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Intro duction

Timed automata [Alur & Dill 90's]

x ; y : clo cks

`
0

`
1

`
2

x � 5 ; a ; y := 0 y > 1 ; b ; x := 0

`
0

� ( 4 : 1 ) `
0

a `
1

� ( 1 : 4 ) `
1

b `
2

x 0 4 :1 4 :1 5 :5 0

y 0 4 :1 0 1 :4 1 :4
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Mo del-checking w eighted timed automata

Mo del-checking w eighted timed automata

I
Reachabilit y with an optimization criterium on the cost

[Behrmann, Brinksma, F ehnk er, Hune, La rsen, P ettersson,

Romijn, V aandrager � HSCC'01, T A CAS'01, CA V'01]

[Alur, La T o rre, P appas � HSCC'01]

[Bouy er, Briha y e, Bruyère, Raskin � Subm. 2006]

I
Safet y with a mean-cost optimization criterium

[Bouy er, Brinksma, La rsen � HSCC'04]

I
Mo del-checking W CTL , an extension of CTL with cost constraints

A G ( p roblem ) A G � 5

repair )

[Briha y e, Bruyère, Raskin � F ORMA TS+FTRTFT'04]

[Bouy er, Briha y e, Ma rk ey � IPL'06]

[Bouy er, La roussinie, La rsen, Ma rk ey , Rasmussen � 2006]
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The classical region abstraction
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time elapsing
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The co rner-p oint abstraction

Idea: reduction to the discrete case

I
region abstraction: not su�cient

I
co rner-p oint abstraction/w eighted discrete graph A

cp

:

time elapsing

reset to 0

3

0 0

0

3

0

0 0

7

7

cost rate: 3 p.u.

discrete cost: 7

This abstraction is co rrect! Ü PSP A CE

I
fo r computing optimal paths

I
fo r computing optimal stationa ry b ehaviours
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Mo del-checking w eighted timed automata

Optimal reachabilit y

Ü optimal reachabilit y along a given path can b e view ed as a linea r

p rogramming p roblem

Lemma

Let Z b e a b ounded zone and f b e a function

f : ( t

1

; :::; t

n

) 7!
nX

i = 1

c

i

t

i

+ c

w ell-de�ned on Z . Then inf

Z

f is obtained on the b o rder of Z with integer co o rdinates.

Then, abstract paths in A
cp

can b e app ro ximated b y real path � " -close�

to the abstract path
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Mo del-checking w eighted timed automata

In�nite stationa ry b ehaviours: An example

A p ro duction system:

Lo w

High

x � D

C = P

R = G

C = p

R = g

att?

x := 0

x := 0

att?

x = D

Single machine M ( D ; G ; P ; g ; p )

att!

z � S

z := 0

Op erato r O ( S )
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1
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M
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Time

4 8 12 16

O
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L

H
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1 1 2 1
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Time

4 8 12 16
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H
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1 1 1 1
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Mo del-checking w eighted timed automata

F rom timed to discrete b ehaviours (1)

I
Finite b ehaviours: based on the follo wing p rop ert y

Lemma

Let Z b e a b ounded zone and f b e a function

f : ( t

1

; :::; t

n

) 7!

P
n

i = 1

c

i

t

i

+ c

P
n

i = 1

r

i

t

i

+ r

w ell-de�ned on Z . Then inf

Z

f is obtained on the b o rder of Z with integer co o rdinates.
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F rom timed to discrete b ehaviours (2)

I
In�nite b ehaviours: decomp ose each su�ciently long p rojection
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Mo del-checking w eighted timed automata

F rom timed to discrete b ehaviours (2)

I
In�nite b ehaviours: decomp ose each su�ciently long p rojection

into cycles

The linea r pa rt will b e negligible!

Ü the optimal cycle of A
cp

is b etter than any in�nite path of A
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Mo del-checking w eighted timed automata

Hyp othesis: strongly non-Zeno rew a rd

0 =0 0 =0 11 =1 0 =0

y > 0 ; y := 0

3 =2

x = 1 ; x := 0

0 =0

y = 1 ; y := 0

0 =0

x = 1 ; x := 0

0 =0

�
d ; n

: path s.t. the �rst transition is tak en at date d and the lo op is tak en

n times.
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Ü this automaton is not strongly rew a rd diverging
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Mo del-checking w eighted timed automata

Mo del-checking W CTL

A G ( p roblem ) A G � 5

repair )

