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Branching time

With Branching-time Temporal logics, formulas are interpreted
over states of a tree-like structure (or a Kripke structure).

A state may have several successors !

Thus properties may express that a state has a successor satisfying
a given formula and another one satisfying another formula.

Example
When specifying reactive system (or a program):
o with linear-time temporal logic, the system is seen as a set of
executions.

o with branching-time temporal logic, the system is seen as a
Kripke structure.

(here: we only consider discrete time !)

Tree-like structure

Definition
A treeis a set T C N%, such that if x-c € T with x € Ny, and
c € Nyg, we have:

e xeT

e forall1<c' <c, x-c'eT

Branching time

With Branching-time Temporal logics, formulas are interpreted
over states of a tree-like structure (or a Kripke structure).

A state may have several successors !

Thus properties may express that a state has a successor satisfying
a given formula and another one satisfying another formula.

Branching-time temporal logics

In this lecture, we will consider the following questions:

@ Which kind of properties can we express with BT-TL 7

@ What is the difference between BT-TL and linear-time TL ?
@ There are a lot of logics in BT... Why ?

@ What is the relationship of BT TL with automata theory ?

Tree-like structure

Definition
A treeis a set T C NY, such that if x-c € T with x € N{; and
c € Nyg, we have:

e xeT

o forall1<c' <c, x-c'eT

A tree is as a partially ordered set of nodes s.t. the set of
predecessors of any node is finite, totally ordered and with a
common minimal element (the root ¢).



Tree-like structure Kripke structure

Definition
A tree is a set T C NY such that if x- c € T with x € N{; and Let AP be a set of atomic propositions.
c € Nyg, we have:
oxeT Definition
oforall1<c'<c, x-c'eT A Kripke structure is a tuple S = (Q, Gy, R, /) where

A tree is as a partially ordered set of nodes s.t. the set of Wiz e estol sz

predecessors of any node is finite, totally ordered and with a

°
@ g € Q is the initial state,

common minimal element (the root ). e RC Q x Q is a total transition relation,
°

Let ¥ be an alphabet. I: Q — 2AP labels every state with the propositions it satisfies.

Definition
A X-labeled tree is a pair (T, /) where:
o T is a tree

(- fairness constraints)

(gRq’ is usually denoted g — ¢’)

@ /: T — X maps each node with a letter in X.

Branching time Branching time

A Kripke structure. . . A Kripke structure. . .

e

And its unwinding. ..
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Branching time

A Kripke structure. ..

And its unwinding. ..

Computation Tree Logic — CTL
Definition (Clarke & Emerson, 1981)

=P P| .| np oAy | EXp | AXp
|Ep U | Ap U o

P1, P, ... € AP.

Notation: B(X, U).

Computation Tree Logic — CTL
S= <Q»qimn R, [)orS= (Ta I)
Definition

These clauses define when a state g in S satisfies a formula ¢,
written q Es ¢:

qlEs P iff P el(q)
gEse ANy iff gEsy and qEs Y
qFEs ¢ iff g s @

qgFEsEXgp iff 3p € Exec(q) s.t. p(1) =s ¢

qgEsAXyp iff Vp € Exec(q) we have p(1) |=s ¢

qgFEs Ep Uy iff JpeExec(q)s.t.3i >0, p(i) Fs ¥ and
V0 < j < i, we have p(j) s ¢

qlEs Ap U ¢ iff Vp € Exec(q),3i > 0,s.t. p(i) Es ¢ and
V0 < j < i, we have p(j) s ¢

Branching time

A Kripke structure. ..

e

And its unwinding. ..

Computation Tree Logic — CTL
Definition (Clarke & Emerson, 1981)

=Pl P | el AY | EXp | AXp
|Ep U | Ap U ¥

P1, P, ... € AP.

Notation: B(X, U).
Formulas are interpreted over states of a structure S.

Exec(q) denotes the set of (infinite) executions from q.
Given an execution p = qo — g1 — g2 ..., we have:

@ p(i) denotes the i-th state (i.e. g;),
@ p); denotes the prefix g1 — ... — @i,

o p' is the i-th suffix: q; — git1 — .. ..

