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AbstractThe evaluation of conjunctive queries is hard both with re-spect to its combined complexity (NP-complete) and its pa-rameterized complexity (W[1]-complete). It becomes trac-table (PTIME for combined complexity, FPT for parame-terized complexity), when the underlying graphs of the con-junctive queries have bounded tree-width [2]. We show that,in some sense, this is optimal both with respect to combinedand parameterized complexity: For every class C of graphs,the evaluation of all conjunctive queries whose underlyinggraph is in C is tractable if, and only if, C has boundedtree-width.A technical result of independent interest is that the coloredgrid homomorphism problem is NP-complete and, if param-eterized by the grid size, W[1]-complete.1. IntroductionConjunctive queries are relational database queries expres-sed by formulas of �rst-order logic that are of the form9y1 : : : 9yl(�1 ^ : : : ^ �n);where the �i are atomic formulas. Conjunctive queries arefundamental for relational database systems, and they arethe queries appearing most frequently in practice. The con-junctive query evaluation problem is the following: Givena �nite relational structure (or database instance) A and aconjunctive query '(x1; : : : ; xk), compute the set '(A) :=f(a1; : : : ; ak) j A j= '(a1; : : : ; ak)g. In the complexity the-�Department of Mathematics, Statistics & Com-puter Science, University of Illinois at Chicago, 322SEO, 851 S. Morgan, Chicago, IL 60607-7045, U.S.A.Email: grohe@math.uic.edu.yInstitut f�ur Informatik, Friedrich-Schiller-Universit�at Jena,D-07740 Jena, Germany. Email: tick@informatik.uni-jena.dezINRIA-Rocquencourt, B.P. 105, Le Chesnay Cedex 78153,France. Email: Luc.Segou�n@inria.fr.
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oretic analysis of this paper, we will focus on the associateddecision problem of whether '(A) is empty or not.We will measure the complexity of query evaluation in twodi�erent ways. The most straightforward measure, wherethe complexity is measured simply in terms of the inputsize, i.e. size of the structure A plus length of the formula', is called the combined complexity of the query evaluationproblem [14]. Chandra and Merlin [1] proved in 1977 thatthe combined complexity of conjunctive query evaluation isNP-complete. However, the main factor responsible for thehigh complexity of the problem is the length of the inputformula and not the size of the database. This does not �tthe practical situation very well, because usually one evalu-ates a short query against a large database. It is easy to seethat conjunctive (and, more general, �rst-oder) queries canalways be evaluated in time jjAjjO(jj'jj), where jjAjj denotesthe size of the input structure A and jj'jj the length of theformula '. Thus conjunctive query evaluation is possiblein time polynomial in the structure size. However, even forshort queries ', say, of length jj'jj = 10, jjAjjjj'jj is not afeasible complexity. Yannakakis [16] was the �rst to sug-gest that parameterized complexity might be an appropriateway to measure the complexity of database query evaluation.We say that the query evaluation problem is �xed-parametertractable (FPT) if there is a computable function f : N ! Nand a constant c > 0 such that the problem can be solvedin time f(jj'jj) � nc. The idea is that we can disregard thedependence on the formula length as long as it does not ap-pear in the exponent of the structure size. Of course, thenotion of �xed-parameter tractability is only another math-ematical abstraction of \practical tractability", but in thesituation of query evaluation it seems to be the most ap-propriate abstraction. Unfortunately, it turns out that theparameterized complexity of conjunctive query evaluationis W[1]-complete and thus most likely not �xed-parametertractable; this result, observed by Papadimitriou and Yan-nakakis [11], can be seen as the parameterized analogue ofthe NP-completeness of the combined complexity.The results mentioned in the previous paragraph show thatconjunctive query evaluation is hard both with respect toits combined complexity and its parameterized complexity.Therefore, it is natural to look for classes of conjunctivequeries for which the evaluation is tractable. The archetypalresult of this form, due to Yannakakis [15], states that theevaluation of acyclic conjunctive queries is possible in poly-nomial time (and therefore both tractable in the classicalsense of combined complexity and �xed-parameter tractable).This result has been improved in several ways.1



One of the approaches for �nding tractable queries is thefollowing: With every conjunctive query ' we associate itsunderlying graph G' whose vertices are the variables of ',with an edge between two variables x and y if there is anatom of ' that contains both x and y. Then the hope isthat the evaluation of a query is easy if its underlying graphis \simple". Tree-width, measuring the similarity of a graphwith a tree, turns out to be a good notion of simplicity.Chekuri and Rajaraman [2] have proved that evaluation ofconjunctive queries of bounded tree-width is possible in poly-nomial time. (The result is presented here using a di�er-ent formalization due to Kolaitis and Vardi [10]). Gottlob,Leone, and Scarcello [7] showed that this problem is actu-ally LOGCFL-complete, for each �xed tree-width k. Other,similar approaches are based on the underlying hypergraphof a query. Appropriate notions of simplicity of queries ob-tained this way are bounded query-width [2] and boundedhypertree-width [8]. Although these notions are equivalentto bounded tree-width when the schema of the database isconsidered as �xed, the hypergraph based approach leads tomore general classes of queries when the schema is not �xed(see [8] for a comparison of the di�erent approaches).In this paper, we focus on the graph based approach. Weshow that Chekuri and Rajaraman's result is optimal bothwith respect to combined complexity and parameterized com-plexity. Under the complexity theoretic assumption thatFPT 6= W[1], which can be seen as the analogue of PTIME 6=NP in the parameterized world, we show that for every classC of graphs the following three statements are equivalent:(1) The evaluation of all conjunctive queries whose under-lying graph is in C is �xed-parameter tractable.(2) The evaluation of all conjunctive queries whose under-lying graph is in C is in polynomial time.(3) The class C has bounded tree-width.To prove this, we show that if C does not have boundedtree-width, the evaluation problem for conjunctive querieswhose underlying graph is in C is W[1]-complete. This alsoyields a nice dichotomy: Either the evaluation problem forqueries with underlying graph in C is W[1]-complete, or itis �xed-parameter tractable.Another noteworthy aspect of this result is that the equiva-lence between (2) and (3) that is only concerned with clas-sical complexity theory is proved under an assumption fromparameterized complexity theory. Under the weaker as-sumption that PTIME 6= NP, we can only prove the equiva-lence of statements (2) and (3) for all classes of graphs thatare closed under taking minors.In the last section of the paper, we extend our results tothe existential fragment of �rst-order logic by showing thattractability of query evaluation is linked to an expressivepower limited by the number of variables.The main ingredient of our proofs is of independent tech-nical interest: We show that the colored grid homomor-phism problem, asking whether a given 2-colored grid canbe mapped homomorphically to a given colored graph isNP-complete and, if parameterized by the grid size, W[1]-complete. We also prove a similar result for directed grids.These results are linked to tree-width by the deep ExcludedGrid Theorem due to Robertson and Seymour [12].

