M. Droste and P. Gastin

On aperiodic and star-free formal power series in partially commuting variables

Research Report LSV-05-12 July 2005

On aperiodic and star-free formal power series in partially commuting variables^⋆

Manfred Droste^1 and Paul Gastin^2

1 Institut für Informatik, Universität Leipzig Augustusplatz 10-11, D-04109 Leipzig, Germany,

droste@informatik.uni-leipzig.de

2 LSV, CNRS UMR 8643 & ENS de Cachan 61, Av. du Président Wilson, F-94235 Cachan Cedex, France,

Paul.Gastin@lsv.ens-cachan.fr

Abstract. Formal power series over non-commuting variables have been investigated as representations of the behavior of automata with multiplicities. Here we introduce and investigate the concepts of aperiodic and of star-free formal power series over semirings and partially commuting variables. We prove that if the semiring K is idempotent and commutative, or if K is idempotent and the variables are non-commuting, then the product of any two aperiodic series is again aperiodic. We also show that if K is idempotent and the matrix monoids over K have a Burnside property (satisfied, e.g. by the tropical semiring), then the aperiodic and the star-free series coincide. This generalizes a classical result of Schützenberger (1961) for aperiodic regular languages and subsumes a result of Guaiana, Restivo and Salemi (1992) on aperiodic trace languages.

1 Introduction

In the theory of automata, Kleene’s fundamental theorem on the coincidence of regular and rational languages in free monoids has been extended in many ways. Schützenberger [24] investigated formal power series over arbitrary semirings (e.g., like the natural numbers) and with non-commuting variables and showed that the recognizable formal power series, which represent precisely the behavior of automata with multiplicities (cf. Eilenberg [9]), coincide with the rational series. This was the starting point for a large amount of work on formal power series, cf. [23, 15, 1, 14] for surveys. Special cases of automata with multiplicities are networks with capacities (weights) and have been also investigated in operations research for algebraic optimization problems, cf. [29] and in the ‘maxplus-community’ [10].

Schützenberger [25] also showed that in free monoids the aperiodic regular languages coincide with the star-free languages. Such languages are important for

⋆ Work partly supported by the DAAD-PROCOPE project Temporal and Quantitative Analysis of Distributed Systems.

and arise from counter-free automata, and have been also investigated intensively due to characterizations using first order logic (McNaughton and Papert [20]) or temporal logic (Kamp [13]).

An algebraic characterization of the sub-algebra of series over commutative fields generated by letters and geometric series was announced by Reutenauer [22] as an analogue of Schützenberger’s theorem. However, in the case of the boolean semiring, his class of series restricts to a proper subclass of the aperiodic languages (dot-depth 3/2).

It is the aim of this paper to introduce and investigate the concepts of aperiodicity and star-freeness for formal power series over arbitrary semirings. In fact, we will allow the variables to be partially commutative. A recognizable series is called aperiodic if, when iterating any complex task in a representing automaton with multiplicities, there is a fixed bound of iterations after which the computed value (weight) remains stable. This is an assumption often made in optimization problems, cf. [29]. A series is star-free, if it can be constructed from finitely many polynomials using the operations sum, product and complement, with the latter being applied only to characteristic series. This generalizes the concepts of aperiodic and of star-free languages, respectively.

Before stating our results, let us recall the notion of partially commuting variables. A trace alphabet (Σ, I) consists of a finite alphabet Σ and an irreflexive symmetric relation I indicating when two elements a, b of Σ commute, e.g. can occur independently of each other in a given concurrent system. A trace monoid M is therefore defined as the quotient of the free monoid Σ^∗ modulo the congruence generated by the relations ab ∼ ba if a I b. These monoids were introduced by Mazurkiewicz [18, 19] as an important mathematical model for the behavior of concurrent systems, see also [3, 5, 4] for their well-developed theory.

Now let K be an arbitrary semiring, and let K⟨⟨M⟩⟩ be the collection of all formal power series S = ∑ m∈M(S, m) · m. These can also be viewed as series with entries (S, m) from K in which certain of the variables (= elements of Σ) are allowed to commute, as indicated by the relation I.

Whereas formal power series over non-commuting variables represent the behavior of sequential systems with weights, series over partially commuting variables can be viewed as the behavior of concurrent systems with multiplicities (‘weights’ for the actions). For an investigation of recognizable and rational formal power series over trace monoids, we refer the reader to [7].

