



Notations. We will use the letters h,n, m, s to refer to elements of N7, u, v, w
for elements of V™, a,b, ¢ for elements of N™ U V™ and z,y, 2 for elements of V.
We write ¢ for arbitrary terms in T'(X, V), and r for ground terms in T'(X). fn(t)
and fav(t) respectively denote the sets of free names and free Ar variables of r,
defined as usual, and frnav(t) := fn(t) U fav(t). W is used to denote the union of
disjoint sets.

A frame F is a record of the current knowledge of the environment, in the
form of active substitutions, each accounting for a message that has been sent
over the network. For simplicity, we define a frame as a pair (H, S), where H is
a set of hidden names and S is a set of ground equations of the form v = r. We
only consider frames F' = (H, {u; = r1,...,ur = r}) where the u;’s are pairwise
disjoint, the r;’s are ground, and there is no cycle in the A variables (i.e. there
is an ordering (i1,...,i) of the set of substitutions such that u;; ¢ fav(r;,,)
for j < j'). The w;’s (resp. r;) form the domain (resp. codomain) of F, written
dom(F) (resp. codom(F)). Frames are considered up to the following structural
congruence relation:

Definition 1 (Structural congruence) Structural congruence = is the small-
est equivalence relation on frames that is stable by c-conversion on hidden names
and satisfies the following rules:

a-CoNv (H,S) = (H[n+n'], S[n«n'])
ifn€ H andn' ¢ HU fn(S)

NEW-0 (H,0) = (0,0)

REWRITE (HA{wr =7r1,...,up=1}) = (H,{us =7rf,...,up =1}})

ifvie{l,...,k}.EFri =7}

Hence names in H are bound, and for F' = (H,S), we define fn(F) =
fn(S) — H. In the full Ax setting, frames have a more complicated presentation,
essentially due to the fact that they are coupled with processes. One significant
simplification (in that our method depends on it) is that we assume that substi-
tutions of a frame cannot apply to other substitutions of this frame. In all other
respects, our presentation is equivalent to the standard one. In particular, we
consider the standard parallel composition, restricted to frames:

Definition 2 (Frame Composition) Two frames Fy = (H1,S51) and Fy =
(Ha, S2) are orthogonal if HHNHs = (), dom(Fy)Ndom(F») = 0 and fn(codom(S1))N
Hy = fn(codom(S2))NHy = (0. The composition F = F1*F5 of orthogonal frames
Fy, Fy is the frame (Hy W Ho, S1 W .S3).

As usual, we will write Fy = F; = F3 if there are F{, F}, F}} such that F| =
Fj « F} and F; = F!. Finally, let us formalize the intuition that hidden names
cannot be tested for equality:

Definition 3 Two ground terms ry and ro are equal in the frame F, written
F + ry = ro when there exists a frame F' = (H',S") = F such that fn(t1,t2) N
H =0 and £,8 Fr1 =ro.



An important notion in A7 is the deducibility of terms:

Definition 4 (Deducibility) A ground term r is said to be deducible from
the frame F = (H,S) if there exists a term 1’ such that fn(r') N H = 0 and
0,9 Fr=1".

For instance, the term s is deducible from the frame F' = ({s}, {u = pair(s,w)})
by taking r’ = left(u). In this case, the deducibility of s might correspond to a
leak in the frame F', as s is supposed to be secret, yet it can be retrieved using
only the publicly available piece of information wu.

5.1 A Fragment of AwL for Frames

Spatial logics have been proposed to reason locally and modularly on algebraic
models of distributed systems such as ambients [25] or 7-calculus [26]. AwL [14]
is a spatial logic for the applied m-calculus. In all generality, and even in the case
of an empty equational theory, the model-checking for the whole logic is unde-
cidable [27]. We present here a fragment for which it becomes decidable when
the global equational theory £ can be represented as a rewrite system satisfying
the conditions of Lemma 2. Consider the logic £ formed by the formulas @ of
the following grammar, where r, ry, ro denote ground terms.