2. PreliminariesRelational Structures. A vocabulary is a �nite set of re-lation symbols. The arity of a vocabulary is the maximumof the arities of all relations symbols it contains. In the fol-lowing, � always denotes a vocabulary. E always denotesa binary relation symbol and C1; C2; : : : denote unary rela-tion symbols. A � -structure A consists of a non-empty setA, called the universe of A, and a relation RA � Ar foreach r-ary relation symbol R 2 � . In this paper we onlyconsider �nite structures. If C is a class of structures, C[� ]denotes the subclass of all � -structures in C. If A is a � -structure and B � A, then hBiA denotes the substructureinduced by A on B, i.e. the � -structure B with universe Band RB = RA \ Br for every r-ary R 2 � . A graph isan fEg-structure G = (G;EG), where the binary relationEG is symmetric and anti-re
exive (i.e. graphs are undi-rected and loop-free). A directed graph is an fEg-structureD = (D;ED), where ED is anti-re
exive. A c-colored graph,for a c � 1, is an fE;C1; : : : ; Ccg-structure G, where (G;EG)is a graph and CG1 ; : : : ; CGc are disjoint sets (possibly empty)whose union is G. If G is a c-colored graph and a 2 G wede�ne the mapping colG : G ! f1; : : : ; cg by colG(a) = i ifa 2 CGi . The distance dG(a; b) between two points a; b ina graph or colored graph is the length of the shortest pathfrom a to b.For m;n � 1, the (m;n)-grid is the graph Gm;n with uni-verse Gm;n := f1; : : : ;mg � f1; : : : ; ng and edge relationEGm;n :=n�(i; j); (i0; j0)� 2 G2m;n ���(i = i0 and jj � j0j = 1)or (ji � i0j = 1 and j = j0)o:If m = n, then we call Gm;n a square grid.A homomorphism from a � -structure A to a � -structureB is a mapping h : A ! B such that for every R 2 �and (a1; : : : ; ar) 2 RA we have (h(a1); : : : ; h(ar)) 2 RB.HOM(A;B) is the set of all homomorphisms from A to B.For every class C of structures, we consider the followingproblem:C-HomomorphismInput: Structures A 2 C, B.Problem: Is there a homomorphism from Ato B.It is well known that Graph-Homomorphism is NP-com-plete (where Graph denotes the class of all graphs).Parameterized complexity. A parameterized problem isa set P � �����, where � and � are �nite alphabets. Weusually represent a parameterized problem P in the followingform: Input: I 2 ��.Parameter: � 2 ��Problem: Decide if (I; �) 2 P .In this paper, we always have � = f0; 1g and consider theparameters � 2 �� as natural numbers (in binary).2



De�nition 1. A parameterized problem P � �� � �� is�xed-parameter tractable if there is a computable functionf : �� ! N, a constant c 2 N and an algorithm that, given(I; �) 2 �� ���, decides if (I; �) 2 P in time f(�)jIjc.FPT denote the class of all �xed-parameter tractable pa-rameterized problems.De�nition 2. Let P � �� ��� and P 0 � (�0)� � (�0)� beparameterized problems.(1) A parameterized T-reduction from P to P 0 is an al-gorithm with an oracle for P 0 that solves any instance(x; y) of P in time f(jyj) � jxjc in such a way that for allquestions \(x0; y0) 2 P 0?" to the oracle we have jy0j �g(jyj) (for computable functions f; g : N ! N and aconstant c 2 N). P is �xed-parameter T-reducible toP 0 (we write P �fpT P 0), if there is a parameterizedT-reduction from P to P 0.(2) A parameterized m-reduction from P to P 0 is an al-gorithm that computes for every instance (x; y) of Pan instance (x0; y0) of P 0 in time f(jyj) � jxjc such thatjy0j � g(jyj) and (x; y) 2 P if, and only if, (x0; y0) 2 P 0(for computable functions f; g : N ! N and a con-stant c 2 N). P is �xed-parameter m-reducible to P 0(we write P �fpm P 0), if there is a parameterized m-reduction from P to P 0.Observe that �fpT and �fpm are transitive and that P �fpm P 0implies P �fpT P 0. Furthermore, if P �fpT P 0 and P 0 2FPT then P 2 FPT. We de�ne hardness and completenessof parameterized problems for a parameterized complexityclass (under parameterized m- or T-reductions) in the usualway. If we do not specify the reduction-type in a hardness-result, we always refer to m-reductions.Downey and Fellows de�ned a hierarchy W[1] �W[2] � � � �of parameterized complexity classes, and they conjecturethat this hierarchy is strict and that FPT is strictly con-tained in W[1]. The classes of the W-hierarchy are de�nedin terms of a parameterized version of the satis�ability prob-lem for bounded-depth Boolean circuits. We refer the readerto [4] for the technical de�nitions. In this paper, we are onlyinterested in the class W[1], which can be seen as an ana-logue of NP in parameterized complexity theory. Our resultsare based on the following Theorem 1.Remember that the Clique-problem is one of the basic NP-complete problems [9]:CliqueInput: Graph G, integer k � 1.Problem: Decide if G has a k-clique.Its parameterized versionParameterized CliqueInput: Graph G, integer k � 1.Parameter: kProblem: Decide if G has a k-clique.plays a similar role in parameterized complexity theory.Theorem 1 (Downey and Fellows [3]).Parameterized Clique is W[1]-complete (under parame-terized m-reductions).

