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Chapter 1

Introduction to formal
languages for specifications

Formal specification languages This course is dedicated to tem-
poral logics for formal specification and verification of programs.
This means to specify by means of temporal formulae the prop-
erties which a program must satisfy, and given a program to
verify formally that the specification are met. Unlike natural
languages, formal languages have a non ambiguous semantics
and are helpful to make proofs. Specifications can describe the
good behaviors of a system as well as the bad ones. In this
chapter, we briefly present some models of time and primitive
temporal operators used in this course.

A great part of this chapter is freely inspired from [Gor00,
BBF+01]. We invite the interested reader to consult the original
documents for much more details and developments.
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1.1 Reasoning about time: introductory re-
marks

This section is strongly inspired from [Gor00, Sect. 1.1].

Temporal logic in computer science Logical discussions of time
and temporality goes back to ancient Greece. A modern ap-
proach using modalities (as in temporal logic) is due to A.
Prior [Pri67]. A modality is a syntactic object (a term) that
modifies the relationships between a predicate and a subject.
Here are examples of modalities:

• It is necessary that P holds,

• I know that P holds,

• Tomorrow P holds,

• It is an obligation that P holds,

Temporal logic in computer science has it beginning with A.
Pnueli’s seminal paper [Pnu77] arguing that temporal logic can
be used to reason about processes and computations. This is
one of the most successful applications of logic to computer sci-
ence.

Nature of time A fundamental question is about the ontologi-
cal nature and structure of the flow of time. Numerous distinct
alternatives exist (on-going debate since antiquity) and the an-
swers to these alternatives are important for the development
of the philosophy of nature. However, the different aspects of
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temporality in computer science lead to its own choices as will
be presented in the forthcoming developments. Here are some
alternatives about the nature of time: is time

• linear or branching?

• instant-based or interval-based?

• discrete or continuous?

• infinite? transfinite?

• circular?

• beginningless? endless? . . .

Two traditional approaches In order to reason about time in a
formal language we need to make assumptions about

• the primitive time entities and,

• the basic relations between them.

The two traditional types of models of time are point-based and
interval-based. The traditional logical language is first-order
logic that can be viewed as the universal logic to be used in all
fields of application. By contrast, temporal logics are adapted
to models of computations and to specific applications.

Point-based approach In the point-based models of time the
primitive temporal entities are instants and the basic relation-
ships between them are equality and precedence. A flow of time
is represented by 〈T, <〉 (equality is implicit). Here are some
first-order sentences expressing standard properties about the
flow of time:
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irreflexivity: ∀ x ¬(x < x),

transitivity: ∀ x, y, z (x < y ∧ y < z) ⇒ x < z,

linearity: ∀ x, y (x = y ∨ x < y ∨ y < x),

no end: ∀ x ∃y (x < y),

density: between every two precedence-related instants there is
another instant: ∀ x, y (x < y ⇒ ∃z (x < z ∧ z < y)).

In order to talk about past and future events in first-order
logic, we need a reference to “now”. To do so, let N(x) mean
“x is the current instant”. Here are some statements:

• “It is always the case that φ”:
N(x) ⇒ ∀y (y < x ⇒ φ(y)).

• “Sometime in the future it will be the case that φ”:
N(x) ⇒ ∃y y < x ∧ φ(y).

• “φ occurs infinitely often” (some hypotheses on 〈T, <〉 are
required):
∀x ∃y x < y ∧ φ(y).

First-order logic is not enough First-order logic cannot express
everything. For instance, it cannot express that a linear time
flow is well-ordered. A totally ordered set 〈X,≤〉 is well-ordered

def

⇔ every non-empty set of X has a least element. 〈N, <〉 is
well-ordered, 〈Z, <〉 is not. For this, one needs monadic second-
order logic, where quantification over sets is allowed. Another
standard property that is not first-order definable is to require
that a relation R is the transitive closure of another relation R′.
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Interval-based approach In the interval-based models of time,
the primitive temporal entities are interval and the basic rela-
tionships are equality, disjoint precedence, inclusion and overlap.
A flow of time is represented as a structure of the form

〈T,≺,,, O〉,

(equality is implicit). Here are some first-order sentences ex-
pressing standard properties:

reflexivity of ,: ∀ x x , x,

anti-symmetry of ,: ∀ x, y (x , y ∧ y , x ⇒ x = y),

symmetry of O: ∀ x, y xOy ⇒ yOx,

atomicity of ,: ∀ x ∃ y (y , x ∧ ∀ z (z , y ⇒ z = y)).

There exist proposal for interval temporal logics in artificial
intelligence (Allen’s logic [All83]) and in applications to com-
puter science such as real-time logics (see e.g. [Koy90]).

Current framework In this course we will work in the most tra-
ditional useful framework for temporal logics: the models of
times are instant-based, (propositional) temporal logic is the
core logical framework (no first-order logic).

1.2 Aspects of temporality in computer sci-
ence

This section is strongly inspired from [Gor00, Sect. 1.4].
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Here are examples of the various ways in which reasoning
about time and dealing with temporal phenomena is relevant
and useful in computer science:

• specification and verification of concurrent and reactive sys-
tems,

• scheduling of the execution of programs by an operating
system,

• synchronization of concurrent processes,

• temporal databases,

• real-time processes and systems.

Temporal properties of systems can be classified in many ways
but some classes appear to be recurrent and meaningful when
checking properties:

Invariance, or safety properties: what must not happen through-
out the computation will not happen. Examples:

• A train will not pass a red semaphore.

• The reactor will not overheat.

• Partial correctness properties: if a pre-condition P holds
at the input of the program, then whenever it termi-
nates and a post-condition Q will hold at the output.

• The counter x never takes the zero value.

• A nonce never takes twice the same value.

Eventuality, or liveness properties: what has to happen dur-
ing the computation will happen. Examples:

• Once a printing job is activated, eventually it will be
completed.
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• If a message is sent, eventually it will be delivered.

• Total correctness properties: if a pre-condition P holds
at the input of the program, then it will terminate and
a post-condition Q will hold at the output.

Fairness properties: all processes will be treated fairly by the
operating system (scheduler, . . . ). A typical situation: a
process is enabled for the next step of its execution, and
sends a request for scheduling. It may or may not be im-
mediately scheduled for execution, because of competition
with other processes. A fair scheduling would mean that if
the process is persistent enough then eventually its request
will be granted.

Transition systems A widely used formalism for representing
concurrent processes is transition system 〈S, (

a
−→)a∈Act〉 where

• S is a non-empty set of states,

• Act is a non-empty set of actions,

•
a
−→ is a binary relation in S × S.

Examples:

• programs or processes run concurrently on the same com-
puting device,

• finite automata,

• coffee machines,

• Kripke1 frames (used in modal logic).

1Saul Kripke is a logician that has been immensely influential in modal logic. The
minimal modal logic K was named after Kripke because of his contributions to semantics
of modal logics.
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ON

OFF

presspress

wait

wait

Figure 1.1: Labelled transition system

A labelled transition system is a transition system augmented
with a labelling: S → P(PROP) where PROP is a set of propo-
sitional variables (atomic properties). A run is a sequence of the
form

s0
a0−→ s1

a1−→ s2
a2−→ . . .

which can be viewed as a finite or infinite path. In addition we
may require that s0 belongs to a set of initial states (for instance
those in which all the counters are equal to zero). A run is also
called a computation or an execution.

Here are executions of the labelled transition system repre-
sented in Figure 1.2:

• OFF
wait
−→ OFF

wait
−→ OFF

wait
−→ OFF

wait
−→ . . .,

• OFF
wait
−→ OFF

press
−−→ ON

press
−−→ OFF

wait
−→ . . .,

• OFF
press
−−→ ON

press
−−→ OFF

press
−−→ ON

press
−−→ . . .,

Abstractions Number of abstractions and idealizations are made
in this formalization of the notion of computation. For instance,
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in this framework we are not interested in the details or the
structure of the program which performs the computation. A
different approach consists in considering also the internal struc-
ture of the programs. This is the approach followed by the log-
ics of programs such as the propositional dynamic logic PDL, or
various logics of processes (see e.g. [HKT00]). These logics are
central from an historical viewpoint however in practice, they
are seldom used as formal specification languages.

1.3 The language of temporal logic

This section is partly inspired from [BBF+01, Sect. 2.1].

Desirable properties of formal languages Temporal logic are for-
mal specification languages that share the following properties:

• to have an underlying flow of time in its models,

• to define mathematically the correctness of programs/systems,

• to express properties without ambiguity,

• to make formal proofs.

Temporal logic well-suited for reactive systems Temporal logic is
specifically tailored for statements and reasoning which involve
the notion of order in time. For instance, compared with the
mathematical formulas, temporal logic notation is clearer and
simpler. Temporal logic states properties of executions from la-
belled transition systems. Reactive systems can be modeled by
such transition systems especially since they do not necessarily
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compute values but maintain some interaction between differ-
ent components. For instance, they include computer operating
systems and network communication protocols.

Naive first-order approach First-order logic (with many sorts)
can be easily used as a temporal logic assuming that the proper-
ties of the flow of time are definable in first-order logic. Indeed,
each atomic formula of the form P (t1, . . . , tn) where the ti’s are
terms and P is an n-ary predicate symbol, can be transformed
into P (t, t1, . . . , tn) where the first argument refers to absolute
time. The individual a always satisfies the property P can be
written as ∀t ∈ T P (t, a). However, first-order logic as a tem-
poral logic suffers several drawbacks:

• satisfiability for first-order logic is undecidable,

• one may not need full expressive of the first-order logic but
only a few temporal macros (for instance just the most
common adverbs making reference to time, i.e. “always”,
“sometime”, “never”, . . . ),

• second-order properties are also helpful.

Temporal operators: next, sometime and until The temporal
combinators allows one to speak about the sequencing of the
states along an execution, rather than about the states taken
individually. The simplest temporal combinators are X, F and
G. Below, we shall freely use the Boolean operators ¬ (nega-
tion), ∨ (disjunction), ∧ (conjunction) and ⇒ (implication).

• Whereas φ states a property of the current state, Xφ states
that the next state (X for “next”) satisfies φ. For example,
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φ ∨ Xφ states that φ is satisfied now or in the next state.

Xp p

Xp: next-time p

• Fp announces a future state (F for “future”) satisfies φ

without specifying which state, and Gφ that all the future
states satisfy φ. These two combinators can be read infor-
mally as “φ will hold some day” and “φ will always be”.
Foundations of the modal approach to temporal logic are
set in [Pri67] in which are introduced the combinators F
and G.

Fp p

Fp: sometimes p

First-order equivalence It is worth comparing Gφ with ∀ y (x <

y ⇒ φ(y)) and Fφ with ∃ y x < y ∧ φ(y). These two
above-mentioned correspondences are the basis for translat-
ing into first-order logic the logic with temporal operators
G and F (even with their past-time counterparts).

Duality The operator G is the dual of F: whatever the
formula φ may be, if φ is always satisfied, then it is not
true that ¬φ will some day be satisfied. Hence Gφ and
¬F¬φ are equivalent.

Gp, p p p p p

Gp: always p
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Example By way of example, the expression alert ⇒
F halt means that if we (currently) are in a state of alert,
then we will (later) be in a halt state.

Past-time operators Likewise, the past operators P (“some-
time in the past”) and H (“always in the past”) are also
introduced in [Pri67].

p Pp

Pp: sometime in the past p

Quantitative aspects Quantitative refinements for such op-
erators are numerous. For instance, F]1,2[φ would mean that
sometime in the future φ is satisfied within the time-interval
]1, 2[.

• It is the ability to arbitrarily nest the various temporal
combinators which gives temporal logic its power and its
strength. The example G(alert⇒ F halt) has an F in the
scope of the G, to be compared with G(halt⇒ P alert).