Abbreviations

T, LoV e=y...

e EFyp df gty ¢ @ "ltis possible to reach a state
satisfying "

e AFyp def AT U ¢ : "Along any path, there exists a state
satisfying ¢©"



Abbreviations

T, LoV po=1...
def e - .
e EFp = ET U ¢ : “Itis possible to reach a state
satisfying ¢"

e AFyp def AT U ¢ : "Along any path, there exists a state

satisfying "

e EGop def -~ AF - : "“There is a path where ¢ holds for

any state”

e AGyp def EF —¢ : "y holds for any reachable state”

Examples of CTL formulae

Example
o "It is possible that the door is open at the first floor while the
cabin is at the second floor”

EF (openl A cabinz)

Examples of CTL formulae

Example
o "It is possible that the door is open at the first floor while the
cabin is at the second floor”

EF (openl A cabing)
o “Any request is eventually served”
/\ AG (call,- = AF (cabin; N open,-))
=™

o "If a request for the i-th floor is done when the cabin is at the
i-th floor, the request is satisfied immediately”

/\ AG ((call,- A cabin;) = (open; V AX open,»))

i=l..n

Abbreviations

T, LoV p=1...
def e - .
e EFp = ET U ¢ : “Itis possible to reach a state
satisfying ¢"

e AFop def AT U ¢ : "Along any path, there exists a state

satisfying "

e EGy def = AF = : “Thereis a path where ¢ holds for

any state”

def

e AGp = —EF —p : “p holds for any reachable state”

We write S |= ¢ when g s ¢

Examples of CTL formulae

Example

o "It is possible that the door is open at the first floor while the
cabin is at the second floor”

EF (openl A cabinz)
o “Any request is eventually served”

/\ AG (call,- = AF (cabin; N open,-))

=lloodn)

Outline

o Distinguishing power
@ Comparison with LTL

Q crrr

@ Expressivity of the fragments of CTL*
e UB and UB™
e CTLvs CTL*
e ECTLvs CTL
@ ECTL™, CTL*, and beyond



Outline Distinguishing power

Two Kripke structures satisfy the same LTL formulas iff they have
the same set of executions (i.e. they are trace-equivalent).
Q Distinguishing power

Distinguishing power Distinguishing power
Two Kripke structures satisfy the same LTL formulas iff they have Two Kripke structures satisfy the same LTL formulas iff they have
the same set of executions (i.e. they are trace-equivalent). the same set of executions (i.e. they are trace-equivalent).

! ol 1 o
A I/D\I s A I/D\I s

VO elLTL, SE®iff S o VO elLTL, SE®iff S o
But:

S):EX(EXPz ANEXP;) and S b&EX(EXPQ A EX P3)

Which behavioral equivalence is characterized by CTL?

Behavioral equivalences (Van Glabbeek, 1990) Distinguishing power
bisimulation

2-nested simulation

N Definition

ready simulation possible-futures Let S = <Q1, qi},m Ry, Il) and Sy = <Q2: qiznm
ival =
edjvalence Ry, h) be two Kripke structures.
ready trace A relation R C @; x @ is a bisimulation iff g;Rqo implies:
ival
equivalence A Il(ql) _ I2(q2)’
failure trace readiness / / ! !
equivalence equivalence o Vg1 — a1, dg2 — a> such that quq2,
e Vg, — g%, 3g1 — b1 such that q{Rg5.
failure
e equivalence
simulation 81 and S are bisimilar (written S; &~ S,) iff there exists a
completed trace bisimulation R s.t. q%ith?m't'
equivalence

trace equivalence  [LTL]



Bisimulation vs CTL(Hennessy, 1980)
g=cnrE (Vwe CTLvQ?:wﬁfPS/’)
Proposition

q=r = q=cTL'l

Bisimulation vs CTL(Hennessy, 1980)
a=crrs (Vape CTL7q):<p<:>r|:g0>
Proposition

qg=r = q=cTLr

Proposition
For Kripke structures with finite branching, we have:

g=cTLr = q=r

NB: the modality EX is sufficient (B(X)).
71 % infinitary CTL

Proposition

gq=cTL>r < qg=r

Characteristic formulas for finite KS

Theorem (Browne, 1988)

