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CTL* + Past
Definition
PCTL* 3 ¢, = P ... | o | @AY | Epp | App
| oSy | Xty
PCTL:)aS@pv"/}p L= | “¥p | ®p /\wp ‘ XLPp ‘ ‘PpU wp
with P € AP

CTL+ S, X', CTL+F*', ECTL+S, ...

PCTL* formulae are interpreted over states with an history.

Structure of the past
In the linear-time case, past and future are symmetric.

In the branching-time case, several choices are possible.
Here we consider a past which is:

@ determined: an history contains the events which already took
place. Ockhamist past.
Thus past and future have a different structure.

o finite: the studied behavior has a starting point.
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@ BT-temporal logics with Past
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history becomes richer and longer.



Structure of the past
In the linear-time case, past and future are symmetric.

In the branching-time case, several choices are possible.
Here we consider a past which is:

@ determined: an history contains the events which already took

place. Ockhamist past.
Thus past and future have a different structure.

o finite: the studied behavior has a starting point.

@ cumulative: whenever the system performs some steps, its
history becomes richer and longer.

PCTL* formulas are interpreted over finite prefixes:

o the last state is the current state,
@ the other ones define the history.

Adding S or X' (Laroussinie & Schnoebelen, 1994)

L’ is initially as expressive as L : Vo € L, 3¢’ € L, such that for
any state g in any KS, we have g = ¢ iff g = .

Adding S or X' (Laroussinie & Schnoebelen, 1994)
L’ is initially as expressive as L : Vo € L, 3¢’ € L', such that for
any state g in any KS, we have g = ¢ iff g = ¢'.

@ ECTLT is not as expressive as UB+ S .
E(aV bU c) U d can be expressed in UB+ S

e ECTLT is not as expressive as UB + X1
EG(aV Xa)=EG(aV X 'a -~ X't)

Semantics

def
0 = dq1---Qn
Definition
ockEs P iff P I(qn)
cEse Ny iff oFEsyand oEsy
o ):S ) iff o I#s ©
o s Epp iff Jp € Exec(qn)st.o-p,n ks ¢p
o s App iff Vp € Exec(qn) we haveo - p,n |=s ¢p

p,nEs p Uy iff 3i>n,p,il=sippand
Vn < j < i, we have p,j =5 ¢p

psnEs Xop iff p,n+1ks ey

ocEspS Y iff 31 <i<n, st o;f=vand
Vi <j < n, we have o |= ¢

oEs X iff n>1landoj,_1 F¢

Adding S or X' (Laroussinie & Schnoebelen, 1994)

L’ is initially as expressive as L : Vo € L, 3¢’ € L', such that for
any state g in any KS, we have g = ¢ iff g = .

e ECTL™ is not as expressive as UB+ S .
E(aV bU c) U d can be expressed in UB + S

Adding S or X' (Laroussinie & Schnoebelen, 1994)
L' is initially as expressive as L : Vo € L, 3¢’ € L', such that for
any state g in any KS, we have g = ¢ iff g = ¢,

e ECTLT is not as expressive as UB+ S .
E(aV bU c) U d can be expressed in UB+ S

e ECTLT is not as expressive as UB + X1
EG(aV Xa)=EG(aV X'a - X't)

PAST may add expressivity !



Adding F* Adding F*
CTL + F~* can be weakly separated. CTL + F~! can be weakly separated.
F'EF P cannot be (fully) separated.
Definition

A formula is weakly separated when no past-modalities occur in
the scope of a future-modality.

Theorem (Laroussinie & Schnoebelen, 1994)

Any CTL + F~* formula can be separated.
Any B(X,X™*, S) formula can be separated.

(based on separation rules of (Gabbay, 1987))

Example of separation Example of separation
E(Pl A F! PQ) U (P3 A F! P4) = E(Pl A F! Pz) V) (P3 A F! P4) =
(P3 A F1Py)V (P3 A F1Py)V
(FPn...
Example of separation Example of separation
E(Pl A F?1 Pz) V) (P3 A F1 P4) = E(Pl A F1 Pz) U (P3 A F! P4) =
(Ps A F 1 Py)V (Ps A F 1 Py)V
(FrPn... (FrPn..
F-! P4 A EP1 U P3 vV F-! P4 A EP1 U P3 V

EPL U(P1 A P4 ANEPL U P3)>



Separation and initial equivalence

If a logic can be weakly separated, it is initially equivalent to its
pure-future fragment.

