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Abstract. The set of reachable configurations of a system from a set of initial config-
urations Γ can be represented as the fixpoint Post∗(Γ ) of the Post operator that com-
putes the set of configurations reached after at most one system’s transition. To ensure
the convergence of fixpoint computations on some classes of systems, one may com-
pute the fixpoint of an acceleration operator Acc instead of Post, such that Post(Γ ) ⊆
Acc(Γ ) ⊆ Post∗(Γ ). We define such an acceleration for systems using queues and
counters, and we prove that it terminates on a large class of systems including flat and
half-duplex ones. We introduce a symbolic representation for infinite sets of configura-
tions based on Parikh finite automata, and illustrate it on a load-balancing algorithm for
which no symbolic representation was previously known.

Introduction

Queue systems are machines communicating through unbounded queues. This model
of computation is a very convenient abstraction for a mass of verification problems. To
quote some recent examples, Atig & al. [2] observed that programs run over the Re-
laxed Memory Ordering (RMO), a quite popular relaxed memory model, are naturally
modeled by queue systems, and Villard & al. [10] and Fähndrich & al. [5] advocated
that part of the analysis of copyless message-passing programs can be reduced to the
verification of their contracts, which are another instance of queue systems. However,
most of the results on decision problems for queue systems are undecidability ones.
Queue systems are thus often assumed to use bounded slacks, or to rely on half-duplex
communications, which makes many decision problems decidable. Out of that, to the
best of our knowledge, the only class of queue systems whose exact set of reachable
configurations can be computed are the flat ones, using loop acceleration [3] techniques.

The set of reachable configurations of a system can be represented as the least fix-
point Post∗(Γ ) of the Post operator, which maps a set of configurations Γ to the set of
configurations Post(Γ ) reached after at most one transition from one configuration in
Γ . Acceleration consists in computing Post∗ as the fixpoint of an operator Acc, where
Acc is such that Post(Γ ) ⊆ Acc(Γ ) ⊆ Post∗(Γ ). Intuitively, Acc will possibly com-
pute configurations reached after sequences of transitions of a certain shape. Unlike
widening, the purpose of acceleration is not to ensure the termination of the fixpoint
computation on any system by means of approximations, but to guarantee it on some
relevant classes of systems while computing the exact fixpoint. Since acceleration may
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manipulate infinite sets of configurations, a symbolic representation (a.k.a. abstract do-
main) should be designed to make Acc an effective operator.

Loop acceleration consists in computing in one step the set of reachable config-
urations after a sequence of transitions of the form (τ1 . . . τn)∗. For queue systems,
Bouajjani & Habermehl proposed a symbolic representation called Constrained Queue
Decision Diagrams (CQDD). This representation goes beyond regular model check-
ing [6], hence induces some complications, in particular for set complement computa-
tion [3]. On the other hand, CQDD suffer from several restrictions, and cannot represent
all regular queue languages.

In this paper, we go beyond the work of Bouajjani & Habermehl in several direc-
tions. First, we consider an extension of queue systems with counters, which we call
count & queue systems (CQS). Counters are indeed naturally supported by our ap-
proach, and turn out to be very useful for practical case studies. Atomic instructions are
hence either the queuing of message a over queue c (c!a), or the dequeuing of a message
a over c (c?a), or the increment/decrement of the counter k by n (k := k + n). Second,
we design a new acceleration, called phases-loop acceleration, which terminates for flat,
slack bounded, and half-duplex CQS, and, more generally, for a class of machines that
we call phases-flat. We partition the set of queue instructions in respectively internal and
phase-switching ones. A c†-phase is then an (unbounded) sequence of either counters
increment or internal instructions of the form c†a, ended with a phase-switching in-
struction c†a′. Phases-loop acceleration then computes in one step the set of reachable
configurations after a sequence of transitions of the form (c1†∗1a1 . . . cn†∗nan)∗, where
each ci†∗i ai represents a ci†i-phase ended by ci†iai. Third, we introduce a symbolic rep-
resentation we call Symbolic Counting Queues (SCQ) that supports this acceleration.
SCQs are strictly more expressive than both CQDD and regular sets of configurations,
and are essentially based on Parikh Finite Automata (PFA), introduced by Klaedke &
Ruess for deciding the monadic second order logic with cardinalities [8]. Fourth, as
inclusion testing is not decidable for SCQ, we propose an approach to partially de-
cide it and hence decide when the fixpoint iteration should be stopped. We illustrate
our technique on a small but challenging case study coming from Heaphop [11], that
features a load-balancing algorithm. As its reachability set is not CQDD representable,
even abstracting counters, we believe that this example cannot be handled by existing
techniques, which was our initial motivation.

Outline In Section 1, we introduce our case study, and formalize the definitions of count
& queue systems and phases-loop. In Section 2, we recall the principles of acceleration
techniques, and show some results concerning phases-loop acceleration. In Section 3,
we introduce symbolic counting queues, our symbolic representation, and establish, in
Section 4, that it supports phases-loop acceleration.

Related works Many approaches have been proposed to model-check queue systems;
we list here those that we initially expected to work for our case study. Cécé & Finkel
introduced an acceleration technique for half-duplex queue systems [4] that keeps sym-
bolic configurations regular, but the load-balancing example is not half-duplex, and
half-duplex acceleration actually diverges on it. The set of reachable configurations of
our example can be covered by allowing only three context-switches, but there is no
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Figure 1 (a) Abstraction of one of the two threads used in the load-balancing algorithm.
(b) Another phases-flat CQS. (c) A CQS that is not phases-flat.
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known mean of computing the set of reachable configurations after one context-switch:
we considered modeling counters as stacks to reuse existing techniques for bounded
context-switch analysis of recursive queue systems [9,1], but our example does not
enjoy the well-dequeuing assumptions used in these works. Moreover, these bounded
context-switch analyses consider the set of reachable control states, whereas we are
concerned with the more general problem of computing the set of reachable configura-
tions.