For any class C of structures, consider the following param-eterized version of the homomorphism problem:Parameterized C-HomomorphismInput: Structures A 2 C, B.Parameter: jjAjjProblem: Decide if there is a homomorphismfrom A to B.Parameterized C-Homomorphism is in W[1] for every C.By a trivial reduction from Parameterized Clique, it canbe seen that Parameterized Graph-Homomorphism isW[1]-complete. The following lemma will be needed later:Lemma 2. Let C be a class of structures. Then the follow-ing problem is �xed-parameter T-reducible to Parameter-ized C-Homomorphism.Parameterized C-Homomorphism ConstructionInput: Structures A 2 C and B.Parameter: jjAjjProblem: Decide if there is a homomorphismfrom A to B and, if this is the case,compute such a homomorphism.Proof: Given A 2 C and B, we �rst check if there is ahomomorphism from A to B. If this is not the case, wereject.Otherwise, if jBj � jAj we can �nd a homomorphism fromA to B by exhaustive search, the time this requires can bebounded by a function only depending on jjAjj. If jBj > jAj,there is a b 2 B such that there is a homomorphism fromA to hB n fbgiB. By simply testing all b, we can �nd sucha b and remove it from B. We repeat this procedure untilwe arrive at a substructure B0 � B of size at most jAj suchthat there still is a homomorphism from A to B0. Now wecan �nd such a homomorphism by exhaustive search. 2Corollary 3. If Parameterized C-Homomorphism is inFPT then Parameterized C-Homomorphism Construc-tion is also in FPT.Remark 1. In problems like Parameterized C-Homo-morphism, the class C is not necessarily computable. Whenwe say that Parameterized C-Homomorphism is in FPTfor a non-computable C, we mean that there is a computablefunction f : N ! N, a constant c � 1, and an algorithmthat, given structures A and B, decides if there is a homo-morphism from A to B in time f(jjAjj) � jjBjjc if A happensto be in C. If A 62 C, the answer given by the algorithm maybe wrong. (However, since f is computable we can alwaysassume that the algorithm stops after g(jjAjj) � jjBjjc steps,for some computable function g.) Similarly, we can de�newhat it means that Parameterized C-Homomorphism isW[1]-complete under parameterized m-reductions or param-eterized T-reductions.Tree-decompositions and minors. A tree is an acyclicgraph. A tree-decomposition of a � -structure A is a pair(T ; (Bt)t2T ), where T is a tree and (Bt)t2T a family of sub-sets of A (the blocks of the decomposition) such that3



(1) For every a 2 A, the set ft 2 T j a 2 Btg is non-emptyand connected in T (that is, induces a subtree).(2) For every R 2 � and all �a 2 RA there is a t 2 T suchthat �a 2 Bt.The width of a tree-decomposition (T ; (Bt)t2T ) is maxfjBtj jt 2 Tg�1. The tree-width tw(A) of A is the minimum takenover the widths of all tree-decompositions of A.A class C of structures has bounded tree-width if there is ak such that tw(A) � k for all A 2 C.A minor of a graph G is a graph H that is obtained froma subgraph of G by contracting edges. Equivalently, H isa minor of G if there is a mapping � : H ! Pow(G) suchthat for all a 2 H the subgraph h�(a)iG is connected, andfor all (a; b) 2 EH there are a0 2 �(a); b0 2 �(b) such that(a0; b0) 2 EG . We call � a minor map from H to G. We writeH � G to denote that H is a minor of G and � : H � G todenote that � is a minor map from H to G.The connection between grids and tree-width is made by thefollowing deep Excluded Grid Theorem:Theorem 4 (Robertson and Seymour [12]). Let C bea class of graphs. Then C has bounded tree-width if, and onlyif, there is a grid that is not a minor of any graph in C.3. Grid homomorphismFor c � 1, let c-Grid be the class of all c-colored squaregrids. We shall prove that c-Grid Homomorphism is NP-complete and Parameterized c-Grid Homomorphism isW[1]-complete for every c � 2.Before we show this, we observe that 1-Grid Homomor-phism is trivially in PTIME, because as a bi-partite graphevery grid has a homomorphism to a single edge. We alsoobserve that, as an instance of the general Homomorphismproblem for relational structures, c-Grid Homomorphismis contained in NP, and its parameterized version is con-tained in W[1]. Thus we just have to prove hardness. Ofcourse it su�ces to consider the case c = 2 (which, by theway, is considerably harder than c � 3).Let n � 6 be even. We let Sn be the 2-colored (n � n)-gridwith (cf. Figure 1(a))CSn1 :=�(1; 1); (1; 2); (1; n); (2; 1); (4; 1); (n; 1)	[n(i; j) 2 Sn ��� i + j � n+ 4; �(i + j � n) � 0 (mod 4)or (i+ j � n) � 1 (mod 4)�o;CSn2 :=Sn n CSn1 :The �rst major step in the proof of our completeness resultsis the following lemma:Lemma 5. HOM(Sn;Sn) = fidg (i.e. the only homomor-phism from Sn to Sn is the identity).The proof requires some preparation. For everym � 1 we letPm be the 2-colored path with universe Pm := f1; : : : ;mg,edge relation EPm := �(i; j) �� ji � jj = 1	, andCPm1 :=�i 2 Pm �� i � 1 (mod 4) or i � 2 (mod 4)	;CPm2 :=Pm n CPm1 :