I
With mo re than �ve clo cks, mo del-checking W CTL is undecidable

[Briha y e, Bruyère, Raskin � F ORMA TS+FTRTFT'04]

I
With mo re than three clo cks, mo del-checking W CTL is undecidable

[Bouy er, Briha y e, Ma rk ey � IPL'06]

Ü Sho rt explanation at the end of the talk

I
With one clo ck, mo del-checking W CTL is decidable

[Bouy er, La roussinie, La rsen, Ma rk ey , Rasmussen � 2006]
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Optimal timed games

Outline

1. Intro duction

2. Mo del-checking w eighted timed automata

3. Optimal timed games

4. Conclusion
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Optimal timed games

Decidabilit y of timed games

Theo rem [Henzinger, K opk e 1999]

Safet y and reachabilit y control in timed automata a re decidable and

EXPTIME-complete.

(the attracto r is computable...)

Ü classical regions a re su�cient fo r solving such p roblems
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Optimal timed games

An example

`
0

cost (`
0

) = 5

`
1

y = 0

`
2

cost (`
2

) = 10

`
3

cost (`
3

) = 1

x � 2; c ; y := 0

u

u

x � 2; c ; cost = 1

x � 2; c ; cost = 7

c : controllable action

u : uncontrollable action
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inf
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1

3

Ü strategy: w ait in `
0

, and when t = 4

3

, go to `
1

I
Ho w to automatically compute such optimal costs?

I
Ho w to synthesize optimal strategies (if one exists)?
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Optimal timed games

A hot topic!

I
[Asa rin, Maler � HSCC'99] :

I
optimal time is computable in timed games
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I
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I
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Optimal timed games

Do optimal strategies alw a ys exist?

`
0

cost = 1

x < 1

`
1

cost = 2

x � 1

W

x < 1; c x = 1; c

8
>><

>>:

f (`
0

; x < 1 ) = �

f (`
1

; x < 1 ) = �
f (`

1

; x = 1 ) = c
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Do optimal strategies alw a ys exist?
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>>:
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f (`
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1

; x = 1 ) = c

 

8
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>>:
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0

; x < 1 � " ) = �
f " (`

0

; 1 � " � x < 1 ) = c

f " (`
1

; x < 1 ) = �
f " (`

1

; x = 1 ) = c

Ü no optimal strategy exists , but rather a family ( f " )"> 0

of " -app ro ximating strategies (cost ( f " ) = 1 + " )
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Optimal timed games

An enco ding (1)

Idea: tranfo rm the cost into a decreasing linea r hyb rid va riable

G G0

`
0

`
1

g ; a ; Y := 0

cost = 1

cost = 5

=) `0
0

_
cost = � 5

`0
1

g ; a ; Y := 0

cost := cost � 1

Winning: W Winning: W ^ cost � 0
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G G0

`
0

`
1

g ; a ; Y := 0

cost = 1

cost = 5

=) `0
0

_
cost = � 5

`0
1

g ; a ; Y := 0

cost := cost � 1

Winning: W Winning: W ^ cost � 0

Theo rem

F o r p riced timed games (under some hyp otheses),

9f winning strategy in G
s.t. cost ( f ; (`; v )) � 


�
() (`; v ; cost = 
 ) winning in G0

+ constructive p ro of

29/41



Optimal timed games

An enco ding (2)

The set of winning states in G0
is up w a rd-closed fo r the cost, i.e. of the fo rm

[

i 2 I

( P

i

^ cost �
i

k

i

) (with �
i

either > o r � )
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[

i 2 I

( P

i

^ cost �
i

k

i

) (with �
i

either > o r � )

Co rolla ry

F o r p riced timed games (under some hyp otheses),

I
�reachable� optimal cost, o r not (cost � 
 o r cost > 
 )

I
existence of an optimal strategy decidable

+ constructive p ro of

Nature of the strategy:

I
state-based fo r the hyb rid game, thus cost-dep endent fo r the timed

game

I
cost-dep endence is unavoidable in general!

I
cost-indep endent strategies fo r syntactical restrictions of the games

c : la rge constraints, u : strict constraints
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Optimal timed games

Memo ryless strategies a re not p o w erful enough

`
0

cost = 2

x � 1

W

`
1

cost = 1

x = 1 ; c

x < 1 ; u ; x ; y := 0

y > 0 ; c

I
optimal cost: 2

I
optimal strategy:
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Optimal timed games

Memo ryless strategies a re not p o w erful enough

`
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cost = 2

x � 1

W

`
1

cost = 1

x = 1 ; c

x < 1 ; u ; x ; y := 0

y > 0 ; c

I
optimal cost: 2

I
optimal strategy: if d is the time b efo re a u o ccurs, and d

0
is the

time w aited in `
1

, the cost of the run is 2 :d + d

0
.