Starting from simpler formulae, temporal combinators pro-
duce new formulae whose meaning derives from the mean-
ing of its components.

The nesting of F and G is very often used to express rep-
etition properties. An ubiquitous property is to state that
a property occurs infinitely often which can be written as:
GFφ. We use F∞φ

def

= GFφ.

The dual “almost always” temporal operator is defined by
G∞φ

def

= FGφ.
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• The U combinator (for “until”) is richer and more com-
plicated than the combinator F. φ1Uφ2 states that φ1 is
verified until φ2 is verified. More precisely: φ2 will be veri-
fied some day, and φ1 will hold in the meantime.

pUq,p p p p q

pUq: p until q

Example The example G(alert ⇒ F halt) can be com-
pleted with the statement that “starting from a state of
alert, the alarm remains activated until the halt state is
eventually reached”:

G(alert⇒ (alarm U halt)).

Sometime operator The F combinator is a special case of
U: Fφ and trueUφ2 are equivalent.

Weak until There exists also a “weak until”, denoted W.
The statement φ1Wφ2 still expresses “φ1Uφ2”, but without
the inexorable occurrence of φ2 and if φ2 never occurs, then
φ1 remains true until the end. So, φ1Wφ2 is equivalent to
Gφ1 ∨ (φ1Uφ2).

Other examples of expressions:

(safety) G¬(x = 0),

(liveness) G(p ⇒ Fq),

(total correctness) (init ∧ p) ⇒ F(end ∧ q),

(strong fairness) F∞enabled ⇒ F∞executed.
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Quantification over executions The language introduced so far
can only state properties along one execution. There remains
to express the tree aspect of the behavior: many futures are
possible starting from a given state. Special purpose quantifiers,
A (compare with ∀ in first-order logic) and E (compare with
∃ in first-order logic), allow one to quantifier over the set of
executions. These are called path quantifiers.

The expression Aφ states that all the executions out of the
current state satisfy the property φ. Dually, Eφ states that
from the current state, there exists an execution satisfying φ. It
is worth observing that A and E quantify over paths whereas G
and F quantify over positions a long a path.

The expression EFφ states that it is possible (by following a
suitable execution) to have φ some day.

p

EFp

The expression AFφ states that we will necessarily have φ

some day, regardless of the chosen execution.
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p p

p p p

AFp

The expression AGφ states that φ holds true in all future
states including now.

p p p p p p p p

p p p p

p p

AGp, p

The expression EGφ states that there is an execution on
which φ holds always true.
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p

p

p

EGp, p

“Branching-time logics” refers to logics which have this ca-
pability to freely quantify over the paths that are possible.

In forthcoming chapters, we introduce several standard temporal
logics for formal specification of programs, either branching-time
logics (CTL, CTL*, modal µ-calculus) and linear-time temporal
logics (LTL and extensions). Various relations exist between
these logics, for instance in term of expressive power. We shall
focus on the computational complexity of reasoning tasks for
such logics, including satisfiability and model-checking.

1.4 Example: pay phone controller

In Figure 1.4, we describe a pay phone controller introduced
in [CC00].

• x is the number of quarters which have been inserted,

• y measures the total communication time,

• x′ [resp. y′] is the new value of x [resp. y].

• The controller interacts with the environment. Messages
followed by a question mark are received by the controller
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s1 s2 s3 s4

s6 s5

x = y = 0,lift? dial? x > 0,connected?

y ≤ xbusy?

hang?

x = y, x′ = y′ = 0

x + +, quarter?

x + +, quarter?

y ≤ x, signal?,y + +

y′ ≤ x, y + +, quarter!

Figure 1.2: A pay phone controller

and messages followed by an exclamation mark are sent by
the controller.

A configuration of the controller is a triple 〈s, c1, c2〉 where s

is a control state and c1 [resp. c2] is the value of x [resp. y].
Because of the presence of messages, queues for messages should
be added (omitted here) An execution is a (possibly infinite)
sequence of configurations (constrained by the transitions of the
controller). So the automaton presented in Fig. 1.4 is a finite and
concise representation of an infinite labeled transition system
(its interpretation).

Other properties Here are examples of properties about the
pay phone controller when evaluated at the initial configura-
tion 〈s1, 0, 0〉. The careful reader will notice which ones hold
true and under which assumptions.

• Communication time is never greater than the number of
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inserted quarters:

A G ¬(y > x).

• The number of quarters is infinitely often equal to zero:

A GF x = 0.

• There is an execution of the controller such that the com-
munication time is always equal to zero:

E G y = 0.

• Whenever the communication is over, the controller regains
the initial configuration:

A G (s5 ⇒ Fs1).

• Whenever the control state s1 is reached, x = y = 0 and
conversely:

A G(s1 ⇔ (x = 0 ∧ y = 0)).
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Chapter 2

Linear-time temporal logic LTL

2.1 Introduction
synthesis
prob-
lem in
[Ros91]

Syntax LTL (“Linear-time temporal logic”) formulae are built
from the following abstract grammar:

φ ::=

propositional calculus︷ ︸︸ ︷
pi | ¬φ | φ ∧ ψ | φ ∨ ψ |

temporal combinators︷ ︸︸ ︷
Xφ | Fφ | φUψ

where PROP = {p1, p2, . . .} is a countably infinite set of proposi-
tional variables. Elements of PROP are obtained by abstracting
properties, for instance p may mean “x = 0”.

The operators ∨ and F are definable from other operators.
For instance, Fφ is equivalent to 2Uφ (with 2 = p ∨ ¬p).

Abbreviations We use the following standard abbreviations:

• Gφ for ¬F¬φ,

• φ1 ⇒ φ2 for ¬φ1 ∨ φ2,

• F∞φ for GFφ.

20



Fragments We write LTLk
n(H1, H2, . . .) to denote the LTL frag-

ment restricted

• to temporal operators in H1, H2, . . .,

• to formulae with temporal depth at most k ≥ 0 and

• with at most n ≥ 1 propositional variables.

The temporal depth of some formula φ is the maximal number
of temporal operators on a branch of the formula tree for φ. For
instance, LTL2

ω(F) denotes the set of LTL formulae with tem-
poral depth at most 2 built from the single temporal operator F.

|φ| denotes the size of the formula φ viewed as a string of
characters.

A structure (or model) for LTL is an infinite sequence σ :
N → P(PROP), i.e. an infinite word of P(PROP)ω.

{p} {q} {} {p, q, r} {q}

Given a structure σ, i ∈ N and a formula φ, we define induc-
tively the satisfaction relation |= as follows:

• σ, i |= p
def

⇔ p ∈ σ(i),

• σ, i |= ¬φ
def

⇔ σ, i 4|= φ (∨ and ∧ have their usual seman-
tics),

• σ, i |= Xφ
def

⇔ σ, i + 1 |= φ,

• σ, i |= Fφ
def

⇔ there is j ≥ i such that σ, j |= φ,

• σ, i |= φUψ
def

⇔ there is j ≥ i such that σ, j |= ψ for every
i ≤ k < j, σ, k |= φ.
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We write σ |= φ instead of σ, 0 |= φ.

Models(φ)
def

= {σ ∈ P(PROP)ω : σ |= φ}.

φ is LTL satisfiable
def

⇔ Models(φ) 4= ∅.

The satisfiability problem for LTL, denoted by SAT(LTL), is
defined as follows:

input: an LTL formula φ,

sortie: 1 if there is σ such that σ |= φ, 0 otherwise.

Let us now consider the model-checking problem. A Kripke
structure M = 〈W, R, L〉 is triple such that

• W is non-empty set of states,

• R is a binary relation (accessibility relation, one-step rela-
tion),

• L is a labeling L : W → P(PROP).

M is simply a directed graph for which each node is labeled by
a propositional interpretation (labeled transition system).

A path in M is a sequence s0s1 . . . (finite or infinite) such
that siRsi+1 for every i ≥ 0. We write Paths(M, s0) to denote
the set of infinite paths of M starting at the state s0.

Alternatively, we also write Paths(M, s0) to denote the set
of infinite paths starting at s0 on the alphabet P(PROP)ω. The
first letter for such paths is therefore L(s0).

The model-checking problem for LTL, denoted by MC∃(LTL),
is defined as follows:
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input: an LTL formula φ, a finite and total1 Kripke structure
M and s0 ∈ W ,

output: 1 if there is an infinite path starting at s0 such that
σ |= φ (written M, s0 |=∃ φ), 0 otherwise.

Without any loss of generality, in the above statement we can
assume that the codomain of the labeling L is restricted to the
propositional variables occurring in φ.

The size of 〈W, R, L〉 is defined by:

card(W ) + card(R) + Σw∈W card(L(w)).

It is easy to check that M, s0 |=∃ φ iff Paths(M, s0) ∩Models(φ)
4= ∅.

This definition is dual to the one also used in formal verifica-
tion where a universal quantification on paths is considered (dual
problem denoted by MC∀(LTL) with the relation M, s0 |=∀ φ).

By using standard properties about complexity classes about
deterministic Turing machines (see e.g. [Pap94, chapter 7]), one
can show that MC∀(LTL) is in pspace [resp. pspace-hard] iff
MC∃(LTL) is in pspace [resp. pspace-hard].

In Figure 2.1, we present a Kripke structure obtained from
the labeled transition system described in Figure 1.2 by deleting
labels on transitions. In Figure 2.1, ON and OFF are proposi-
tional variables and by abuse of language we identify them with
states where they hold true respectively.

1∀x ∈ W, ∃y ∈ W, 〈x, y〉 ∈ R.
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ON

OFF

Figure 2.1: An elementary Kripke structure

We leave to the reader to check that the properties below hold
true:

• M, ON |=∃ F∞ON ∧ F∞OFF,

• M, ON |=∃ ¬F∞OFF,

• M, ON |=∃ G(ON ⇒ XX OFF).

Exercise 2.1.1.

1. φ[ψ]ρ be an LTL formula with subformula ψ at the occur-
rence ρ. Show that φ[ψ]ρ is satisfiable iff φ[p]ρ ∧G(p ⇔ ψ)
is satisfiable where p is a new propositional variable no oc-
curring in φ[ψ]ρ.

2. Conclude that there is a logarithmic space reduction from
SAT(LTL) to SAT(LTL2

ω).

2.2 Standard reductions

2.2.1 A few complexity results

Before stating results about LTL complexity, let us recall a few
facts about complexity classes;
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• co-p= p, p⊆ np and it is open whether p4= np.

• pspace= npspace= co-pspace,

• pspace⊆ exptime, co-exptime= exptime, p4= exptime

and it is open whether pspace4= exptime.

More details can be found in [Pap94]. In order to show that a
problem P is C-hard, we can either reduce every Turing machine
in C to P (the master reduction) or reduce another problem
already known to be C-hard. Similarly, in order to show that a
problem is in C, we can either design an ad hoc algorithm in C

or reduce P (in logarithmic space) to another problem already
known to be in C (assuming that C contains logspace) .

Exercise 2.2.1. Show that SAT(LTL1(X)) is np-complete.

2.2.2 From model-checking to satisfiability

The first reduction we present is a logarithmic space reduction
from MC∃(LTL) to SAT(LTL).

Proposition 2.2.1. There is a logarithmic space reduction from
MC∃(LTL) to SAT(LTL).

Proof. The main idea of the proof is to encode a finite Kripke
structure by an LTL formula [SC85, page 740].

Let M = 〈W, R, L〉 a finite and total Kripke structure and φ

be an LTL formula built over the propositional variables p1, . . . , pk.
To each state s of W , we associate a new propositional variable
ps and we encode the valuation L(s) by the formula varprops

below:

varprops
def

=
∧

{pi : 1 ≤ i ≤ k, pi ∈ L(s)}∧
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∧
{¬pi : 1 ≤ i ≤ k, pi 4∈ L(s)}.