Given a finite KS S, there is a CTL formula ®s such that for any
finite KS S’, we have:

S'Eos iff S=&

o Given a state g of S and n € N, we define W"(q) as follows:

Bisimulation vs CTL(Hennessy, 1980)
g=cnrE (the CTLM?'Z@*i”FS@)
Proposition

q=r = q=cTL'l

Proposition
For Kripke structures with finite branching, we have:

q=cTLr = 4q=r

NB: the modality E X is sufficient (B(X)).

Characteristic formulas for finite KS

Theorem (Browne, 1988)

Given a finite KS S, there is a CTL formula ®s such that for any
finite KS S’, we have:

S'Eos iff S~ S

Characteristic formulas for finite KS

Theorem (Browne, 1988)

Given a finite KS S, there is a CTL formula ®s such that for any
finite KS S’, we have:

S'Eos iff S=&

o Given a state g of S and n € N, we define W"(q) as follows:

Definition

v LA PA A P

Pel(q) P¢I(q)

W) A A (EX W) A AX( 1\ v(q))

q—q’ q—q’

vrt(q)

v




Characteristic formulas for finite KS

Theorem (Browne, 1988)

Given a finite KS S, there is a CTL formula ®s such that for any
finite KS S’, we have:

S Eos iff S8

o Given a state g of S and n € N, we define W"(q) as follows:

Definition

Wi LA PA A P
Pel(q) P¢I(q)
\U"'H(q) déf

q—q’ q—q’

v a A (Ex (@) A ax(\ vi(a))

V.

@ Forany gand ¢’ in S, ¢ = W"(q) iff the computation trees
of depth n rooted in g and ¢’ correspond.

Characteristic formulas for finite KS

@ There exists a number ¢ for S s.t. for any state g and ¢’ in S,

we have:
!

dEV() & qg=gq

o We define &5 as follows:

Characteristic formulas for finite KS

@ There exists a number ¢ for S s.t. for any state g and ¢’ in S,

we have:
!

dEV() & qg=gq
o We define ®gs as follows:

Definition

os © ve(g) A )\ AG <\Uc(q) =
qeR
N\ EX ¥(q) A AX\/ \IJC(q’))

q—q’ q—q’

Characteristic formulas for finite KS

@ There exists a number ¢ for S s.t. for any state g and ¢’ in S,

we have:
/

dEV(@@) & q=gq

Characteristic formulas for finite KS

@ There exists a number ¢ for S s.t. for any state g and ¢’ in S,

we have:
/

dEV() & qg=gq
o We define ®s as follows:

Definition

ds i Y (Ge) A /\ AG (wc(q) =
qeQ
N EX ve(q) A AX\/ \Uc(q’))

9—q' q9—q’

Characteristic formulas for finite KS

@ There exists a number ¢ for S s.t. for any state g and ¢’ in S,

we have:
/

dEV() & qg=gq
o We define &5 as follows:

Definition

os L ve(g) A )\ AG (wC(q) =
qeR
N\ EX ¥(q) A AX\/ \Ifc(q')>

q—q’ q—q’

Clearly ' Eds & S~&



Characteristic formulas for finite KS Outline

@ There exists a number ¢ for S s.t. for any state g and ¢’ in S,
we have:
dEV(@Q) & q=d

o We define s as follows: . .
© Comparison with LTL

Definition

o5 € we(gu) A\ AG (VE(g) =
qeQ
N\ EX we(q) A AX\/ \U“(q’))

q—q’ q—q’

Clearly ' Eds < S~ &

(the same approach can be used to characterize equivalence w.r.t.
stuttering with CTL ~\ X)

Comparison with LTL Comparison with LTL

Fora ® € LTL, we write S |= ¢ iff p = ® Vp € Exec(S) Fora ® € LTL, we write S |= ¢ iff p = ® Vp € Exec(S)

(i.e. S E A®). (i.e. S E A®).