Let us now give a summary of our main results. They all require that the semiring K of coefficients be idempotent. In applications, this is satisfied when ‘addition’ means the operation of taking minimum or maximum. We first show that the product of any two aperiodic series with non-commuting variables is again aperiodic. This means that the sequentialization of two such aperiodic systems stays aperiodic. We then show that this remains true even with partially commuting variables, but under the additional assumption that K be commutative. With an example, we show that the idempotence of K is necessary.

For our further results we need that the matrix monoids K^{n×n} of (n × n)- matrices over K have a Burnside property: each finitely generated torsion submonoid of K^{n×n} be finite. We note that since Burnside’s question in 1902, this property has been deeply investigated in group and semigroup theory, cf. the surveys of Simon [27] and Pin [21] for its relevance to automata theory. By a deep result of Simon [26], the important tropical semiring (N ∪ {∞}, min, +) (and several others) satisfies this property. We can then show that any series over K and partially commuting variables is aperiodic if and only if it is starfree. If here K = B, the Boolean semiring, we obtain as a consequence that in trace monoids the aperiodic languages are precisely the star-free ones, a result of Guaiana, Restivo and Salemi [12] which in turn contains Schützenberger’s classical result for aperiodic languages of words.

Note that this provides a syntactic construction of how to obtain the behavior of a given aperiodic concurrent system by combining singleton automata using the operations parallel sum, sequentialization, and complementation.

A preliminary version of this work appeared in the extended abstract [8].

2 Preliminaries

Here we recall the necessary notation and background for formal power series and for trace theory. For more details, we refer the reader to [23, 1, 3, 5].

Let M be any monoid and (K, +, ·, 0, 1) any semiring, i.e., (K, +, 0) is a commutative monoid, (K, ·, 1) is a monoid, multiplication distributes over addition, and 0 · x = x · 0 = 0 for each x ∈ K. If multiplication is commutative, we say that K is commutative. If the addition is idempotent, then the semiring is called idempotent. For instance, the Boolean semiring B = ({0, 1}, +, ·, 0, 1) is both commutative and idempotent. The semiring of natural numbers (N, +, ·, 0, 1) is commutative but not idempotent. The semiring (P(Σ^∗), ∪, ·, ∅, {1}) of languages over some alphabet Σ is idempotent but not commutative. The semiring N^{n×n} of (n × n)-matrices is neither commutative nor idempotent. Other semirings useful in computer science (and also in optimization problems of operations research [29]) are the min-plus (or max-plus or min-max) semirings over the integers or the reals. For instance the min-plus semiring over the reals (R ∪ {∞}, min, +, ∞, 0) is both commutative and idempotent.

Also, the semiring K is locally finite if any finitely generated subsemiring of K is finite. For instance, if both sum and product are commutative and idempotent then it is easy to see that the semiring is locally finite. This is in particular the case for the min-max semiring (R ∪ {−∞, +∞}, min, max, +∞, −∞) or for semirings which are boolean algebras like (P(Σ^∗), ∪, ∩, ∅, {1}).

A formal power series is a mapping

S : M −→ K m −→ (S, m)

It is usually denoted as a formal sum S = ∑ m∈M (S, m).m. The set Im(S) = {(S, m) | m ∈ M} is called the image of S. The set Supp(S) = {m ∈ M | (S, m) ≠ 0} is called the support of S. If Supp(S) is finite, then S is called a polynomial. The collection of all formal power series is denoted by K⟨⟨M⟩⟩, and its subset of all polynomials by K⟨M⟩. We consider elements of K also as polynomials in the natural way, having a non-zero entry only at 1 ∈ M. If L ⊆ M, we define the characteristic series 1_L of L by letting 1_L(m) = 1 if m ∈ L and 1_L(m) = 0 otherwise.

Let n ≥ 1 and [n] = {1, . . . , n}. We let K^{n×n} be the monoid of all (n × n)- matrices over K (with matrix multiplication as usual). A series S ∈ K⟨⟨M⟩⟩ is called recognizable, if there exists an integer n ≥ 1, a monoid morphism μ : M → K^{n×n} and vectors λ ∈ K^{1×n}, γ ∈ K^{n×1} such that

(S, m) = λ · μ(m) · γ = ∑ i,j∈[n]

λ_iμ(m)_{ij} γ_j

for each m ∈ M. In this case, the triple (λ, μ, γ) is called a representation of dimension n of the series S, and we often shortly write S = (λ, μ, γ) to denote this. We let K^{rec}⟨⟨M⟩⟩ denote the set of all recognizable formal power series.