Let ® be a weakly separated formula: every past-modality in ¢
occurs at the root of ® (possibly in the scope of boolean
connectives) or in the scope of another past-modality.

We have :
°opSY = ¢ (1)
e X'y = L (2)

By applying rules (1) and (2), we can easily deduce that ® is
initially equivalent to some pure-future formula.

Theorem (Hafer & Thomas, 1987)
PCTL* is initially equivalent to CTL*.

(based on Kamp's theorem)

BTL with F~* (Laroussinie & Schnoebelen, 1994)

The following results hold for initial equivalence.
@ B(X) is as expressive as B(X, X, S).

o CTL is as expressive as CTLT + F~1.
(but CTL™ 4 F~* is exponentially more succinct)

BTL with F* (Laroussinie & Schnoebelen, 1994)

The following results hold for initial equivalence.
e B(X) is as expressive as B(X, X, S).

o CTL is as expressive as CTLT + F~1.
(but CTLY + F~* is exponentially more succinct)

@ ECTL" is as expressive as ECTLT + F~1.

° ECxTL + F~! is strictly more expressive than ECTL.
(EF (a A G™' b) cannot be expressed in ECTL)

BTL with F~* (Laroussinie & Schnoebelen, 1994)
The following results hold for initial equivalence.

e B(X) is as expressive as B(X, X, S).

BTL with F~* (Laroussinie & Schnoebelen, 1994)
The following results hold for initial equivalence.
@ B(X) is as expressive as B(X, X, S).

o CTL is as expressive as CTLT + F~1.
(but CTL™ 4 F~* is exponentially more succinct)

e ECTL" is as expressive as ECTLT 4+ F~1.

BTL with F* (Laroussinie & Schnoebelen, 1994)
The following results hold for initial equivalence.
o B(X) is as expressive as B(X, X, S).

o CTL is as expressive as CTLT + F~1.
(but CTL* + F~* is exponentially more succinct)

@ ECTL" is as expressive as ECTLT + F~1.

° ECJL + F~! is strictly more expressive than ECTL.
(EF (a A G b) cannot be expressed in ECTL)

o ECTL+ F_" is strictly less expressive than ECTL™.
(E(F a A F b) cannot be expressed in ECTL + F~*)
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@ CTL* vs Monadic second order logic

Monadic Second Order Logic
Consider the monadic second order logic MSOL (<, X) to express
properties of Y-labeled trees. It contains:

o individual variables x, y, z,...(for the nodes)

Monadic Second Order Logic
Consider the monadic second order logic MSOL (<, X¥) to express
properties of X-labeled trees. It contains:
o individual variables x, y, z,...(for the nodes)
o set variables X, Y, Z,...(for set of nodes)

@ predicate constants P, for a € &

Relation with other formalisms

Relationship between linear-time temporal logics and first-order
logic or with automata theory is well known.

What about branching-time temporal logics ?

Need a formalism able to quantify over paths and not only on
positions along a path.

Monadic Second Order Logic
Consider the monadic second order logic MSOL (<, X) to express
properties of Y-labeled trees. It contains:
o individual variables x, y, z,...(for the nodes)
@ set variables X, Y, Z,...(for set of nodes)

Monadic Second Order Logic
Consider the monadic second order logic MSOL (<, X) to express
properties of X-labeled trees. It contains:
o individual variables x, y, z,...(for the nodes)
o set variables X, Y, Z,...(for set of nodes)
@ predicate constants P, for a € ¥

o And x=y, x<y,xeX, xeP,



Monadic Second Order Logic

Consider the monadic second order logic MSOL (<, %) to express
properties of X-labeled trees. It contains:

e individual variables x, y, z,... (for the nodes)
o set variables X, Y, Z,... (for set of nodes)
@ predicate constants P, for a € ¥

Andx=y, x<y,xe X, x€P,
e And A, VvV, =, 3,V

Monadic Second Order Logic

Consider the monadic second order logic MSOL (<, X) to express
properties of Y-labeled trees. It contains:

o individual variables x, y, z,...(for the nodes)
@ set variables X, Y, Z,...(for set of nodes)
@ predicate constants P, for a € &
e And x=y,x<y,xeX, xe P,
e And A, V, =, 3,V
(FOL (<, X) is the restriction without set variables.)

