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Constraint solving procedure

Lemma 3. Let C be an unsolved constraint system, ¢ be a solution of C and T; IF u; be a minimal
unsolved constraint of C. Let u be a term. If there is a simple proof of T;0 F u having the last rule
an axiom or a decomposition then there is ¢ € st(7;) ~ X such that t0 = u.

Proof. Consider a simple proof 7 of T;0 - u. We can suppose without loss of generality that 7 is
minimal since if 7;6 - u with j < i then 7’ (obtained as in the definition of a simple proof) is a
simple proof having as the last rule an axiom or a decomposition.

— The last rule is an axiom. Then u € T;0 and hence there is ¢t € T; (thus ¢ € st(7;)) such that
t0 = u. If t is a variable then T; IF ¢ is a constraint in C' with T; C T; (see the definition of a
constraint system). Hence T;0 b t0, that is T30 - u, which contradicts the minimality of 7. Thus,
as required, t is not a variable.

— The last rule is a decomposition. Suppose that it is a symmetric decryption. That is, there is w
such that T;0 F enc(u, w), T;0 - w. By simplicity of the proof, the last rule applied when obtaining
enc(u,w) was an axiom or a decomposition, otherwise the same node would appear twice. Then
applying the induction hypothesis we have that there is ¢ € st(T;), ¢t not a variable, such that
t0 = enc(u, w). It follows that ¢t = enc(t’,¢"”) with ¢'6 = u. If ¢ is a variable then 70 - t'6. That
is Ty0 - u, which again contradicts the minimality of 7. Hence ¢’ is not variable, as required.

For the other decomposition rules the same reasoning holds. (Il

Theorem 1 Let C be an unsolved constraint system.
1. (Termination) There is no infinite chain C ~>5, Ci ... ~>4, Cp.

2. (Correctness) If C ~~% C' for some constraint system C' and some substitution o and if 0 is a
solution of C' then o0 is a solution of C.

3. (Completeness) If 0 is a solution of C, then there exist a solved constraint system C' and
substitutions o, 0" such that § = 0@, C ~* C' and 0’ is a solution of C’.

Proof. (Completeness) Let C be an unsolved constraint system and € be a solution of C. We show that
there is a constraint system C’ and a solution 7 of C’ such that C ~», C’ and 6 = o7. Together with
the termination property, this allows us to conclude that there exist a solved constraint system C”
and substitutions o’, 6 such that § = ¢'¢’, C ~»*, C" and ¢’ is a solution of C".

Consider a minimal unsolved constraint T; I- u; such that u; is not a variable.
We have T;0 I u;0. Consider a simple proof of T;60 - u;0. According to the last applied rule in this
proof, we can have :

1. The last rule is a composition. Suppose that it is the pairing rule. That is, there are wq, wo
such that T;6 - w1, T;60 - wy and (w1, ws) = u;0. Since w; is not a variable there exists u’, u”
such that w; = (u/,u”). Hence we can apply the simplification rule Rj in order to obtain
C'. Since u'0 = wy and u”’0 = ws, the substitution 6 is also a solution to C’. For the other
composition rule the same reasoning holds, applying this time the corresponding Rg rule.

2. The last rule is an axiom or a decomposition. Applying Lemma 3 we obtain that there is
t € st(1;), t not a variable, such that 0 = u;0. We can have the following two possibilities :



(a) If t # u; then we apply the simplification rule Ra.
(b) Otherwise, if t = u;, then u € st(7;). We consider the cases :

i. There are two distinct non variable terms t¢1,ty € st(T) such that ;0 = t26. Then
we apply the simplification rule Rs.

ii. Otherwise, the simplification rule R; can be applied. This follows from Lemma 4. [J



