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well quasi orderings (wqo)
generic tools for termination arguments

this talk
beyond termination: complexity upper bounds
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A BiT oF HISTORY...

» First bounds for Dickson’s Lemma: McAloon
(1984); Clote (1986), using Ramsey-type
arguments.

» Application: finite containment for Petri
nets, shown by Mayr and Meyer (1981) (see
also Jancar, 2001) to be Ackermann-hard

» Result: Ackermannian upper bounds
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WELL QuUAsI ORDERINGS
Definition (wqo)
A wqo is a quasi-order (A, <) s.t.

VX = x,X1,X2,... cAY, di; < iz,xil < Xiy -
Example (Basic WQO's)
» (N, <),
» ({0,1,...,k},<) forany k € N,

> (I,,=) for any finite set I}, with p elements.
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ALGEBRA oF WQO's

FINITE SEQUENCES

Lemma (Higman’s Lemma)

If (A,<) is a wqgo, then (A*,<,) is a wqgo where
<, is the :

def 31<11<<1m<n;
al”'am<*bl”'b1’l<:> " b
Ni=1a; <a bi; .

Example
aba <, baaacabbab
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ALGEBRA OF WQO's

DisJoOINT SuMs

Lemma
If (A1,<4,) and (Ay,<4,) are two wqo’s, then
(A1 +A,,<4) is awqo,

where A1 + A, —{<z a> |ie{1,2}\Na € A;} and
<, is the

(i,a) <, (j,b) Ei=jNa<ab.
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ALGEBRA OF WQO's

CARTESIAN PrRODUCTS

Lemma (Dickson’s Lemma)
If (A1,<4,) and (Ay,<4,) are two wqo’s, then
(A X Ay, <) is a wqo,

where < is the

(a1,a2) <« (b1,b2) Ea <a, b1 Nax <a, by .
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WQO'’s FOR TERMINATION

BAD SEQUENCES

» X = Xg,X1,...INA® isa if
3il < i21 Xi; < Xiys

» a otherwise,

» if (A, <) is a wqo: every bad sequence is
finite



AN EXAMPLE

SIMPLE (a,b)
c+—1
whilea >0Ab >0
(a,b,c) <— (a—1,b,2c)
or
(a,b,c) «— (2¢,b—1,1)
end
> in any run, {(ag,by),...,{a,,b,) is a bad
sequence over (IN?, <),

» (IN?, <) is a wgo: all the runs are finite

» How long can sSIMPLE run?
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A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) ‘ loop iterations

(2,3,29) 0

whilea > 0/Ab >0
(a,b,c) «— (a—1,b,2c)
or
(a,b,c) «— (2¢,b—1,1)
end



¥
A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) ‘ loop iterations
c—1 (2,3,2°) 0
or

(a,b,c) «— (2¢,b—1,1)
end



¥
A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) loop iterations
c—1 (2,3,20) 0
whilea >0Ab >0 1
(1,3,21) 1
or<a,b,c> — <a_1,b,2c> <22’2’20> 2

end
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A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
whilea >0/b >0 : :
(22,2,29) 2
or .
(a,b,c) <— (2¢,b—1,1)

end <1,2,222*1> 24221




¥
A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
whilea >0/Ab >0 : :
(a,b,c) +— (a—1,b,2¢)  (1,2,22°1) 24221
or (2%,1,1) 2422

end



¥
A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1
whilea >0/b >0 : :
(2%,1,1) 2422
or . .
(a,b,c) «— (2¢,b—1,1) " :
end (1,1,22° 71y | 2422422 1
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A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) loop iterations

c+—1

whilea >0/b >0 : :
2

(1,1,22 71y | 2422422 1

or - o
(@b «— (2c,b—1,1) (0127 242242

end
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A COMPUTATION OF SIMPLE(2, 3)

SIMPLE (a,b) (a,b,c) ‘ loop iterations
c+—1
while Ab >0 : :
(a,b,c)<— <(1—1,b,2C> <0’1)2222> 2+22+222
or
(a,b,c) «— (2¢,b—1,1)
end

» Non-elementary complexity

» Derive (matching) upper bounds for
termination arguments based on (IN?, <)
being a wqo
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CONTROLLED SEQUENCES

» bound the length of bad sequences over
(A4,<)
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CONTROLLED SEQUENCES

» bound the length of bad sequences over
(A,<)
» but: choose any N, and consider the bad

sequence N,N—1,...,0 over N

» similarly:
(3,3),(3{2},(3,1>,(3,0>,<2,N>,(2,N— 1),...
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CONTROLLED SEQUENCES

