
Exam – Initiation à la vérification

January 18, 2018

Duration: 2 hours. All course materials can be used. Answers can be given in either French or
English. Justify all your answers.

1. Binary decision diagrams

Let k ≥ 1, and x, y two natural numbers in the range from 0 to 2k − 1. Their binary
representations are given by x = (xk−1 · · ·x0)2 and y = (yk−1 · · · y0)2, where xi, yi ∈ {0, 1}
for all i. We fix an ordering on the binary variables:

xk−1 < · · · < x0 < yk−1 < · · · < y0

Let B(f) be the size of a BDD for a binary function f that respects <, measured in terms
of the number of non-leaf nodes.

Let f be the binary function on xk−1, yk−1, . . . , x0, y0 that yields 1 iff x+ y = 0 (mod 3),
and g be the function yielding 1 iff x · y = 0 (mod 3).

(a) Construct BDDs for f and g when k = 2.

(b) Describe how to generalize the construction for arbitrary k, and give B(f) and B(g)
as a function of k.

(c) Does B(f) change when the ordering < changes? Does B(g)?

2. Simulation and bisimulation

Consider the Kripke structures S1, S2, S3, S4 shown below. The atomic propsitions are
α, β, γ such that black states are labelled with α, grey ones with β, and white ones with
γ.
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(a) Which pairs of structures are bisimilar? Provide a bisimulation for each such pair,
or a CTL formula that distinguishes them.

(b) For each pair of structures Si, Sj that are not bisimilar, say whether Si simulates Sj

(and vice versa), and give a simulation relation.

3. Modelling with Petri nets

Consider the net shown below, which models a ticket office in a train station. The office
has two waiting lines, each served by a clerk. Clients can enter the office and will first
study the timetables for a moment. Then they decide to wait in either queue and exit
after being served. In the net, each client corresponds to a token.
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(a) Suppose that the office has a capacity of at most ten clients at any time, whether
they are studying the timetables or waiting. Modify the net so that it respects that
property.

(b) Prove that in your net from (a), there are at most ten clients in the office at any
time, using methods from statical analysis.

(c) Suppose that clients are impatient and will always join the shortest queue. When
both queues have the same length, they can (at your choice) either choose the left
queue or either queue. Modify your net from (a) to reflect this behaviour.

4. Comparison
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Let us compare the reduction technique based on ample sets with Petri net unfoldings.
We shall see that both have advantages and disadvantages over each other.

For a Petri net N , let U(N) be its unfolding andM(N) be the associated transition system
in which, for simplicity, we assume all actions to be invisible, and that the independence
relation used for reduction is maximal.

(a) First, construct a Petri net N with two transitions a, b such that: (i) the input places
of a and b overlap; (ii) a and b are independent in M(N).

In the following, let (Nk)k≥1 be a family of safe Petri nets such that for all k, the size of
Nk is O(k).

(b) Construct a family of nets such that for all k, any complete prefix of U(Nk) is at least
of size 2k, but red(M(Nk)) is of size O(k).

(c) Construct a family of nets such that for all k, red(M(Nk)) is at least of size 2k, but
there is a complete prefix of U(Nk) of size O(k).

Hint: It suffices to regard nets whose rechability graph is acyclic. For (c), try to construct
Nk from k separate components such U(Nk) is simply the juxtaposition of the unfoldings
of the components.
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