For each state s, we encode the set of successors R(s) = {s′ ∈
W : 〈s, s′〉 ∈ R} by the formula:

succs
def

= X
∨

{ps′ : s′ ∈ R(s)}.

Every state s in the model M is encoded by the formula
φs

def

= ps ⇒ (varprops ∧ succs).

Finally, the structure M is encoded by the formula

φM
def

= G(
∧

{φs : s ∈ W} ∧ UNI)

where UNI is a propositional formula (without temporal op-
erators) that states that a unique propositional variable from
{ps : s ∈ W} is satisfied at the current state.

One can show that M, s |=∃ φ (existential version) iff φM ∧
φ ∧ ps is satisfiable.

The proof of Proposition 2.2.1 uses a rather standard ap-
proach that consists in reducing a question of the form “M |=
φ?” to satisfiability/validity of ψM ∧ φ where ψM encodes the
model M. In order to answer this second question, deductive
methods can be used.

Exercise 2.2.2. Complete the proof of Proposition 2.2.1.

2.2.3 LTL satisfiability is PSPACE-hard

The domino problem DOM can be easily reduced to SAT(LTL)
as illustrated by the proof below. First we recall what is DOM.
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Domino problem A domino game is a structure Dom = 〈C, D, Col〉
where

• C is a finite set colours,

• D is a finite set of dominoes,

• Col : D×{left, right, up, down} → C is a map that assigns
a color to each side of the dominoes.

We say that Dom can pave the region S ⊆ N×N iff there is
a map S → D that satisfies the color constraints: only domino
sides with identical colors can be adjacent (no rotation of domi-
noes is allowed).

The domino problem DOM is defined as follows and is known
to be pspace-complete.

input: a domino game Dom with two colors c1 and c2 and n ∈
N \ {0} (in unary),

output: 1, if Dom can pave {1, . . . , n} × {1, . . . , m} for some
m ≥ 1 where the first domino on the first line has color
c1 on the bottom and the last domino on the last line has
color c2 on the top.

Exercise 2.2.3. Show that DOM is in pspace by using the fact
that pspace = npspace.

Proposition 2.2.2. SAT(LTL) is pspace-hard.

Proof. We present a reduction from DOM to SAT(LTL2(F, X)),
i.e. to formulae of temporal depth at most 2.

Let Dom = 〈{0, 1}, {d1, . . . , dk}, Col〉 be a domino game with
k dominoes and n ≥ 1.

The propositional variables below are used in the reduction:
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• lv: true if the state encodes a line of n dominoes,

• for all 1 ≤ i ≤ n and 1 ≤ j ≤ k, we introduce the variable
j

i
(“the ith position of the line is occupied by the domino

dj”),

• for every 1 ≤ i ≤ n, we introduce the variables upi,0,
downi,0, lefti,0, righti,0, upi,1, downi,1, lefti,1, righti,1. For
instance, down2,1 holds true in a state satisfying lv iff the
colour of the 2nd domino is 1.

On each line where lv holds true, every position in {1, . . . , n}
is occupied by a unique domino:

G(lv ⇒
n∧

i=1

(
k∨

j=1

( j
i
∧

k∧
j′=1,j′ 4=j

¬ j′
i
)))

The propositional variables related to colors are compatible
with the definition of dominoes:

G(lv ⇒
n∧

i=1

k∧
j=1

j
i

=⇒

∧
side∈{up,down,right,left}

sidei,Col(dj ,side) ∧ ¬sidei,1−Col(dj ,side))

We recall that the map Col is of the form Col : {d1, . . . , dk}×
{up, down, right, left} → {0, 1}.

Color constraints on adjacent dominoes are the following:

horizontal constraints︷ ︸︸ ︷
G(lv ⇒

n−1∧
i=1

(
∧

c∈{0,1}

righti,c ⇒ lefti+1,c))∧

28



vertical constraints︷ ︸︸ ︷
n−1∧
i=1

G((lv ∧X lv) ⇒
∧

c∈{0,1}

upi,c ⇒ X downi,c)) .

Initial and final conditions as well as finiteness of the region
are taken into account by the formula below:

lv ∧G(¬lv ⇒ X ¬lv) ∧ down1,0 ∧ F(lv ∧X ¬lv ∧ upn,1)

We can show that the conjunction of above-mentioned formu-
lae is LTL satisfiable iff Dom can pave {1, . . . , n} × {1, . . . , m}
for some m ≥ 1 where the first domino on the first line has color
0 on the bottom and the last domino on the last line has color
1 on the top.

The proof of Proposition 2.2.2 is from [Har85].

2.2.4 PSPACE-hardness of LTL model-checking

QBF We recall the definition of the problem QBF (“Quantified
Boolean Formula”) that is pspace-complete [SM73].

input: φ = Q1 p1 . . . Qn pn

∧m
i=1

∨ki

j=1 li,j where

• Q1, . . . ,Qn ∈ {∃, ∀},

• p1, . . . , pk′ are propositional variables,

• the li,j’s are literals built over p1, . . . , pn.

output: 1 if φ is satisfiable, 0 otherwise.

For instance, ∀ p ∀ q p ⇔ q is not QBF satisfiable whereas
∃ p ∃ q p ⇔ q is.
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Let φ be an instance of QBF. φ is of the form

Q1p1 . . . Qnpn

φ0︷ ︸︸ ︷
m∧

i=1

ki∨
j=1

li,j

where {Q1, . . . ,Qn} ⊆ {∀, ∃}, φ0 is a propositional formula
in conjunctive normal form.

Each literal li,j is a propositional variable pr(i,j) or its nega-
tion ¬pr(i,j) from the set X = {p1, . . . , pn}.

One can easily show that φ is satisfiable iff there is a non-
empty set V made of propositional interpretations of the form
v : X → {2,⊥} such that:

(soundness) for every v ∈ V , v |= φ0 in the propositional sense,

(closure) for all v ∈ V and 1 ≤ r ≤ n such that Qr = ∀, there
is v′ ∈ V verifying

1. v′(pr) 4= v(pr) and,

2. for every 1 ≤ r′ < r, v′(pr′) = v(pr′).

Indeed, ∃ p ψ is equivalent to ψ[p ←⊥]∨ψ[p ← 2] and ∀ p ψ

is equivalent to ψ[p ←⊥] ∧ ψ[p ← 2].

Exercise 2.2.4. Compute a set V of interpretations that wit-
nesses the satisfaction of ∀ p1 ∀ p2 ∃ p3 ¬p3 ⇔ (p1 ∧ p2).

We associate to φ a Kripke structure Mφ defined in Figure 2.2
by using propositional variables from the set below:

{A0, A1, . . . , B0, B1, . . .p
T
1 , . . . , L1

1, . . .}.
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A0
s0 B1 A1

s1 B2 A2
s2 B3

pT
1

t1 pT
2

t2

pF
1

u1 pF
2

u2

. . . Ansn

L1
1

L2
1

...
Lk1

1

w1

L1
2

wm. . .

Figure 2.2: Model Mφ associated to φ ≡ Q1p1 . . . Qnpn

∧m
i=1

∨ki

j=1
li,j

Each variable in {A0, A1, . . . , B0, B1, . . .pT
1 , . . . , L1

1, . . .} holds
true in a unique state of the structure Mφ.

Assume that σ is an infinite path starting at s0. Between s0

et sn, σ encodes a propositional interpretation for variables in
X = {p1, . . . , pn}. The path σ has to pass then via the control
state wm and then returns to a control state labeled by some Br

(1 ≤ r ≤ n) where new values for interpreting pr, . . . , pn will be
provided.

For each position of σ between sn et wm, we introduce the
notion of current interpretation that assigns 2 or ⊥ to all the
propositional variables pr depending on the last visited node
among ur and tr.

We write V(σ) to denote the set of current interpretations
generated by the path σ.

Let 1 ≤ r ≤ n be such that Qr = ∀ and assume that when
σ visits the node sr−1 then it visits the nodes tr and ur before
possibly visiting again sr−1. This property can be expressed in
LTL(U) as follows:
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ψr
def

= G(Ar−1 ⇒ (¬Br−1UpT
r ) ∧ (¬Br−1UpF

r ))).

Let ψclosure
def

=
∧
{ψr | Qr = ∀}: if σ satisfies ψclosure, then

V(σ) satisfies the condition (closure).

When σ visits a node labeled by Lj
i , we say that it agrees

with the current interpretation v whenever v |= li,j.

This can be written in LTL(U) by using the fact the value of
pr with the current interpretation cannot be changed without
having visited the node labeled by Br. For every 1 ≤ i ≤ m (m
is the number of clauses), for every 1 ≤ j ≤ ki, we introduce the
formula ψi,j as follows:

ψi,j
def

=

{
G[pF

r ⇒ G¬Lj
i ∨ ¬Lj

iUBr] if li,j = pr,

G[pT
r ⇒ G¬Lj

i ∨ ¬Lj
iUBr] if li,j = ¬pr.

Let ψsoundness
def

=
∧m

i=1

∧ki

j=1 ψi,j: if σ satisfies ψsoundness, then
V(σ) verifies the condition (soundness).

Lemma 2.2.3. Mφ, s0 |=∃ ψclosure ∧ ψsoundness iff φ is satisfiable.

Proof. If σ |= ψclosure ∧ ψsoundness, then the set V(σ) is non-
empty, closed and correct. Hence, φ is satisfiable.

Conversely, suppose that φ is satisfiable. So there is a set of
propositional interpretation V verifying the conditions (closure)
and (soundness).

From V , we can construct an infinite path σ starting at s0

such that V(σ) = V and σ |= ψclosure ∧ ψsoundness: from a lex-
icographical enumeration of V , σ can be easily built so that
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σ |= ψclosure. This enumeration corresponds to the enumeration
by increasing ordering of the natural numbers (encoded in bi-
nary) obtained from the interpretations for p1, . . . , pn.

Then, to guarantee that σ |= ψsoundness, each node visited
between sn and the closest neighbor of the form wm, σ visits only
the states labeled by Lj

i satisfied by the current interpretation
v, which is always possible because v |= φ0.

ψclosure∧ψsoundness belongs to LTL2(U) (by using the definition
of G in terms of U).

As Mφ and ψclosure ∧ ψsoundness can be computed by using
logarithmic space only, we can deduce:

Proposition 2.2.4. MC∃(LTL2(U)) is pspace-hard.

Corollary 2.2.5. MC∀(LTL) is pspace-hard.

An analogous construction leads to the pspace-hardness of
LTL(F, X).

2.3 Translation into nondeterministic Büchi
automata

2.3.1 Basics on Büchi automata

A finite-state automata A is a structure A = 〈Σ, S, S0, ρ, F 〉
such that

• Σ is a finite set of symbols (the alphabet),

• S is a finite set of states,
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• S0 ⊆ S is the set of initial states,

• ρ : S × Σ→ P(S) is the transition function,

• F ⊆ S is a set of final (or accepting) states.

A is said to be deterministic iff card(S0) = 1 and for all s ∈ S

and a ∈ Σ, card(ρ(s, a)) ≤ 1.

A run is an infinite sequence s0
a0−→ s1

a1−→ s2 . . . such that for
every i ≥ 0, si+1 ∈ ρ(si, ai) and s0 ∈ S0.

Given a run c, we write inf(c) to denote the set of states that
occur infinitely often in c.

An accepting run c (with Büchi accepting condition) verifies
inf(c) ∩ F 4= ∅.

The word σ ∈ Σω is accepted by the accepting run c = s0
a0−→

s1
a1−→ s2 . . . whenever σ = a0a1a2 . . .. The word σ is also said to

be accepted by the automaton A and we write L(A) to denote
the language of infinite words accepted by the Büchi automaton
A.