The Monadic path logic MPL is the restriction of MSOL where the
interpretation of set variables X ranges only over paths.

Example of MSOL formulas

P5: characterizing an infinite path in T
We have to specify that:
@ the root is in the set X.
@ any two nodes in X are <, > or =.
@ any node in X has a successor in X.
Thus :
HX‘(EXOGX.Vy:x0<y\/x0:y> A (Vx,yGX:(x<y\/y<
x\/xzy)) A (VXEX:HyEX.(x<y/\Vu: ﬁ(x<u<y))>

Monadic Second Order Logic

Consider the monadic second order logic MSOL (<, %) to express
properties of X-labeled trees. It contains:

o individual variables x, y, z,... (for the nodes)
o set variables X, Y, Z,... (for set of nodes)
@ predicate constants P, for a € ¥
e And x=y,x<y,xeX, xe€ P,
@ And A, V, =, 3,V
(FOL (<, X) is the restriction without set variables.)

Example of MSOL formulas

P1: characterizing the set of even states in T

We have to specify that:
@ the root belongs to X (Ix € X.Vy.x <y V x=y)
o Ifyisasucc. of xe X (x <y AVu: =(x<u<y)):
e yisnotin X
e any successor of y is in X

Thus P; can be written:

HX.(HXOEX.Vy.X0<y\/X0:y) A (VXGXVy((X<y/\Vu:
Sx<u<y)= Y EXAVz(y<zAVu:-(y<u<z)=
zeX)))

From CTL* to MPL

Theorem
For any ¢ € CTL*, there exists F, € MPL s.t. p = F,




From CTL" to MPL

Theorem
For any ¢ € CTL", there exists F, € MPL s.t. ¢ = F,

F, is defined by induction.
A formula F(x) is associated with every state formula ¢.
A formula F,(X) is associated with every path formula ¢p,.

For any tree T and any node s € T and any path p in T, we have:

skEry = (T,9) F Folx)
plETep = (T,p)F Fpp(X)

ie. T Fy(x<«s)and T |= F (X « p).

From CTL* to MPL

Definition of F, (Hafer & Thomas, 1987):

o F,(x) def e P

o Fgy,(x) def 3Y.<” Y starts at x” A F%(Y))

with " Y starts at x” d:Efxe YAVyeY(x<yVx=y)

From CTL* to MPL

Definition of F, (Hafer & Thomas, 1987):

o F,(x) def eP,

o Fgp,(x) def HY.(” Y starts at x" A F%(Y)>

with " Y starts at x” def xeYAVyeY(x<yVx=y)

o Fxp,(2) & 233V ('Y 2 A

"Y starts at y" A "y is a successor of z" A FW(Y)>

with: "y c 72" ®f vueyvy ez

and: "y is a successor of z” def , < y AVu.~(z<u<y)

o Foouup(2) E V(Y CZ AR () A (Y Y C

YAY CZ = F%(Y’)))

From CTL* to MPL

Definition of F, (Hafer & Thomas, 1987):

e Fi(x) def e P

From CTL* to MPL

Definition of F, (Hafer & Thomas, 1987):

o Fi(x) def e P

o Fgp,(x) def 3Y.<" Y starts at x” A F%(Y))

with " Y starts at x” d:EfxeY/\Vye Y(x<yVx=y)

o Fx,,(2) & 23V (Y 2 A

"Y starts at y” A "y is a successor of z" A FW(Y)>

with: "y c 2" ¥ vueyvyez

and: "y is a successor of z" def <y AVu-(z<u<y)

From MPL to CTL*

Theorem (Hafer & Thomas, 1987)

CTL* is expressively equivalent to the MPL sentences over full
binary trees.




From MPL to CTL* From MPL to CTL*

Theorem (Hafer & Thomas, 1987) Theorem (Moller & Rabinovich, 1999)
CTL* is expressively equivalent to the MPL sentences over full CTL* is expressively equivalent to the MPL sentences which
binary trees. respect bisimulation equivalence.

But this is not true in general !
CTL* respects the bisimulation equivalence but MPL sentences do
not:

o def Hxﬂy(—'(x<va:y\/y<x)AxePaAyePa)
® expresses that there are two uncomparable states satisfying a.