With componentwise addition, K⟨⟨M⟩⟩ becomes a commutative monoid: the sum of two series S, S^′ ∈ K⟨⟨M⟩⟩ is defined for m ∈ M by

(S + S^′, m) = (S, m) + (S^′, m).

The Hadamard product S ⊙ S^′ of two series S, S^′ ∈ K⟨⟨M⟩⟩ is defined by componentwise multiplication, that is, for m ∈ M let

(S ⊙ S^′, m) = (S, m) · (S^′, m).

With sum and Hadamard product, K⟨⟨M⟩⟩ is a semiring. In order to define the (Cauchy) product of two series, we assume that M is a finitely generated monoid which carries a length function, that is a morphism ℓ from M to (N, +) such that ℓ(m) = 0 iff m = 1. This ensures in particular that each element m ∈ M has only finitely many factorizations m = m_1 · m_2. Then, the (Cauchy) product of two series S, S^′ in K⟨⟨M⟩⟩ is the series defined for m ∈ M by

(S · S^′, m) = ∑ m=m_1·m_2

(S, m_1) · (S^′, m_2).

Without any assumptions on M, a product S_1 · S_2 of two series S_1, S_2 ∈ K⟨⟨M⟩⟩ can also be naturally defined as above if S_1, S_2 have finite image and K is idempotent (using the convention that an infinite sum of a constant value k ∈ K equals k). Note that if K = B, the Boolean semiring, the mapping L → 1_L constitutes a bijection between P(M) and B⟨⟨M⟩⟩ with inverse S → supp(S). Under this bijection, the operations union, intersection and product for languages correspond to sum, Hadamard product and Cauchy product for series. With sum and Cauchy product, K⟨⟨M⟩⟩ is again a semiring.

Next we recall basic notions from trace theory. A pair (Σ, I) is called a trace alphabet, if Σ is a finite set and I is an irreflexive symmetric binary independence relation on Σ. Let ∼ denote the smallest congruence on Σ^∗ containing {(ab, ba) | a I b}. The quotient monoid M = M(Σ, I) := Σ^∗/ ∼ is called the trace monoid (or free partially commutative monoid) over (Σ, I) and its elements are called traces. Note that a trace monoid is finitely generated and carries a length function.

If w ∈ Σ^∗, we let [w] denote the equivalence class of w in M. Also, let α(w) be the set of all letters of Σ occurring in w, called the alphabet of w. Since equivalent words have the same alphabet, we may put α([w]) = α(w).

We say that two subsets A, B of Σ are independent and we write A I B if A × B ⊆ I. We also say that two words w, w^′ of Σ^∗ are independent, denoted by w I w^′, if α(w) I α(w^′). Similarly, we define [w] I [w^′], w I A, etc.

The following generalized Levi’s factorization is a very useful and classical result in trace theory.

Lemma 2.1 ([2, 3]). Let u, v, w_1, . . . , w_n ∈ M. Then, uv = w_1 · · · w_n if and only if there are u_1, . . . , u_n, v_1, . . . , v_n ∈ M such that u = u_1 · · · u_n, v = v_1 · · · v_n, w_i = u_iv_i for all 1 ≤ i ≤ n and v_i I u_j for all 1 ≤ i < j ≤ n. Moreover, the traces u_1, . . . , u_n, v_1, . . . , v_n ∈ M with this property are unique.

A monoid N is said to be aperiodic if there exists some integer m ≥ 0 such that x^m = x^{m+1} for all x ∈ N. As is easy to see, this condition is equivalent to demanding both that any group contained in N as a subsemigroup is trivial and that the sets {x^m | m ≥ 0} are finite for all x ∈ N. The index of an aperiodic monoid N is the smallest integer m ≥ 0 such that x^m = x^{m+1} for all x ∈ N.

A language L ⊆ M is aperiodic if there exists a morphism φ : M → N into some finite aperiodic monoid such that L = φ^{−1}(φ(L)). When this holds, we say that the morphism φ recognizes L. We denote by AP(M) the family of aperiodic languages of M.

Note that by definition, any aperiodic language is recognizable.The collection SF(M) of all star-free languages in M is defined as the smallest set of languages of M containing all finite languages and which is closed under the operations union, product and complement.

A fundamental theorem by Schützenberger [25] states that in free monoids aperiodic languages coincide with star-free languages. It was extended by Guaiana, Restivo and Salemi [12] to trace monoids. It is the aim of this paper to generalize this theorem to formal power series both for free monoids and for trace monoids.