Exercise 2.3.1. Construct Büchi automata over the alphabet
{a, b} that accept the set of infinite words

• with at least one occurrence of a,

• with exactly one occurrence of a,

• in which the letters a and b are repeated infinitely often,

• with a finite and even number of a.
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Given an LTL formula φ, the set Models(φ) is a language of
infinite words over the alphabet P(PROP). We shall show that
there is a Büchi automaton Aφ such that L(Aφ) = Models(φ).

A generalized Büchi automaton is a structure

A = 〈Σ, S, S0, ρ, {F1, . . . , Fk}〉

such that F1, . . . , Fk ⊆ S. We keep the same notion of run but
an accepting run c (with generalized Büchi accepting condition)
verifies that inf(c) ∩ Fi 4= ∅ for every Fi.

There exists other accepting conditions but we do not need
them here.

Lemma 2.3.1. Let A = 〈Σ, S, S0, ρ, {F1, . . . , Fk}〉 be a gener-
alized Büchi automaton. There exists a (standard) Büchi au-
tomaton Ab = 〈Σ, Sb, Sb

0, ρ
b, F b〉 such that L(Ab) = L(A).

Actually, Ab can be computed in logarithmic space in A.

Proof. Let A = 〈Σ, S, S0, ρ, {F1, . . . , Fk}〉 be a generalized
Büchi automaton. The idea of the proof consists in defining
Ab from k copies of A and to simulate the generalized accepting
condition by passing from one copy to another.

1. Sb def

= S × {1, . . . k},

2. Sb
0

def

= S0 × {1},

3. F b def

= F1 × {1},

4. ρb(〈s, i〉, a) is defined as the union of the two following sets
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(a) {〈s′, i〉 : s′ ∈ ρ(s, a), s 4∈ Fi} (stay in the same copy if
no final state in Fi is reached),

(b) {〈s′, (i mod k) + 1〉 : s′ ∈ ρ(s, a), s ∈ Fi} (go to the
next copy if a final state in Fi is reached).

The class of languages accepted by Büchi automata admits
various characterizations:

• ω-regular expressions,

• monadic second-order logic over 〈ω, <〉,

• LTL augmented with fixed-point operators (see e.g. [Var88]),

• LTL augmented with automata-based temporal operators,
see e.g. [Wol83],

• LTL with second-order quantification.

Languages accepted by Büchi automata form the class of ω-
regular languages.

Proposition 2.3.2. The family of ω-regular languages is closed
by intersection, union and complementation.

The proof for union is similar to the proof for standard finite-
state automata, the proof for intersection uses an idea similar
to the proof of Lemma 2.3.1. By contrast, the closure by com-
plementation is much more difficult to show.

It is also well-known that every regular language can be ac-
cepted by a deterministic finite-state automaton. This property
does not hold anymore for ω-regular languages.
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Proposition 2.3.3. There exists an ω-regular language that is
not accepted by any deterministic Büchi automata.

We present below the standard proof.

Proof. (a + b)∗ · aω is such a language. The proof is ad ab-

surdum. Suppose there is a deterministic Büchi automaton
A = 〈{a, b}, S, {s0}, ρ, F 〉 such that L(A) = (a + b)∗ · aω. The
transition function can be extended to a partial function ρ :
S × {a, b}∗ → S since A is deterministic.

The infinite word σ0 = aω is accepted by A and therefore there
is finite prefix u0 of σ0 such that ρ(s0, u0) ∈ F . The infinite
word σ1 = u0 · b · aω is also accepted by A and therefore there is
a finite prefix u0 · b · u1 of σ1 such that ρ(s0, u0 · b · u1) ∈ F .

By generalizing the process, we can find finite words ui such
that ρ(s0, u0 · b · u1 · b . . . b · ui) ∈ F . Since S is finite, there is
0 ≤ i < j such that ρ(s0, u0 · b · u1 · b . . . b · ui) = ρ(s0, u0 · b · u1 ·
b . . . b · ui · b . . . b · uj). Consequently, the word

u0 · b · u1 · b . . . b · ui · (b . . . b · uj)
ω

is accepted by A, which is in contradiction with the fact that
L(A) = (a + b)∗ · aω.

The emptiness problem for Büchi automata is defined as fol-
lows:

input: a Büchi automaton A,

output: 1, if L(A) 4= ∅, 0 otherwise.
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In order to characterize the computational complexity of the
emptiness problem, we can use the lemma below.

Lemma 2.3.4. Let A = 〈Σ, S, S0, ρ, F 〉 be a Büchi automaton.
L(A) 4= ∅ iff there is an infinite path in the graph 〈S, {〈s, s′〉 :
∃a s.t. s′ ∈ ρ(s, a)}〉 that starts at a state in S0 and visits in-
finitely often states in F .

Proposition 2.3.5. [VW94] The emptiness problem for Büchi
automata is nlogspace-complete.

Proof. nlogspace-hardness can be shown by reducing GAP
(“Graph Accessibility Problem”). In order to establish the com-
plexity upper bound, we present a nondeterministic algorithm
that uses only logarithmic space in the size of A = 〈Σ, S, S0, ρ, F 〉.
By the way, showing that GAP is in nlogspace can be done
in a similar fashion.

1. Guess s0 ∈ S0 and sf ∈ F .

2. i := 0; s := s0 (current state);

3. While s 4= sf and i < |S| do

(a) Guess s′ such that s
a
−→ s′ for some a ∈ Σ;

(b) i := i + 1; s := s′.

4. If s 4= sf , then abort otherwise

(a) i := 0;

(b) While i := 0 or (s 4= sf and i < |S|) ) do

i. Guess s′ such that s
a
−→ s′ for some a ∈ Σ;

ii. i := i + 1; s := s′.

(c) If s = sf , then accept, otherwise abort.
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The algorithm requires only O(log(|S|)) bits to encode the states
s0, sf , s, s

′ and the counter i. In the above non-deterministic al-
gorithm, “guess x such that P (x) holds” is equivalent to “Guess
x; if not P (x) then abort”.

By contrast, the universality problem for Büchi automata is
pspace-complete.

2.3.2 Automata-based approach for LTL

We present below the automata-based approach for solving LTL
problems from [VW94]. The method has been used successfully
to translate other logics into automata, including branching-
time logics. Satisfiability and model-checking problems are re-
duced to the emptiness problem for Büchi automata. For in-
stance, the main point is to transform an LTL formula φ into a
Büchi automaton Aφ such that Models(φ) = L(Aφ).

Figure 2.3 presents a Büchi automaton A such that L(A) =
Models(pUq) with Σ = {{}, {p}, {q}, {p, q}}.

Similarly, Figure 2.4 presents a Büchi automaton B such that
L(B) = Models(¬(pUq)). Observe that L(B) = Σω \ L(A) and
¬(pUq) is equivalent to G¬q ∨ (¬qU(¬p ∧ ¬q)).

We wish to define in a systematic and optimal way Aφ from
φ. Not only this approach allows to obtain optimal complexity
bounds but if the construction of automata is optimized, it can
also provide efficient algorithm.

Let M = 〈W, R, L〉 be a finite and total Kripke structure
and s0 ∈ W . It is easy to turn M into a Büchi automaton
recognizing the set of paths Paths(M, s0). We define AM,s0

39



{q}, {p, q}

{p}

Σ
Figure 2.3: An automaton for pUq models

{}

{p}

Σ

{p}, {}

{p}, {}

Figure 2.4: An automaton for ¬(pUq) models
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such that L(AM,s0
) = Paths(M, s0):

AM,s0
= 〈P(PROP), W, {s0}, ρ, W 〉

where ρ(s, a)
def

= {s′ : 〈s, s′〉 ∈ R, a = L(s)} for all s ∈ W and
a ⊆ PROP.

Exercise 2.3.2. How much space do we need to compute AM,s0
?

The rest of this section is dedicated to show the following
result.

Proposition 2.3.6. [VW94] For every LTL formula φ, there is
a Büchi automaton Aφ such that

1. L(Aφ) = Models(φ),

2. |Aφ| is in 2O(|φ|) and,

3. Aφ can be effectively computed in polynomial space in |φ|.

Proposition 2.3.6 should be understood when the set of propo-
sitional variables PROP is restricted to variables occurring in φ.

Exercise 2.3.3. By using Proposition 2.3.2, show by structural
induction that there is a Büchi automaton Aφ for φ ∈ LTL(F, X)
such that Models(φ) = L(Aφ). Evaluate the size of Aφ with
respect to the size of φ.

Definition 2.3.1. Let φ be an LTL formula. The closure of φ,
denoted by cl(φ) is the smallest set

• containing the subformulae of φ,

• closed under negation (we identify ¬¬ψ with ψ),

• if ϕ1Uϕ2 ∈ cl(φ), then X(ϕ1Uϕ2) ∈ cl(φ).
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∇

The closure set contains all the formulae we need to consider
to check satisfiability and the cardinal of cl(φ) is linear in the
size of φ.

Definition 2.3.2. Let φ be an LTL formula and σ be an LTL
model. The sequence generated from φ and σ is an infinite
sequence over P(cl(φ))ω defined as follows:

satseq(σ, φ) = satseq(σ, φ, 0)satseq(σ, φ, 1) . . . ,

such that for every i ≥ 0,

satseq(σ, φ, i)
def

= {ψ ∈ cl(φ) : σ, i |= ψ}.

∇

Each ω-sequence satseq(σ, φ) (with profile N → P(cl(φ)))
satisfying σ |= φ verifies the properties below (i ∈ N):

1. for every p ∈ cl(φ), p ∈ satseq(σ, φ, i) iff p ∈ σ(i),

2. φ ∈ satseq(σ, φ, 0),

3. for every ψ ∧ ψ′ ∈ cl(φ), ψ ∧ ψ′ ∈ satseq(σ, φ, i) iff ψ ∈
satseq(σ, φ, i) and ψ′ ∈ satseq(σ, φ, i),

4. for every ¬ψ ∈ cl(φ), ¬ψ ∈ satseq(σ, φ, i) iff ψ 4∈ satseq(σ, φ, i),

5. for every Xψ ∈ cl(φ), Xψ ∈ satseq(σ, φ, i) iff ψ ∈ satseq(σ, φ, i+
1),

6. for every ψUψ′ ∈ cl(φ), ψUψ′ ∈ satseq(σ, φ, i) iff either
ψ′ ∈ satseq(σ, φ, i) or (ψ ∈ satseq(σ, φ, i) and X(ψUψ′) ∈
satseq(σ, φ, i))

7. for every ψUψ′ ∈ cl(φ), if ψUψ′ ∈ satseq(σ, φ, i), then there
is j ≥ i such that ψ′ ∈ satseq(σ, φ, j).
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Properties 1.-4. and 6. involve a single set satseq(σ, φ, i)
whereas property 5. involves two sets satseq(σ, φ, i) and satseq(σ, φ, i+
1). These are local properties. By contrast, property 7. is non
local since there is no bound on the natural number j.

Hintikka2 sequences are at first glance slight abstractions of
sequences of the form satseq(σ, φ). In order to characterize
Models(φ), we consider the set {satseq(σ, φ) : σ, 0 |= φ} and
then project.

Definition 2.3.3. An Hintikka sequence for σ and φ is an infi-
nite word α0α1 . . . ∈ P(clo(φ))ω satisfying the conditions below
(i ∈ N):

(HIN1) for every p ∈ cl(φ), p ∈ αi iff p ∈ σ(i),

(HIN2) φ ∈ α0,

(HIN3) for every ψ ∧ ψ′ ∈ cl(φ), ψ ∧ ψ′ ∈ αi iff ψ ∈ αi and
ψ′ ∈ αi,

(HIN4) for every ¬ψ ∈ cl(φ), ¬ψ ∈ αi iff ψ 4∈ αi,

(HIN5) for every Xψ ∈ cl(φ), Xψ ∈ αi iff ψ ∈ αi+1,

(HIN6) for every ψUψ′ ∈ cl(φ), ψUψ′ ∈ αi iff either ψ′ ∈ αi or
(ψ ∈ αi and X(ψUψ′) ∈ αi),

(HIN7) for every ψUψ′ ∈ cl(φ), if ψUψ′ ∈ αi, then there is
j ≥ i such that ψ′ ∈ αj.