1 � 1 � 2 � 2 � 2 � 2 � 2 � 1j j j j j j j j1 � 2 � 2 � 2 � 2 � 2 � 2 � 2j j j j j j j j2 � 2 � 2 � 2 � 2 � 2 � 2 � 2j j j j j j j j1 � 2 � 2 � 2 � 2 � 2 � 2 � 1j j j j j j j j2 � 2 � 2 � 2 � 2 � 2 � 1 � 1j j j j j j j j2 � 2 � 2 � 2 � 2 � 1 � 1 � 2j j j j j j j j2 � 2 � 2 � 2 � 1 � 1 � 2 � 2j j j j j j j j1 � 2 � 2 � 1 � 1 � 2 � 2 � 1(a) The colored grid S81 � 2 � 3 � 4 � 3 � 4 � 3 � 2j j j j j j j j2 � 3 � 4 � 3 � 4 � 3 � 4 � 3j j j j j j j j3 � 4 � 3 � 4 � 3 � 4 � 3 � 4j j j j j j j j2 � 3 � 4 � 3 � 4 � 3 � 4 � 5j j j j j j j j3 � 4 � 3 � 4 � 3 � 4 � 5 � 6j j j j j j j j4 � 3 � 4 � 3 � 4 � 5 � 6 � 7j j j j j j j j3 � 4 � 3 � 4 � 5 � 6 � 7 � 8j j j j j j j j2 � 3 � 4 � 5 � 6 � 7 � 8 � 9(b) The colored grid S 08Figure 1.Let X := f(1; 1); (2; 1); (4; 1); (n; 1); (1; n)g. We de�ne amapping hn : Sn ! Pn+1 by
hn((i; j)) := 8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

1 if (i; j) = (1; 1);2 if (i; j) 2 X n f(1; 1)g;3 if (i; j) 62 Xand i + j < n+ 4and i + j � 0 (mod 2);4 if (i; j) 62 Xand i + j < n+ 4and i + j � 1 (mod 2);i+ j � n+ 1 if i + j � n+ 4(cf. Figure 1(b)). It is easy to verify thathn 2 HOM(Sn;Pn+1):Lemma 6. HOM(Sn;Pn+1) = fhng.Proof: Let h : Sn ! Pn+1 be an arbitrary homomorphism.We shall prove that h = hn. Let i1 := h((1; 1)). Theni1 2 CPn+11 , and thus i1 � 1 (mod 4) or i1 � 2 (mod 4).Case 1: i1 � 1 (mod 4).4



Then h((1; 2)) = h((2; 1)) = i1 + 1. Since (4; 1), (n; 1),and (1; n) are reachable in Sn from (2; 1) by paths of evenlength whose inner vertices are all in CSn2 , we must haveh((4; 1)) = h((n; 1)) = h((1; n)) = i1 + 1. Similarly, all(i; j) with (i; j) 62 X, i + j < n + 4, and i + j � 0 (mod 2)are reachable in Sn from (2; 1) by paths of odd length whoseinner vertices are all in CSn2 . Hence we have h((i; j)) = i1+2.All (i; j) with (i; j) 62 X, i+j < n+4, and i+j � 1 (mod 2)are reachable in Sn from (2; 1) by paths of even length whoseinner vertices are all in CSn2 . Hence we have h((i; j)) = i1+3.All (i; j) with (i; j) 62 X and i + j = n + 4 are reachable inSn from (2; 1) by paths of odd length whose inner verticesare all in CSn2 . Hence we have h((i; j)) = i1 + 4. Now asimple induction shows that for all (i; j) with i + j � n+ 4we have h((i; j)) = i1 + i + j � n.Altogether, this shows that i1 = 1 and h = hn.Case 2: i1 � 2 (mod 4).We argue similarly as in Case 1 with the direction of thepath reversed and show that i1 = n + 1. Then h((2; 1)) =n, which implies 1 = colSn((2; 1)) = colPn(n). But thisimmediately yields a contradiction since n � 0 (mod 4) andthus colPn(n) = 2. 2We now de�ne an (n + 1)-colored (n; n)-grid S 0n by lettingcolS0n(a) = hn(a) for all a 2 S0n = Sn.Lemma 7. HOM(Sn;Sn) = HOM(S 0n;S 0n).Proof: HOM(S 0n;S 0n) � HOM(Sn;Sn) is trivial. To see theconverse, let g : Sn ! Sn be a homomorphism. Then for alla 2 Sn we have colS0n(g(a)) = hn(g(a)) = hn(a) = colS0n(a),since hn � g = hn by Lemma 6. 2Proof (of Lemma 5): By the previous lemma, it su�ces toshow that HOM(S 0n;S 0n) = fidg. So let h 2 HOM(S 0n;S 0n).We will repeatedly use the following observation, holding forall a; b 2 S0n: dS0n(a; b) � dS0n(h(a); h(b)) (1)We have h((1; 1)) = (1; 1) and h((n; n)) = (n; n), because(1; 1) and (n; n) are the only vertices of their respective col-ors. Now we consider the vertices (n; 1) and (1; n). Sincethey are the only vertices a 2 CS0n2 with dS0n((1; 1); a) � n�1and dS0n((n; n); a) � n � 1, we have h((n; 1)); h((1; n)) 2f(n; 1); (1; n)g: Remember that (4; 1) 2 CS0n2 , and note thatdS0n((1; 1); (4; 1)) = 3 and dS0n((n; 1); (4; 1)) = n � 4. Sincethere is no a 2 CS0n2 with dS0n((1; 1); a) � 3, dS0n((1; n); a) �n�4, we must have h((n; 1)) = (n; 1). Similarly, since thereis no a 2 CS0n4 with dS0n((1; 1); a) � 3, dS0n((n; 1); a) � n� 4,we have h((1; n)) = (1; n).Thus h is the identity on the four corner points of S 0n. Nowa simple induction using (1) shows that h = id. 2Let k � 4 such that k � 0 (mod 4) or k � 1 (mod 4). ThenK := �k2� is even. Let f : f1; : : : ; Kg ! ffi; jg j 1 � i <j � kg be the bijection that maps l to the lth element inthe lexicographic order of �fi; jg �� 1 � i < j � k	. Let Hbe an arbitrary graph. For a 2 H and e = (b; c) 2 EH wewrite a 2 e to denote that a is an endpoint of e, i.e. thata 2 fb; cg. We de�ne a 2-colored graph Hk as follows:Hk :=n(a; e; i; p) ��� a 2 H; e 2 EH; 1 � i � k; 1 � p � K