2 :d + d

0 � 2

( accumulated cost ) + d

0 � 2
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Optimal timed games

Hyp otheses fo r termination

I
all clo cks a re b ounded (not restrictive)

I
the cost function is strictly non-Zeno

Þ This condition is restrictive, but is decidable
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Hyp otheses fo r termination

I
all clo cks a re b ounded (not restrictive)

I
the cost function is strictly non-Zeno

Þ This condition is restrictive, but is decidable

m

1

M

1

cost � f

1 = " f

1

�

f

2

m

2

�

�

�

�

�
m

7

" f

7

cost

R
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Optimal timed games

Undecidabilit y � Shap e of the reduction

Original reduction: [Briha y e, Bruyère, Raskin � F ORMA TS'05]

This reduction: [Bouy er, Briha y e, Ma rk ey � IPL'06]
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I
counter c
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2

s.t. x

2

= 1

3

c

2

I
x

1

and x

2

will b e alternatively x , y o r z

The aim of pla y er 1 is to win (reach a W -state) with cost � 3, and

Pla y er 1 has a winning strategy with cost � 3

i�

the t w o-counter machine halts
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Optimal timed games

Simulation of an incrementation

Instruction i : c

1

+ + ; goto instruction j

A

i

x ; y ; z

A

j

z ; y ; x

T est ( x = 2 z ; f y g)

u := 0

x = 1 ; x := 0

z := 0

u = 1 u = 1 ; u := 0

y = 1 ; y := 0 y = 1 ; y := 0

0

@c

1

7! x

c

2

7! y

1

A

8
<

:
x = 1

2

c

1

y = 1

3

c

2

0

@c

1

7! z

c

2

7! y

1

A
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Optimal timed games

A dding x o r 1 � x to the cost va riable

cost = 0 cost = 1

z := 0

y = 1 ; y := 0 y = 1 ; y := 0

x = 1 ; x := 0 z = 1 ; z := 0

The cost is increased b y x

0
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A dd
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Optimal timed games

Checking y = 2 x

A dd

+ ( x ; f z g) A dd

+ ( x ; f z g)
A dd

� ( y ; f z g)
W

1

cost = 0 cost = 0

z := 0

z = 0 cost = 2

A dd

� ( x ; f z g) A dd

� ( x ; f z g) A dd

+ ( y ; f z g)
W

2

cost = 0 cost = 0

z := 0

z = 0 cost = 1

In W

1

, cost = 2 x

0

+ ( 1 � y

0

) + 2 .

In W

2

, cost = 2 ( 1 � x

0

) + y

0

+ 1 .
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Optimal timed games

Ho w to get rid of tick clo ck u ?

A

i

x ; y ; z

D

i

x ; y ; z

A

j

z ; y ; x

T est ( x = 2 z ; f y g)

u := 0

x = 1 ; x := 0

z := 0

u = 1 u = 1 ; u := 0

y = 1 ; y := 0 y = 1 ; y := 0
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Optimal timed games

Checking that x is of the fo rm

1

2

n

W

T est ( y = 2 x ; f z g)
z := 0 y := 0

x = 1

x := 0

z = 1 ^ x � 1

z := 0

z = 0 ; x := y

z = 0

x = 1 ; z = 0
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Optimal timed games

Extension to undecidabilit y of W CTL

W e build the same automaton A M , and p rove that:

the t w o-counter machine M halts i� A M j= �

where

� � E ( D ! ' ) U � 0

Halt

with ' �
V

i = 1 ; 2 ; 3

E ( D U � 0

'
i

)

'
1

� S ^ E F � 1

T ^ E F � 1

T evaluated in T est ( x = 2 z ; f y g)

'
2

� P

2

^ E (( Q

2

! E ( Q

2

U '
1

)) U R

2

) evaluated in P o w er

2

( x ; f y ; z g)
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I
what ab out linea r-time p rop erties?

I
consider mo re general cost functions

Optimal timed games

I
optimal cost is in general not computable in timed games

I
under some assumption, it b ecomes computable

I
complexit y issues and p rop erties of strategies have also b een studied

I
investigate further mean-cost optimal timed games

I
app ro ximate optimal cost

I
p rop ose mo re algo rithmics solutions

I
o-minimal optimal timed games

I : : :
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