Proposition Proposition

LTL is NOT as expressive as CTL. } LTL is NOT as expressive as CTL.

The previous CTL-formulas can distinguish KS that verify the The previous CTL-formulas can distinguish KS that verify the

same LTL formulae. Another ex.. AG EF P same LTL formulae. Another ex.. AG EF P
Proposition

There is no CTL formula equivalent to AF G P.

(proof in next section)
NB: AF AG P = AFG Pbut AFG P # AF AG P.

Comparison with LTL Outline
Fora ® € LTL, we write S |= ¢ iff p = ® Vp € Exec(S)
(ie. S = AD).
Proposition
LTL is NOT as expressive as CTL. J

The previous CTL-formulas can distinguish KS that verify the

same LTL formulae. Another ex.. AG EF P = Xauk
Proposition
There is no CTL formula equivalent to AF G P. J

(proof in next section)
NB: AF AG P = AFG Pbut AFG P # AF AG P.

Proposition
LTL and CTL are uncomparable. J




Definition of CTL*(Emerson & Halpern, 1986)

Idea: merging linear-time TL and branching-time TL...

Definition

CTL*> 9,4 = P P|...| o | oAt |Epp | Ap
CTL, 3> ¢p,bp = @ | =0p | 0p Atbp | Xpp | 0p U
with P € AP

State formulae (CTL") are interpreted over states of a KS.

Path formulae (CTL}) are interpreted over executions in a KS.

Fragments of CTL* — 1

Definition (Ben-Ari, Manna & Pnueli, 1983)

UB3 ¢, == Pi|P|...| m¢e oAt |Ep | Ap,
UB, > ¢, = Xy | Fop

Definition

UB* 299 u= PulP|...| m¢| oAy |Epy|App
UB;'BLP,,,I/JP t= —pp | ep Ay | Xg | Fo

A(FP; = FP2)isin UB" but not in UB.

Fragments of CTL* -3

“infinitely often” : F def GF

Definition (Emerson & Emerson, 1986)

ECTL> ¢, = Pi|Pa|...| = | oAt |Eppy| App
ECTL, 3¢, = Xp|pUy|Fop

Definition

ECTIY 59,9 = Pi|...| mo |9 A9 | Ep, | Ap,
ECTL 3 9pthp = —9p | 9o Atp | Xo | 9U % | Fo

EPy U (P, A EF P3) isin ECTL.
E(P,UP, A FP; A FPy)isin ECTLY but not in ECTL.

Semantics of CTL*

Definition
qEs P iff P el(q)
dEse Ny iff gEseand qlEs Y
qEs ¢ iff q s e
q s Epp iff 3p € Exec(q)s.t. p s ¢p
q s App iff Vp € Exec(q) we have p |=s ¢p
pls P iff P e I(p(0))
pEsyep Np iff plEseand plsp
pPES ~¢p iff plEs ¢p

pEsep Uy iff 3020,/ s Ypand
V0 <j < i, we have p/ =5 ¢p

plEs Xop iff o =s @p

Fragments of CTL* — 2

Definition (Clarke & Emerson, 1981)

CTL> ¢, 9
CTL, 3 ¢p

Pr|P|...| o] @oA% | Epy | App,
Xo|pUry

Definition (Emerson & Halpern, 1985)

CTLY 3 p,9 PilPo|...| mo oAy |Ep, | Ag
CTL;acpp,l/)P t= e | ep Ay | X | @U@

A(P1 U P, = P3 U P;)isin CTLT but not in CTL.

Outline

@ Expressivity of the fragments of CTL*
e UB and UB™
e CTLvs CTL*
e ECTLvs CTL
@ ECTL™, CTL*, and beyond



Syntactic inclusions

L— L' “Lisincluded in L

UB
uB*

And all these logics have the same distinguishing power for
structures with finite branching.

CTL ECTL cTLr

NN S

CTL* ECTL*

Expressivity of UB

UB formulas are built from atomic propositions, boolean operators
and the following modalities: EX, AX, EF, AF, EG and AG.