∇

Exercise 2.3.4. Show that any α0α1 . . . ∈ P(clo(φ))ω satisfy-
ing (HIN2)–(HIN7) defines an unique LTL model σ such that
α0α1 . . . is an Hintikka sequence for σ and φ.

A sequence α0α1 . . . ∈ P(clo(φ))ω is an Hintikka sequence for
2Jaakko Hintikka is a logician regarded as the founder of formal epistemic logic and an

early pioner in the semantics of modal logic.
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φ
def

⇔ it satisfies (HIN2)-(HIN7).

Proposition 2.3.7 below states the adequacy between the se-
quences of the form satseq(σ, φ) defined semantically and Hin-
tikka sequences that are defined syntactically. This is an aux-
iliary result that is central to understand the forthcoming au-
tomaton construction.

Proposition 2.3.7. For all formula φ, σ ∈ Models(φ) and α0α1 . . . ∈
P(clo(φ))ω, α0α1 . . . is an Hintikka sequence for φ and σ iff
α0α1 . . . = satseq(σ, φ) and φ ∈ α0.

Consequently, Models(φ) is non-empty iff φ has at least one
Hintikka sequence. More precisely, the set of Hintikka sequences
for φ induces the set of models for φ (forget the formulae that
are not propositional variables): there is an bijection between
the set of models for φ and the set of Hintikka sequences for
φ. This means in particular that φ is satisfiable iff there is an
Hintikka sequence for φ.

Proof. It is easy to show that α0α1 . . . = satseq(σ, φ) and
φ ∈ α0 imply that α0α1 . . . is an Hintikka sequence for φ.

Now, assume that α0α1 . . . ∈ P(cl(φ))ω is an Hintikka se-
quence for σ and φ. By (HIN2), φ ∈ α0. We prove by structural
induction on formulae that for all ψ ∈ clo(φ) and i ∈ N, ψ ∈ αi

iff σ, i |= ψ. The base case ψ = p and the cases with Boolean
operators in the induction step are by an easy verification.

Case 1: ψ = Xϕ.
Xϕ ∈ αi iff ϕ ∈ αi+1 (Definition 2.3.3(HIN5)) iff σ, i+1 |= ϕ
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(IH) iff σ, i |= Xϕ (by definition of |=).

Case 2: ψ = ϕ1Uϕ2.

Case 2.1: ϕ1Uϕ2 ∈ αi.
By Definition 2.3.3(HIN6-HIN7), there is j ≥ i such
that ϕ2 ∈ αj and for every i ≤ i′ < j, ϕ1 ∈ αi′. If i = j,
then the proof of the second statement is obvious.

Indeed, let j be the minimal j ≥ i such that ϕ2 ∈ αj.
We can show that for every i ≤ i′ < j, ϕ1, X(ϕ1Uϕ2) ∈
αi′.

Base case: i′ = i.
Since ϕ2 4∈ αi and ϕ1Uϕ2 ∈ αi, by (HIN6), ϕ1, X(ϕ1Uϕ2) ∈
αi.

Induction: (IH)′ Suppose ϕ1, X(ϕ1Uϕ2) ∈ αi ∩ . . . ∩
αi′−1. Consequently, ϕ1Uϕ2 ∈ αi′. By minimal-
ity of j, ϕ2 4∈ αi′ and by (HIN6), we also get that
ϕ1, X(ϕ1Uϕ2) ∈ αi′.

By (IH), there is j ≥ i such that σ, j |= ϕ2 and for
every i ≤ i′ < j, we have σ, i′ |= ϕ1. By definition of
|=, we get σ, i |= ϕ1Uϕ2.

Case 2.2: σ, i |= ϕ1Uϕ2.
By definition of |=, there is j ≥ i such that σ, j |= ϕ2

and for every i ≤ i′ < j, σ, i′ |= ϕ1. We show that for
every i ≤ i′ ≤ j, ϕ1Uϕ2 ∈ αi′ (by induction on i′).

Base Case: i′ = j.
By (IH), ϕ2 ∈ αj and by Definition 2.3.3(HIN6),
ϕ1Uϕ2 ∈ αj.
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Induction: (IH)′ Suppose that ϕ1Uϕ2 ∈ αi′+1∩. . .∩αj.
By (IH), ϕ1 ∈ αi′ and by (IH)′, ϕ1Uϕ2 ∈ αi′+1.
By satisfaction of (HIN5), X(ϕ1Uϕ2) ∈ αi′ and by
Definition 2.3.3(HIN6), ϕ1Uϕ2 ∈ αi′.

Let φ be an LTL formula and AH
φ be a generalized Büchi

automaton (quite redundant at the moment) defined as follows:

〈P(PROP)× S, S, S0, ρ, {F1, . . . , Fk}〉

with

• S is the set of subsets of cl(φ) that are maximally consistent
at the propositional level and such that for every α ∈ Q,
for every ϕ1Uϕ2 ∈ cl(φ), ϕ1Uϕ2 ∈ α iff either ϕ2 ∈ α or
(ϕ1 ∈ α and X(ϕ1Uϕ2) ∈ α. Definition of S takes care of
the conditions (HIN3), (HIN4) and (HIN6).

• S0
def

= {α ∈ S : φ ∈ α}. See condition (HIN2).

• ρ(α, 〈a, β〉)
def

= {α′ ∈ S : α = β, a = PROP ∩ α, α ! α′}
where the one-step relation ! is defined by: α ! α′ iff
for all Xψ ∈ cl(φ), Xψ ∈ α iff ψ ∈ α′. There is some
redundancy here that will be withdrawn a bit later.

• The set of final states will take care of the condition (HIN7).
If the temporal operator U does not occur in φ, then {F1}

def

=
{S} and k = 1. Otherwise, suppose that {ψ1Uψ′1, . . . , ψkUψ′k}
is the set of formulae in cl(φ) with outermost connective U.
Then, for every i ∈ {1, . . . , k}, Fi

def

= {α ∈ S : either ψiUψ′i 4∈
α or ψ′i ∈ α}.

Observe that the cardinal of S is exponential in the size of φ.

Proposition 2.3.8. 〈a0, α0〉〈a1, α1〉 . . . ∈ L(AH
φ ) iff α0α1 . . . is

an Hintikka sequence for a0a1 . . . and φ.
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Proof. (→) Suppose that 〈a0, α0〉〈a1, α1〉 . . . ∈ L(AH
φ ). So

α0
〈a0,α0〉
−−−→ α1

〈a1,α1〉
−−−→ α2 . . . is an accepting run of AH

φ (each ai

is included in PROP). We shall establish that α0α1 . . . is an
Hintikka sequence for a0a1 . . . and φ.

Condition (HIN2) in Definition 2.3.3 holds true by definition of
S0 and (HIN1) holds true by definition of ρ.

It is easy to show that conditions HIN3), (HIN4), (HIN5) and
(HIN6) are satisfied by α0α1 . . .. We use the very definition of
the set S and the symbolic successor relation !.

Finally, let us concentrate our efforts to check that α0α1 . . . sat-
isfies (HIN7). Let ψUψ′ be in αi. The proof is ad absurdum.
Suppose that for every j ≥ i, ψ′ 4∈ αj. Since α0α1 . . . satisfies
(HIN6), either ψ′ ∈ αi or (ψ ∈ αi and X(ψUψ′) ∈ αi). By
satisfaction of (HIN5), X(ψUψ′) ∈ αi iff ψUψ′ ∈ αi+1.

As ψ′ 4∈ αi, we get that ψ ∈ αi and ψUψ′ ∈ αi+1. By a
simple induction, we can show that for every j ≥ i, ψ ∈ αj

and ψUψ′ ∈ αj. Consequently, for every j ≥ i, αj 4∈ {α ∈
S : either ψUψ′ 4∈ α or ψ′ ∈ α}, whence AH

φ cannot accept
the word 〈a0, α0〉〈a1, α1〉 . . .. Indeed, on the run no control state
from {α ∈ S : either ψUψ′ 4∈ α or ψ′ ∈ α} is repeated infinitely
often, which leads to a contradiction.
(←) Arguments similar to the (→) direction are used.

Exercise 2.3.5. Complete the case (←) in the proof of Propo-
sition 2.3.8.

From AH
φ , we can easily compute a generalized automaton
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Aφ by simplifying the alphabet:

Aφ = 〈P(PROP), S, S0, ρ
′, {F1, . . . , Fk}〉

where ρ′(α, a)
def

= {α′ ∈ S : a = PROP ∩ α, α ! α′}.

Proposition 2.3.9. L(Aφ) = Models(φ).

Proof. (⊆) Let α0
a0−→ α1

a1−→ . . . be an accepting run of Aφ. By
Proposition 2.3.8, α0α1 . . . is an Hintikka sequence for a0a1 . . .

and φ. By Proposition 2.3.7, α0α1 . . . = satseq(a0a1 . . . , φ).
Consequently, a0a1 . . . |= φ.

(⊇) Let σ = a0a1 . . . be a model for φ, i.e. σ |= φ. Let α0α1 . . .

be equal to satseq(a0a1 . . . , φ). By Proposition 2.3.7, α0α1 . . . is
an Hintikka sequence for σ and φ. By Proposition 2.3.8, α0

a0−→
α1

a1−→ . . . is an accepting run of Aφ.

It is time to collect the different results to establish the pspace

upper bound.

Proposition 2.3.10. SAT(LTL) ∈ pspace.

Proof. We have established that φ is LTL satisfiable iff L(Aφ) 4=
∅ where Aφ is a generalized Büchi automaton. More precisely,
L(Aφ) = Models(φ). From a generalized Büchi automaton it is
possible to build a standard Büchi automaton that accepts the
same language in logspace, see Lemma 2.3.1. Since Aφ can
be built in polynomial space in |φ|, it is possible to compute a
Büchi automaton A′

φ in polynomial space such that φ is LTL
satisfiable iff L(A′

φ) 4= ∅.

Additionally, the emptiness problem for Büchi automata is nlogspace-
complete and composing a polynomial space reduction with a
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nondeterministic logarithmic space test can be done in nonde-
terministic polynomial space. By Savitch’s theorem, npspace=
pspace and therefore checking whether φ is LTL satisfiable can
be done in polynomial space in |φ|.

An alternative proof that uses less structural properties about
complexity classes is to test on the fly the emptiness of L(Aφ)
which can be done by using a polynomial amount of space with
a non-deterministic algorithm.

It is easy to establish that M, s0 |=∃ φ iff L(AM,s0
)∩L(Aφ) 4=

∅. Given the automaton Aφ = 〈P(PROP), S, S0, ρ, F 〉, the
Büchi automaton

M || Aφ = 〈{0}, W × S, {s0} × S0, ρ
′, W × F 〉

with ρ′(〈u, s〉, 0) = {〈v, s′〉 : 〈u, v〉 ∈ R, s′ ∈ ρ(s, L(u))} satisfies
L(M || Aφ) 4= ∅ iff L(AM,s0

) ∩ L(Aφ) 4= ∅.

The size of M || Aφ is in 2O(|φ|) × |M| and by building it on
the fly, M, s0 |=∃ φ can be checked in space in O(|φ| + log|M|)
with a nondeterministic algorithm.

Proposition 2.3.11. MC∃(LTL) ∈ pspace.

Corollary 2.3.12. MC∀(LTL) ∈ pspace.

Proof. M, s0 |=∀ φ iff not M, s0 |=∃ ¬φ. Since MC∃(LTL) ∈
pspace and pspace= co-pspace, we get that M, s0 |=∀ φ can
be checked in polynomial space in |φ| + |M|.