Pui=ri=ry|lz=r|lz=2"|0]|©@a| P | P APy | Fz.® | Na.d | Hn. & | $1xPy

|20a

F,O":h:tg & Fhtio=tao

FokE() & F=(0,0)

F,0 F©a < VF' = F.a € fnav(F")

F,oE—® & FooFE o

FoEd Ady & F,okE® and F,o = &,

FoEdx. ¢ & FJreT(X).F(cU{z—=r})EP

FoEWNa.® <& 3d' ¢ frnaw(F,0,9P). F,0 F ®la—ad']
FoFHn. ¢ <& 3n' ¢ fn(F,0,8).3(H',S").F={n}wH' S and (H',S"),0 F $[n+n']
F70":¢1*€152 <~ HFl,Fz.FEFl*Fz,FhU':QSl andFZ,U):Q52
FoEdon <& ({n}UH,S),cED

FoEdou <« S=5S1wW{u=r}and (H, Si|lur]),0c ED

Fig. 1. Satisfaction relation of £ for a frame F = (H, S)

The semantics of a formula @ is given by the satisfaction relation of Fig. 1 for
a frame F and a valuation 0 mapping term variables to ground terms. Intuitively,
t1 = to (which captures the first three predicates of the grammar r4 = rq, x =1
and x = z’) is an equality test under F', 0 describes the empty frame, (©a is true
whenever the name or An variable a appears free in all the frames equivalent
to F', -, A and 3 is the classical first-order fragment, Va is the Gabbay-Pitts



quantifier over fresh names or Ax variables, Hn is a quantifier over hidden names
of the frame, * is the spatial conjunction that decomposes F' into two disjoint
parts, and @ © a hides the name or Ax variable a in F' and proceeds with @. In
the last case, as Aw variable hiding is not part of our frame syntax, we simulate
the effect it has in the usual setting of the Am, namely to apply the corresponding
substitution and discard it.

This logic can express many properties about frames, and in particular de-
ducibility; the formula below is true in any frame if and only if one of the hidden
names is revealed by the frame:

dr.Hs.x = s

As the term quantification is placed first, the guessed term cannot contain
the revealed names. The general deducibility problem can also be expressed in
this fragment, although the formula depends on the frame ({h1,..., i}, {u; =
t1,...,ur = ti}) due to a-conversion issues:

Jz.Hhy, .o hp (x=tAug =t Ao Aug = tg)

5.2 From Spatial to Equational

In this section, we reduce the model-checking problem for £ to the evaluation
of an equational formula over a term algebra. We assume given a signature X
and an equational theory £ defined by a term rewriting system Rg satisfying
all hypothesis of Section 4. For every finite set S of ground equations of the
form u = r, =g denotes the congruence axiomatized by S U E. We write § to
denote the set of all such S. Let us moreover write A to denote the structure
A(X, (=s)ses, (Co)aen=uy~, Re) where Cy := {t | a € fnav(t)}. The grammar
of the target logic Lo is described below, and its semantics is given by the
satisfaction relation between valuations and formulas of Figure 2.

pu=ri=gry|x=gr|zi=5x2|n€fn(t)|uc fav(t)| p1Ad2 | ¢ | Ix. ¢ | Un.d

A,O’t:h:s'tz <:>5,S|_t10':t20
A,cEn € fn(t) & n € fn(to)
A o0 FEu € fav(t) & u € fav(to)

AcEPp1 Npa & Ao E ¢1 and o F ¢

Ao E ¢ S AocFE P

AocEdx.¢ < IreT(X).AocU{z—riEe
Ao EWn.¢ < 3In' ¢ fn(o,¢). A, o F ¢lnn’]

Fig. 2. Satisfaction relation of Leq



Let us observe that, for ¢ € Leq, it is decidable whether A, o F ¢: the Gabbay-
Pitts quantifiers can be eliminated by first rewriting the formula in prenex form
(the only non-homomorphic case being Jz. n. ¢ < Un.Jz. (—n € fn(z)) A @),
and then dropping them. The remaining formula is a standard first-order formula
over the structure A, which can be decided according to Section 4.

Let us now detail the reduction. We will present a translation H,S,® —
(H,S,P), that associates an equational formula in Leq to a frame (H,S) and a
spatial formula @. The inductive property we want to prove on the translation
is as follows:

Lemma 5 (Inductive hypothesis) Forallo,S, &, H: A,0 E (H,S,®) iff (H,S),c E
d.

