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In our previous study on graph games, we assumed that players are perfectly
informed about each move performed during the history of a play and, in partic-
ular, about the current position of the play. However, in real-world situations,
it is often the case that a player is uncertain about the moves of other players,
or even about the outcome of his own actions. For an example in computing,
we may think of a process which should display a correct behaviour within a
parallel system although it is unable to observe the private variables of other
processes.

In this chapter, we study games with imperfect information where a player
receives only partial information about the current state of the play.

1 One player against the environment

1.1 Model

The basic model involves just one player that interacts with the environment by
performing one action in each stage and receiving in turn an observation about
the current state of the play. To describe such a game, we fix a set A of actions
and a set B of observations throughout the lecture, these sets are always finite.

A game graph (with imperfect information) is a structure G = (V,∆, β)
consisting of a set V of positions, a move relation ∆ ⊆ V × A × V and an
observation function β : V → B. We may think of the move relation ∆ as a
set of edges labelled with actions a ∈ A. Again, we assume that every position
has a outgoing move, i.e., ∆(v, a) = {w : (v, a, w) ∈ ∆} 6= ∅, for every v ∈ V .
However, for a position v, there may be multiple outgoing moves with the same
action label a ∈ A.

Intuitively, we can describe a play as a process of moving a token along the
edges of G as follows: at the beginning the token is placed on the designated
starting position v0. In each round, the player chooses an action a. Then, the
environment moves the token from its current position v to one (of the possible
many) a-successor w ∈ ∆(v, a). At this point, the player is not informed about
the new position w of the play; instead, he receives the observation β(v) ∈ B.
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1.1 Model

For an observation b ∈ V , we call the set Vb := {v ∈ V : β(v) = b}
the observation set of b. Notice that the collection of observation sets forms a
partition of V .

A play is thus described by an alternating sequence of positions and actions
π = v0, a0, v1, a1, v2, . . . ; initial plays are play prefixes that end with a position.
The information that a player receives during a play π (or an initial play) is
the observation trace β(π) := β(v0), β(v1), β(v2), . . . His choices during the play
can only rely on this trace. Accordingly, a strategy for the player of a game
with imperfect information is defined as a mapping s : (V A)∗V → A that does
not distinguish between initial plays with the same observation trace, i.e., for
any two initial plays π,π′ with β(π) = β(π′), we have s(π) = s(π′). We say that
a play π follows s, if a` = s(v0, a0, . . . , v`−1) for all ` > 0. The set of possible
outcomes of a strategy is the set of all plays that follow it.

Notice that we can interpret a strategy as a function s : B∗ → A mapping
sequences of observations to actions. The definition on initial plays is chosen
for convenience towards extending the model to more than one players.

A winning condition on G is a set W ⊆ V ω of sequences of vertices. A
strategy s is winning if, for every play v0, a0, v1, a1, v2 . . . that follows it, the
sequence v0, v1, v2, . . . belongs to W .

As in the case of games with perfect information, we consider game graphs
equipped with a coloring function Ω : V → C, and specify winning conditions
as a set W ⊆ Cω standing for the condition

{v0, v1, v2 . . . : Ω(v0),Ω(v1),Ω(v1) · · · ∈W}.

Finally, a game G = (G,W ) is described by a game graph and a winning
condition.

• A Reachability condition is specified by a set F ⊆ B of target observations
that describes the winning condition

{v0, v1, . . . : β(v`) ∈ F for some ` ≥ 0}.

• A Safety condition is specified by a set F ⊆ V of safe observations that
describes the winning condition

{v0, v1, . . . : β(v`) ∈ F for all ` ≥ 0}.

A parity condition is specified by a priority function Ω : V → ω of finite
range that describes the winning condition

{v0, v1, v2, . . . : min Inf(Ω(v0),Ω(v1),Ω(v2), . . . ) is even }.