such that �i 2 f(p) () a 2 e�o[�(i; p) �� k + 1 � i � K; 1 � p � Kg;EHk :=n�(a; e; i; p); (a0; e; i0; p)� ��� a; a0 2 H; e 2 EH;1 � i; i0 � k; ji� i0j = 1; 1 � p � Ko[n�(a; e; i; p); (a; e0; i; p0)� ��� a 2 H; e; e0 2 EH;1 � i � k; 1 � p; p0 < K; jp� p0j = 1o[n�(a; e; k; p); (k + 1; p)�; �(k + 1; p); (a; e; k; p)� ���a 2 H; e 2 EH; 1 � p � Kg[n�(i; p); (i0; p0)� ��� �(i; p); (i0; p0)� 2 ESK ;k + 1 � i � K; 1 � p � Ko;CHkj :=�(a; e; i; p) �� a 2 H; e 2 EH; 1 � i � k; 1 � p � K;(i; p) 2 CSKj g[�(i; p) �� k + 1 � i � K; 1 � p � K; (i; p) 2 CSKj g(for j 2 f1; 2g):The following lemma is obvious:Lemma 8. The mapping � : Hk ! SK de�ned by�((a; e; i; p)) = (i; p) and �((i; p)) = (i; p)is a homomorphism.Lemma 9. H contains a k-clique if, and only if, there is ahomomorphism h : SK !Hk.Proof: For the forward direction, let fa1; : : : ; akg be a cliqueof size k in H, and for 1 � i < j � k let efijg denote theedge between ai and aj . Then we de�ne h : SK !Hk byh((i; p)) = ((ai; ef(p); i; p) if 1 � i � k(i; p) otherwise:It is easy to check that h is a homomorphism. Note that themain point is to verify that h is well-de�ned.For the backward direction, suppose that h : SK ! Hk isa homomorphism. Then by Lemma 8, � � h : SK ! SK isa homomorphism. Thus, recalling that K � 6 is even, byLemma 5, � � h is the identity. Hence for all 1 � i � k; 1 �p � K there are aip; eip such that h(i; p) = (aip; eip; i; p).By the de�nition of EHk , this implies aip = aiq =: ai for1 � i � k, 1 � p; q � K and eip = ejp =: ep for 1 � i; j � k,1 � p � K.Then by the de�nition of Hk, for 1 � i � k and 1 � p � Kwe have ai 2 ep if, and only if, i 2 f(p). Thus ef�1(fi;jg) isan edge between ai and aj , and therefore fa1; : : : ; akg is aclique of H. 2The following lemma is again obvious:Lemma 10. There is a polynomial time algorithm that,given a graph H and a k with 4 � k � jHj and k �0; 1 (mod 4), computes SK and Hk.5



Thus the NP-completeness of Clique and the W[1]-com-pleteness of Parameterized Clique immediately yield thefollowing Theorem 11. There is a slight problem in thatwe only have a reduction for k � 4 with k � 0; 1 (mod 4).However, we can use the simple fact that for all l < k, agraph H has an l-clique if, and only if, the graph obtainedfrom H by adding (k� l) vertices and connecting them witheach other and all old vertices has a k-clique.Theorem 11. Let c � 2. Then c-Grid Homomorphism isNP-complete. Furthermore, Parameterized c-Grid Ho-momorphism is W[1]-complete.Directed grids. Let DGrid denote the class of all directedgraphs whose underlying graph is a square grid. We showhow our proof can be modi�ed to prove NP-completeness ofDGrid-Homomorphism and W[1]-completeness of its pa-rameterized version.Lemma 12. Let D be a directed acyclic graph with a di-rected Hamiltonian path. Then HOM(D;D) = fidg.Proof: Let H be a Hamiltonian path of D. De�ne a linearorder � on D by letting a � b if, and only if, a occurs beforeb on H. Suppose that h : D ! D is not the identity. Thenthere exist a; b 2 D such that a � b and h(b) < h(a). Thenthe interval of H that connects a with b must be mappedto a directed path from h(a) to h(b), which is impossiblebecause D is acyclic. 2For every n � 1 we let Sdn be the directed acyclic (n � n)-gridthat is obtained by directing the edges of Gn;n accordingto the Hamiltonian path (cf. Figure 2).(1; 1); (1; 2); : : : ; (1; n); (2; n); : : : ; (2; 1); (3; 1); : : : ; (n; n)Then it is an immediate consequence of Lemma 12 that

Figure 2. The directed grid Sd8HOM(Sdn;Sdn) = fidg for all n � 1.We can now proceed completely analogously to the case of2-colored grids. For every k � 2 and every undirected graphH we de�ne a directed graph Hdk and prove that H containsa k-clique if, and only if, there is a homomorphism from SdKto Hdk. Moreover, we do this in such a way that, given Hand k, SdK and Hdk can be computed in polynomial time.Thus we obtain:Theorem 13. DGrid-Homomorphism is NP-complete.Furthermore, Parameterized DGrid-Homomorphism isW[1]-complete.

