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Abstract. This paper introduces some background on (propositional)
temporal logics, as well as some of the expressiveness results that will
be presented during the course. The material used during the lecture is
available at http://www.lsv.ens-cachan.fr/~markey/ESSLLIO6/.

1 Temporal Logics

Temporal logics are logics in which the truth values of formulas depend on
the time at which they are evaluated. The ideas of temporal logics go back
to Diodorus Cronus and Aristotle (around 400 B.C.), but temporal logics were
formally defined and first studied by Arthur N. Prior, Saul Kripke and Hans W.
Kamp in the 1950’s and 1960’s, as a special case of modal logics (where modali-
ties are used to express that something will eventually hold, or will always hold
in the future...) [1,2].

The original works about temporal logics were carried out essentially with
philosophy and linguistics in mind. In the late 1970’s, Amir Pnueli [3] introduced
temporal logics in computer science as a powerfull tool to specify properties and
reason about behaviours of reactive systems. Since then, temporal logics have
received much attention, especially concerning its algorithmic issues. Many books
and articles propose extensive surveys on these questions [4-8].

Different flavours of temporal logics coexist: the main to classes are linear-
time temporal logics, where formulas are interpreted on one (linear) execution of
the system, and branching-time temporal logics, where formulas concern all the
possible evolutions of the system.

1.1 The linear-time framework

In the former class, LTL [9, 3] (for (propositional) Linear-time Temporal Logic) is
the most famous logic. Its formulas are built from atomic propositions, boolean
operators, and, usually, a two-place modality (read “until”). Formally,

LTL3 ¢, ==T | p| oV | oY | ¢ | 9 U

where p ranges over a (finite) set AP of atomic propositions. Formulas in LTL are
interpreted along linear structures: a linear structure is a tuple m = (L, <, 1),
where < is a total order over the infinite set L (assumed to have a minimal



element), and I: L — 2AF assigns to each moment in time (i.e., to each element
in L) a set of atomic propositions that hold true at that moment. The most
relevant linear structures in this setting are R™ and N, equipped with their usual
order, since linear structures based on those sets can represent the behaviours
of reactive systems (observed either continuously, or only at discrete moments).
The semantics of LTL is defined inductively as follows: Given a model (m,t),
made of a linear structure m = (L, <,l) and an element ¢ € L, for any atomic
proposition p and LTLsubformulas ¢ and v, we have:
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Several linear-time temporal logics have been derived from LTL: for instance,
LTL+Past is the extension of LTL with the modality S (read “since”), that is the
symmetric counterpart of U. This extensions makes LTL closer to natural lan-
guage, thus easier to use for practical applications. Restrictions of LTL have also
been considered, since they might enjoy more efficient algorithms. For instance,
the extra modality F (read “eventually”) is often defined with F¢ = T U ¢,
and the resulting logic (where the left-hand side formula of untils are required to
be T) is denoted with LTL g . The dual modality G, defined by G ¢ = = F —¢,
is read “always”.

1.2 The branching-time framework

On the other hand, CTL [10, 11] (for Computation Tree Logic) is the best-known
logic in the branching-time framework. Branching-time logics are evaluated over
tree orders: A tree order < over an infinite set L is a partial order s.t., for
any t € L, the set {u € L | u < t} is totally ordered and has a least element.
A branch is then a maximal, totally ordered subset of B. Again, the most relevant
settings for computer scientists are those in which branches are isomorphic to R
or N, since they can be used to represent the computation trees of reactive
systems. The course will essentially focus on discrete-time. A branching structure
is then a tuple m = (B, <,l) where (B, <) is a tree order and [: B — 24F is
a functions labeling each item of B with a set of atomic propositions that hold
true at that point.
The syntax of CTL is given by the following grammar:

CTL3 ¢, ==T [p| oV [ oA | 70 | E¢UY | AgU.

The semantics of EU and AU modalities, interpreted on a model (m,t) where ¢
is a point in a branching structure m = (B, <, 1), is then given by the following



second-order formulas (we omit the cases of atomic propositions and boolean
operators, which are similar to the linear-time case):

(m,t) =E¢ U iff 3b C B. [b is a branch of B containing ¢ A
Jueb [t<u A ({(mu) Ev)A
Yo eb. ((t<v Av<u)= (mv) = 9¢)]
(m,t) = A¢ U iff Vb C B. [if b is a branch of B containing ¢, then
Jueb [t<uA ((mu) =9Y)A
Yo €b. ((t<v Av<u)= (m,v) = )]

Modalities EU and AU are read “exists until” and “for all until”, respectively.
Intuitively, they express that an “until” formula (in the linear-time sense) holds
along one or all the branches issued from the point where they are evaluated.
That a subset of B is a branch can easily be expressed in first-order logic.