1 Phases-Loops of Count & Queue Systems

Consider a program that has to entirely scan a binary tree using two threads; each node
of the tree is a subtask t, thus any subtask is either “simple” (a leaf of the tree), or
“complex” (an intermediate node), and generates two new subtasks. The shape of the
task tree is not known in advance, so one cannot statically assign the subtasks to each
thread in a balanced way. The algorithm roughly consists in letting thread 0 treat all the
left children of any node of the tree (including the left child of the right child of the
root, for instance), and similarly letting thread 1 treat all the right children. The mode
of operation of thread 0 (resp. 1) is thus either to process a task if it is simple, or, when
it is complex, to send the right (resp. left) subtree to the other thread, repeating the same
process with the left (resp. right) subtree until a simple task is reached. Thus, threads
communicate through two channels c0, c1 (see Fig 1a) over which they send and receive
tasks (message t). In order to know when they should stop, they must be able to deter-
mine whether their incoming queue is empty and will remain empty whatever the other
thread will do. To do so, each thread i ∈ {0, 1} maintains a local counter ki to store the
number of tasks that it has sent and are still pending, and stops as soon as ki becomes
null. In order to keep this counter up to date, each thread sends an acknowledgment
message a for each simple task it has completely treated. The counter ki is then incre-
mented when a new task is sent over ci, and decremented when an acknowledgment is
received over c1−i. The automaton depicted in Fig. 1a models one of these threads, the
other one being identical up to swapping indexes 0 and 1.

The whole program can thus be abstracted as a count & queue system (see Def. 1
below) with sixteen1 control states and two counters. Its initial configuration is the

1 Note that one thread has four control states in our CQS model. For conciseness, we often skip
intermediate control states and use multi-instruction transitions in our figures.
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control state (0!, 1!), with both counters equal to one, and both queues empty. The final
configurations are in control state (0?, 1?), with both counters equal to zero. Interesting
questions about this program are whether it terminates (provided the whole task tree is
finite), whether it deadlocks, and whether or not it ends with pending tasks still in the
queues.

Let us now introduce the model we use to represent this problem. Essentially, a
count & queue system is a finite-state machine that can send and receive messages over
a finite set of unbounded FIFO queues (or channels), and increment/decrement counters
without testing them:

Definition 1 (CQS) A count & queue system (CQS) is a tuple

M = (S, K,C, Σ, T )

where S is a finite set of control states, K is a finite set of counters, C is a finite set
of channels, Σ is a finite set of messages, and T is a finite set of transitions. Each
transition is a triple (s1, α, s2), sometimes written s1

α−→ s2, where s1, s2 ∈ S and α is
an instruction of the following form, where c ∈ C, k ∈ K, n ∈ Z, and a ∈ Σ:

α ::= c!a | c?a | k := k + n

Let P = (Int,Switch) be a 2-partition of C×Σ. An instruction α is called internal
for P if it is either k := k + n or c†a with † ∈ {!, ?} and (c, a) ∈ Int; otherwise,
α is called phase-switching. Let us fix some c ∈ C and † ∈ {!, ?}. A sequence of
instructions α1 . . . αn with n ≥ 1 is a c†-phase for P if, for all i ∈ {1, . . . , n}, (1) αi

is of the form either k := k + n or c†a for some a, and (2) αi is phase-switching if
and only if i = n. A phases-loop language for P is a regular language of the form
(c1†∗1a1 . . . cn†∗nan)∗, where ci†∗i ai denotes the regular language of ci†i-phases whose
final message is ai. We say that a sequence of instructions is potentially triggered by
a CQS if it labels consecutive transitions. Finally, for a language L, we write ↓L to
denote the downward closure of L for infix order, i.e. the set of words w for which there
are w1, w2 such that w1ww2 ∈ L.

Definition 2 (Phases-loop) A CQS is a phases-loop if there is a 2-partition P =
(Int,Switch) and a phases-loop language L for P such that all potentially triggered
sequences of instructions are in ↓L. A CQS M is phases-flat if, for all sets S′ ⊆ S of
strongly connected control states, the restriction of M to S′ is a phases-loop.

Note that all CQS that are flat (i.e. all strongly connected components are elemen-
tary cycles) are also phases-flat, and that phases-flatness is decidable.

Example 1.1. The following CQS are phases-flat:

– the thread of the load-balancing algorithm depicted in Fig. 1a: the strongly con-
nected set of states {0!, 0?} is a phases-loop taking (c0, t) and (c1, a) as internal,
and (c1, t), (c0, a) as phase-switching.

– the CQS obtained by scheduling first thread 0, then thread 1 of the load-balancing
algorithm; note that the 2-partition must be taken different for each of the two
maximal sets of strongly connected control states.
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– the tread of Fig 1b: (c, a) is internal, and (c, b) and (c1, a) are phase-switching.

The following CQS are not phases-flat:

– the CQS depicted on Fig 1c: there is no partition P that allows one to define a
correct phases-loop language on the maximal set of strongly connected states.

– the CQS obtained by switching from one thread to another after each transition
in the load-balancing algorithm, and as a consequence the CQS that models all
possible interleaving of the two threads are not phases-flat.

2 Phases-Loop Acceleration

We associate a semantics to every CQS in a standard way, by means of a transition
system. Let M = (S, K,C, Σ, T ) be a CQS. The set Conf(M) of configurations of
M is S × (Σ∗)C × ZK . We simply write Conf if M is understood.

Definition 3 (Transition System) The relation γ
τ−→ γ′, where τ = (s, α, s′) ∈ T and

γ = (s,w,n), γ′ = (s′,w′,n′) are configurations of M, is defined as follows:

– if α = c!a or α = c?a, then (1) w′
c = wca if α = c!a and wc = aw′

c if α = c?a,
(2) w′

c′ = wc′ for all c′ 6= c, and (3) n′ = n;
– if α = k := k + n, then (1) n′k = nk + n, (2) n′k′ = nk′ for all k′ 6= k, and

(3) w′ = w.

The transition relation →M ⊆ Conf(M)× Conf(M) relates a configuration γ to a
configuration γ′: γ →M γ′ if there exists τ ∈ T such that γ

τ−→ γ′.
We write Γ to denote a subset of Conf(M), and Γ [s] for the subset of configurations

of Γ in control state s. We write PostM to denote the function 2Conf → 2Conf , Γ 7→
Γ ∪ {γ′ ∈ Conf | ∃γ ∈ Γ. γ →M γ′}. For F : 2Conf → 2Conf , we let F ∗ denote the
function 2Conf → 2Conf , Γ 7→

⋃
i≥0 F i(Γ ).