4. Conjunctive Query EvaluationAtomic formulas, or atoms, are expressions of the form x =y or Rx1 : : : xr, where R is an r-ary relation symbol andx; y; x1; : : : ; xr are variables. The formulas of �rst-orderlogic FO are build up in the usual way from the atomic for-mulas using the connectives ^;_;:;!, and the quanti�ers8; 9.The vocabulary of a �rst-order formula ', denoted by � ('),is the set of all relation symbols occurring in '. If L is a classof formulas, then L[� ] denotes the class of all ' 2 L with� (') � � . FO denotes the class of all �rst-order formulas,and EFO the subclass of all existential �rst-order formulas,i.e. all formulas that do not contain any universal quanti�ersand in which existential quanti�ers only occur in the scopeof an even number of negation symbols.The set of all atomic subformulas of a formula ' is denotedby at('). A free variable of a �rst-order formula is a variablex not in the scope of a quanti�er 9x or 8x. The set of allfree variables of a formula ' is denoted by free('), the set ofall variables of ' by var('). The notation '(x1; : : : ; xk) in-dicates that free(') = fx1; : : : ; xkg. A sentence is a formulawithout free variables.For a formula '(x1; : : : ; xk), a � (')-structure A, and ele-ments a1; : : : ; ak 2 A, we write A j= '(a1; : : : ; ak) to saythat A satis�es ' if the variables x1; : : : ; xk are interpretedby the elements a1; : : : ; ak, respectively. We let'(A) := �(a1; : : : ; ak) 2 Ak �� A j= '(a1; : : : ; ak)	:We shall study the complexity of the following problem forfragments L � FO:L-EvaluationInput: Formula ' 2 L, � (')-structure A.Problem: Decide if '(A) 6= ;.Note that we have turned the actual problem of evaluatingthe input query, i.e. computing the set '(A), into a deci-sion problem here. This is appropriate for the complexitytheoretic considerations made in this paper.The natural parameterization of query-evaluation is by thelength of the input formula:Parameterized L-EvaluationInput: Formula ' 2 L, � (')-structure A.Parameter: jj'jjProblem: Decide if '(A) 6= ;.FO-Evaluation is PSPACE-complete [13], and Parame-terized FO-Evaluation is complete for the parameterizedcomplexity class AW[1] [5]that it is W[1]-hard.Conjunctive Queries. A conjunctive query is a �rst-order formula of the form 9x1 : : : 9xk��1 ^ : : : ^ �n), where�1; : : : ; �n are atoms. The class of all conjunctive queries isdenoted by CQ.CQ-Evaluation is NP-complete [1], and ParameterizedCQ-Evaluation is W[1]-complete [11]. Both hardness re-sults are immediate consequences of the simple observationthat for every k there is a conjunctive query of length O(k2)saying that a graph has a k-clique. Actually, it is easy tosee that CQ-Evaluation andHomomorphism are basicallythe same problem.6



The graph G(') of a �rst-order formula ' has vertex setG(') := var(') and edge setEG(') :=�(x; y) �� x 6= y;9� 2 at(') : x; y 2 var(�)	For a class C of graphs we let CQ(C) := f
 2 CQ j G(
) 2Cg.Theorem 14 (Chekuri and Rajaraman [2]). Let C bea class of graphs of bounded tree-width. Then CQ(C)-Eval-uation is in PTIME.Remark 2. Chekuri and Rajaraman de�ne the graph of aformula di�erently; they take the incidence graph betweenatoms and variables. Consequently, they obtain a di�erentnotion of tree-width. But this di�erence is irrelevant here.Our version of the theorem has �rst been stated by Kolaitisand Vardi [10].We refer the reader to [6] for a discussion of the di�erentconcepts.Theorem 15. Let C be a class of graphs of unbounded tree-width that is closed under taking minors and � a vocabularythat is at least binary. Then CQ(C)[� ]-Evaluation is NP-complete.Proof: Without loss of generality we can assume that � =fEg for the binary relation symbol E. Observe that forevery directed (n; n)-grid G there is a conjunctive query 
Gwith G(
G) = Gn;n such that for every directed graph D wehave D j= 
G () HOM(G;D) 6= ;:Since C is closed under taking minors, by Robertson andSeymour's Excluded Grid Theorem 4 it contains all grids,thus for every directed square grid S the query 
S belongs toCQ(C). Thus we can reduce Directed Grid Homomor-phism to CQ(C)[� ]-Evaluation. Then the statement of thetheorem follows from the NP-completeness of directed gridhomomorphism (Theorem 13). 2Corollary 16. Assume that PTIME 6= NP. Let C be aclass of graphs that is closed under taking minors and � avocabulary that contains at least one binary relation symbol.Then the following three statements are equivalent:(1) CQ(C)-Evaluation is in PTIME.(2) CQ(C)[� ]-Evaluation is in PTIME.(3) C has bounded tree-width.With a little extra work, on the parameterized level we getan even cleaner picture; we can drop the restriction of beingclosed under taking minors that we put on the class C ofunderlying graphs in Theorem 15.Theorem 17. Let C be a class of graphs of unbounded tree-width and � a vocabulary that is at least binary. Then Pa-rameterized CQ(C)[� ]-Evaluation is W[1]-complete un-der parameterized T-reductions.In the proof, we will use the following lemma which is anextension of the second part of Theorem 13.

Lemma 18. Let C be a class of graphs such that for everyn � 1 there is a graph G 2 C with G = Gn;n and EG �EGn;n . Then the following problem is W[1]-complete underparameterized T-reductions:Parameterized Directed-C-HomomorphismInput: Directed graph A whose underlyinggraph is in C, directed graph B.Parameter: jjAjjProblem: Decide if there is a homomorphismfrom A to B.Proof: Let us �rst assume that C is computable. We shallprove thatParameterized Clique�fpm Parameterized Directed C-Homomorphism:This even shows that Parameterized Directed-C-Homo-morphism is W[1]-complete under parameterized m-reduc-tions (for computable C). For every graph B and naturalnumber k we de�ne directed graphs A�k and B�k such thatthe underlying graph of A�k belongs to C and there is ahomomorphism from A�k to B�k if, and only if, B has a k-clique. Furthermore, we will do this in such a way that A�konly depends on k, the mapping k 7! A�k is computable, andB�k can be computed from (B;A�k) in polynomial time.So let k � 1 and K := �k2�. Let G 2 C such that G = GK;Kand EG � EGK;K . Since C is computable, such a G can befound e�ectively. Now we let A�k be a directed graph withunderlying graph G such that HOM(A�k;A�k) = fidg. Suchan A�k exists by Lemma 12. Let B be an arbitrary graph.Recall that f is a bijection from f1; : : : ; Kg ! ffi; jg j1 � i < j � kg that maps l to the lth element in thelexicographic order of �fi; jg �� 1 � i < j � k	.We de�ne the directed graph B�k as follows:B�k :=n(a; e; i; p) ��� a 2 B; e 2 EB; 1 � i � k; 1 � p � Ksuch that �i 2 f(p) () a 2 e�o[�(i; p) �� k + 1 � i � K; 1 � p � Kg;EB�k :=n�(a; e; i; p); (a0; e0; i0; p0)� ��� a; a0 2 B; e; e0 2 EB;1 � i; i0 � k; 1 � p; p0 � K;�(i; p); (i0; p0)� 2 EA�k ;�i = i0 =) a = a0�; �p = p0 =) e = e0�o[n�(a; e; i; p); (i0; p0)� ��� a 2 B; e 2 EB;1 � i � k; k + 1 � i0 � K; 1 � p; p0 � K;�(i; p); (i0; p0)� 2 EA�ko[n�(i; p); (a; e; i0; p0); � ��� a 2 B; e 2 EB;1 � i0 � k; k + 1 � i � K; 1 � p; p0 � K;�(i; p); (i0; p0)� 2 EA�ko[n�(i; p); (i0; p0)� ��� k + 1 � i; i0 � K; 1 � p; p0 � K;�(i; p); (i0; p0)� 2 EA�ko:7