Notations. We write t = ¢’ for A\, t; = ¢; (and similarly when the right-hand
side is a set of terms). Arities are implicitly supposed to match: for instance, in
Jt.t = codom(S), t’s size is implicitly chosen to match the size of codom(S).
Finally, T (resp. L) is a formula that is always true (resp. always false), for
instance u = u for some u (resp. ~u = u).

The translation of ©u follows its semantics and thus is quite straightforward.
It is defined as L when v € H, T when u € dom(S), and as shown below
otherwise.

(H, S, ©u) :=Vt.t = codom(S) = u € fnav(t)

When hiding a variable u € dom(S), we need to apply the corresponding
substitution to the rest of the frame and then throw the substitution on u away.
Thus, if u ¢ dom(S), then (H, S, Su) := L, and otherwise we let:

(H,SW{u=r},®0u) := (H, S[u+r],P)

Hiding a name consists merely of adding h to the set of hidden names, and
term quantification is left as-is, since the semantics of Jx for £ and L.q are
the same. As we know all the hidden names of the frame, we can treat name
revelation as a disjunction over those names, plus one fresh extra name to model
the fact that we can reveal “fake” hidden names:

(H,S,20n) = (HU{n}S, ) (H,S,3z. @) :=Fz. (H, S, D)

(H,S,Hn.®) :=Wn'. \/ (H\{h},S[hen'], 8[nen'))
heHw{n'}

To translate an equality t; = ¢2, one has to take care of the hidden names of
S, as Leq only allows public frames in its grammar. To overcome this situation,
we first replace the names of S in H that should be restricted with fresh names
H'’ such that H' N fn(S,t1,t2) = 0. It is easy to check that these fresh names
behave like hidden names for the equality test.

({1, ha}, Sit = ta) := WIRY, o Rt =siny by hynl] T2



To translate *, we need to be able to state that the set of hidden names
appearing in two subframes are disjoint one from another up to rewriting of
terms using the equational theory. This is achieved by defining the operator
t1 L7 t5 below which states that two sets of names ¢; and & may be rewritten
not to share names in H:

tlJ_HtQ = 35131,%2. 1=t Nxy =15 A /\ (h S fn($1):>h ¢ fn(scg))
heH

The translation of frame composition then only needs to quantify over all
2-partitions of the set of active substitutions that yield orthogonal subframes:

(H,S, &y xP5) :=\/  (codom(S1) L™ codom(Sa) A (H, Sy, P1) A (H, Sa, )
S1WS=S

This particular step of our translation would be unsound if substitutions of
the frame could be applied to other substitutions of the frame, like in the original
Am.

FinaHY7 (]H7 Sy —‘@D = _‘(]H7 57 @Da (]Hy 57 @1 A gp2l) = qu Sv (Pll) A (]Ha Sa @QD,
(H,S,0) :=Tif S=0 and L otherwise.

This translation gives us the following theorem and corollary:

Theorem 6 For all frame F' and formula @ of L there is a formula ¢ of Leg
such that:
FE® if and only if AE ¢ .

Corollary 7 If the global equational theory can be expressed using a rewriting
system for which the procedure described in Section 4 terminates then the model-
checking problem for L is decidable.

6 Conclusion

Classically used decision procedures for first-order theories seem not be appli-
cable when faced with multiple congruence relations defined by independent
equational axioms. Automata-based methods, on the other hand, have the ad-
vantage that the combination of different predicates, each of them recognizable
for the same encoding of the elements of the algebra, comes for free. However,
automata-based methods can handle only restricted classes of equational ax-
ioms. Whether it is possible to push the method to, for instance, non left-linear
background equational theories like dec(x, enc(x,y)) — y is up to future work.
In the case of the application considered here, we also simplified the structural
congruence for frames, although we would have liked to consider the standard
structural congruence. One possible avenue would be to make substitutions ex-
plicit in the background equational theory, with axioms like subst(u,u,z) = z,
subst(v,u, z) = v, subst(f(t),x,y) = f(subst(t,z,y)), etc. However, we do not
yet know how to handle such axioms. Considering a larger fragment of AwL
would also be challenging. In particular, we do not know yet how to treat Arw



variable revelation Hu. @ in our setting, as it amounts to quantifying over a new,
unknown substitution u = r against which terms can be tested. In other words,
we would have not only to consider multiple congruence relations, but also to
quantify over them.
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A Coping With Infinite Signatures

In order to show that A(X, (E;)ier, (L;)jes) is an automatic structure we first
have to define the encoding of the algebra as trees over a finite signature, the
(minor) difficulty here being that the algebra contains trees over a possibly
infinite alphabet but with a bounded arity.