Definition 4 (Safety problem) The safety problem2 consists in deciding, given a CQS
M, a set Γ0 of initial configurations and a set Γbad of “bad” configurations, whether
Post∗M(Γ0) ∩ Γbad = ∅.

Most of the properties one would like to check over CQS can be reduced to the
safety problem (for instance, all properties listed before for the load-balancing algo-
rithm, except termination, can be formulated in terms of safety properties). It is well
known that the safety problem is undecidable for arbitrary CQS, and decidable on some
classes of queue systems using strong restrictions. One way to tackle the safety problem
in full generality is to use acceleration techniques. An acceleration operator is a func-
tion AccM : 2Conf → 2Conf such that Acc∗M = Post∗M. The semi-algorithm that uses
this operator to solve the safety problem is described in Fig 2. We say that the acceler-
ation operator AccM terminates for a machine M and a set Γ0 of initial configurations
if there is some i such that Acci

M(Γ0) = Post∗M(Γ0).
2 We focus on forward analysis, but all our work could be presented as a backward analysis as

well, thanks to the intrinsic reversibility of CQS.
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Figure 2 Acceleration algorithm
Input:M, Γ0, Γbad.
Repeat (Γ0, Γ )← (AccM(Γ0), Γ0); If Γ0 ∩ Γbad 6= ∅ Then Return unsafe Until Γ0 ⊆ Γ ;
Return safe.

Definition 5 (Phases-loop acceleration) LetM be a CQS andM′ be a CQS obtained
from M by considering a subset of its transitions such that M′ is a phases-loop. Let
Ph(M) be the set of all suchM′. The phases-loop acceleration of Γ ⊆ Conf(M) with
respect to M′, written AccM,M′(Γ ), is Post∗M′(Γ ). The phases-loop acceleration of
M over Γ is the set

AccM(Γ ) ,
⋃

M′∈Ph(M)

AccM,M′(Γ ) ∪ PostM(Γ ) .

Let us recall that a configuration γ is B-slack-bounded for a certain B ∈ N if all
queues contain at most B messages, and a CQS is slack-bounded if there exists B ∈ N
such that for all set Γ of B-slack-bounded configurations, Post∗(Γ ) is a set of B-slack-
bounded configurations. Let us moreover recall that a configuration is half-duplex if at
most one queue is non empty, and a CQS is half-duplex if all set Γ of half-duplex config-
urations, Post∗(Γ ) is a set of half-duplex configurations. The reachability set Post∗(Γ )
of a half-duplex queue system is regular and can be obtained by first considering the
set Γ1 of all configurations reachable with a slack of size 1, and then all configurations
reachable from Γ1 through queuing transitions only [4]. As a consequence:

Proposition 6 Phases-loop acceleration terminates over the following classes of CQS:
phases-loop flat, flat, half-duplex, and slack-bounded ones.

Example 2.1. Let |w|l denote the number of occurrences of the letter l in the word w.
Let Mi be the thread i of the load-balancing algorithm of Fig 1a.

– Let Γ be the phases-loop acceleration ofM0 over the singleton set Γ0 of the initial
configuration (control state (0!, 1!), empty queues c0, c1, and k0 = k1 = 1). Then,
Γ [0?, 1!] is the set of configurations where c1 is empty, k1 = 1, and c0 contains the
word w0 = tk0−1a.

– Let Γ ′ be the phases-loop acceleration of M1 over Γ [0?, 1!]. Then, Γ ′[0?, 1?] is
the set of configurations such that c0 contains w0 ∈ ε + t∗a, c1 contains a word
w1 ∈ (t∗a)∗, and ki = |wi|t + |w1−i|a for i ∈ {0, 1}.

– Let Γ ′′ be the phases-loop acceleration of M0 over Γ ′[0?, 1?]. Then, the con-
figurations in Γ ′′[0?, 1?] are the ones for which ci contains wi ∈ (t∗a)∗ and
ki = |wi|t + |w1−i|a, which is the fixpoint. Hence phases-loop acceleration ter-
minates over the load-balancing algorithm, although it is not phases-flat.

In order to effectively compute an acceleration, one needs to provide a symbolic
representation for infinite sets of configurations. Minimum requirements for symbolic
configurations could be the following:
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Definition 7 (Symbolic representation) A symbolic representation for M consists of
a set of effective objectsO and a denotation J.K : O → 2Conf(M) such that the following
operations are effective:

– all finite sets of configurations can be coded into objects;
– there are effective operations on objects denoting union and intersection;
– emptiness testing is decidable.

A symbolic representation is perfect if, moreover, inclusion testing is decidable. An
acceleration F is supported by a symbolic representation (O, J.K) if, for every O ∈ O,
there is an effective O′ ∈ O such that F (JOK) = JO′K.

Perfection is important if we aim at implementing the termination test of the algo-
rithm of Fig 2. As we will see in the next section, our symbolic representation is not
perfect and, even worse, it is tight in the sense that any other symbolic representation
supporting phases-loop should be at least as expressive. As a consequence:

Proposition 8 There is no perfect symbolic representation that supports phases-loop
acceleration.

Compared to SCQ, CQDD have the good property to be a perfect symbolic rep-
resentaion, although they are not closed under complement. In the next section, we
will show how to overcome this situation. On the other hand, having a symbolic rep-
resentation, even imperfect, that supports phases-loop acceleration already implies the
following result:

Theorem 9 The safety problem is decidable for phases-flat CQS.

3 Symbolic Counting Queues

We now define a symbolic representation that supports phases-loop acceleration. Note
that CQDD [3] do not represent all regular sets of configurations, which are all achieved
by half-duplex machines. As a consequence, it can already be observed that CQDD do
not support phases-loop acceleration (it can also be observed that the reachability set of
the load-balancing algorithm is not CQDD definable).