Then it can be proved analogously to Lemma 9 that Bcontains a k-clique if, and only if, there is a homomorphismh : A�k ! B�k. Moreover, it is easy to see that, given B andA�k, B�k can be computed in polynomial time.It remains to deal with non-computable classes C. For suchclasses, we can only prove thatParameterized Clique�fpT Parameterized Directed-C-Homomorphism:The only place in the reduction above where we used ourassumption that C is computable was when for a given Kwe computed the graph G 2 C with G = GK;K and EG �EGK;K . Now we can no longer compute such a G, we merelyknow that it exists. To circumvent this problem, we simplydo the reduction described above for every graph G withG = GK;K and EG � EGK;K .Let us explain the procedure in detail: We are given a k anda directed graph B and want to decide whether B containsa k-clique, using an oracle for Parameterized Directed-C-Homomorphism. As above, we let K := �k2�. For everygraph G with G = GK;K and EG � EGK;K we do the fol-lowing: As described above, we compute directed graphs A�kand B�k such that the underlying graph of A�k is G and thereis a homomorphism from A�k to B�k if, and only if, B has ak-clique. Then we use our oracle and let it decide if there isa homomorphism from A�k to B�k. The problem is that theanswer we get may be wrong if the graph G we started withis not contained in C.We distinguish between two cases. If the oracle answers`no' for all G, in particular it answers `no' for all G in C(remember that at least one such G exists). Therefore, weknow that the answer is correct. If we get the answer `yes'for some G, we can try to compute a homomorphism fromA�k to B�k using Lemma 2. Then we can easily check if theanswer was correct. If we �nd a correct `yes'-instance, weknow that B contains a k-clique. Otherwise, we know thatfor all G in C our oracle answers `no', and thus that B doesnot contain a k-clique. 2We are now ready to prove Theorem 17Proof: Again, without loss of generality we assume that� = fEg. By the Excluded Grid Theorem 4, for every n � 1there exists a graph Gn 2 C such that Gn;n � Gn. We let G0nbe a connected component of Gn such that Gn;n � G0n and�n : Gn;n � G0n a minor map such that Sa2Gn;n �n(a) =G0n. We can always �nd such a minor map because G0n isconnected. We let G00n be the graph with universeG00n := Gn;nand edge setEG00n := �(a; b) �� 9a0 2 �n(a); b0 2 �n(b) : (a0; b0) 2 EG0n	:Then EG00n � EGn;n . We let C00 := fG00n j n � 1g. RecallLemma 18. We shall prove thatParameterized Directed-C00-Homomorphism�fpm Parameterized CQ(C)[� ]-Evaluation:For every n � 1, we de�ne a conjunctive query 
n 2 CQ(C)such that for every directed graph D we have:HOM(G00n ;D) 6= ; () D j= 
n: (2)Let Gn 2 C be the graph, G0n � Gn its connected component,and �n : Gn;n � G0n the minor map used to de�ne G00n .

We choose a variable xb for every b 2 Gn (such that xb 6= xb0for b 6= b0) and de�ne three sets of atoms:A1 :=�xb = xb0 �� (b; b0) 2 EGn ; 9a 2 Gn;n : b; b0 2 �n(a)	A2 :=nExbxb0 ��� (b; b0) 2 EGn ; 9(a; a0) 2 EG00n :�b 2 �n(a); b0 2 �n(a0)�oA3 :=�xb = xb0 �� (b; b0) 2 EGn ; b; b0 62 G0no:Let �x be a tuple that contains all the xb, A := A1 [A2 [A3and 
n := 9�xV�2A �.Note �rst that G(
n) = Gn, thus 
n 2 CQ(C). Now let Dbe a directed graph. To prove the forward direction of (2),assume that h : G00n ! D is a homomorphism. Then to seethat D j= 
n, for every a 2 G00n we interpret all variablesxb with b 2 �n(a) by h(a). For every connected componentC of Gn n G0n, we pick one element c and interpret all xbwith b 2 C by c. Then all atoms in A1 and A3 are satis�ed,and it can be easily checked that this is also the case for theatoms in A2.Conversely, suppose that D j= 
n. Then by A1 and because�n(a) is connected in Gn, for every a 2 G00n there is a uniqueelement d 2 D that interprets all the xb with b 2 �n(a).We let h(a) := d, then A2 guarantees that this gives us ahomomorphism h : G00n ! D. 2Corollary 19. Assume that FPT 6= W[1]. Let C be an ar-bitrary class of graphs and � a vocabulary that contains atleast one binary relation symbol. Then the following state-ments are equivalent:(1) Parameterized CQ(C)-Evaluation is in FPT.(2) Parameterized CQ(C)[� ]-Evaluation is in FPT.(3) CQ(C)-Evaluation is in PTIME.(4) CQ(C)[� ]-Evaluation is in PTIME.(5) C has bounded tree-width.Proof: The implications (3) ) (4), (3) ) (1), (4) ) (2),and (1) ) (2) are trivial. (5) ) (3) by Theorem 14, and(2)) (5) by Theorem 17. 2Remark 3. In the proof of Theorem 17 we used the factthat equality, =, was part of the vocabulary. We dont knowyet whether the theorem remains true without this require-ment.Remark 4. Yannakakis [15] proved that the evaluation ofacyclic conjunctive queries is possible in polynomial time(and therefore tractable both in the classical sense of com-bined complexity and �xed-parameter tractable). This doesnot contradict Corollaries 19 and 16 because the class ofacyclic conjunctive queries is not of the form CQ(C) for aclass of graphs. However, the underlying graph of a conjunc-tive query whose vocabulary contains at most k-ary relationsymbols, for a k � 2, has tree-width at most k � 1. Thusin particular, if the vocabulary is �xed, acyclic conjunctivequeries have tree-width bounded by the arity of the vocab-ulary.Remark 5. A conjunctive query with negation is a formulaof the form 9x1 : : : 9xk��1^: : :^�n), where the �i are atomicor negated atomic formulas. It is easy to see that our resultsextend to conjunctive queries with negation.8