3 Aperiodic series

In this section we introduce aperiodic and weakly aperiodic series and we study their closure properties.

Definition 3.1. A recognizable series S ∈ K⟨⟨M⟩⟩ is aperiodic if there exists a representation S = (λ, μ, γ) with μ(M) aperiodic, i.e. there is some integer m ≥ 0 such that μ(u^m) = μ(u^{m+1}) for all u ∈ M. In this case, we say that the morphism μ is aperiodic. The collection of aperiodic series in K⟨⟨M⟩⟩ is denoted by K^{ap}⟨⟨M⟩⟩.

Also we say that a recognizable series is weakly aperiodic if there exists some integer m ≥ 0 such that (S, uv^mw) = (S, uv^{m+1}w) for all u, v, w ∈ M. Clearly, all aperiodic series are also weakly aperiodic. We will see in the next section that the converse is true when the semiring K is locally finite or a field.

It is well-known [23] that if a language L ⊆ M is recognizable then so is its characteristic series 1_L ∈ K⟨⟨M⟩⟩. The converse does not hold for arbitrary semirings but it holds for a wide class of semirings such as positive semirings (B,N,. . . ) or locally finite semirings (see next section). We show now that assuming recognizability, the equivalence is true for aperiodic languages and aperiodic characteristic series.

Proposition 3.2. Let K be an arbitrary semiring, let M be an arbitrary monoid and let L ⊆ M be recognizable. Then L is aperiodic iff its characteristic series 1_L ∈ K⟨⟨M⟩⟩ is aperiodic.

Proof. First, let N be a finite aperiodic monoid and let φ : M → N be a morphism recognizing L, i.e. L = φ^{−1}(φ(L)). Let n = |N|. We identify N with [n] = {1, . . . , n}, 1 being indeed the neutral element of N. We define μ : M → K^{n×n}, λ ∈ K^{1×n} and γ ∈ K^{n×1} by

μ(u)_{i,j} = { 1 if j = i · φ(u) 0 otherwise

λ_i = { 1 if i = 1 0 otherwise γ_j = { 1 if j ∈ φ(L) 0 otherwise

It is easy to see that μ is a morphism and that 1_L = (λ, μ, γ). Indeed,

(μ(u) · μ(v))_{i,j} = ∑ k μ(u)_{i,k}μ(v)_{k,j} = μ(u)_{i,i·φ(u)}μ(v)_{i·φ(u),j} = μ(v)_{i·φ(u),j}

= { 1 if j = i · φ(u) · φ(v) 0 otherwise

= μ(uv)_{i,j} and λμ(w)γ = ∑ i,j λ_iμ(w)_{i,j} γ_j = ∑ j μ(w)_{1,j} γ_j = μ(w)_{1,1·φ(w)}γ_{1·φ(w)} = γ_{1·φ(w)}

= { 1 if 1 · φ(w) ∈ φ(L) 0 otherwise = { 1 if w ∈ φ^{−1}φ(L) 0 otherwise

= 1_L(w)

Finally, it remains to show that the morphism μ is aperiodic. Since N is aperiodic, there exists some integer m ≥ 0 such that x^m = x^{m+1} for all x ∈ N. Then,

μ(u^{m+1})_{i,j} = { 1 if j = i · φ(u)^{m+1} 0 otherwise = { 1 if j = i · φ(u)^m 0 otherwise

= μ(u^m)_{i,j}

Conversely, assume that 1_L is aperiodic, then it is also weakly aperiodic which implies the existence of an integer m ≥ 0 such that uv^mw ∈ L iff uv^{m+1}w ∈ L for all u, v, w ∈ M. Therefore, the syntactic monoid of L is aperiodic. Since we assumed L recognizable, the syntactic monoid of L is also finite and we obtain that L is aperiodic. ⊓⊔

From the above result, we deduce that a semiring for which L is recognizable whenever 1_L is recognizable satisfies also that L is aperiodic whenever 1_L is aperiodic. We will see in the next section (Corollary 4.6) that this last statement is true for even more general semirings.

Proposition 3.3. Let K be an arbitrary semiring and let M be an arbitrary monoid. Aperiodic series in K⟨⟨M⟩⟩ are closed under sum and external product. If K is commutative, aperiodic series are also closed under Hadamard product.