» bound the length of bad sequences over
» associate a l.la:A — INto
each wqo (4,<)

. def
» assume |.| is & foralln

Aoy E{x € Allxly < n}is finite

Definition (Normed WQO's
kinEk  ladn, £0 [a,b)laxs = max(lal,|bls)

. def def
(i, a)|a, 14, = lala; a1+ amlax= max(m, laila, ..., lamla)



Y=
CONTROLLED SEQUENCES

» bound the length of bad
sequences over (A, <;|.Ja)
» fixa g:IN—IN

(monotone with g(x+1) > g(x)+1 > x+2)
» X = Xo,X1,... over A is iff

Vi, [xila < g'(n)
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CONTROLLED SEQUENCES

» bound the length of bad
sequences over (A, <;|.[a)

» fixa g:IN—=IN

» X = X0,X1,... over A is iff

Vi, [xila < g'(n)

Example (siMPLE(2,3))
A=IN?n=4,g¢(x)=2x



Y=
CONTROLLED SEQUENCES

» bound the length of bad
sequences over (A, <;|.|a)

» for fixed A,g,n, there are many bad
(g,n)-controlled sequences over A

» maximal length function

LA,g (1’1)



TECHNICAL OVERVIEW

1. : inductive definition for L ¢

2. : approximations to obtain
inequalities for Ly, in terms of “simpler”
wqo’s

3. : associate ordinal terms

to wqo'’s in order to work with subrecursive
hierarchies
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RESIDUALS
Definition (Residual)
The of awqo (A,<) bya € Ais thewqgo

def

A/a={beA|agb}.

Example
Dei/a=T, N/k=1{0,...,k—1}
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RESIDUALS
Definition (Residual)
The of awqo (A,<) bya € Ais thewqgo

def

A/a={beA|agb}.

Proposition (Descent Equation)
LA,g(n) = aI?AaX {1 +LA/a,g(g(n))}

Example
Dei/a=T, N/k=1{0,...,k—1}

Lrg(n) =p Ling(n) =1
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REFLECTIONS

Definition (Normed Reflection)

A isa mappingh:A — B
between two normed wqo’s satisfying

Va,b e A, h(a) <g h(b) impliesa <4 b
Va € A,lh(a)lp < lala

Notation
A — B: there exists a normed reflection

h:A— B
Example
{0,....,k—1} =T} = T
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REFLECTIONS
Proposition (Monotony of Length

Function)

A — Bimplies Vi,La4(n) < Lpg(n) .
Proposition (Reflections for Residuals)

(A+B)/(1,a) = (A/a) +B
(A+B)/(2,b) =A+ (B/b)
(A x B)/{a,b) < [(A/a) x Bl +[A x (B/b)]
Moa/ar - am <= Ty x ()"



Y

5 /aba — T3 x (T7)°

“JULLIEN’s DEcoMPOSITION”

Example €T} /aba
aba,bbba, bbb, aabb, baa, abb, bb
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5 /aba — T3 x (T7)°

“JULLIEN’s DEcoMPOSITION”

Example € T} /aba
uba,bbba, bbb, aabb, baa, abb, bb
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5 /aba — T3 x (T7)°

“JULLIEN’s DEcoMPOSITION”

Example € T3 xT}

Ve

bbb,
aba, | bbba,
aabb,

baa,

abb,

bb
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5 /aba — T3 x (T7)°

“JULLIEN’s DEcoMPOSITION”

Example
€ M3x(Iy)?

I,
7z N\

(bbb, ¢ ,¢), (bb,e €)
aba, | (bbb,e,e), (b,a,e),
(e,a,b), (e,e,b),
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ORDINAL TERMS

w
0. WQO — CNF((,Uw ) (de Jongh and Parikh, 1977;
Hasegawa, 1994)

» well-founded relations 9, over CNF(w®*)
implement reflection of residuals of norm

<n
E |
xamp* e Upnjeal-/x = ] .
B I3 % (r1)
ol lo
w® w33
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MAIN INEQUALITY

Lo—l(“)’g(?l) < max {1 +Lo_1(oc’),g(g(n))} .

/€0, 0
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A BouNDING FUNCTION

Moc,g(”) = max {1 +Moc’,g(g(n))} .

x’€0,«
» Then for all x and n

LA,g(n) < Mo(A),g(n)

» find the of M
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SUBRECURSIVE HIERARCHIES

Hierarchies of functions (and function classes)
indexed by
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FUNDAMENTAL SEQUENCES

Subrecursive hierarchies are defined through
an assignment of

(Ax)x<w for limit ordinal terms A, s.t. A, < A and
A =sup, A e.g.