As we have:
AX(p = - EX -
EG(p = - AF —p
AG(p = - EF —p

we only consider modalities EX, EF and AF.

Expressivity of UB

UB formulas are built from atomic propositions, boolean operators
and the following modalities: EX, AX, EF, AF, EG and AG.

As we have:
AXp = - EX -p
EGy = - AF —¢p
AGy = - EF —p

we only consider modalities EX, EF and AF.

But UB™ does not contain a finite number of modalities.
For ex.: E(F P NFP, NG ﬁP3) c UBT

UB™ and UB have the same distinguishing power...
But UB™ is more expressive than UB. ..

Outline

@ Expressivity of the fragments of CTL*
e UB and UB™

Expressivity of UB

UB formulas are built from atomic propositions, boolean operators
and the following modalities: EX, AX, EF, AF, EG and AG.

As we have:
AX(p = - EX -
EGLp = - AF -
AG(p = - EF -

we only consider modalities EX, EF and AF.

But UB™ does not contain a finite number of modalities.
Forex.: E(FPL AFP, A G ~P;3) € UBT

UB less expr. than UB™ (Emerson & Halpern, 1985)
O EPN-P ® F-PrA-P. @ FEPIAP

* ¢



UB less expr. than UB™ (Emerson & Halpern, 1985)
© =PA-P, ® - P AP, @ =PAP

o8 g8
o - o e o -

i FE(G P1 A FP:) but of 2E(G P A FP2)

UB less expr. than UB™ (Emerson & Halpern, 1985)
Q EPA-P ® - -PA-P, @ EPAP

i FE(G Pi A FP:) but of #E(G P A FP2)
Lemma
VweUBalwléié(a;):saﬁaH:sa) J

UB less expr. than UB" (Emerson & Halpern, 1985)
O ':Pl/\ﬁpg . ':ﬁPl/\ﬁP2 . ':Pl/\Pg

® @ @ ® @

a,-):E(G Py A FP2) but a;b&E(G Py A FPQ)

UB less expr. than UB" (Emerson & Halpern, 1985)
O ':Pl/\ﬁpz . ':ﬁpl/\ﬁP2 . ':Pl/\Pg

a,-):E(G Py A FP2> but a;.psE(G Py A FPQ)

Lemma Lemma
Vpe UB, ol <i = (aik ¢ @ afk o) J Voe UB, ol <i = (aik ¢ & afk o) J

Proof: by induction on |y|. Proof: by induction on |y|.
o =EX.

Direct for atomic propositions and boolean operators.
If a; = EX %) then either 8; E 9, aj =4 or a1 E 1.
Induction hypothesis allows to deduce o = EX1).

UB less expr. than UB™ (Emerson & Halpern, 1985)
O EPN-P ® F-PrA-P. @ FEPIAP

* ¢

a;):E(G PL A FPQ) but a;b&E(G Py A FP2>

UB less expr. than UB™ (Emerson & Halpern, 1985)
O EPN-P ® F-PA-P. @ FEPIAP

* ¢

a;):E(G Py A FP2> but a',.b&E<G Py A FP2)

Lemma Lemma
cheUB,|4p|§i:>(a,-):go<:>aH:4p> } chEUB,|4p|§i:>(a,-):goc>aH:4p>

Proof: by induction on |y|. Proof: by induction on |y|.

o =EFq. o =AFqy.

If a; = EF 4, then either «; = (and the i.h. can be applied) If i = AF 9, then «; [= 1 and from the i.h. we have o} |= ¢ and

/ iefr /
or another state (also reachable from «) satisfies ). then of = AF 4.



UB less expr. than UB™ (Emerson & Halpern, 1985) UB* vs CTL — (Emerson & Halpern, 1985)
O EPIAN-P ® F PiA-P @ =PAP Theorem

CTL is strictly more expressive than UB™!

* ¢

i FE(G Pi A FP:) but of #E(G P A FP2)

Lemma
VweUB,leéiﬁ(af}:soﬁaH:so) J

Conclusion: there is no UB formula equivalent to E(G Py A F Pp).