N

From MPL to CTL" From MPL to CTL"
Theorem (Moller & Rabinovich, 1999) Theorem (Moller & Rabinovich, 1999)
CTL* is expressively equivalent to the MPL sentences which CTL* is expressively equivalent to the MPL sentences which
respect bisimulation equivalence. respect bisimulation equivalence.
Main ideas of the proof... Main ideas of the proof...
o Let MPL, and FOL, be the restrictions to formulas with a o Let MPL, and FOL, be the restrictions to formulas with a
quantifier depth less than n. quantifier depth less than n.

o T =, T'iff T and T’ satisfy the same MPL,, formulas.

From MPL to CTL" From MPL to CTL"
Theorem (Moller & Rabinovich, 1999) Theorem (Moller & Rabinovich, 1999)
CTL* is expressively equivalent to the MPL sentences which CTL* is expressively equivalent to the MPL sentences which
respect bisimulation equivalence. respect bisimulation equivalence.
Main ideas of the proof. .. Main ideas of the proof. ..
o Let MPL, and FOL, be the restrictions to formulas with a o Let MPL, and FOL,, be the restrictions to formulas with a
quantifier depth less than n. quantifier depth less than n.
o T =, T'iff T and T’ satisfy the same MPL,, formulas. o T =, T'iff T and T’ satisfy the same MPL,, formulas.
e =, defines finitely many equivalence classes: Cy, ..., Cp. @ =, defines finitely many equivalence classes: Cy, ..., Cp.

Given a (in)finite path p in T, v,(p) is a word over an
extended alphabet X' that describes precisely p w.r.t. MPL,,.

Idea: for every state along p, we store its letter (in X) and the
equivalence classes of all its subtrees.
(T =% x P({1,...,m})).



From MPL to CTL*(Moller & Rabinovich, 1999) From MPL to CTL*(Moller & Rabinovich, 1999)

A tree is wide if every subtree is reproduced an infinite number of A tree is wide if every subtree is reproduced an infinite number of
times. - - times. - -
(Any tree T can be transformed into a wide tree T and T ~ T.) (Any tree T can be transformed into a wide tree T and T ~ T.)

The proof is based on a composition Theorem:

Theorem (Moller & Rabinovich, 1999)

For every MPL,, formula F(x) there is a FOLp(<,%') formula c,
s.t. for any wide tree T, and any node s € T, we have:

(T,s) EF(x) © vhler—s)Fa

(+ similar result for F(X) andpe T ...)

And use Kamp's theorem to go from FOL to LTL: we can translate
F(x) into ®f € CTL*.

From MPL to CTL*(Moller & Rabinovich, 1999) From MPL to CTL*(Moller & Rabinovich, 1999)
Given a MPL formula F invariant under bisimulation, then: Given a MPL formula F invariant under bisimulation, then:
TEF TEF
s TEF F inv. bisim.
From MPL to CTL*(Moller & Rabinovich, 1999) From MPL to CTL*(Moller & Rabinovich, 1999)
Given a MPL formula F invariant under bisimulation, then: Given a MPL formula F invariant under bisimulation, then:
TEF TEF
= TEF F inv. bisim. = TEF F inv. bisim.
= TE o & € CTL*, cf previous slide = T E o & € CTL*, cf previous slide

& TEoOe T~ T and CTL* resp. =~.



From MPL to CTL*(Moller & Rabinovich, 1999) Additional results

Given a MPL formula F invariant under bisimulation, then: Theorem (Moller 2 Felaviah, 2003)

I =F Counting-CTL* is expressively equivalent to MPL.
< TEF F inv. bisim.
= T o ®F € CTL*, cf previous slide New modalities D"
o T o T~ T and CTL" resp. ~. s |= D"y iff “for at least n different s — s, we have s’ = ¢".

Another result exists for the propositional p-calculus:

Theorem (Janin & Walukiewicz, 1996)

Propositional pi-calculus is expressively equivalent to the MSOL
sentences which respect bisimulation equivalence.

Additional results Outline

Theorem (Moller & Rabinovich, 2003)
Counting-CTL* is expressively equivalent to MPL. J

New modalities D"
s |= D" iff “for at least n different s — s/, we have s’ = ¢".

Let BTL be the temporal logic defined with the modalities Ep

with ¢ a first-order future formula with qd(¢) < k. © Automata theory and BT-temporal logics

Theorem (Rabinovich & Schnoebelen, 2000) J

ECTL' and BTL, have the same expressive power.