One issue in games with imperfect information is whether the coloring that
determines the winning condition is observable to the player. In this lecture we
will generally consider game graphs with winning conditions that are visible in
the following sense: for all v, v′ ∈ V , if β(v) = β(v′) then Ω(v) = Ω(v′).
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1.2 An example

A game graph is of perfect information, if the set B of observations corre-
sponds to the set V of positions and the observation function is the identity. In
this case, the environment plays the role of the second player with the ability
to choose the observation.

1.2 An example

Reachability game with two counter gadgets, counting modulo 3 and modulo 5,
respectively. Two actions ◦ – increments counters, and • – leads to target when
taken just before counter reset, otherwise leads to a sink and the player loses.
Environment chooses one of the two counters at the beginning of the game;
observation tells whether target is reached or not. Winning strategy: play ◦ for
(a multiple of) 15 rounds, then •.

1.3 Solution procedure

The above example shows that winning strategies in a game with imperfect
information may require memory.

1.3.1 Strategy automata

A strategy automaton is a Mealy machine M = (M,B,A,m0, µ, ν) where

- M is a finite set of memory states with a designated initial state m0,

- B is a set of observations,

- A is a set of actions,

- µ : M ×B → S is a memory update function and

- ν : M ×B → A is an action choice function.

We extend µ to sequences of observations by setting µ(m, ε) := m0 for the
empty sequence ε, and µ(m, τ · b) = µ(µ(s, τ), b) for any τ ∈ B∗.

The automaton M implements the strategy s for a game graph G with
starting position v0 if, for every initial play v0, a0, v1, . . . , v`,

s(v0, a0, v1, a0, . . . , v`) = ν(µ(m0, β(v0)β(v1)β(v2) · · ·β(v`)), β(v`)).

We say that a game G requires memory of size n if the minimal number of
states of an automaton that implements a winning strategy for this game is n.

1.3.2 The knowledge-set construction

We present a solution procedure proposed in (J. Reif, The complexity of two-
player games of incomplete information, Journal of Computer and System Sci-
ences 29(1984), pp. 274-301). The idea of this procedure is to keep track of
the set of positions at which the token could be. Intuitively, (an abstraction of)
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1.3 Solution procedure

the knowledge that a player has about the play in a game G is stored as a set
of positions q ⊆ V ; whenever the player takes an action a ∈ A and receives an
observation b ∈ B, the knowledge is updated to:

post(q, a) = {w ∈ V : there exists v ∈ q with (v, a, w) ∈ ∆}.

This gives rise to a game with perfect information, the solution of which can be
translated back to the original game with imperfect information.

To describe the algorithm more formally, let G be an imperfect-information
game with a visible winning parity condition. We refer to any set P(V ) \ ∅ as
a cell. Let Q be the set of all cells.

We construct a knowledge game GK with the same set A of actions as the
G, but with Q as a set observations, as follows. The graph GK = (Q,∆K , βK)
of GK consists of

- a set Q = P(V ) \ ∅ of positions corresponding to cells,

- a set of moves (q, a, q′) ∈ ∆K if, and only if, there exists an observation
b ∈ B such that

q′ = post(q, a) ∩ Vb;

- and an observation function βK taken as the identity function over Q.

If v0 is the initial position in G, the initial cell in GK is q0 = {v0}.

Notice that GK is a game of perfect information. Moreover, every cell reach-
able in GK from {v0} is contained in an observation set Vb for some b ∈ B.
Hence, we can extend the coloring Ω : V → C associated to any visible win-
ning condition by setting Ω(q) to be the value Ω(v) for any representative v ∈ q.
Thus, any visible winning condition on G, in particular parity, extends naturally
to GK .

Theorem 1. Let G be a parity game with imperfect information and let GK be
the game with perfect information obtained through the knowledge-set construc-
tion.

• The player has a winning strategy in G starting from v0 if, and only if,
Player 0 has a winning strategy in GK starting from {v0}, and

• Every memoryless winning strategy of Player 0 in GK can be effectively
transformed into a winning strategy in G implemented by an automaton
with at most 2|V | many memory states.