Presburger arithmetic is the multiplier-free fragment of first-order arithmetic over
integers. Let us recall the definition of Parikh Finite Automata [8] (PFA, for short),
slightly adapted to our setting:

Definition 10 (PFA) A Parikh Finite Automaton is a tuple

P = (S, Σ, s0, Sf ,K, Φ, T )

where S is a finite set of states, Σ is a finite alphabet, s0 ∈ S is the initial state, Sf ⊆ S
is the set of final states, K is a finite set of counters, Φ is a Presburger formula over K,
and T is a set of transitions (s1, `, s2), where s1, s2 ∈ S and ` is either a read label
read(a) with a ∈ Σ, or a counter label k := k + n with k ∈ K and n ∈ Z.
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A K-indexed language (over Σ) is a set L ⊆ Σ∗ × ZK . For a K-indexed language
L and n ∈ ZK , let Ln denote the set of words w ∈ Σ∗ such that (w,n) ∈ L. Union,
intersection, concatenation, and left/right quotient are defined for K-indexed languages
index-wise; for instance, the concatenation L.L′ is defined by (L.L′)n , Ln.L′n. The
emptiness index set of L is the set of indexes n such that Ln = ∅.

The K-indexed language L(P) recognized by the PFA P is the set of pairs (w,n)
such that there is a final state s ∈ Sf and a sequence of transitions θ ∈ T ∗ such that

s0
θ−→ s, θ reads w ∈ Σ∗, the sum of all k increments along θ is nk, and n � Φ. A

K-indexed language L is called PFA recognizable if there is a PFA P that recognizes it.
For instance, the indexed language {(anbncn, n) : n ∈ N} is PFA recognizable3. The
expressive power of PFA has been established [8] to be the same as that of Ibarra’s [7]
reversal-bounded counter machines4. The price to pay for considering such an expres-
sive class of languages is that the universality and inclusion problems are undecidable,
and the set complement of a K-indexed PFA recognizable language is not PFA recog-
nizable in general.

A homomorphism for indexed languages is a pair φ = (σ, f) where σ : Σ1 → Σ∗
2

is a substitution and f : ZK1 × ZΣ1 → ZK2 is a Presburger definable function. For
w ∈ Σ∗

1 and n ∈ ZK1 , we let φ(w,n) ,
(
wσ, f(n, (|w|a)a∈Σ1)

)
∈ Σ∗

2 × ZK2 .

Lemma 11 The set of PFA recognizable K-indexed languages is effectively closed un-
der union, intersection, concatenation, left/right quotients and direct/inverse homomor-
phisms. Moreover, the emptiness index set can be described by a Presburger formula.

All proofs are straightforward adaptions of the proofs of Klaedtke and Ruess [8].
PFAs can be used to represent the set of possible contents of one queue. Our symbolic
representation builds on this idea; intuitively, a set of configurations is represented by
a finite set of tuples of PFAs working on some auxiliary counters, and an additional
Presburger constraints relating all auxiliary counters to the counters manipulated by the
considered CQS.

Definition 12 (ASCQ, SCQ) An atomic symbolic counting queue (ASCQ) for a CQS
M = (S, K,C, Σ, T ) is a tuple

A =
(
s, (Kc)c∈C , Φ, (Pc)c∈C

)
such that

– s ∈ S is a control state of M,
– for all c ∈ C, Kc is a set of counters,
– Φ is a Presburger formula over K ∪

⋃
c∈C Kc , and

– for all c ∈ C, Pc is a PFA with alphabet Σ and counters Kc .

3 The Dyck language, however, is not PFA recognizable [8].
4 Note that, unlike for reversal-bounded counters machines, counters in the PFA model are never

tested during computation. This is the reason why our count & queue systems do not authorize
to test counters either. However, tests on reversal-bounded counters could probably be handled,
but would yield a more complex presentation of our results.
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A Symbolic Counting Queue (SCQ) for M is a finite set of ASCQs for M.

Let S be a SCQ for M. The set JSK of configurations of S is the union of those
of its ASCQs, and the set of configurations of an ASCQ (s, (Kc)c∈C , Φ, (Pc)c∈C

)
is

the set of configurations (s,w,n) of M, where (w,n) ∈ (Σ∗)C × ZK are such that
(1) for each c ∈ C there is some mc ∈ ZKc satisfying (wc,mc) ∈ L(Pc), and (2)
n,mc1 , . . . ,mcn � Φ. As an example, the set of configurations with only a1 messages
in c1 and a2 messages in c2 such that there are as many messages in each queue is de-
finable by an ASCQ. The reason for introducing both SCQs and ASCQs is that ASCQs
are not closed under finite union: for a CQS manipulating two queues, the set of con-
figurations such that each queue contains a unique message, but such that both queues
do not contain the same message, is not definable by an ASCQ.

Proposition 13 Let M be a CQS. Then, SCQs for M form a symbolic representation.

As mentioned before, SCQs do not form a perfect symbolic representation since in-
clusion testing is not decidable for PFAs. A possible way to establish inclusion between
two PFAs (and hence between two SCQs) is to associate to a PFA (S, Σ, s0, Sf ,K, Φ, T )
the labeled transition system such that for all s, s′ ∈ S, a ∈ Σ, and m ∈ ZK , s

a,m−−→ s′

if there is a sequence of transitions θ ∈ T ∗ from s to s′ such that exactly one read label
read(a) appears in θ, and the sum of counter increments is m. We define s

ε,m−−→ s′ sim-
ilarly. A relation R ⊆ S×S is a weak simulation if (1) whenever s1Rs2 and s1

a,m−−→ s′1
for some s1, s2, s

′
1 ∈ S, some m ∈ ZK , and some a ∈ Σ ∪ {ε}, there is s′2 ∈ S such

that s2
a,m−−→ s′2 and s′1Rs′2, and (2) whenever s1 is a final state, s2 is a final state. Then

weak simulation clearly induces language inclusion. Moreover, although the transition
system is infinite, weak simulation is decidable, as it can be represented in Presburger
arithmetic using Parikh’s theorem. We can hence implement our acceleration algorithm
using simulation checking instead of language inclusion.

4 How to Compute the Acceleration

In this section, we establish that SCQ supports phases-loop acceleration. We first intro-
duce the notion of bi-runs, which will be used to accelerate a CQS manipulating only
one channel and no counters, then explain how to recognize bi-runs using PFA, and
then conclude the proof.

4.1 Bi-Runs

Let L be a phases-loop of a CQS using only one queue c and no counter. Let PostL :
2Σ∗ → 2Σ∗

be the function that associates to a set of (∅-indexed) words the set of words
obtained after one phases-loop iteration.