UB* vs CTL — (Emerson & Halpern, 1985) UB™ vs CTL — (Emerson & Halpern, 1985)
Theorem Theorem
CTL is strictly more expressive than UB™ ! J CTL is strictly more expressive than UB™ !

olet o & EP U P, olet oL EP U P,

@ Assume there exists an UB™ formula W equivalent to ®.

UB* vs CTL — (Emerson & Halpern, 1985) UB™ vs CTL — (Emerson & Halpern, 1985)
Theorem Theorem
CTL is strictly more expressive than UB™ ! J CTL is strictly more expressive than UB™ !
oLt 0 EP U P, oLt 0 EP U P,
o Assume there exists an UB™ formula W equivalent to ®. o Assume there exists an UB™ formula W equivalent to ®.
o Let W’ be the formula W where any path quantifiers E and A @ Let W’ be the formula W where any path quantifiers E and A
have been removed : W' € L(F, G, X). have been removed : V' € L(F,G, X).

@ For any path p, we clearly have p(1) = WV iff p = V.



UB* vs CTL — (Emerson & Halpern, 1985) UB* vs CTL — (Emerson & Halpern, 1985)

Theorem Theorem
CTL is strictly more expressive than UB™! } CTL is strictly more expressive than UB™!
oLt oL EP U P, oLt oL EP U P,
@ Assume there exists an UB™ formula W equivalent to ®. @ Assume there exists an UB™ formula W equivalent to ®.
o Let V' be the formula W where any path quantifiers E and A @ Let V' be the formula W where any path quantifiers E and A
have been removed : W' € L(F, G, X). have been removed : W' € L(F, G, X).
@ For any path p, we clearly have p(1) E WV iff p = V. @ For any path p, we clearly have p(1) = V iff p = V.
o Then V' is equivalent to P; U P5. o Then V' is equivalent to P; U P5.
e But £(F,G,X) < £(U,X) !!
UB" vs CTL — (Emerson & Halpern, 1985) UB" vs CTL — (Emerson & Halpern, 1985)
Theorem Theorem
CTL is strictly more expressive than UB™ ! J CTL is strictly more expressive than UB™ !
oLt oL EP U P, oLt oL EP U P,
@ Assume there exists an UB™ formula W equivalent to ®. @ Assume there exists an UB™ formula W equivalent to ®.
o Let W’ be the formula W where any path quantifiers E and A o Let W’ be the formula W where any path quantifiers E and A
have been removed : W' € L(F, G, X). have been removed : W' € L(F, G, X).
o For any path p, we clearly have p(1) E WV iff p = V. o For any path p, we clearly have p(1) = WV iff p = W',
o Then V' is equivalent to P; U P;. o Then V' is equivalent to P; U P;.
e But L(F,G,X) < L(U,X) !l e But L(F,G,X) < L(U,X) !l

There is no UB™T formula equivalent to EP; U P;.

UB™ vs CTL — (Emerson & Halpern, 1985) Outline
Theorem
CTL is strictly more expressive than UB™ ! J

let o % EP, U P,

Assume there exists an UB™ formula W equivalent to ®.

o Let W’ be the formula W where any path quantifiers E and A
have been removed : W' € L(F, G, X).

For any path p, we clearly have p(1) |= VW iff p = W',
Then V' is equivalent to P; U P;.
But £(F,G,X) < £(U,X)!! o CTLvs CTL*

@ Expressivity of the fragments of CTL*

There is no UB™ formula equivalent to EP; U Ps.

From the expressivity point of view, we have:

UB < UBT < CTL



Expressivity of CTL
CTL=B(X,U).

CTL formulae are built from atomic propositions, boolean
operators and the following modalities: EX, EU and A U.

Theorem

ApUyp=AFyY) A ~E-y U(=0 A =)

= The TL based on the modalities EX, E U and AF is as
expressive as CTL.

Expressivity of CTL
CTL=B(X,U).

CTL formulae are built from atomic propositions, boolean
operators and the following modalities: EX, EU and A U.

Theorem

ApUyp=AFyp A “E-yp U(=9Y A —p)

= The TL based on the modalities EX, EU and AF is as
expressive as CTL.