(y+w6“)xd§y+wﬁ-(x—l—1)
(y + M) Sy +wh,

Example

(ww”“) _ wwp.(x—H)

w,y=x+1 =
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FAST GROWING HIERARCHY: (Fy )4

(L6&B AND WAINER, 1970)

Fo(x) S x+1, Fori(x) =P (x), FAS Fy (x).
Example
Fl (X): 2x + 1

Fy(x)=(x+1)-2*"1 -1
F3 is non elementary
F is non primitive-recursive
F ,w is non multiply-recursive
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EXTENDED GRZEGORCZYK HIERARCHY: (%) «

(L&B AND WAINER, 1970)
Elementary-recursive closure of the (Fy )«

CFwk
\ - Uk 'gzwk
Cﬁw {multiply-recursive)
ar =
Uk
g, “\(primitive-recursive)
B
7, &

(8
“elementary)

Fo =T
(linear)
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COMPARISON WITH (%4 )«

Theorem (Higman’s Lemma)

Letp > 2 and g primitive-recursive. Then Lry ¢ is
bounded by a function in #

Theorem (Dickson’s Lemma)

Letk,y > 1 andg in #y. Then Lyx, is bounded
by a function in # .
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CONCLUDING REMARKS

» practical applications of wqo's yield upper
bounds!

» out-of-the-box upper bounds

» “essentially” matching lower bounds



F ,-CoOMPLETE PROBLEMS

Decision of problems on

» well-structured counter systems (Finkel and
Schnoebelen, 2001), €.g.

» finite VASS containment (Mayr and Meyer, 1981;
Jancar, 2001)

» lossy systems (Schnoebelen, 2010),

» transition invariants in IN (Podelski and
Rybalchenko, 2004),

» relevance logics (Urquhart, 1999),

» data lOgiCS (Demri and Lazi¢, 2009; Figueira and
Segoufin, 2009), ...



F ,o-COMPLETE PROBLEMS
Decision of problems on

>

lossy channel systems (Chambart and Schnoebelen,
2008),

Post embedding problem PEP™ (Chambart and
Schnoebelen, 2007),

1-clock alternating timed automata (Lasota
and Walukiewicz, 2008),

Metric temporal logic (Ouaknine and Worrell, 2007),
finite concurrent programs under weak
(TSO/PSO) memory models (Atig et al.,, 2010)
alternating register automata over ordered
domains (Figueira et al,, 2010),. ..



FUTURE WORK

» full algebra based on +, X,*,

» more algebraic operations: set,
multisets,...

» applications
» lower bounds for timed Petri nets,

» upper bounds for Petri net reachability
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PROGRAM TERMINATION PROOFS

(PobELskI AND RYBALCHENKO, 2004)

Monolithic Termination Argument
» prove that the program'’s transition relation

Ris

> p from program
configurations x = xg,x1,... into a wqo s.t.
R C{(xj,xj) | p(x;) £ p(x;)}

» for siMPLE: p(a,b,c)=w-b+a
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PROGRAM TERMINATION PROOFS

(PoDELSKI AND RYBALCHENKO, 2004)

Disjunctive Termination Argument

\4

find well-founded relations Ty,..., T on
program configurations

prove RT C T U---UTy

\4

for SIMPLE:

v

T1 ={({a,b,c),{a’,b’,c")) |a>0/\a' <a}
T, ={({a,b,c),{a’,b’,c)) | b>0Ab" < b}

v

at the heart of the TERMINATOR tool
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TERMINATION BY DICKSON’s LEMMA

» each T} shown well-founded thanks to a
ranking function p; into a wqo (§;, <)

» map any sequence of program
configurations

X=Xp,X1,...
to a sequence of tuples
y = (P1(x0),--., Pk(x0)), (P1(x1),. .., P(x1)), ...

in Sy X -+ X S
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TERMINATION BY DICKSON’S LEMMA
» each T]- shown well-founded thanks to a
ranking function p; into a wqo (§;, <)
» map any sequence of program
configurations

X =X0,X1,---
to a sequence of tuples
y = (p1(x0),...,Pk(x0)), (P1(x1), ..., Pk(x1)), ...
in Sy X -+ X S
> yis :if 1 <1, there exists j s.t.