Proof. Let us assume that Player 0 has a winning strategy in GK from {v0}. As
this is a parity game with perfect information, there also exists a memoryless
winning strategy f : Q → Q. We construct the memory automaton M =
(Q,Q,A, {v0}, µ, ν) with µ(q, b) = post(q, f(q)) ∩ Vb and ν(q, b) = f(q). Now,
we claim that the strategy s implemented by M is winning in the imperfect-
information game G.

4



2 Distributed games

We argue that the plays that follow s in G visit the same sequence of colors
as the plays that follow f in GK .

More precisely, we show that for every play π = v0, a0, v1, . . . in G that
follows s, there exists a play π′ = q0, a0, q1, . . . in GK that follows f and visits
with the same sequence priorities as π, that is Ω(π) = Ω(π′). To construct π′

we simply set q` = post(q`−1, a`−1) ∩ Vβ(v`). As π winning in G and π′ visits
the same sequence of priorities, it follows that s is a winning strategy. Clearly,
the memory automaton M that implements s has at most 2|V | many states.

Conversely, assume that there exists no winning strategy for the game G
starting from v0. In other words, every strategy s in this game has a possible
play outcome that is not winning. For this case, we show that Player 0 does
not have a winning strategy in GK .

Towards this, let f be an arbitrary memoryless strategy on GK , and construct
a strategy s for the game G (with imperfect information) by setting for every
initial play π in this game s(π) = f(K(π)) with K(π) – the knowledge after
playing π – defined inductively by K(v0) := {v0} and

K(v0, a0, v1, . . . , v`) := post(K(v0, a0, v1, . . . , v`−1), a`−1) ∩ Vβ(v`), for all ` > 0.

By assumption, there exists play ρ = v0, a0, v1, a1, . . . in G that follows s and
is not winning. Let t be a strategy for Player 1 in GK that chooses the cell
K(v0, a0, v1, a1, . . . , v`) at every initial play with actions a0, a1, . . . , a`−1. Then,
the play that follows f and t in GK has the same sequence of observations
as ρ, hence it is not winning. Consequently the strategy f cannot be a winning
strategy in GK . Since f was chosen arbitrarily, this implies that Player 0 does
not have a winning strategy in GK . This concludes the proof.

The above construction yields a procedure for solving games with imperfect
information: given a parity game G with imperfect information, construct the
associated knowledge game GK with perfect information and solve it, i.e, estab-
lish whether Player 0 has a winning strategy and construct one if this is the
case; finally transfer the solution to the initial game G. The running time of
this procedure is exponential with respect to the number of positions in G. As
the following result from Reif (1984) shows, the worst-case complexity cannot
be improved.

Proposition 2. The problem of deciding whether the player in a game with
imperfect information has a winning strategy is ExpTime hard.

However, as we briefly discussed in the lecture, there are methods that use
antichains for an efficient representation of computations with cells which turn
out to perform well in practical cases.

2 Distributed games

In the following section, we discuss games with imperfect information that in-
volve more than one player. Towards this, we extend the model of a one-player
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2.1 Games with several players and simultaneous moves

game to one where actions are performed simultaneously by all players and each
player has his own observation function. Most basic notions from the one-player
case generalise in a straighforward way to the n-player setting. We detail them
just for completenes.

2.1 Games with several players and simultaneous moves

We consider games played by n players, 0, 1, . . . , and n − 1, against the envi-
ronment. Beforehand, we fix a set Ai of actions available to Player i and a set
Bi of observations of Player i. We denote by A the set of action profiles and by
B the set of observation profiles.

A game graph is a structure G = (V,∆, (βi)i<n) with a set V of positions, a
move relation ∆ ⊆ V ×A×V and an observation function βi : V → Bi for each
player i < n. As usual, we assume that each position in a game graph has at
least one outgoing move for every action profile, i.e., ∆(v, a) 6= ∅, for all v ∈ V
and all a ∈ A.