If n is the maximal arity of a function symbol in X' then we can arrange all
function symbols of arity n into a (finite or infinite) enumeration. The signature
of the automatic representation would consist of a constant 0, a unary func-
tion s, and function symbols fy, ..., f;, each f; being of arity ¢ + 1. A function
symbol f(z1,...,z,) € X of arity n, being number 7 in the enumeration, would
be represented for the automatic representation as f,,(s*(0),z1, ..., x,). The in-
terpretation function v is straightforward to define, and the automaton for Lg
would just have to ensure that 0 and s only occur as first argument of the f;,
and that the first argument of any f; is of the form s7(0), possibly with a bound
on j in case there are only finitely many function symbols of the corresponding
arity.

More exactly, let n be the maximal arity occurring in X', and let for any i,
0 <i<mn,m € NUoo be the number of symbols in X of arity i. The tree
automaton that recognizes all terms that are encoding of a ground X-term is :

filgi,q--..q) = q

for any i. Here, the state ¢ is the only accepting state that recognizes all encodings
of terms. For any i, the state g; recognizes all encoding of natural numbers that
are not larger than m;: If m; = co then we define

0— q;
5(qi) — ¢

and for m; € N we have that

0— pg
j RS ,
s(pj) — p; J<my
Pt = i

B Proof of Theorem 2

In order to prove that the first-order theory of H(X, (E;)1<i<3,(Lj)i<j<3) is
undecidable for ground equations (Theorem 2), we propose a reduction of the
acceptance problem of the empty tape for deterministic Turing machines using
a technique of shifted pairing [19].

Let M be a deterministic Turing machine computing on a tape bounded on
the left and unbounded on the right, with input alphabet I"U {b} (b is a special



blank symbol), state set S, initial state sg, final state set Sf, and transition
function 6 : (S\ Sf) x I'U{b} — S x "' U {b} x {left, right, stay}. Note that it is
assumed wlog that entering a final state terminates the computation. Moreover,
we also assume wlog that before entering a final state, M deletes the whole tape
(all the symbols of I" are replaced by b).

We represent a configuration of M as a word ¢ in I'*S I'*b*, where the unique
state symbol s € S in ¢ indicates the current position of the head of M in
the configuration, in the sense that the head of M is on the symbol of " U
{b} immediately following s in c¢. The length of a word c is denoted |c¢|. The
languages of initial and final configurations of M are respectively Cy := sob*
and Cr := Sgb*. The transition relation of M, written s, is the binary relation
on configurations such that c¢ s ¢ iff ¢ is obtained from ¢ according to §. For
instance, if §(s,a) = (s',d’,left), then ¢ = absafb™ with a, 8 € I'*, b € I" and
¢ = as’ba’ o™, if §(s,a) = (s, d’,right), then ¢ = asafb™ and ¢ = aa’s' ™,
and if 0(s,a) = (s',a’,stay), then ¢ = asafb™ and ¢ = as’a’ ™. A computation
of M is a finite sequence cq, c1, ..., c, of configurations of M such that ¢y € C
and for all 0 < i < n, ¢; Fpr 1. It is successful if the state of ¢, is final, i.e.
¢, € S¢b* by hypothesis.

We shall encode the configurations and computations of M as right-combs
built on the signature " := {f : 2,9 :2,b: 0,#: 0} U{b:0|be I"US}. Let us
moreover extend 1" into the signature X' := 71" U T(?] (i.e. X extends 1 with the
set of constant symbols of the form [a,b] with a,b € Xy U {O} such that a or b
is not ).

A computation cy,...,c, is encoded as a term f(ch,..., f(c!,b)) of T(X),
where for all 0 < i < n, ¢! is the term encoding of the configuration ¢; =
Ci1...cip defined as ¢t == g(c;1,...,9(cik,D)).