Automata theory and branching-time logics Automata theory and branching-time logics
For any ¢ € LTL, there exists a Biichi automaton A, that For any ¢ € LTL, there exists a Biichi automaton A, that
recognizes the models of ¢. recognizes the models of ¢.
And |A,| is in 200¢D And |Ay| is in 200¢D

For any ¢ € LTL, there exists an alternating Biichi automaton A%
that recognizes M(¢).
And |AZ] is in O(|¢])



Automata theory and branching-time logics

For any ¢ € LTL, there exists a Biichi automaton A, that
recognizes the models of ¢.
And |A,| is in 200¢D

For any ¢ € LTL, there exists an alternating Biichi automaton A7
that recognizes M(¢p).
And |AZ] is in O(|¢l)

And for p € CTL?

Non-deterministic tree automata

Let D C N be a finite set of arities.
We consider automata on X-labeled leafless D-trees.
A=(%,D,S,s0,p, F)
o S : afinite set of states, and s € S.
e F C S : a Biichi acceptance condition.
@ p:Sx X xD— 25 : atransition function s.t. p(s,a, k) is a
set of k-tuples (si,...,Sk).

Example of NDTA

A= ({a,b},{2},{s0,51}, 50, p, {51}) with
p(Sg,a, 2) = (51751)> p(Sg,b, 2) = (50750)5
P(Sl, a, 2) = (51751)> p(Sl, b, 2) = (50750)'

Automata theory and branching-time logics

For any ¢ € LTL, there exists a Biichi automaton A, that
recognizes the models of ¢.
And |A,| is in 200¢D

For any ¢ € LTL, there exists an alternating Biichi automaton A7
that recognizes M ().
And |AZ] is in O(|¢l)

And for ¢ € CTL?

One can build an Alternating Tree Automaton that recognizes
M(p).

References: (Vardi, 1995), (Kupferman, Vardi, Wolper, 2000),
(Wilke, 1999).

Non-deterministic tree automata

Let D C N be a finite set of arities.
We consider automata on X-labeled leafless D-trees.
A=(%,D,S,s0,p, F)
@ S : afinite set of states, and sy € S.
e F C S : a Biichi acceptance condition.
@ p:S XX xD— 25 : atransition function s.t. p(s,a, k) is a
set of k-tuples (si,...,Sk).

Let 7 = (T, /) be a X-labeled D-tree.
Arunr: T — Sof Aon 7 is an S-labeled D-tree s.t.

o r(e)=s

o For any x s.t. arity(x) = k, we have
(r(x- 1), r(x- K)) € p(r(x), 1(x), K)

o for any branch xyx; ..., there are infinitely many / s.t.
r(x;) € F

T(A) : set of trees accepted by A.

Example of NDTA

A= ({a,b},{2},{s0,51}, 50, p, {51}) with
p(So, a, 2) = (51751)> P(SO, b72) = (50750)u
p(sla a, 2) = (51751)> p(sla b72) = (50750)'
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Example of NDTA

= ({a, b}, {2}, {s0, 51}, 50, p, {s1}) with
/)(50 3,2) = (s1,51), p(so0, b,2) = (s0, %0),
p(s1,2,2) = (s1,51), p(s1,b,2) = (s0,%)-

o /\&J

Example of NDTA

= ({a, b}, {2}, {s0, 51}, 50, p; {s1}) with
P(So a,2) = (s1,51). p(s0,b,2) = (s0, %),
p(s1,2,2) = (s1,51), p(s1,b,2) = (s0,5%)-

T
o
et

Example of NDTA
= ({a, b}, {2}, {s0, 51}, 50, p, {s1}) with

p(Sg,a, 2) = (51751) (50 b, 2) (507 )
p(s1,a,2) = (s1,5), p(s1,b,2) = (s0,%)-

( JE
O

A recognizes infinite binary trees where any branch contains

infinitely many a.