The parametrized transitive closure PPostL of PostL is the function 2Σ∗ → 2Σ∗×N

that associates to a (∅-indexed) language L0 the {ic}-indexed language of indexed
words (w′, n) such that w′ ∈ PostnL(L0).

In this section and the next one, we will explain how to represent PPostL(L0) us-
ing PFA. But first, let us give some intuition about why we should care about it for
computing the acceleration, which will be presented more formally in Sec. 4.3:
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Example 4.1. Consider again the CQS of Fig 1b. Assume we want to accelerate it taking
as initial set of configurations those in control state 1 with a word in (ab)∗ in queue c
and queue c1 empty. Then we need to compute the parametrized transitive closures
of the phases-loop Lc over c (resp. Lc1 over c1) obtained by replacing c1 (resp. c)
transitions by ε transitions in the phases-loop: PPostLc1

(ε) = {(aic1 , ic1)}ic1≥0 is the
acceleration over c1, and PPostLc((ab)∗) = {

(
(ab)∗bic , ic

)
}ic≥0 ∪ {(bk, ic)}ic≥k>0 is

the acceleration over c. Then the acceleration of the CQS is the ASCQ composed of
these two queue languages, with the additional constraint that ic1 = ic.

The most complex part of the construction of PPostL(L0) can already be wit-
nessed on this example. Consider the result of PPostLc((ab)∗) a bit more carefully:
{
(
(ab)∗bic , ic

)
}ic≥0 is obtained through an execution where all dequeued messages

were there initially, whereas {(bk, ic)}ic≥k>0 is obtained through what we will call
“hungry snake5 executions”, where some b’s that are queued during acceleration are
later dequeued also during acceleration. Hungry snakes are not always possible (for
instance, for c1 in previous example), and in this case, the expression of the result-
ing queue content is (w−1

? .w0).w!, where w? is the word dequeued, w0 is the initial
queue content, and w! the word queued. It is then rather straightforward to check that
PPostL(L0) is PFA definable as soon as L0 is PFA definable, since PFA languages are
stable by left quotient and concatenation. PPostL(L0) turns out to be also PFA defin-
able if we consider hungry snake executions, but the proof is more involved.

Let us now present some intuitions about how we will compute PPostL(L0). Let us
for instance consider the pair (bb, 4) ∈ PPostLc((ab)∗) obtained starting from initial
queue abab through a hungry snake execution ?a?b!b?a?b!b?b!b?b!b. Let us tag every
instruction with the phase number at which this instruction occurred:

?a ?b !b ?a ?b !b ?b !b ?b !b
1 1 2 3 3 4 5 6 7 8

If we group every ?l instruction with its matching l letter of abab or with its match-
ing !l instruction, and write � under unmatched send instructions, we obtain the fol-
lowing picture (the framed part corresponds to the hungry snake mode):

2 4 6 8
a b a b !b !b !b !b

?a ?b ?a ?b ?b ?b � �
1 1 3 3 5 7

This representation is convenient, because it is easy to compute the resulting word bb
by an homomorphism. Moreover, if the correct phase numbers are given, it is possible to
reconstruct the actual run in a unique way. However, not all choices for phase numbers
are correct, and we will have to clarify what are the admissible choices. There are in fact
three conditions: the first condition considers the send (resp. receive) instructions only,
and ensures that the phase number associated to an instruction is a correct choice with
respect to previous send (resp. receive) instructions. For instance, the choice below is
not a correct choice, because the phase number of the third send instruction is too large:

5 A hungry snake eats its own tail!
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2 4 8 10
a b a b !b !b !b !b

The second condition considers the first and last lines, and ensures that whenever
a send instruction is matched with a receive instruction, the send instruction happened
before the receive instruction in the original run; this is expressed by ensuring that on
each row of the hungry snake mode, the number on the first line is smaller than the one
on the last line. The third condition is that the last phase numbers correspond to the last
phase of a loop, and represent the same number of loop iterations for send and receives.

With these three conditions, it is then clear how to reconstruct a valid run using
the counter information. However, we will use slightly more complex counters in our
definition of bi-runs, as we need to compute the number of loop iterations we use while
accelerating. Instead, we decompose the phase number in two numbers, called quotient
and remainder: the quotient is the number of loop iterations already completed, and the
remainder is the phase number with respect to the last, uncompleted loop iteration. For
instance, the previous run will be represented by the following bi-run:

remainder 0 0 0 0
quotient 1 2 3 4

a b a b !b !b !b !b
?a ?b ?a ?b ?b ?b � �

quotient 0 0 1 1 2 3 4 4
remainder 1 1 1 1 1 1 0 0

We now introduce the notion of bi-runs more formally. Let us fix the channel c of L
and the alphabet Σ of L0. We consider the alphabets Σ† = {†}×Σ, Σ?� = Σ?]{�},
and Σ!? , (Σ ∪ Σ!) × Σ?�. We consider the sub-alphabet Σsynch ⊆ Σ!? such that
what is received matches what is sent: Σsynch ,

⋃
a∈Σ{a, !a} × {?a,�}.

We consider L! (resp. L?) the language over Σ! (resp. Σ?) of one iteration of the
phases-loop obtained by replacing all dequeuing transitions (resp. all queuing transi-
tions) by ε transitions. For instance, L? and L! are respectively (?a)∗?b and !b for the
computation of the parametric transitive closure over c of the CQS of Fig 1b.

Let a1 . . . an be the sequence of phase-switching messages such that the accelerated
phases-loopL is c†∗1a1 . . . c†∗nan. For all j ∈ {1, . . . , n−1}, letL[j] , c†∗1a1 . . . c†∗jaj ,
andL†[j] obtained fromL[j] by replacing †a instructions by ε. A quotient and a remain-
der of a prefix w of L∗† is a pair (i, j) ∈ N × {0, 1, . . . , n − 1} such that w is a prefix
of Li

†.L†[j] and one of its prefixes is in Li′

† .L†[j′], where (i′, j′) is the predecessor of
(i, j) in lexicographic order. Due to this definition, there are sometimes several possi-
ble pairs quotient-remainder with regard to the same word w. The principal quotient
and remainder of a prefix w of L∗† is the smallest pair (i, j) for the lexicographic order.
For instance, for L = (?a)∗?b!b as in the previous example, the unique quotient and
remainder of ?a?a ∈ L∗? is (0, 1); but for ?a?a?b ∈ L∗? , one can chose between (0, 1),
which is the principal quotient and remainder, and (1, 0); for !b!b ∈ L∗! , there are (2, 0),
and the principal (1, 1).