(xi,,xi,) € RTNTjbut pj(x;,) £ pj(xi,)
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BouNDs oN PROGRAM COMPLEXITY
Make some assumptions:

>

complexity bound f on atomic program
operations

complexity bound p on ranking functions
into N

> y controlled by f o p in some .%,

>

time complexity in %,k
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BouNDs oN PROGRAM COMPLEXITY

Make some assumptions:
» complexity bound f on atomic program
operations
» for instance linear

» complexity bound p on ranking functions
into N

» for instance linear
> y controlled by f o p in some .%,
» in this case a linear function in .%#;
> time complexity in %, ¢
> in this case %



BouNDs oN PROGRAM COMPLEXITY
Make some assumptions:

>

complexity bound f on atomic program
operations

» for instance linear

complexity bound p on ranking functions
into N

» for instance linear
y controlled by f o p in some .%,,
» in this case a linear function in .%#;
time complexity in %,k
> in this case %
matches the lower bound (expand SIMPLE to
dimension k instead of 2)
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IN?/(2,2) = IN/2 x N+IN/2 x N

Example

x=(2,2),(1,5), (4,0), (1,1),(0,100), (0,99), (3,0)

(1,5), (1,1),(0,100),(0,99), ({0,1} x IN)

(2,2), (4,0, (3,0 ({0,1} x N)
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IN?/(2,2) = IN/2 x N+IN/2 x N

Example

x=(2,2),(1,5), (4,0), (1,1),(0,100), (0,99), (3,0)

(1,5), ,(0,100),(0,99), ({0,1} x IN)

(2,2), (4,0), , (3,0) ({0,1} x N)
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ORDINAL TERMS FOR WQO's

Quick REMINDER

Definition (Ordinal Terms)
x:=0] w*| o+

Definition (Cantor Normal Form)
a=wP 4.+ @b

with x> 31 > --- > 3,, = 0 with each 3; in CNF
itself.
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ORDINAL TERMS FOR WQO's

OpPERATIONS ON CNF

Definition (Natural Sum)

m+n

ng,l @Zwﬁ’ dewayk)
k=1

where vy = -+ 2 VY1, is @ rearrangement of
ﬁll"'lﬁmlﬁil"'l[‘)’]{l'
Definition (Natural Product)

3ot Y Pt

i=1 j=1
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ORDINAL TERMS FOR WQO's

MaxiMAL ORDER TYPE (DE JONGH AND PARIKH, 1977; HASEGAWA, 1994)

A bijection between normed WQQO'’s with +, X,
and * over finite sets, and CNF(w®"):

O(I-‘p)d:efp/ O(F(ak)défwoi O(FI;k—l—l)d:ﬁwwp;

def def

0(A+B)=0(A)®o(B), o(AxB)=0(A)®o0(B).

Example

* WPt
0((rp+2)k+1 X Typ1) = w Pt (k+1).(q+1).
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ORDINAL TERMS FOR WQO's

» translate reflections of residuals into
ordinal terms

» Vn, we define a well-founded relation 0,,
over CNF(w®") s.t.ifa € A_,, then
Ja' €0,0(A)s.t. AJa— o (/).
Example
anozq); anl :{0}1 anw:{n_l}l

an(wwp+1.(k+1) (g+1)) _{ww!’+1.(k+1) q
4 @@k (=] (4 (1)),
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FUNDAMENTAL SEQUENCES

Subrecursive hierarchies are defined through
an assignment of

(Ax)x<w for limit ordinal terms A, s.t. A, < A and
A =sup, A e.g.

(y+w6“)xd§y+wﬁ-(x—l—1)
(y + M) Sy +wh,

Example

(ww”“) _ wwp.(x—H)

w,y=x+1 =



WELL-STRUCTURED TRANSITION
SYSTEMS

> transition systems (Q,—,qo) with a wgo <
on Q compatible with transitions:

Vp,a.p € Q,(pHqNp<p) =39 (a<q' N\ S q")

» a generic framework for decidability
results: safety, termination, EF model
checking, ...

» many classes of concrete systems are
WSTS:
» over (]Nk, <x): vector addition systems,
resets/transfer Petri nets, increasing counter



Y

ExaMPLE: (NON) TERMINATION

» given (Q,—,qo), decide whether there
exists an infinite rungg — g1 — -+~

» holds iff there exists q; < g; with
qo =" qi =" 4

» thanks to wqo, termination is both r.e. and
co-r.e.
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ExaMPLE: (NON) TERMINATION

» given (Q,—,qo), decide whether there
exists an infinite rungg — g1 — -+~

» holds iff there exists q; < g; with
qo =" qi =" 4

» thanks to wqo, termination is both r.e. and
co-r.e.

» what is the complexity?