Exercise 2.3.6. We write LTL + ⊕ to denote the extension of
LTL by adding a single operator ⊕ of arity n ≥ 1 with semantics
defined as follows. The size of a formula in LTL + ⊕ is defined
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as the size of its formula tree. Let t be the mapping from the
set of LTL + ⊕ formulae into the set of LTL formulae such that
t is homomorphic for ¬, ∧, X and U, and

• t(⊕(φ1, . . . , φn))
def

= φ⊕[p1 ← t(φ1), . . . , pn ← t(φn)] where
φ⊕[p1 ← φ1, . . . , pn ← φn] is the formula obtained from the
LTL formula φ⊕ built over p1, . . . , pn, by simultaneously
replacing every occurrence of pi by φi,

• t(p)
def

= p for the propositional variable p.

By definition, σ, i |= φ in LTL + ⊕
def

⇔ σ, i |= t(φ) in LTL.
By way of example, the “weak until” operator is usually defined
by φWψ

def

= (Gφ) ∨ φUψ and the formula φW takes the value
(Gp1) ∨ p1Up2.

1. From the above definition, what can you say about the
complexity of model-checking and satisfiability problems
for LTL + ⊕?

2. Define a family of formulae (φi)i∈N in LTL + W such that
for every i ≥ 1, |φi| is in order i and |t(φi)| is in order 2i.

3. Provide a syntactic condition on φ⊕ that guarantees that
t(φ) can be computed in polynomial-time in |φ|.

4. For every formula φ in LTL + ⊕, we write cl⊕(φ) to denote
the smallest set of formulae satisfying the clauses for defin-
ing cl(·) in LTL plus the following one: ⊕(φ1, . . . , φn) ∈
cl⊕(φ) implies φ⊕[p1 ← φ1, . . . , pn ← φn] ∈ cl⊕(φ). Evalu-
ate the cardinality of cl⊕(φ) with respect to the sizes of φ

and φ⊕.

5. Build systematically a nondeterministic Büchi automaton
that accepts exactly the models for φ in LTL + ⊕. No
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formal proof is required but motivations for modifying the
construction for LTL formulae are most welcomed.

6. Characterize the complexity of model-checking and satisfi-
ability problems for LTL + ⊕.

2.4 CTL*: model-checking algorithm based
on LTL

The CTL* is a temporal logic for which both LTL and CTL
(see Chapter 3) can be viewed as syntactic fragments. x CTL*
formulae are built from the following abstract grammar:

φ ::= p | ¬φ | φ1 ∧ φ2 | Eφ | Aφ | Xφ | φ1Uφ2.

CTL* has the ability to quantify over paths. CTL* models
are total Kripke models. Let σ = s0s1 . . . be an infinite path in
M, i ≥ 0 and φ be a formula. σ, i |= φ is defined inductively as
follows:

• σ, i |= p
def

⇔ p ∈ L(si),

• σ, i |= ¬φ
def

⇔ σ, i 4|= φ,

• σ, i |= φ1 ∧ φ2
def

⇔ σ, i |= φ1 and σ, i |= φ2,

• σ, i |= Xφ
def

⇔ σ, i + 1 |= φ,

• σ, i |= φ1Uφ2
def

⇔ there is k ≥ 0 such that σ, i+k |= φ2 and
for every 0 ≤ j < k, σ, i + j |= φ1,

• σ, i |= Eφ
def

⇔ there is an infinite path σ′ = s′0s
′
1 . . . such

that s′0 = si and σ′, 0 |= φ,
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• σ, i |= Aφ
def

⇔ for every infinite path σ′ = s′0s
′
1 . . . such that

s′0 = si, we have σ′, 0 |= φ.

The model-checking problem for CTL*, denoted by MC(CTL*),
is defined as follows:

input: a CTL* formula, a finite and total Kripke model M =
〈W, R, L〉 and s ∈ W ;

output: 1 if there is an infinite path σ starting from s such that
σ, 0 |= φ, 0 otherwise.

Exercise 2.4.1. Explain why MC(CTL) (see Chapter 3) and
MC∃(LTL) are subproblems of MC(CTL*).

Proposition 2.4.1. [EH86] MC(CTL*) is pspace-complete.

Proof. Since MC∃(LTL) is a subproblem of MC(CTL*), the
pspace-hardness is immediate. In order to show that MC(CTL*)
is in pspace, we use known techniques for LTL plus renaming.

We write MC-LTL∃(M, s, φ) to denote the function that returns
true iff M, s |=∃ φ. Similarly, we write MC-LTL∀(M, s, φ) to
denote the function that returns true iff M, s |=∀ φ. We have
seen that these functions can be computed in space O(|φ| +
log(|M|)). In order to establish the pspace upper bound, here is
an algorithm based on formula renaming using only polynomial
space:

MC-CTL*(M = 〈W, R, L〉, s ∈ W,φ)

• If E, A do not occur in φ, then return MC-LTL∃(M, s, φ).
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• Otherwise φ is of the form φ[Qψ]ρ where E, A do not
occur in ψ and Q ∈ {E, A}. This means that ψ ∈
LTL(X, U).

Let pQψ be a new propositional variable. We define L′

an extension of L for every s′ ∈ W ,

– if not MC-LTLQ(M, s′, ψ) then L′(s′) := L(s′)
– otherwise L′(s′) := L(s′) ∪ {pQψ}.

Return MC-CTL*(〈W, R, L′〉, s, φ[pQ ψ]ρ).

Since in MC-CTL*(M, s, φ), the recursion depth is at most |φ|,
we can show that MC-CTL* uses only polynomial space since
MC-LTL∃ and MC-LTL∀ requires only polynomial space. The
soundness of the algorithm is not very difficult to show.

The satisfiability problem for CTL* is much more complex:
2exptime-complete.
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Chapter 3

Model-checking CTL formulae

3.1 Definition

Computation Tree Logic CTL is a very popular fragment of
CTL* that has been introduced in [EH85]. Most of its popularity
is due to the fact that model-checking is tractable: bilinear in
the size model and in the size of the formula. CTL formulae are
defined as follows:

φ ::= p | ¬φ | φ1 ∧ φ2 | EXφ | EGφ | E(φ1Uφ2).

Unlike CTL* formulae, in CTL formulae the occurences of LTL-
like operators are restricted: X and U can only occur in the
direct scope of either A (see below the abbreviations) or E.

CTL models are exactly CTL* models and the satisfaction re-
lation is defined as follows (no current path is needed compared
to CTL*):

• M, s |= p
def

⇔ p ∈ L(s),

• M, s |= ¬φ
def

⇔ M, s 4|= φ,

• M, s |= φ1 ∧ φ2
def

⇔ M, s |= φ1 and M, s |= φ2,

• M, s |= EXφ
def

⇔ there is s′ ∈ R(s) such that M, s′ |= φ,
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• M, s |= EGφ1
def

⇔ there is an infinite path s0s1, . . . such
that s0 = s and for every k ≥ 0, M, sk |= φ1,

• M, s |= E(φ1Uφ2)
def

⇔ there is an infinite path s0s1, . . . such
that s0 = s and there is k ≥ 0 verifying M, sk |= φ2 and
for every 0 ≤ i < k, we have M, si |= φ1.

Here are standard abbreviations:

1. AXφ
def

= ¬EX¬φ,

2. EFφ
def

= E(2Uφ),

3. AGφ
def

= ¬EF¬φ,

4. AFφ
def

= ¬EG¬φ,

5. A(φ1Uφ2)
def

= ¬(E(¬φ2U(¬φ1 ∧ ¬φ2)) ∨ EG¬φ2)).

As the above abbreviations suggest, other choices are possi-
ble to define primitive operators in CTL. However, the current
choice is motivated by the simplification of forthcoming techni-
cal developments.

Exercise 3.1.1. Show that M, s |= A(φ1Uφ2) iff for every in-
finite path s0s1, . . . such that s0 = s, there is k ≥ 0 such that
M, sk |= φ2 and for every 0 ≤ i < k, M, si |= φ1.

The CTL satisfiability problem is defined as a subproblem of
CTL* satisfiability. Similarly, the CTL model-checking problem
is defined as follows:

input: a CTL formula φ, a finite and total Kripke structure M
and s0 ∈ W ,

output: 1 if M, s0 |= φ, 0 otherwise.

Proposition 3.1.1. SAT(CTL) is exptime-complete and MC(CTL)
is p-complete.
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3.2 Expressivity

Here are some properties expressible in at least one logic among
CTL, LTL, CTL*.

(safety) AGp (in CTL),

(liveness) AGp ⇒ AFq (in CTL),

(fairness) A(GFp ⇒ GFq) (in CTL* \ CTL),

AG(EFp) (in CTL \ LTL).

A(FGp) in (in LTL \ CTL).

LTL and CTL are uncomparable fragments of CTL*.

3.3 Model checking algorithm

Popularity of CTL is mainly due to Proposition 3.3.1 below.

Proposition 3.3.1. Let M = 〈W, R, L〉 be a CTL model and
φ be a CTL formula. Computing the set {s ∈ W : M, s |= φ}
can be done in time O((card(R) + card(W ))× |φ|).

In Proposition 3.3.1 above, we assume that the codomain
of L is a subset of P(PROP(φ)) where PROP(φ) is the set of
propositional variables occurring in φ.

Consequently, MC(CTL) can be solved in polynomial-time
which is a strong argument to use CTL as a formal language for
specification. This should be compared with the complexity of
MC(LTL) and MC(CTL*).

Proof. Let M = 〈W, R, L〉 be a CTL model and φ be a CTL
formula. The directed graph 〈W, R〉 is encoded by lists of neigh-
bours (total size in O(card(R)+card(W ))) whereas the labeling
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function L is encoded by a vector of length card(W ): the ith
element contains the indices of the propositional variables that
hold true at the ith state of W (arbitrary orderings of variables
and states). The size of L is in O(card(W )× |φ|).

Let φ1, . . . , φk be the subformulae of φ ordered by increasing
size. In case of conflict, we make an arbitrary choice for the
formulae of identical sizes. Consequently,

• φk = φ,

• φ1 is a propositional variable,

• if φi is a strict subformula of φj, then i < j,

• k ≤ |φ|.

For every s ∈ W , we build a set of formulae l(s) such that

1. for every i ∈ {1, . . . , k}, either φi ∈ l(s), or ¬φi ∈ l(s), but
not both at the same time,

2. for every ψ ∈ {φ1, . . . , φk,¬φ1, . . . ,¬φk}, ψ ∈ l(s) iffM, s |=
ψ.

For all i ∈ {1, . . . , k} and s ∈ W , we insert either φi in l(s)
or ¬φi dans l(s), following the above ordering of subformulae.
Each set l(s) is initialized to the empty set. We make a case
analysis on the form of φi for every i ∈ {1, . . . , k}. Each step
requires time in O(card(W ) + card(R)).

Case 1: φi is a propositional variable.
For every s ∈ W , if φi ∈ L(s), then insert φi in l(s) other-
wise insert ¬φi in l(s).

Case 2: φi = ¬φi1 for some i1 < i.
For every s ∈ W , insert ¬φi in l(s) if φi1 ∈ l(s) otherwise
skip (φi is already in l(s)).
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Case 3: φi = φi1 ∧ φi2 for some i1, i2 < i.
For every s ∈ W , insert φi in l(s) if {φi1, φi2} ⊆ l(s) other-
wise insert ¬φi in l(s).

Case 4: φi = EXφi1 for some i1 < i.
For every s ∈ W , if there is s′ ∈ R(s) such that φi1 is in
l(s′), then insert φi in l(s), otherwise insert ¬φi in l(s).

Case 5: φi = E(φi1Uφi2) for some i1, i2 < i.
One can show that M, s |= φi iff there is a R-path s0 −→
s1 −→ . . . −→ sn in M such that

• s0 = s,

• φi2 ∈ l(sn) (use of induction hypothesis for the correct-
ness),

• for every i ∈ {0, . . . , n− 1}, l(si) ∩ {φi1, φi2} 4= ∅.