We call bi-run a finite sequence ρ of PFA labels over Σ!?, i.e. either read labels over
alphabet Σ!?, or counter labels. We write w(ρ) to denote the Σ!?-word read by ρ. If w
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is a word and p is a position in w, then w≤p denotes the prefix of w consisting of the
first p letters. Finally, the value of a counter k at the position p of a bi-run ρ is the sum
of all increments of k on labels occurring before p.

Definition 14 We say that a bi-run ρ is well-synchronized w.r.t. L and L0 if the fol-
lowing conditions are met:

1. the first projection of w(ρ) is w11w12 for some w11 ∈ L0 and w12 ∈ L∗! ;
2. the second projection of w(ρ) is w21w22 for some w21 ∈ L∗? and w22 ∈ �∗;
3. w(ρ) belongs to Σ∗

synch ;
4. there are counters k!, k′! , k?, k′? whose values at position p of a read label in ρ are

respectively the principal quotient and remainder of w
≤p−|w11|
12 and a quotient and

a remainder of w≤p
21 ;

5. the final values of k! and k? are equal, the final values of k′! and k′? are both 0,
(k!, k

′
!) are a quotient and a remainder of w12, and (k?, k

′
?) are a quotient and a

remainder of w21.
6. at every position, (k!, k

′
!) ≤ (k?, k

′
?) for the lexicographic order.

Let us give some further intuitions about these conditions: a bi-run will be mapped
to an indexed word by erasing the prefix in (Σ ∪ Σ!) × Σ? and mapping the suffix in
Σ ∪Σ! × {�} to Σ, which will be the content of the queue at the end of acceleration.
Then the conditions in the definition of the bi-run can be understood as follows:

1. the resulting queue content is a suffix of the concatenation w11w12 of an original
queue content and a word queued by a sequence of ! instructions potentially trig-
gered with respect to the phases-loop;

2. the prefix that should be erased in w11w12 is a word w21 dequeued by a sequence
of ? instructions potentially trigerred with respect to the phases-loop;

3. w21 is indeed a prefix of w11w12;
4. this condition is the definition of counters k†;
5. w12 and w21 correspond to the same number of loop iterations;
6. each receive matches a send that happened earlier in the original run of the CQS (or

a piece of the initial contents of the queue); this last condition is essential to check
that an “hungry snake execution” is effectively possible.

Example 4.2. Consider again the CQS of Fig 1b. Let Lc be the phases-loop as defined
before, and let L0 = (ab)∗ be the language of the initial content of c. Let moreover R
be the set of well-synchronized bi-runs with respect to Lc and L0. Then R is recognized
by the automaton depicted in Fig 3 with accepting condition k! = k? (we omit counters
k′! and k′?). For the purpose of the example, we allow transitions of this automaton to
perform several operations at once, and to test the values of the counters. Sec. 4.2 is
devoted to proving that well-synchronized bi-runs are in fact PFA recognizable.

Consider the homomorphism φ that associates to a bi-run ρ the indexed word φ(ρ) =
(w′, ic) such that ic = k! = k? and w′ is obtained by replacing in w(ρ) the letters of
the form (a,�) or (!a,�) by a and all the other ones by ε. Then:
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Figure 3 An automaton recognizing well-synchronized bi-runs.
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Lemma 15 Let (w, ic) be a {ic}-indexed word. Then the following are equivalent:

1. there exists a well-synchronized bi-run ρ w.r.t. L and L0 such that φ(ρ) = (w, ic);
2. (w, ic) ∈ PPostL(L0).

The proof of this result relies on the following auxiliary lemmata:

Lemma 16 Let Σ0, Σ1 be two alphabets with {0, 1} 6∈ Σ0 ∪ Σ1 and Σ0 ∩ Σ1 = ∅.
For i = 0, 1, let πi : (Σ0 ∪Σ1) → Σi ∪ {1− i} be the morphism that sends a ∈ Σ1−i

on letter 1− i, and is the identity over Σi. Let s, wL ∈ (Σ0 ∪Σ1)∗. Then the following
statements are equivalent:

1. s ∈ w∗
L

2. π0(s) ∈ π0(w∗
L) and π1(s) ∈ π1(w∗

L).
Proof Straightforward. �

Lemma 17 Let → ⊆
(
({!, ?} × Σ)∗

)2
be the rewriting system over sequences of

instructions with rewrite rules !a?b →?b!a for all a, b ∈ Σ. Let θ, θ′ ∈ ({!, ?} × Σ)∗

be such that θ → θ′. Then for all w ∈ Σ∗, there is w′ ∈ Σ∗ such that Postθ′({w}) ⊆
Postθ({w}) ⊆ {w′}.

Proof Straightforward. �

Proof (of Lemma 15)

Implication (1)⇒(2). Let ρ be a well-synchronized bi-run. Let p be a position of a
read label in ρ where a send instruction !a appears on the first component of the read
letter. Let kp,!a = |L|.k! + k′! be the phase number obtained from the quotient and the
remainder at this position p, where |L| is the number of phases in L. We also define the
phase number kp,?a of the receive instruction appearing on position p of ρ. Let ≺ be
the order on send and receive instructions appearing in ρ such that (p, †a) ≺ (p′, †′a′)

13



iff either kp,†a < kp′,†′a′ , or kp,†a = kp′,†′a′ and p < p′. Finally, let θ ∈ (Σ × {!, ?})∗
be the sequence of instructions obtained by ordering all instructions †a appearing in ρ
according to ≺.