Let Ly := {c} | co € Co} be the recognizable language of term encodings
of initial configurations of M. Let L. be the recognizable language of terms of
the form f(ck, ..., f(ct,b)), with n > 0, such that for all 0 < i < n, ¢; is a
configuration of M (i.e. ¢; € IS T*b*) and ¢, is a final configuration of Cf.

For technical convenience, we shall use below a simplified convolution product
® defined only on configurations of same length or a configuration and b:

g(a,s) @g(b,t) = g([a,b],s@t)
b®b=>
g(a,s) ®b = g([a, O], s ®b)

It is easy to verify that the set {¢! ® d' | cFps d, |c| = |d|} is a recognizable tree
language of T'(X'). Hence, the following set is also a recognizable tree language
(called shifted pairing language):

Ly = {f(ch@d, ..., f(cl,_@d,, f(c,@b,h))) [ n > 0,Y0 <i < n.|e| = |dis1] and ¢; Fas diys}.

Note that in the definitions of L,, and L., the configurations c,...,c, and
dy,...,d, are arbitrary. In particular it is not required that the sequence c1, ..., ¢,
is a computation of M (otherwise the languages would not be recognizable!).



We define two ground equational theories describing roughly the left and
right projections on terms of L,,. More precisely, these theories £; and Ey are
defined by

Ey :={[a1,a2] = a1 | [a1,a0] € Tom} By = {[a1,a2] = a2 | a1,a2 € Xy}
Es =10 U {g(P,d],b) =#, g(Pb,0],#) = #}
U {f(g([s", 0], #),0) =b} (s" € S)

Let us now consider the following closed first-order formula over H(X, (E;)1<i<3, (Lg, L)):

¢ =y, Y1, Y2, Zo- Lsp(y)Ny =g, Y1 ALc(y1)A\y =B, Y2ALe(y2)ALo(z0)Ay1 = f(20,92).
Let us establish now the correctness of the reduction.

Lemma 3. ¢ is satisfiable in H(X, (E;)ic1,2, (Lsp, Le, Lo)) iff M admits a suc-
cessful computation starting with a blank tape.

Proof For the if direction, assume that there exists a finite computation
Coy.--,Cn Of M with ¢g € Cy = sgb* and ¢,, € S;b*. We can assume moreover
that the configurations cg,...,c, have all the same length, using if necessary
some padding with b’s at the right.

Let y=f(ch®ct,...,f(cdh_1 &, f(ch, ®b,b))). By definition, y € Lgy,.

Let y1 = f(ch, ..., f(ch,b)) and yo = f(ch,..., f(ch,b)). We can observe easily
that y1 € L, y =g, 11 and y =g, y2. Moreover, with zo = cf, we have zg € Lo
and y1 = f(zo,y2). Hence ¢ is satisfiable in H(X, (E;)ic1,2, (Lsp, Le, Lo)).

For the only if direction, assume that ¢ is satisfiable, and let v, y1, y2, zo be
terms such that y € Ly, ¥ =g, Y1, ¥ =R, Y2- y1 € L, Y2 € L, z9 € Lo and
y1 = f(%o,¥2)-

Lety = f(ch@di, ..., f(ct,_ ®d, f(ct,®b,b))) withn > 0, and for all 0 < i < n,
|ci| = |diy1| and ¢; Far dipq1 (¥). Since y =g, y1 and y; € L., it holds that y; =
flch, ..., f(ct,b)). Moreover ¢, € Cs (set of final configurations) by definition
of L.. Since y =g, y2 and ys € L., we have necessarily yo = f(dt,..., f(d!,b))
(the terms of L. do not contain the symbols [J or #).

Finally, y1 = f(xo,y2) implies that z¢ = ¢, and d! = ¢! for all 1 < i < n. From
(*), it follows that ¢; Fas ¢;4q for all 0 <4 < n. Hence co, ..., ¢, is a successful
computation of M starting with a blank tape since xg € Lg. O

C Proof of Theorem 3

In Section 3, we have presented a reduction of PCP into satisfiability of a formula.
The ingredients of the reduction are the following, given an instance of PCP
P = {(us,v;) | u;, v; € {a,b}*,1 <i < N},

— the signature X' = {a : 1,b: 1,b : 0} U{P;; : 1|1 <i< N,1<j <L}
where L = max(|u;|, |vs| | i < N), and For all 1 <i < N, u; = ujq ... Uj o,
and v; = Vi1 ...V |y,