For every j ∈ {1, 2} we define

Wj
def

= {w ∈ W : φij ∈ l(s)}.

Let M′ def

= 〈W ′, R′, L′〉 be the Kripke model such that

1. W ′ def

= W1 ∪W2.

2. R′ def

= R−1 ∩ (W ′ ×W ′),

3. L′ is the restriction of L to W ′.

For every s ∈ W , if there is s′ ∈ W2 such that s ∈ (R′)∗(s′)
then insert φi in l(s) otherwise insert ¬φi in l(s). In order to
show that this step requires time in O(card(W )+card(R)),
we use the following result from graph theory:

Lemma 3.3.2. Let G = 〈W, R〉 be a directed graph en-
coded by lists of neighbours and X ⊆ W . Computing the
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set
⋃
{R+(r) : r ∈ X} can be done in time O(card(W ) +

card(R)) where R+ is the transitive closure of R (smallest
transitive relation containing R).

Observe that M′ can be also computed in linear-time in
|M|.

Case 6: φi = EGφi1 for some i1 < i.
As in the previous case, we define

W ′ def

= {s ∈ W : φi1 ∈ l(s)}.

Let M′ = 〈W ′, R′, L′〉 be the restriction of M to W ′. We
show that for every s ∈ W , M, s |= φi ssi

(I) s ∈ W ′ and

(II) there is a finite path in M′ from s to a state s′ that
belong to a non-trivial strongly connected component
(SCC) for 〈W ′, R′〉.

A non-trivial SCC C for 〈W ′, R′〉 is a subset of W ′ such
that

1. for all s′ 4= s′′ ∈ C, there is an R′-path from s′ to s′′

and an R′-path from s′′ to s′ (C strongly connected),

2. either card(C) > 1 or (C = {s′} and 〈s′, s′〉 ∈ R′) (C
non-trivial).

Suppose that M, s |= EGφi1. Obviously, s ∈ W ′. Hence,
there is an infinite path s0, s1, . . . such that s0 = s and for
every j ≥ 0, M, sj |= φi1. Since the path is infinite, there
is n ≥ 0 such that for every j ≥ n, sj occurs infinitely often
in sn, sn+1, . . .. The states in s0, . . . , sn−1 (if n = 0, this is
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the empty sequence), belong to W ′.

Let C be the set of states occurring in sn, sn+1, . . .. We can
show that C is a non-trivial SCC. If C is a singleton, then
the proof is immediate. Otherwise, for all s and s′ in C,
there is an R′-path between s and s′ and there is an R′-path
between s′ and s. Indeed, s and s′ occur infinitely often in
sn, sn+1, . . ..

Now, let us suppose that (I) and (II) hold true. Let p1 be
a finite R′-path between s and s′. Let p2 be a finite R′-
path between s′ and the length of s′ is at least one (which
is possible to find since C is a non-trivial SCC). All the
states in the path p1p

ω
2 (i.e. p1p2p2p2 . . .) satisfy φi1 (use of

the induction hypothesis for the correctness). Since p1p
ω
2 is

also an R-path starting from s, we get M, s |= φi.

Now we can conclude the proof. Let C1, . . . , Cn be a par-
tition of W ′ such that each Ci is a maximal SCC. Maxi-
mality is defined with respect to set inclusion. In order to
show that each step can be computed in time O(card(W )+
card(R)), we need to use the following result from graph
theory.

Lemma 3.3.3. Let G = 〈W, R〉 be a directed graph rep-
resented by lists of neighbours. Computing the partition
of maximal SCC can be computed in time O(card(W ) +
card(R)).

We advise to see [AHU74, AHU83] to find the proofs of

60



Lemmas 3.3.2 & 3.3.3.

We write W ′′ to denote the set of states belonging to some
non-trivial maximal SCC of 〈W ′, R′〉. For every s ∈ W ,
if s ∈ W ′ and there is s′ ∈ W ′′ such that s′ ∈ R

′∗(s)
then insert φi in l(s) otherwise insert ¬φi in l(s). As in the
previous case, this step can computed in time O(card(W )+
card(R)).

Corollary 3.3.4. MC(CTL) is in p.

p-hardness of MC(CTL) can be easily shown be reducing sat-
isfiability for synchronized alternating monotonous Boolean cir-
cuits that is a p-complete problem, see e.g. [Sch01].

Exercise 3.3.1. With the current CTL definition, the opera-
tors EX, EG and EU are primitive whereas binary AU can be
defined by:

A(φ1Uφ2)
def

= ¬(E(¬φ2U(¬φ1 ∧ ¬φ2)) ∨ EG¬φ2)).

Show that MC(CTL + AU) is in p by adding one case in the
proof of Proposition 3.3.1 (a naive translation would exponen-
tially blow up the size of formulae).
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Chapter 4

Extended LTL with finite-state
automaton operators

4.1 Definition and expressive power

We have seen how to build a Büchi automaton Aφ such that
L(Aφ) is equal to the set of models for φ (in LTL). However,
it is natural to wonder whether any Büchi automaton on the
alphabet P(PROP(φ)) corresponds to an LTL formula. For in-
stance, is there an LTL formula, counterpart of the automaton
presented in Figure 4.1?

q0

q1

{p}{p}, {}

Figure 4.1: Büchi automaton over the alphabet {{p}, {}}.
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By Kamp’s theorem [Kam68] LTL with past-time operators
has the same expressive power as first-order theory of 〈N, <〉.
Moreover, thanks to the separation theorem, LTL and first-order
logic over 〈N, <〉 are initially equivalent. However, there exists
quite simple properties that cannot be expressed with LTL.

Proposition 4.1.1. [Wol83] There is no LTL formula φ built
over the unique propositional variable p such that Models(φ) is
exactly the set of LTL models such that p holds true on every
even position (on odd positions, p may hold true or not).

If we relax the condition on the number of variables (which
corresponds to extend the alphabet) the following formula is
then useful:

q ∧ X¬q ∧G(q ⇔ XXq) ∧G(q ⇒ p).

That is why, in [Wol83], an extension of LTL has been in-
troduced by adding temporal operators defined from finite-state
automata. Alternatively, right-linear grammars can also be used
to define regular languages.

Let A = 〈Σ, S, S0, ρ, F 〉 be a finite-state automaton with let-
ters from Σ linearly ordered, providing a1 < . . . < ak. The
extension ETLf of LTL (“f’ stands for “finite words”) consists
in considering formulae of the form A(φ1, . . . , φk) in a recursive
fashion (and to get rid of the temporal operators X, U and F).
The relation σ, i |= A(φ1, . . . , φk) holds true when a finite pat-
tern induced from L(A) exists from position i. There is a cor-
respondence between the letters a1, . . . , ak and the arguments
φ1, . . . , φk. More precisely,

• σ, i |= A(φ1, . . . , φk)
def

⇔
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– either S0 ∩ F 4= ∅ (ε ∈ L(A)),

– or there is a finite word ai1ai2 . . . ain ∈ L(A) such that
for every 1 ≤ j ≤ n, σ, i + (j − 1) |= φij .

If S0 ∩ F 4= ∅, then A(φ1, . . . , φk) is equivalent to 2.
We show below a model for A(p, q) with L(A) = {abia : i ≥

0} and a < b:

p q q q q p

a b b b b a ∈ L(A)

A(p, q)

Exercise 4.1.1. We write ETLr to denote the ETLf variant
that consists in considering infinite words (“r” stands for “re-
peating”). Typically, σ, i |= A(φ1, . . . , φk)

def

⇔ there is an infi-
nite word ai1ai2 . . . accepted by A such that for every j ≥ 1,
σ, i + (j − 1) |= φij . Show that there is a logarithmic space
reduction from SAT(ETLf) to SAT(ETLr).

Proposition 4.1.2. [VW94]

(I) MC(ETLf), MC(ETLr), SAT(ETLf ) and SAT(ETLr) are
pspace-complete.

(II) ETLf and ETLr have the same expressive power as Büchi
automata.

In particular, for any Büchi automaton A over the alphabet
Σ = {a1, . . . , ak}, for any map l : Σ → X where X is a set
of finite subsets of PROP, there is a formula φ in ETLf built
over the propositional variables in

⋃
i l(ai) such that L(A) =

Models(φ).
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Expressive power Hence, the class of languages defined by ETLf

formulae is equal to the class of languages defined by

• Büchi automata (Proposition 4.1.2),

• formulae from monadic second-order theory for 〈ω, <〉, also
known as S1S,

• ω-regular expressions (or by finite union of sets U ·V ω with
regular U, V ⊆ Σ∗),

• formulae from LTL with second-order quantification. Given
LTL models σ, σ′ : N → P(PROP) and p ∈ PROP, we
write σ ≈p σ′ to denote that for every i ∈ N, σ(i) \ {p} =
σ′(i) \ {p}. If σ ≈p σ′, then σ and σ′ are equal modulo the
interpretation of the propositional variable p. LTL∀ (LTL
with second-order quantification) is defined as an extension
of LTL by allowing formulae of the form ∀ p φ with the
following extended semantics: σ, i |= ∀ p φ

def

⇔ for every σ′

such that σ ≈p σ′, σ′, i |= φ. ∃ p φ is often used instead of
¬∀ p ¬φ.

• formulae from LTL with fixed-point operators [Var88].

Conciseness So, ETLf is a powerful extension of LTL but this
equivalence does not mean that all the above formalisms have
the same conciseness. Actually,

• the emptiness problem for Büchi automata is nlogspace-
complete,

• MC∃(ETLf ) and SAT(ETLf) are pspace-complete,

• satisfiability for LTL with fixed-point operators is pspace-
complete [Var88],
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• satisfiability for S1S is non-elementary (time complexity is
not bounded by any tower of exponential of fixed height).

So, S1S is the most concise language for describing ω-regular
languages.

Exercise 4.1.2. Define a formula φ in ETLf built over the
unique propositional variable p such that Models(φ) is the set
of LTL models such that p holds true on every even position.

Exercise 4.1.3. Define the operators U and X in ETLf .

4.2 Context-free extension

It is possible to extend the definition of ETLf by replacing
formulae of the form A(φ1, . . . , φn) by formulae of the form
L(φ1, . . . , φn) where L is a language of finite words specified
within a fixed formalism (L viewed as a set of patterns).

For a class C of languages, we write LTL + C to denote the
extension of LTL to formulae of the form L(φ1, . . . , φn) for some
L ∈ C (this time X and U belong to LTL + C).

Obviously, ETLf is precisely LTL + REG where REG is the
class of regular languages represented by finite-state automata.

ETLf is decidable and it is natural to wonder whether LTL +
CF where CF is the class of context-free languages (represented
by context-free grammars) is decidable.
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4.2.1 Undecidability of LTL + CF

Since numerous problems for context-free languages are unde-
cidable, it is not very surprising to get the following result.

Proposition 4.2.1. SAT(LTL + CF) is undecidable.

Proof. It is possible to encode the undecidable equality prob-
lem between context-free grammars into SAT(LTL + CF).

Let G1 and G2 be two CF grammars over the terminal alpha-
bet Σ = {a1, . . . , an}.

We write G+
1 and G+

2 the CF grammars over the terminal
alphabet Σ+ = {a1, . . . , an, an+1} such that

L(G+
1 ) = L(G1) · {an+1} et L(G+

2 ) = L(G2) · {an+1}.

The letter an+1 is simply an end marker. We have L(G1) =
L(G2) iff L(G+

1 ) = L(G+
2 ). G+

1 and G+
2 can be effectively com-

puted from G1 and G2, respectively.

We shall construct a formula φG1,G2
from LTL + CF such

that φG1,G2
is satisfiable in LTL + CF iff L(G1) 4= L(G2).