ExaMPLE: Lossy CHANNEL SYSTEMS

(Q.M,C,5)
Q finite set of g states, M size-m message
alphabet, C set of c channels,

5 C Q x ({noptw ({1,?} x M))¢ x Q set of
transitions,

configurations in A = Q x (M*)¢,

WSTS for (s,w1,...,w|q) = (s’,w{,...,w(q) iff
d(s,e1,...,ec,s") €0s.t. Vi

v

v

\4

v

/ .
w; <y Wi if e, = nop
Jwe M ,w <, wiN\w! <,aw ifej=la

Jw e M, wa <, wi\Nw] <, w ife;=?a



Y

ExaMPLE: Lossy CHANNEL SYSTEMS

» linear control by g(x) =x+1in %

» non-terminating run from
Sinit = (S0, W1,...,w|c|) iff there exists a run of
length La¢([sinitl)

> non termination in % mu-1.,



Y

HARDY HIERARCHY: (h%),
Fix h : IN — IN:

hO(x) = x, B (x) Zh(h(x)), BM(x) = W™ (x).
Example
For h(x) =x+1:
H®x)=H""'(x)=2x+1 H“?(x)=H"""(x)=4x+3

Lemma
forallr < w, @, and x,

B (x) = fa(x) .
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LENGTH HIERARCHY: (M4 )«
Fix h : IN — IN:

ho(x) £ 0, Hayr (%) = 14 ha(h(x)), ha(x) = by, (x).

Lemma
for all &, x
ho(x) <h*(x) —x
Lemma
Define the atx of x >0 as

def

Px(OC‘Fl)d:ef(x: P, (A) = Py(A)
Then ha(x) = 1+ hip, (o ((x)) -



Y

MoNOTONICITY MATTERS

Lemma
For h monotone with h(x) > x and any «,

x <y implies h*(x) < h*(y) .
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MoNOTONICITY MATTERS

Lemma
For h monotone with h(x) > x and any «,

x <y implies h*(x) < h*(y) .

for x <mn,
H®(x)=2x+1<x+n+1=H""(x),i.e.

x < 3 does imply h%(x) < hP(x)



Y
MoNOTONICITY MATTERS

Definition (Pointwise Ordering)

For all x, <, is the smallest transitive relation
s.t.

X <yo+1 Ay <x A
Lemma
For h monotone with h(x) > x and any x,

& <y B implies h*(x) < hP(x) .



Y

COMPARISON WITH (hy) «
Contrast M4(n) o maXy/ey,oll + Mo g(g(n))}
with Tio(x) = 1 + Iip_ (o (h(x)):
Proposition

For all « in CNF(w®"), there is a constant k s.t.
for alln > 0, Myg(n) < hy(kn) where

h(x) d:efx-g(x).
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COMPARISON WITH (M)«

Contrast M4(n) o maXy/ey,oll + Mo g(g(n))}
with ho(x) =14 hp (o) (h(x)):

Proposition

For all « in CNF(w®"), there is a constant k s.t.
for alln > 0, Myg(n) < hy(kn) where

h(x) d:efx-g(x).
Example (Higman’s Lemma)
For bad (g,n)-controlled sequences in [

Lreg(n) <h o1 ((p—1)n) where h(x) = x-g(x) .



LOWER BOUND
Specific sequence, bad for (IN¥, <o), of length
ﬂk)f(t).
Example
k=2,t=1,f(x) =x+3:

i 012345-.-10111213--- 26272829--- 5859
x(1] 1333322---2211---1100---00
x2] |1321076---101514--- 1 03130--- 1 O

fli+t)]4 56 7 8 9---14151617--- 30313233--- 6263

5= 1+4 =1+40,(1)
13= 5+8 =5+1{(5)
29=16+13=13+1{;¢(13)



LOWER BOUND
Specific sequence, bad for (INK, <ie), of length
les(t). Ingeneral, on the k + 1th coordinate:

[—=1f(O) =1 f() -1 f(O)=2,f(1)=2,---,f(t) -2
(’,kf(t) times Ek,f(ok,f(t)) times
O’ O’ e, 0

~————
s (ofk’(ft]*l (t)) times

def

Okf(t) =1+ ﬂk’f(t)

o
bey1f(t) = Z Ui s (0@1 (ﬂ)
i1



| oWwER BOUND

Specific sequence, bad for (IN¥, <ie«), of length
ls(t).  One can have {f(t) < L(wk,1): let
flx)=2xandt=1,

),(1,0),(0
3),(0

1 ,5),(0,4
0,(0,3),(

(1,1 5),(0,
(1,1 ,2),(0,1

~ ~—
o~
o
S
~
—~
o
N
~
—~
N o

’

(1) =8 Loog(1) > 14
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