Example of NDTA

A= ({a,b},{2},{s0,51}, %0, p, {51}) with
p(507 a, 2) = (51751) (50 b 2) = (50750)1
p(s1,a,2) = (s1,51), p(s1,b,2) = (50,%)-

S0

[ WP
O b

Example of NDTA

= ({av b}* {2} {507 51}7 505 P {51}) with
p(so,a, 2) = (51751)’ p(So,b, 2) (507 )
p(s1,a,2) = (s1,51), p(s1,b,2) = (s0,%)-

O /.\, leo
Pt

Example of NDTA
= ({a, b}, {2}, {s0, 51}, 50, p, {0, 51 }) with

p(So, a, 2) = 9(507 b, 2) = p(S]_, 3»2) = {(51750)7 (50751)}

p(sla b72) =0



Example of NDTA

A= ({a,b},{2},{s0,51}, %0, p, {50, 51}) with
(0, 3,2) = p(so0, b,2) = p(s1,2,2) = {(s1, 50), (50, 51)}

p(s1,b,2) =10
o -
ON) /x

Example of NDTA

A= ({a,b},{2},{s0,51}, 50, p, {50, 51}) with
p(507 a, 2) = P(507 b, 2) = ,0(51, a, 2) = {(517 50)’ (507 51)}

p(517b72):®

o - S0
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51 Q 50
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Example of NDTA

A= ({a,b},{2},{s0, 51}, 50, p, {50, 51}) with
P(SO, a, 2) = 0(507 b72) = p(Sh 372) = {(51750)’ (50751)}

p(517b72):w
o -
TEAN

S0
S1 S0
¥ R
S0 S1
¥ oox
@ - S
¥ X ¥ X

Example of NDTA

A= ({a, b},{2},{s0,51}, %0, p, {50, 51}) with
p(507 a, 2) = /1(507 b, 2) = 0(51, a, 2) = {(517 So), (50= 51)}

p(s1,b,2) =10
[ 2 So
ON- /Qk

Example of NDTA

A= ({a,b},{2},{s0,51}, 50, p, {50, 51}) with
(0, 3, 2) = p(so0, b,2) = p(s1,2,2) = {(s1, 50), (50, 51) }
p(s1,b,2) =10

Example of NDTA

A= ({a,b},{2},{s0, 51}, 50, p, {50, 51}) with
p(s0, 3, 2) = p(so0, b,2) = p(s1,a,2) = {(s1, 50), (50, 51)}
p(sla b72) =0

o - S0
O b
51 50
¥ X
So S1
2R
, S1 S0
¥ N ¥

A recognizes infinite binary trees where every node has an
immediate successor labeled by a.



Alternating Tree Automata Alternating Tree Automata

p:SxELxD— BHNxS). p:SxELxD— BHNxS).
with p(s,a, k) € BY({1,...,k} x S). with p(s, a, k) € BY({1,...,k} x S).
For ex.: p(s,a,3) = ((1751) v (2751)) A (3,%) ,(A run )on Y -labeled leafless D-tree (T, /) is a (N* x S)-labeled tree
T 1)
NDTA: p'(s, a, k) = \/ (Lis) A (2::2) Ao (kysk) Each node of T, corresponds to a node of T.
(5131 )€p(s,2,K) Label (x,s) : a copy of A reading the node x of T in state s.

o I(e) = (e, %)

o lfye T, I(y) =(x,s), arity(x) = k and p(s, /(x), k) =0,
then:
There exists @ = {(c1,51),---,(cnsn)} C{1,...,k} x Ssit.
Q =6 and V1 </ < n, we have:
y-i€Trand I(y-i)=(x-ci,si)

Example of ATA Example of ATA

A= ({a,b},{2},{s0,51}, 50, p, {S0}) with A= ({a,b},{2},{s0,51}, 50, p, {S0}) with

P(So,& 2) = ((1751) N (2751)) A (1750) A (2750) P(5_0,37 2) = ((1151) N (2751)) A (1750) A (250)
p(sﬂv b, 2) = (1»50) A (2750) p(sﬂa b72) = (1750) A (2~50)
p(s1,a,2) = (1,s1) V (2,51) p(s1,0,2) =T p(s1,a,2) = (1,s1) V (2,51) p(s1,0,2) =T
Q- ro
O b
rn , r
Y
Example of ATA Example of ATA
A= ({a,b},{2},{s0,51}, 50, p, {S0}) with A= ({a, b}, {2}, {s0,51}, 50, p, {S0}) with
p(So,a, 2) = ((1751) v (2751)) A (1750) A (250) 0(50737 2) = ((1751) v (2751)) A (1750) A (2750)
p(So, b, 2) = (1750) A (2750) 0(507 b,2) = (1»50) A (2750)
p(s1,a,2) = (1,s1) V (2,51) p(s1,0,2) =T p(s1,a,2) = (1,s1) V (2,51) p(s1,0,2) =T
( JF o (ro, 50) [ JF fo (ro, 50)
Ob Ob P B
n I n r (1) (r,%)  (r2,%)
r I r ra