The formula φG1,G2
is built from the propositional variables

p1, . . . , pn+1 and we consider the structures for which exactly
one variable from p1, . . . , pn+1 holds true at each state and, pn+1

holds true at a unique state of the model. Hence, we charac-
terize structures that can be naturally viewed as finite words
(possibly in L(G+

1 ) ∪ L(G+
2 )).
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Let UNI be a formula expressing these properties:

UNI
def

= G(
∨

1≤i≤n+1

pi) ∧G(
∧

1≤i≤n+1

(pi ⇒
∧

1≤j 4=i≤n+1

¬pj)∧

((pn+1 ∧ XG¬pn+1) ∨ ¬pn+1U(pn+1 ∧ XG¬pn+1))

We can show the equivalence between the following propositions:

• L(G+
1 ) 4= L(G+

2 ),

• UNI ∧ ¬(L(G+
1 )(p1, . . . , pn+1) ⇔ L(G+

2 )(p1, . . . , pn+1)) is
satisfiable.

Indeed, if L(G+
1 ) 4= L(G+

2 ), say ai1ai2 · · · ailan+1 ∈ L(G+
1 ) and

ai1ai2 · · · ailan+1 4∈ L(G+
2 ).

Without any loss of generality, we can assume that l ≥ 1.
Let σ be the model

{pi1} · {pi2} · · · {pil} · {pn+1} · {p1}
ω.

We have

• σ |= UNI,

• σ |= L(G+
1 )(p1, . . . , pn+1) and,

• σ 4|= L(G+
2 )(p1, . . . , pn+1) since the only finite word end-

ing by {pn+1} in σ is {pi1} · {pi2} · · · {pil} · {pn+1} and
ai1ai2 · · · ailan+1 4∈ L(G+

2 ).

Now suppose that σ, 0 |= UNI ∧ ¬(L(G+
1 )(p1, . . . , pn+1) ⇔

L(G+
2 )(p1, . . . , pn+1)) for some model σ.
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By assuming that σ |= L(G+
1 )(p1, . . . , pn+1) and σ 4|= L(G+

2 )(p1, . . . , pn+1),
a simple reasoning allows to deduce that L(G+

1 ) 4= L(G+
2 ).

Proposition 4.2.1 is interesting, but after all, it rests on the
fact that LTL + CF can easily encode equivalences between
CF grammars. It does not say much about the interplay be-
tween temporal operators X and U and formulae of the form
L(φ1, . . . , φn).

For instance, is there a context-free language L such that
SAT(LTL + {L}) is undecidable?

Obviously, the proof of Proposition 4.2.1 cannot be adapted
to this restricted language.

4.2.2 Undecidability of LTL + L0

Actually, we shall answer positively to the previous question.
Let L0 be the language {ak

1 · a2 · a
k−1
1 · a3 : k ≥ 1}.

Exercise 4.2.1. Define a linear grammar (at most one non-
terminal symbol in right-hand sides of production rules) for L0.

We write L1 to denote the language {ak
1 · a2 · ak

1 · a3 : k ≥ 0}
(L0 = {a1} · L1).

Exercise 4.2.2. Show the validity in LTL + {L0, L1} of the
following formula:

L1(p, q, r) ⇔ (q ∧ Xr) ∨ L0(p, q, p ∧ Xr).

Conclude that SAT(LTL + {L0, L1}) is undecidable iff SAT(LTL
+ {L0}) is undecidable.

We can also show that F can be defined with L1: Fφ is equiv-
alent to L1(2, φ,2). So, we shall indeed show the undecidability
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of SAT(LTL(X) + L0) and MC∃(LTL(X) + L0).

Proposition 4.2.2. SAT(LTL + {L0}) is undecidable.

Proof. The domino problem DOMREC is defined as follows
and is known to be Σ1

1-complete (see e.g. [Har85]).

input: a domino game Dom with a distinguished color c.

output: 1, if Dom can pave N × N where the color c occurs
infinitely often.

We reduce DOMREC to SAT(LTL + {L0, L1}). Let Dom =
〈C, D, Col〉 be a domino game with C = {1, . . . , n}, D = {d1, . . . , dm},
and c = 1. So we have an instance of DOMREC. We recall that
the map Col is of the form

Col : D × {up, down, left, right} → {1, . . . , n}.

We use the following propositional variables:

• in is a propositional variable that holds true when the state
encodes a position in N2. Indeed, there are states in the
model that do not correspond to positions in N2. In order
to facilitate the presentation, we also introduce out that is
equivalent to the negation of in.

• For every 1 ≤ j ≤ m, we introduce the variable j with
intended meaning that “the position in N2 associated to
the current state is occupied by the domino type dj”.

• For every 1 ≤ i ≤ n, we use the variables upi, downi, lefti,
righti. For instance, up1 holds true whenever the domino
on the position associated to the current state has color 1
on its top.
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Every state encoding a position in N2 is occupied by a unique
domino:

G(in ⇒
m∨

j=1

( j ∧
m∧

j′=1,j′ 4=j

¬ j′ ))

Propositional variables for colours are compatible with the
definition of domino types:

G(in ⇒
m∧

j=1

j =⇒

∧
side∈{up,down,right,left}

sideCol(dj ,side) ∧
∧

1≤j′ 4=Col(dj ,side)≤n

¬sidej′)

We write PAVE to denote the conjunction of the above for-
mulae.

Now, we shall define the states of the model that correspond
to a position in N2.

We write SNAKE to denote the conjunction of the following
formulae:

• G(in ⇔ ¬out),

• in ∧ Xout ∧XXin ∧XXXin ∧XXXXout,

• G(out ⇒ XL1(in, out, in ∧ Xout)).
(L1 = {ak

1 · a2 · ak
1 · a3 : k ≥ 0}).

The only structure (built over in and out) satisfying SNAKE
is:

{in} · {out} · {in}2 · {out} · {in}3 · {out} · {in}4 . . .
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out,⇑ out,⇑ out,⇑

out,⇓

out,⇓

in,⇓ in,⇑ in,⇓ in,⇑ in,⇓

in,⇑ in,⇓ in,⇑ in,⇓

in,⇓ in,⇑ in,⇓

in,⇑ in,⇓

in,⇓

Figure 4.2: The path in N2

This sequence makes reference to the path presented in Fig-
ure 4.2.

The difficulty of the proof is not to design a path through
N2 but rather to define a path on which it is easy to access to
neighbours (right or top).

For every state in, we need to remember if it occurs in a
sequence of in that is ascendant or descendant. Indeed, this
criterion is relevant to access to (right or top) neighbours.

We introduce the variables ⇑ and ⇓. The former one ⇓ is only
introduced to facilitate the presentation. We write DIRECTION
to denote the conjunction of the following formulae:

• G(⇑⇔ ¬ ⇓),

• ⇓ ∧X ⇑,

• G(in ∧Xin∧ ⇑⇒ X ⇑) (“we stay on ascending chain”),
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• G(in ∧Xin∧ ⇓⇒ X ⇓) (“we stay on descending chain”),

• G(in∧Xout∧ ⇑⇒ (X ⇓ ∧XX ⇓)) (“we pass from ascending
to descending chain”),

• G(in ∧ Xout∧ ⇓⇒ (X ⇑ ∧XX ⇑)) (“we pass from descend-
ing to ascending chain”).

The only structure (built over in, out, ⇑ and ⇓) satisfying
SNAKE ∧DIRECTION is:

{in,⇓}{out,⇑}·{in,⇑}2 ·{out,⇓}·{in,⇓}3 ·{out,⇑}·{in,⇑}4 . . .

This structure encode the path through N2 described in Fig-
ure 4.2.

The path allows to access to adjacent states as follows:

• in a state {in,⇑}, we access to the right neighbour with the
help of L1,

• in a state {in,⇑}, we access to the up neighbour with the
help of L0,

• in a state {in,⇓}, we access to the right neighbour with the
help of L0,

• in a state {in,⇓}, we access to the up neighbour with the
help of L1.

We write CONSTRAINTS to denote the conjunction of fol-
lowing formulae that expresses color constraints for adjacent
dominoes:

• G(in∧ ⇑⇒ (
∧

1≤i≤n righti ⇒ L1(in, out, lefti))),
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• G(in∧ ⇑⇒ (
∧

1≤i≤n upi ⇒ L0(in, out, downi))),

• G(in∧ ⇓⇒ (
∧

1≤i≤n righti ⇒ L0(in, out, lefti))),

• G(in∧ ⇓⇒ (
∧

1≤i≤n upi ⇒ L1(in, out, downi))).

We write REC to denote the formula that states that the
colour 1 occurs infinitely often:

GF(in ∧
∨

side∈{left,right,up,down}

side1).

The domino game Dom can pave N2 by repeating infinitely
often the colour 1 iff

PAVE ∧ SNAKE ∧DIRECTION ∧ CONSTRAINTS ∧ REC

is satisfiable in LTL + {L0, L1}.

SAT(LTL + {L0}) is therefore Σ1
1-hardness and is not recur-

sively enumerable.

The proof of Proposition 4.2.2 is inspired from the undecid-
ability of propositional dynamic logic (PDL) augmented with
the CF language {an

1 · a2 · an
1 : n ≥ 0} (see for example [HKT00,

chapitre 9] for more details).

For formal verification, the following result is more interest-
ing:

Corollary 4.2.3. MC∃(LTL(X) + {L0}) is undecidable.

Exercise 4.2.3. Complete the proof of Corollary 4.2.3 by re-
ducing SAT(LTL(X) + {L0}) to MC∃(LTL(X) + {L0}) (expo-
nential-time reduction).
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Exercise 4.2.4. Show that the model-checking problem for the
propositional calculus augmented with the unique temporal op-
erator L1 is undecidable.

Exercise 4.2.5. Let L be a language of finite words such that
MC(LTL +{L}) is undecidable and L′ be a finite language. Show
that MC(LTL +{(L \ L′)}) is also undecidable.

Exercise 4.2.6. Let 〈Σ, S, S0, ρ, F 〉 be a deterministic finite-
state automaton. We write min(A) to denote the language

{w ∈ L(A) : ∀v ∈ L(A), v ≤ w implies v = w}

where ≤ is the prefix relation.

1. Build an automaton A′ such that L(A′) = min(A), justify
the correctness of the construction and provide an example
of automaton A such that min(A) is infinite.

2. Suppose that |Σ| = n ≥ 1. Show that for all formula
φ1, . . . , φn ∈ ETLf , A(φ1, . . . , φn) ⇔ A′(φ1, . . . , φn) is valid
formula in ETLf .

3. Now, suppose that min(A) is finite. Define a translation
t from formulae built over the operators ¬,∧ and A (frag-
ment denoted by PC + A) into LTL(X) such that for every
total and finite Kripke structure M = 〈W, R, L〉 and for
every s ∈ W , M, s |=∃ φ iff M, s |=∃ t(φ).

4. Evaluate the size of t(φ) in terms of the size of φ and the
number of subformulae of t(φ) in terms of the number of
subformulae of φ.

5. Show that for every deterministic finite-state automaton A
such that min(A) is finite, MC(PC + A) is in np.
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October 2001. Habilitation thesis.

[SM73] L. Stockmeyer and A. Meyer. Word problems requiring exponential-
time. In 5th ACM Symposium on the Theory of Computing, pages 1–9,
1973.

[Var88] M. Vardi. A temporal fixpoint calculus. In 15th Annual ACM SIGACT-

SIGPLAN Symposium on Principles of Programming Languages, San

Diego, pages 250–259. ACM, 1988.

[VW94] M. Vardi and P. Wolper. Reasoning about infinite computations. In-

formation and Computation, 115:1–37, 1994.

[Wol83] P. Wolper. Temporal logic can be more expressive. Information and

Control, 56:72–99, 1983.

77