– Fact 1: θ is a sequence of instructions in L∗.
θ is θ1 . . . θm, where θi is the sequence of instructions with phase number ni, and
n1, . . . , nm is an increasing sequence. Let ri be the remainder of i modulo |L|. For
each θi, the first or second projection of w(ρ) contains θi as a sub-word delimited
by phase-switching instructions. So, by conditions 1 and 2, each θi is a sequence of
instructions potentially triggered in the rith phase of the loop. As a consequence, θ
is in L∗ if and only if the sequence s ∈ {0, . . . , |L| − 1}∗ of remainders r1 . . . rm

is in w∗
L, where wL = 0.1 . . . (|L| − 1). Let Σ0 be the set of ri corresponding to

send phases, and Σ1 the set of ri corresponding to receive phases. By condition
1, the subsequence of remainders corresponding to ! phases in s is a sequence of
remainders ofL∗! , and by condition 2, the subsequence of ? phases in s is a sequence
of remainders of L∗? . Moreover, by condition 4 and 5, between two consecutive !
phases, there are exactly as many ? phases as constrained by L, and vice versa
between two ? phases. So we may apply Lemma 16, and as a consequence, s ∈ w∗

L,
hence θ ∈ L∗.

– Fact 2 : when θ is applied to w11, it results in the word φ(ρ).
Let θ′ be the sequence of instructions obtained from ρ by the morphism sending
(!a, ?a) to !a.?a, (a, ?a) to ?a, and (!a,�) to !a. Then by condition 6, θ →∗ θ′

for → being the rewriting system of Lemma 17. Moreover, φ(ρ) is the result of
applying θ′ on w11, hence the claim.

As a consequence of these two facts, and since w11 ∈ L0 by condition 1, φ(ρ) ∈
PPostL(L0).

Implication (2)⇒(1). Conversely, let w11 ∈ L0 and w ∈ PPostL(L0) be obtained
from θ ∈ L∗ once executed over initial queue w11. Let ρ be the bi-run obtained by
grouping receive instructions with their matching initial letter or send instruction, and
counters k!, k?, k

′
! , k

′
? correctly updated before starting any new phase. Then ρ is well-

synchronized. Let θ′ be the sequence of instructions defined from ρ as before. Then
φ(ρ) is the result of applying θ′, and since θ →∗ θ′, the result of applying θ as well,
hence φ(ρ) = w. �

4.2 Recognizing Well-Synchronized Bi-Runs

Since PFA recognizable languages are stable by homomorphism, it is sufficient to prove
that well-synchronized bi-runs are PFA recognizable for establishing that PPostL(L0)
is PFA recognizable. It is easy to check that all conditions in Def. 14 are PFA definable,
except for condition 6. Indeed, the naive encoding for the latter using tests on counters
during the recognition process is not supported by PFA (see previous example): condi-
tion 6 expresses a constraint on all positions of the run, although PFA can only express
constraints on the final values of the counters at the end of the run. We hence introduce
extra counters, and express condition 6 by other conditions on the final values of these
extra counters.
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Definition 18 A bi-run ρ is said to be a candidate w.r.t. L and L0 iff the first 5 condi-
tions of Def 14 hold, and there are additional counters k1?, k2?, k1!, k∆ and k∆ such
that

1. k1? = k? at every position of a letter in Σ ×Σ?, and k1? is constant afterwards;
2. k2? such that k2? = 0 at every position of a letter in Σ ×Σ?, and k2? = k? − k1?

afterwards;
3. k1! = k! at every position of a letter in (Σ ∪Σ!)×Σ? and is constant afterwards;
4. k∆ = k1! − k2? at every position;
5. for all position p, the value of k∆ at p is the max of the values of k∆ at positions

p′ ≤ p;

Example 4.3. The figure below represents the extra counters of the candidate bi-run
obtained from the bi-run of the run ?a?b!b?a?b!b?b!b?b!b detailed at the beginning of
Sec. 4.1:

k! 0 0 0 0 1 2 3 4
k1! 0 0 0 0 1 2 2 2

a b a b !b !b !b !b
?a ?b ?a ?b ?b ?b � �

k2? 0 0 0 0 1 2 3 3
k1? 0 0 1 1 1 1 1 1
k? 0 0 1 1 2 3 4 4
k∆ 0 0 0 0 0 0 −1 −1
k∆ 0 0 0 0 0 0 0 0

It can be shortly observed that all these extra counters, but k∆, are easily definable
in the PFA model. Before we explain how to encode this counter, let us first precise how
we can identify well-synchronized bi-runs among candidate bi-runs using these extra
counters:

Lemma 19 A candidate bi-run ρ is well synchronized iff the following conditions hold:

1. the final values of k1? and k∆ are such that k∆ ≤ k1?;
2. for all positions where k∆ = k1?, it holds that k′! ≤ k′?.

Proof Let us first prove that condition 14.6 of Def. 14 implies 19.1 and 19.2.

1. from the definitions, k? and k! are non-decreasing, k! ≥ k1! and from 18.1-2 and
14.2, k? = k1? + k2?. Condition 14 thus becomes k∆ ≤ k1? at every position. The
fact that k1? is non-decreasing finally gives us that, at the end of the run, k∆ ≤ k1?.

2. direct consequence of 14.6 and the definitions of the auxiliary counters.

Let us now prove that 19.1 and 19.2 implies 14.6 Again, 19.1 asserts that k∆ ≤ k1? at
any position, that is k! ≤ k?. So, 14.6 is equivalent to 19.2. �
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As mentioned before, k∆ does not seem PFA definable a priori. However, its behav-
ior is very constrained. Let us use the hungry snake image one more time: k∆ represents
the length of the tail of the snake up to some constant. During the hungry snake mode,
either the snake grows quicker as it eats, and k∆ is increasing, or it eats as much as it
grows, and k∆ is constant (as in the previous example, where one b is queued and one b
is dequeued at each loop iteration), or it eats more than it grows, and k∆ is decreasing.
The important observation is intuitively that, due to the regularity of the sequence of
phase-switching messages, the snake has only one of these three behaviors during the
whole run, and this is fixed by the phases-loop considered. Let us put it more formally:

Lemma 20 If ρ is a candidate bi-run that is also well-synchronized, then there is a
position p such that k∆ ∈ {0,−1} for all position before p, and either one of the
conditions below is satisfied:

(inc) for all position after p, it holds that k∆ ≥ k∆ − 1
(dec) for all position after p, it holds that k∆ ≤ −1

Proof Let us consider the position p0 in ρ of the first letter in Σ! × Σ?. Let w!?

be the word of phase-switching messages that are queued and latter dequeued, that is
the word of phase-switching messages that is read from position p0 to the last letter
in Σ! × Σ?. Let a1, . . . , au and a′1, . . . a

′
v be the phase-switching messages such that

L! = c!∗a1 . . . c!∗au and L? = c?∗a′1 . . . c?∗a′v . Let w! = a1 . . . au be the word of
phase-switching messages that are queued during one iteration of the loop starting at
the beginning of the loop. Let j ∈ {1, . . . , |L?|} be the remainder in L? obtained from
the value of k′? at position p, and w? = a′ja

′
j+1 . . . a′va′1 . . . a′j−1 the word of phase-

switching messages that are dequeued during one iteration of the loop from phase j to
phase j − 1 of L?. Then w!? is both wn

? for some n and a prefix of wm
! for some m.