Example of ATA

A= ({a,b},{2},{s0,51}, 50, p, {S0}) with
p(s0,2,2) = ((1,s1) V (2,51)) A (1,50) A (2, %)
p(507 b, 2) = (1’50) A (2750)
p(s1,a,2) = (1,51) V (2,51) p(s1,b,2) =T
( JF! o (ro0, s0)
O»b P TN
n @r  (ns) (%) (72,%)
N l
, r3 Q ra (ra,s1)
¥ 4 ok

Example of ATA

A= ({37 b}' {2} {50> 51}7 505 Ps {50}) with

p(Sg,a, 2) = ((1751) v (2751)) A (1750) A (2750)
p(50= b, 2) = (1,50) A (2750)

ps1,a,2) = (1,51) V (2,5)  p(s1,b0,2) =T

. a [} (r0750)
Ob P T
n @r (n,s) (%) (2%)
a LN e
Q& r (ras1) (ras1) (rs.50) (ra,50)
e ok ok YN Yy

Alternating Trees Automata for CTL(Vardi, 1995)

Let ¢ be a CTL formula in positive normal form, and D C N.
App = (2P, D, SubF(), ¢, p, F):

o p(P,a,k)=tifPca p(P,ak)=fifPda, ...
o p(e1 A 2,2, k) = p(p1,a,k) A p(p2,a, k)

° P(Exsﬁl,& k) = \/C:I ..... k(CMPl)

° p(Axwluav k) = /\c:l k(CMPl)

.....

p(Epr U @a,a,k) =
P22, K) v (plera k) A Ve, e Eor U ¢2)
© Ap1 U @2, Ep1 W 2, Apr W ¢ ...
And F is the set of W -formulae in ¢.
Theorem (Kupferman, Vardi & Wolper, 2000)
T (Ap,y) is the set of D-trees satisf.p.

Example of ATA

A= ({a,b},{2},{s0,51}, 50, p, {S0}) with

p(s0,3,2) = ((1,s1) V (2,51)) A (1,5) A (2,%)
p(SOa b7 2) = (1750) A (2750)
p(s1,a,2) = (1,s1) V (2,51) p(s1,0,2) =T
Q- ro (0, 50)
O b P T
n @n (r,s1) (r1,5%0) (r2,%0)
o | VRN
, r Q 7} (ra,s1) (ra,s1) (r3,50) (ra,50)
¥ X ¥ X Ok Ok

Alternating Trees Automata for CTL(Vardi, 1995)

Let ¢ be a CTL formula in positive normal form, and D C N.
App = (2AP,D, SubF(), ¢, p, F):
o p(P,a,k)=tif Pca p(P,ak)=fifP&a, ...
o p(e1 A @2,a,k) = p(p1,a,k) A pp2,a, k)
° p(EXp1,a,k) =V .
o p(AX 1,2, k)= Ay
© p(Ep1 U p2,a,k) =
pp2,a,k) v <P(¥71737 K) AV, (e Epr U 992))
© Ap1 U @2, Epr W 2, Apt W 03 ...

k(Cv Wl)
k(cv Wl)

,,,,,

.....

And F is the set of W -formulae in ¢.

Example
© = AFAG P
¢ = AF (AP w ff)
AD,(/? = ({{P}7®}7D7 {CfgvAG P7 P}7907p7 {AG 'D})
S ‘ o(s,{P}, k) \ p(s,0, k)
P t ff
AGP| A (c.AGP) ff
c=1...k
© (c,AG P) v (c,¢) (c,9)
c=1...k i=1...k i=1...k



Decision procedures for CTL

Theorem (Emerson & Sistla, 1984)

A CTL formula ¢ is satisfiable iff it is satisfied in an {n}-tree
where n is the number of E in .

Satisfiability checking — non-emptiness checking of A¢,y .
(in exponential time)

Outline

@ Alternating-time temporal logic

Other results

There are many branching-time temporal logics. . .

ATL (Alternating-time Temporal Logic) extends CTL by
considering strategies of agents.

Instead of quantifying over paths, we can quantify over the ability
of some agents to ensure a given property.
(... whatever the choices of the other players.)

Decision procedures for CTL

Theorem (Emerson & Sistla, 1984)

A CTL formula ¢ is satisfiable iff it is satisfied in an {n}-tree
where n is the number of E in .