— one recognizable language Lo, = {a,b}"h
(recall that a term of T'(X') is written as a word of X} X)),

— a second recognizable language Lp = {P; | 1 <i < N}*b
(recall that P; denotes the word P; 1 --- P; 1),

— one flat equational theory Fy = {P; j(z) = u; ;(z) | 1 <i < N,1 < j <|ul}
U {Pi’j(l‘):,f‘ 1§Z§N,|UZ‘ <j§L}7

— a second flat equational theory Es = {P; j(z) =v;j(z) |1 <i< N, 1 <5<
vil} U{Pi;(z) =z |1 <i < N,|vi| <j <L},

— the empty theory E3 = 0,

— a closed first formula ¢ = Jz,u,v. Lp(x) Az =g, u ANz =g, v A Ly(u) A
Lo(v) Au=w.

Let us show that the reduction above is correct.

Lemma 4. ¢ is satisfiable in A(E, (Ei)i<i<s, (La, Lp)) iff P has a solution.

Proof For the if direction, assume that P admits a solution (i;)o<;j<x with
1 S io,...,ik S ]\77 and Ui Ugy « - Ugy = VigUsy + - . Vg Let x = PZOszb and
let u = wij i, ... u; b and v = v vy, ... v, b. Hence uw = v. Moreover, x € Lp,
u,v € Lo, and x =g, u, x =g, v. Therefore ¢ is satisfiable.

For the only if direction, assume that ¢ is satisfiable, and let x, u, v be terms
such that x € Lp, x =g, w, ¢ =g, v, w € Lo, v € Ly, and u = v.
Let ¢ = P;, -+ P;,b for some 1 < dg,...,ix < N. From « =g, v and u € L,,
it follows that necessarily u = w;,u;, . ..u;,b. Note that the equations of F; can
be applied in both direction, i.e. P; ; can be replaced by wu;; (or deleted) but
also u;; can be replaced by another Py ;o when w;; = wuy ;. But this Py j
will eventually be placed by u;; in order to get uw € L, (there are no other
replacement possible). Similarly, v = v; v;, ... v;.b. From u = v, it follows that
(4j)o<j<k is a solution of P. O

D Termination of Completion

Lemma 5. Let R be a non-overlapping rewrite system of rules g — x where
each g is a jack, x € Vars(g), and E a ground equational system such that no
constant occurring on a left-hand side of R is a side of F, then completion of
any variable-disjoint and linear equation system terminates.

Proof In the special situation of this lemma, critical pairs are formed as fol-
lows:

1. there is a substitution o and a non-variable position p of g such that go |,= I,
in that case the critical pair is g[r], = do.

2. there is a substitution o and a position p of I such that go =1 |,, in that
case the critical pair is r = [[do],,.

First note that addition of critical pairs maintains the invariant that no
constant occurring on a left-hand side of R is a side of E. This is due to the fact
that, in the first case, g cannot be a constant.



Let G denote the set of ground subterms of the left-hand sides of R. We
define, for any term ¢, ¢(t) as the size of ¢, where all terms in G are understood
to have size 0. More precisely,

0 ifteG
o(t) = {1+2ii:{1 (ti) ift=f(tr,....tn) G

For any n there exist only finitely many terms ¢ with ¢(¢) < n since G is finite.
We will show that when superposition of [ = r with the rewrite rule g — d leads
to addition of the critical pair I’ = r’ then ¢(I') + ¢(r') < ¢(I) + &(r). As a
consequence, only finitely many critical pairs can be added. We consider the two
cases above:

1. In that case we have, by the form of the rewrite system, that p is of length
at most 1. Hence, g[e], is of the form f(ti,...,t;—1,®,t;41,...,t,) where
t; € G. As a consequence, ¢(r') = ¢(g[r]p) < o(r) + 1.
On the other hand, [ cannot be an element of G since no side of the equational
system is a ground subterm of a left-hand side of R, and hence ¢(I) > 0. We
have that I’ = do is a proper subterm of [, and hence that ¢(I') < ¢(1).

2. First note that go cannot be an element of G since the rewrite system is
orthogonal. Hence, ¢(I") < ¢(I), and we conclude in this case since r = 1.

O