Let us reason with such a minimal m. Then while queuing messages that are dequeued,
m or m− 1 increments of k∆ happen periodically, and while dequeuing messages that
were queued, n decrements of k∆ happen periodically. There are then two possibilities:

– n ≤ m : then between two consecutive decrements of k∆, there is at least bm
n c ≥ 1

increment, so (inc) holds for the position p = p0.
– n ≥ m: symmetrically, between two consecutive increments there is at least one

decrement. (dec) holds for the position p just before the first time k∆ = −2, or any
position if k∆ does not reach −2. �

Lemma 21 The language of well-synchronized bi-runs is PFA definable.
Proof By Lemma 19, we only need to prove that the language of candidate bi-runs
and the conditions of Lem. 19 are PFA definable. It is clear that conditions 14.1-5 and
18.1-4 are PFA definable using phase-switching words to identify when counters k†, k

′
†

should be updated. Provided k∆ is PFA definable, condition 18.6 is also clearly PFA
definable. We now detail the two remaining conditions

– condition 18.5: the automaton guesses the behavior of k∆ and the position p as in
Lemma 20. Before the position p, the value of k∆ is 0 and does not require any care.
Afterwards, either the (dec) behavior was guessed and no special care is needed,
or the (inc) behavior was guessed, and then k∆ is incremented synchronously with
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k∆ whenever the previous update of k∆ was an increment, and this only requires
finite memory. It can be also detected that k∆ violates Lemma 20, in which case
the word is rejected.

– condition 19.2: the tricky part is to determine, for a position p, whether the test
k′! ≤ k′? is needed or not, but the test itself is straightforward since k′! and k′? are
finite counters. Due to Lemma 20 (see the proof) and condition 6f, k∆ goes at most
once below k1? after the first time it has reached it. It is then sufficient to guess the
first position p1 where k∆ = k1?, the position p2 ≥ p1 where k∆ = k1? − 1 (if
guessed so), and the position p3 ≥ p2 where k∆ = k1? again. Saving the value of
the counter at these positions, it can be checked at the end of the run that the guess
was correct. �

4.3 Main theorem

Let us summarize what we have proved so far:

Lemma 22 If L is a phases-loop of a CQS using only one queue with messages in Σ
and no counter and L0 is a PFA recognizable language over Σ, then PPostL(L0) is
effectively PFA recognizable.

Proof Straightforward consequence of Lemma 15, Lemma 21, and of the stability of
PFA recognizable languages by homomorphisms. �

We can add counter instructions in L and keep the same result. Let L be a phases-
loop of a CQS using only one queue, and manipulating a set of counters K. Let PostL :
2Σ∗×ZK → 2Σ∗×ZK

be the function that associates to a set of K-indexed words the set
of K-indexed words obtained after one phases-loop iteration.

The parametrized transitive closure PPostL of PostL is the function 2Σ∗×ZK →
2Σ∗×ZK]{ic} that associates to a K-indexed language L0 the K]{ic}-indexed language
of indexed words (w,n, n) such that (w,n) ∈ PostnL(L0). Then:

Lemma 23 Let L0 be a PFA recognizable language. Then PPostL(L0) is effectively
PFA recognizable.

Proof Let T† be the set of transitions with counter update occurring in a † phase. Let
Σ′ = Σ ∪ T! ∪ T?. Let K ′ = K ∪ KT , where KT contains a counter kt for each
transition in T! ∪ T?. and π the morphism that erases letters in T! ∪ T?, and stores in
kt the number of occurrences of t. Finally, let L′ be the phases-loop without counter
updates obtained by replacing, for each transition t in T†, the counter update by †t
(hence L′ is a phases-loop). Then PPostL(L0) = f(π(PPostL′(π−1(L0)))), where f
is the homomorphism that computes the final value of k in K by incrementing its initial
value with the weighted sum of the number of times each transition incrementing k has
been triggered. �

Note that this result could have been derived directly, considering counter instruc-
tions everywhere in previous sections, but, for the sake clarity, we avoided to confuse
“machine” counters with the internal counters used by the recognition of bi-runs.

We now have all the ingredients for establishing our main result:
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Theorem 24 SCQ supports phases-loop acceleration: for any CQS M, if S is a SCQ,
then AccM(JSK) can be represented by an effective SCQ.

Proof Let L ⊆ M be a phases-loop, and (A, Φ) an ASCQ. For all channel c, let Lc

be the phases-loop obtained from L by replacing all the actions that are not in c! or c?
phases by ε transitions. Let (A′

c, Φc) be the PFA that defines PPostLc(L(Ac)) obtained
by Lemma 23, for some fresh counter ic counting the number of loop iterations with
regard to channel c. Then AccM,L(A, Φ) is represented by the ASCQ (A′, Φ′), where
Φ′ expresses that the initial values of the counters in K satisfy Φ, that their final values
are the initial values incremented by the sum, over all channels c, of increments obtained
while accelerating c, and that all ic are equal. �

Conclusion

We introduced a new acceleration technique for queue systems with counters, which
terminates for a large class of systems, among which the classes of flat, half-duplex,
slack-bounded, and phases-flat machines. We illustrated our approach on a case study
that, to our knowledge, could not be proved by any previous automatic methods. We
are currently implementing our method and we will use it to ensure deadlock and leak
freedom in Heaphop [11]. First experiments let us expect that, even with some naive
implementations of automata, examples like the ones we described will be handled in
a reasonable time. We actually hope to keep all automata constructions in polynomial
time, since we never need to determinize nor complement. However, language inclu-
sion is still an open issue for which we only sketched here a possible approach, and
experimental evaluation of our technique is still matter for future work.
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