Again, many extensions of CTL have been defined and studied in the liter-
ature. In particular, the syntax of CTL forbids to separate the path quantifier
(E and A) from the until modality. This requirement can be relaxed, yield-
ing richer branching-time logics: CTL" is the extension where boolean com-
binations of (flat) until-formulas are allowed in the scope of path quantifiers,
while CTL" is the full extension, where U -modalities can be nested. For in-
stance, E(pUq A rUs) is in both CTLT and CTL*, but not (syntactically)
in CTL, while E(pU (¢U 7)) is in CTL* but neither in CTL nor in CTL™.

2 Expressiveness of temporal logics

The notion of expressiveness of a temporal logic is an extension of the notion of
equivalence of formulas. That two temporal logic formulas ¢ and ¢ are equivalent
over a set M of models means that, for any model m € M, m = ¢ if, and only
if, m |= ¢. A temporal logics L is said to be more expressive than a temporal
logic L over a set of models M if, for any formula ¢ € £’, there is a formula ) € L
that is equivalent to ¢ over M. Two temporal logics are equally expressive when
they are more expressive than each other.

Of course, the notion of equivalence, thus of expressiveness, can be extended
to other formalisms, such as first- and second-order logics, automata on infinite
words, etc. In this course, we present many important results about the relative
expressiveness of different temporal logics, as well as results comparing the ex-
pressiveness of temporal logics and other formalisms. We only give a summary
of those results here.

2.1 Expressiveness in the linear-time framework

One of the oldest result concerning the expressiveness of temporal logics is due
to Hans W. Kamp:



Theorem 1 ([9]). LTL+Past and first-order logic are equally expressive (over
discrete models as well as over continuous ones).

This result of course does not extend to LTL (without past). However, Dov M.
Gabbay proved that, when restricting to the set of discrete-time initial models
(i.e., models of the form (m,0) where 0 is the least element of m), the result can
be extended:

Theorem 2 ([12,13]). LTL and first-order logic are equally expressive over
discrete-time initial models. Moreover, over discrete-time models, formulas of
LTL+Past can be separated, i.e., written as an equivalent boolean combination
of pure-future (i.e., without the “since” modality) and pure-past (without the
“until” modality) formulas.

This immediately entails that LTL and LTL+Past are equally expressive over
discrete-time initial models. The best known translation of LTL+Past formulas
into LTL involves a quadruply-exponential blowup in the size of the formula,
while only a singly-exponential succinctness gap has been proven to be unavoid-
able [14].

Other interesting expressiveness results that will be dealt with during the
course include the tight link between linear-time temporal logics on the one hand,
and Biichi automata and Biichi alternating automata on the other hand [15-19)].
The course will also consider temporal logics with bounded nesting depth, and
prove that they form a strict hierarchy [20, 21].

2.2 Expressiveness in the branching-time framework

The main expressiveness result concerning branching-time temporal logics con-
cerns the relative expressiveness of several extensions of CTL:

Theorem 3. Over discrete-time models, CTL" is as expressive [22] as CTL,
and exponentially more succinct [23,24]. Over discrete-time (and continuous-
time) models, CTL" is strictly more expressive than CTL [25].

Many other extensions of CTL have been proposed, e.g. in order to cope with
the fact that CTL cannot express fairness (i.e., the fact that something occurs
infinitely often along some run) [25], or to add past-time modalities [26-28].

As in the part about linear-time, we will present the link between branching-
time temporal logics and Biichi (tree) automata [29]. Several other topics will
also be treated, including a characterization of formulas that can be expressed
in both LTL and CTL, or the links between branching-time logics and behav-
ioral equivalences (e.g. bi-simulation). Some results about ATL (Alternating-time
Temporal Logic) [30,31] will also be presented [32, 33].

2.3 Expressiveness of timed temporal logics

Timed temporal logics are extensions of (both linear-time and branching-time)
temporal logics that include quantitative requirements on the elapse of time. In



the literature, two ways of achieving these extensions have been proposed: either
by decorating modalities with an interval, or by using “clocks”. In the former
case, the until modality now writes Uj, ), with integers a and b, and means
that the eventuality (i.e., the right-hand side subformula) must be witnessed
within @ and b time-units. The resulting logics are denoted by MTL (for Metric
Temporal Logic) for the extention of LTL [34,35], and TCTL (for Timed CTL)
for the extension of CTL [37]. The other extension uses formula clocks, that are
assumed to grow at the same rate as time, that can be reset before evaluating a
subformula, and that can be compared to integer values. For instance, one can
write
Gp=a2.F(grz<2)

which is read as follows: “it is always true that, when p holds, then we reset
clock x, and eventually, ¢ A x < 2 will hold”. In other words, each time p holds,
then g eventually holds within two time units. This would be expressed in MTL
e.g. as G (p = F|g 2 ¢q). This extension is called TPTL in the linear-time frame-
work [39], and TCTL, in the branching-time one [40].

The example above shows how TPTL can sometimes be translated into MTL.
It turns out that such a translation is not always possible, and that TPTL is
strictly more expressive than MTL, in both the discrete-time and continuous-
time settings [41]. We will present those results, as well as some connections
between timed temporal logics and timed (alternating) automata [42-45].
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