During a play, the n players interact with the environment in forming a
path by moving a token along the edges of the game graph as follows. At
the beginning, the token is at a designated initial position v0 ∈ V known to all
participants. The game is played in rounds; in every round, each player i chooses
an action ai ∈ Ai. Then, according to the current position v of the token and
the joint profile a of actions, the environment chooses a successor v′ ∈ ∆(v, a)
to which the token is moved. Here, each player i receives the observation βi(v′)
and the play continues with v′ as the current position. Notice that the players
are neither informed about the current position of the token, nor about the
action chosen by other players.

Formally, a play starting from a designated position v0 ∈ V in G is an infinite
sequence π = v0, a0, v1, a1, . . . alternating between positions and action profiles
with (v`, a, v`+1) ∈ ∆, for all ` ≥ 0. An initial play is a prefix v0, a0, . . . , a`−1, v`
of a play. We extend the observation functions from positions to (initial) plays
π = v0, a0, v1, a1, . . . by setting βi(π) = βi(v0), βi(v1), . . .

A strategy for Player i is a partial function si : (VA)∗V → Ai that assigns
an action to every initial play such that si(π) = si(π′) for any two plays π and
π′ that induce the same sequence of observations βi(π) = βi(π′). We denote
the set of all strategies of Player i with Si and the set of all strategy profiles
by S. A play (or an initial play) π = v0, a0, v1, a1, . . . follows the strategy
si ∈ Si, if ai` = si(v0, a0, v1, . . . , a`−1, v`) for every index ` > 0. For a coalition
I ⊆ {0, . . . , n − 1}, the play π follows a profile sI of strategies, if it follows all
strategies si of the players i ∈ I. The set of possible outcomes of a strategy
profile sI is the set of plays that follow sI .

Winning conditions and colorings are defined as usual. A profile of strategies
s = (s0, . . . , sn−1) is winning if all its outcomes winning. Notice that the notion
of winning does not regard one player, but the coalition of all players. In the
context of distributed games, we are interested in strategy profiles which allow
the grand coalition to coordinate towards ensuring a win against the environ-
ment.
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2.1 Games with several players and simultaneous moves

We are particularly interested in strategies implemented by strategy au-
tomata. Defined as in the previous section, a strategy automaton for Player i
is is a structureMi = (M,Bi, Ai,m0, µ, σ) that inputs observations from Bi as
input and outputs actions from Ai.

As we focus on impossibility results, we choose examples of games with
possibly simple winning conditions. A (simple) safety game is a game with
two colours assigned by γ : V → {safe,#} that are observable to all players,
describing the winning condition W = {safeω}. Hence, a play is winning if, and
only if, it avoids the positions coloured by #. For simplicity, we assume that
the symbol # belongs to the observation set of every player and that βi(v) = #
for a player i precisely when γ(v) = #.

Questions. Given a safety game, we ask the following questions:

• Winner determination: does there exists a winning strategy for the coali-
tion of all players ?

• Finite-state distributed winning: Does there exist a distributed finite-state
winning strategy, that is, a winning strategy profile s where si can be
implemented by a finite-state automaton, for every player i ?

Proposition 3. There are finite safety games with two players that require
infinite memory.

To see an example of such a game, consider the graph depicted in Figure 1.
Here, Player 1 and Player 2 play against the environment with actions in A1 =
A2 = {o, x}, and receive observations B1 = B2 = {•,¬,#}. All moves that
are not represented in the picture are meant to lead to a sink position (not
represented either) where both players receive the fatal observation # and lose;
the observation ¬ is left void in the picture.

The plays have a similar scenario for both players: they need to perform
action o until receiving the observation •, then, perform a number of x action,
and finally switch back to o, forever. (The option of playing x will be ruled out
soon.) Thus, for each player, the question is how many x actions to perform
after observing •. Accordingly, the strategies available to player i correspond
to functions f i : ω → ω with f(n) = m meaning, that if • occurs after n steps,
play x for precisely m rounds.