5. Towards First-Order EvaluationDe�nition 3. A fragment L � FO is closed if it satis�esthe following condition: If ' 2 L, � is an atom in ', and� a quanti�er-free formula with var(�) = var(�), then theformula '0 obtained from ' by replacing � by � is also con-tained in L.The motivation for this de�nition is that closed classes of�rst-order formuls somehow resemble classes of conjuctivequeries of the form CQ(C) for a class C of graphs. Thereis no direct formal correspondence between the two notions,though, because we have to admit negated atoms here.)Let L1;L2 � FO. We say that L1 is e�ectively containedin L2 (and write L1 �e� L2) if there is an algorithm thatcomputes, given a formula '1 2 L1, an equivalent formula'2 2 L2.Theorem 20. Let L be a closed class of EFO-sentencesthat is recursively enumerable. Assume that FPT 6= W[1].Then Parameterized L-Evaluation is in FPT if, andonly if, there exists a k � 1 such that L �e� EFOk.Proof: The backward direction is well-known.To prove the forward direction, we assume that Parame-terized L-evaluation is in FPT.Let ' 2 L. By standard techniques we transform ' into asentence '0 in prenex normal form in which negation sym-bols only occur in front of atomic subformulas. In doing so,we may have to rename some of the variables, but we donot have to duplicate any atoms. In other words, there is acanonical way to associate an atom �0 of '0 with every atom� of '.Now we bring the quanti�er-free part of '0 into disjunctivenormal form. Switching existential quanti�ers and disjunc-tions, we obtain a formula '00 of the form Wi2I 
'i , wherethe 
'i are conjunctive queries with negation. If we do thisin the straightforward way, '0 and '00 will have precisely thesame set of atoms, but every atom of '0 may occur severaltimes in '00.Consider the class C of all graph G(
'i ), for all ' 2 L.We claim that there is a parameterized m-reduction fromParameterized CQ(C)[fEg]-Evaluation to Parameter-ized L-Evaluation. To see this, let 
 2 CQ(C)[fEg]. Thenthere is a formula ' 2 L such that for some 
'i occurring in'00 we have G(
'i ) = G(
). Because all the literals involveonly binary relations, it is easy to see that we can replace theliterals of 
'i in a suitable way by a conjunction of atomssuch that the resulting formula is 
; equivalently we canreplace the atoms by quanti�er-free formulas. We do thecorresponding substitution in '0 and replace all other liter-als of '0 by a quanti�er free formula that is not satis�able(for example, a conjunction of atoms x 6= x). Thus in '0every 
'j with j 6= i is replaced by an unsatis�able formulaand 
'i is replaced by 
. Therefore the resulting formula
0 is equivalent to 
. Now we go back from '0 to '. Weget a formula 
00 equivalent to 
 that can be obtained from' by replacing atoms by quanti�er-free formulas with thesame variables. Since the fragment L is closed, 
00 is con-tained in L. Thus for every 
 2 CQ(C)[fEg] there is anequivalent 
00 2 L, and since L is recursively enumerableand equivalence of conjunctive queries is decidable, such a
00 can actually be computed. This proves our claim.

Since we assumed Parameterized L-Evaluation to be�xed-parameter tractable, by Theorem 19 the class C hasbounded tree-width, say w. Now we apply a result of Ko-laitis and Vardi [10] saying that every conjunctive query oftree-width at most w can be e�ectively translated into anequivalent EFOw+1-formula. (Actually, we use an exten-sion of this theorem for conjunctive queries with negation.)Thus all the 
'i are equivalent to EFOw+1-sentences. Thisimplies that '00 and thus ' is equivalent to an EFOw+1-formula. Furthermore, our proof shows that the translationis e�ective. 2Remark 6. The previous theorem can be extended to for-mulas with at most k free variables, but is clearly wrong forformulas with more than k free variables.Conjecture 21. Assume that FPT 6= W[1]. Let L � FO beclosed and recursively enumerable. Then ParameterizedL-evaluation is in FPT if, and only if, there exists a k � 1such that L �e� FOk.The idea to prove the conjecture would be to use an analogueof Kolaitis and Vardi's results for FO, which is contained in[6] (Theorem 5.29).6. ConclusionsThe results of this paper give a good understanding on whenthe evaluation of conjunctive queries becomes a tractableproblem. The main contribution is to show that evaluat-ing conjunctive queries is tractable for those queries thathave a bounded tree-width structure (under the hypothesisthat NP6= PTIME and FPT6= W[1]). Beyond conjunctivequeries, it was known that for each k, FOk could be eval-uated in PTIME and in FPT. The second contribution ofthe paper is to propose a converse of this: Tractability ofquery evaluation implies an expressive power limited by thenumber of variables. This is formalized in conjecture 21,which we could prove only for the existential fragment ofFO. A third contribution of independent interest, is thatcolored grid homomorphism problem is NP-complete and, ifparameterized by the grid size, W[1]-complete.AcknowledgmentsWe thank J�org Flum, Georg Gottlob and Victor Vianu forhelpful discussions and comments.7. References[1] A.K. Chandra and P.M. Merlin. Optimal implementa-tion of conjunctive queries in relational data bases. InProceedings of the 9th ACM Symposium on Theory ofComputing, pages 77{90, 1977.[2] Ch. Chekuri and A. Rajaraman. Conjunctive querycontainment revisited. In Ph. Kolaitis and F. Afrati,editors, Proceedings of the 5th International Conferenceon Database Theory, volume 1186 of Lecture Notes inComputer Science, pages 56{70. Springer-Verlag, 1997.9
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