But:

Theorem (Laroussinie, 1995)

It is not possible to express EP; U P, with EX, AU and EF.
= CTL is strictly more expressive than the TL based on the
modalities EX, AU and EF.

Is it possible to translate CTL™ formulae in CTL?

CTLvs CTL"

E(PLUP A PsU Py GPy) =
E(PL A P3 A Ps) U (P2 AE(Ps A Ps) U(Py A EG Ps)) v

E(PL A P3 A Ps) U (P4 AE(PL A Ps)U(P, A EG P5)>

Expressivity of CTL

CTL=B(X,U).

CTL formulae are built from atomic propositions, boolean
operators and the following modalities: EX, EU and A U.

Theorem

ApUy=AFyY) A ~E-yp U(=0 A —o)

= The TL based on the modalities EX, E U and AF s as
expressive as CTL.

But:

Theorem (Laroussinie, 1995)

It is not possible to express EP; U P> with EX, AU and EF.
= CTL is strictly more expressive than the TL based on the
modalities EX, A U and EF.

CTLvs CTL"

E(PIUPQ A PsU Py AGPs)=

CTLvs CTL"

E(PLUP A PsU Py A GPy) =
E(PL A P3 A Ps) U <P2 AE(Ps A Ps) U(Py A EG Ps)) v

E(PL A P3 A Ps) U (P4 AE(PL A Ps)U(P, A EG P5)>

Theorem (Emerson & Halpern, 1985)

o Any CTL" formula can be translated in an equivalent CTL
formula.

o CTL is as expressive as CTL™.




CTLvs CTL" CTLvs CTL"

But: But:
Theorem (Wilke, 1999 and Adler & Immerman, 1999) Theorem (Wilke, 1999 and Adler & Immerman, 1999)
CTL™ is exponentially more succinct than CTL. J CTL™ is exponentially more succinct than CTL.

Any CTL formula equivalent to ¢, = E( FPiAN...NF P,,) is of
length Q(2"//n).

@ For any ¢ € CTL, there exist an Alternating Tree Aut. A,
recognizing the Mod(p) s.t. |A,| is linear in |¢|.

o Every ATA recognizing Mod(®,) has at least ( (nr/Iﬂ )

states
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fairness properties. fairness properties.
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Theorem Theorem
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CTL vs ECTL
ECTL = B(X, U,F).

ECTL formulae are built from AP, boole;gcn operators and the
following modalities: EX, EU, A U, EF and AF.

The modalities EF and AF have been introduced to express
fairness properties.

Theorem

AF o € AGFy = AGAF ¢

But EF ¢ = EGF ¢ # EGEF ¢
(Eii"@ = EGEF ¢ but EF ¢ # EGEF gp)

EF P cannot be expressed in CTL. ..
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EF P and CTL(Emerson & Halpern, 1986)
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ECTL*, CTL* and beyond (Emerson, 1990)

Theorem (Emerson & Halpern, 1986)

E(F P, A F Py) cannot be expressed with ECTL.
= ECTL™ is strictly more expressive than ECTL.

ECTL", CTL" and beyond (Emerson, 1990)

Theorem (Emerson & Halpern, 1986)

E(DFo P A F P,) cannot be expressed with ECTL.
= ECTL" is strictly more expressive than ECTL.

Theorem (Emerson & Halpern, 1986)

EG(P; V X P;) cannot be expressed with ECTLT.
= CTL* is strictly more expressive than ECTL™.

Theorem (Wolper, 1983)

“P holds for every even state” cannot be expressed in CTL*.
= Propositional p-calculus is strictly more expressive than CTL*.
(vY.P NEXEXY)
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ECTL*, CTL"* and beyond (Emerson, 1990)

Theorem (Emerson & Halpern, 1986)

E(F P, A F Py) cannot be expressed with ECTL.
= ECTL™ is strictly more expressive than ECTL.

Theorem (Emerson & Halpern, 1986)

EG(P1 V X P,) cannot be expressed with ECTL™.
= CTL* is strictly more expressive than ECTL™.