The game graph gives us even more clues about which choices the players
could make. One important detail is that Player 2 receives • either in the same
round as Player 1, or in the subsequent one. In the former case, the two players
need to perform the same number of x actions. Hence, any safe strategy must
satisfy f1(n) = f2(n), for all n. In the latter case, Player 2 must produce one
more x-action than Player 1, implying f2(n+ 1) = f1(n) + 1, for all n. Finally,
we can observe that, if Player 2 receives • in the first round, his only choice is
to produce one x. Hence, f2(0) = 0. But to satisfy all these constraints, there
is only one pair of strategies that can be safely chosen f i(n) = n. Thus, this
unique winning strategy for the coalition needs unbounded memory.
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2.1 Games with several players and simultaneous moves
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Figure 1: A game that requires infinite memory

Figure 2 represents a fragment of the extensive form of the game in our exam-
ple; it can be seen that no two nodes where the players receive the •-observation
in the same round are bisimilar with respect to the indistinguishability relation.
This is because the alternating ∼ 1-∼2 paths leading to the the leftmost po-
sition in the tree have different length at each level. The leftmost position is
identifiable as the only one which is reachable via a ∼1-∼2 alternation and that
has no ∼2 indistinguishable companion in a different bisimulation class.

Proposition 4. The question of whether a there exist distributed winning strate-
gies for a game with imperfect information is undecidable.

To see this, we modify our counting example from Figure 1 by replacing
the test for the (unary) successor relation with a test for a correct transition
between two configurations of a Turing machine.

LetM = (Q,Σ, q0, δ, F ) be a Turing machine over state space Q with initial
state q0 ∈ Q, final states F ⊆ Q, tape alphabet Σ, and a deterministic transition
function δ : Q×Σ→ Q×Σ× {−1, 0, 1}. For the purpose of this argument, we
assume that final configurations have no successor.

The intention is to encode every configuration of the machine as a word
w(cq)w′ ∈ Σ∗ × (Σ×Q)Σ∗ where ww′ is the contents of the tape, q the current
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2.1 Games with several players and simultaneous moves
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Figure 2: Extensive form of the game in Figure 1 (excerpt)

9



2.1 Games with several players and simultaneous moves

state, and the length of |w| indicates the current head position with contents
c. Accordingly, we choose Σ ∪ Q as an action alphabet for both players, and
{•,¬, ]} as the observation alphabet as before. The game graph features a test
that the players produce the fixed initial configuration with empty tape when
the play starts with a •-observation for both players. All later simultaneous •-
observations lead to a testing that both players produce the same configurations
and finally, if Player 2 receives the •-observation after Player 1, we have a
test that the configuration described of Player 2 succeeds the one described by
Player 1, except when the current state is accepting in which case the test for
equality applies.

In this scenario, the intended winning strategy for the coalition is the one
that produces the n-th configuration of the machine M upon observing • in
round n. This profile can be implemented with a finite-memory strategy, if and
only if the machine M halts. In that case, a simple diagonalisation argument
shows that the amount of different memory states that need to be distinguished
is not bounded by any computable function. Finally, the game admits a winning
strategy, if and only if the machine does not halt on the empty tape – this
problem is undecidable.

We can modify the above example to show that the question of whether
the coalition has a winning strategy with finite memory is also undecidable.
Towards this, it is sufficient to let the machine loop whenever it reaches a final
configuration. Then, there exists a finite-memory winning strategy whenever
the machine halts: produce the n-th configuration if the machine did not halt
in n steps, otherwise produce the final configuration.

Corollary 5. There exists a family of safety games for which the grand coali-
tion has finite-state distributed winning strategies, but the amount of required
memory grows faster than any computable function.

To conclude, we remark that there are nevertheless interesting classes of
games with imperfect information that can be solved algorithmically. In par-
ticular, this is the case when there is a hierarchic order among the players that
reflects their observation ability in the sense that if a player j can distinguish
between two positions v and v′ then all players i < j can do so: βi(v) = βi(v′)
implies βj(v) = βj(v′) for all positions v, v′ ∈ V and every ordered pair of
players i < j.
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