Satisfiability checking — non-emptiness checking of A¢,y .
(in exponential time)

Model checking: S |=¢ ?
@ construct Ap;
(weak alternating tree automaton)
@ construct As , = Ap. , X S
(one-letter weak alternating word automaton)
@ emptiness checking of As, (linear time !)

These algorithms are optimal.

Other constructions are possible for CTL* and the p-calculus.

Other results

There are many branching-time temporal logics. . .

Other results
There are many branching-time temporal logics. . .

ATL (Alternating-time Temporal Logic) extends CTL by
considering strategies of agents.

Instead of quantifying over paths, we can quantify over the ability

of some agents to ensure a given property.
(... whatever the choices of the other players.)

The same techniques can be applied.

The results may be quite different: it is important to consider
carefully expressivity of TL.



CGS definition

Definition
A CGS C is a 6-tuple (Q, AP, I, Agt, Mov, —) s.t:
e Q: a finite set of locations;
e AP: atomic propositions;
o /: Q= 2°P. 35 labeling function;
Agt = {A1, ..., Ac}: a set of agents (or players);
e Mov: Q x Agt — N>; the choice function. Mov(¢, A;) =
number of possible moves for A; from .
e —: Q x Nk — Q: the transition table.

CGS Example

semantics

@ From a location ¢, each A; chooses some my, with
ma, < MOV(@,A,‘).
o —(€,ma,,---,ma,) gives the new location.

Notations:
o Next(¢) ={—(¢,---ma,---) | Vma, -1 < i<k}
o Next(¢,Aj, m) = {—>(€7 S MA M M )}

CGS example

Example

do q1 Q2
r g2 qo qi
S g1 g Qo

1-Win

Paper, rock and scissors

Example
o p r s
P G0 a1 Qg2
ro@ qQ q
S g1 G2 Qo
Paper, rock and scissors
CGS example
Example
o p r s
P qo g1 Qg2
ro @ qQ q
S g1 G Qo

1—-Win

Paper, rock and scissors

CGS example

Example

q P
P do
rooa
S a1

1—-Win

Paper, rock and scissors

r s
q Q2
qo0

92 | qo




Strategy and outcomes

Definition

@ A computation is an infinite sequence p = {ply - - -

Vi, lit1 € Next([,-).
@ A strategy is a function fa, s.t.

fa; (Lo, -+ ,¢m) = a possible move for A; from £p,.

such that

@ The outcomes Out(¥, fa,) are the set of computations from ¢

induced by the strategy fa, for A;.
o Given A C Agt we note:
o Fp= {fA’.‘A,' S A}
° OU'E(Z7 FA)

Semantics

Definition
L (A)pp  iff

pEws Uy iff

JF4 € Strat(A). Vp € Out(l, Fa). p = ¢p

Ji.pli] £ s and YO < j < iplf] = s

@ Abbreviation: O[A]¢ for = (A) ~¢
° (A e+ (Agt\A)~p

Until vs. Weak Until

Definition
o pWiy=pUypVGyp
o (¢ Uy)=(-v) W(=pA )

Theorem
EpW¢yp=EGpVEp Uy

Theorem (Laroussinie, Markey & Oreiby, 2006)
{(A) (a W b) cannot be expressed in ATL.

Syntax of ATL

Definition (Alur, Henzinger & Kupferman, 1997)
The syntax of ATL is defined by the following grammar:

ATL S s, 1hs
Pp = X s | G ps | s U s.
with P € AP and A C Agt.

= P | —os | os Vbs | (A) vp

= (Aet)

E
o A= (0)

Until vs. Weak Until

Definition
o pWiy=pUypVGyp
o ~(¢p Uy)=(-¢) W(=pA )

Theorem
EoW ¢y =EGypVEpU

Until vs. Weak Until

Definition
o pWiy=pUypVGyp
o (¢ Uy)=(-v) W(=pA )

Theorem
EpW ¢y =EGpVEp Uy

Theorem (Laroussinie, Markey & Oreiby, 2006)
{(A) (a W b) cannot be expressed in ATL.

(A)(a W b) ;Z (A)Ga v (A)aUu b



Proof
siE (A)a W b but sifE (A)a W b

Lemma
Vi > 0,Y¢ € ATL with || < i we have: s; |= v iff s] |= 1.