Proof. Let S = (λ, μ, γ) be an aperiodic series and let b ∈ K. Then b · S = (bλ, μ, γ) is also aperiodic.

For i = 1, 2, let S_i = (λ^i, μ^i, γ^i) be an aperiodic series of dimension n_i. Then

S_1 + S_2 = (λ, μ, γ) with λ = (λ^1, λ^2), γ = ( γ^1 γ^2 ) , and μ = ( μ^1 0 0 μ^2 ) . Now, since

μ is a block matrix, it is immediate to check that if μ^1 and μ^2 are aperiodic with indexes m_1 and m_2 then μ is also aperiodic with index m = max(m_1, m_2).

Now assume K is commutative and S_1, S_2 are aperiodic series as above. Let Q = [n_1] × [n_2] and define S = (λ, μ, γ) with λ, γ ∈ K^Q and μ : M → K^{Q×Q} by λ(i_1, i_2) = λ^1(i_1)·λ^2(i_2), γ(j_1, j_2) = γ^1(j_1)·γ^2(j_2), μ(w)_{(i1 ,i2),(j1 ,j2)} = μ^1(w)_{i1 ,j1} · μ^2(w)_{i2 ,j2} , so μ(w) is the Kronecker product of the matrices μ^1(w) and μ^2(w). Since K is commutative, μ is a morphism and S = S_1 ⊙ S_2, [23, Thm. II.4.4]. Now let μ^1, μ^2 have indices m_1 and m_2, and put m = max{m_1, m_2}. For each w ∈ M we have μ^i(w^m) = μ^i(w^{m+1}) for i = 1, 2, so μ(w^m) = μ(w^{m+1}) by definition of μ. ⊓⊔

Recall that polynomials are the series with finite supports and they correspond to finite languages when the semiring is B. In arbitrary monoids, finite languages are not always recognizable. But finite languages are aperiodic in particular when the monoid is finitely generated and carries a length function, which is the case for trace monoids. We show that polynomials are aperiodic series whenever finite languages are aperiodic.

Corollary 3.4. Let K be an arbitrary semiring and let M be a monoid such that singletons are aperiodic languages. Then, all polynomials in K⟨⟨M⟩⟩ are aperiodic.

Proof. Let S ∈ K⟨⟨M⟩⟩ be a polynomial and let L = {w ∈ M | (S, w) ≠ 0} be its finite support. We may write S = ∑ w∈L(S, w) · 1_{{w}}. We can conclude immediately using Propositions 3.2 and 3.3. ⊓⊔

Our aim is now to show that aperiodic series over free monoids are closed under Cauchy product when the semiring K is idempotent. For this, we will use special representations whose existence are proved in the next two lemmas.

When (λ, μ, γ) is a representation of dimension n, we denote by I = {i ∈ [n] | λ_i ≠ 0} the set of so-called initial states and by F = {j ∈ [n] | γ_j ≠ 0} the set of so-called final states.

We say that M is a monoid without proper subgroups, if the only group occurring as submonoid of M is the trivial group; equivalently, x · y = 1 implies x = y = 1 for any x, y ∈ M.

Lemma 3.5. Let K be an arbitrary semiring, M be an arbitrary monoid without proper subgroups and S ∈ K⟨⟨M⟩⟩ be a recognizable series. Then there exists a representation S = (λ, μ, γ) of dimension n such that for all i, j ∈ [n],

– j is final iff γ_j = 1, and – for all w ∈ M \ {1}, μ(w)_{ij} = 0 whenever i is final.

Moreover, we may also require that μ is aperiodic if S is an aperiodic series and that there is exactly one final state.

Proof. Let (λ, μ, γ) be a representation of S of dimension n. We define a representation (λ^′, μ^′, γ^′) of dimension n+1 by λ^′_i = λ_i if 1 ≤ i ≤ n, λ^′_{n+1} = ∑ 1≤j≤n λj γj ,

γ^′ = (0, . . . , 0, 1)^t and for w ∈ M \ {1},

μ^′(w)_{ij} = μ(w)_{ij} if 1 ≤ i, j ≤ n ∑ 1≤q≤n μ(w)iq γq if 1 ≤ i ≤ n, j = n + 1

0 otherwise (i.e. if i = n + 1).

We first show that μ^′ is indeed a morphism so that (λ^′, μ^′, γ^′) is a well-defined representation. Let u, v ∈ M \ {1} and i, j ∈ [n + 1]. We have

(μ^′(u) · μ^′(v))_{ij} = ∑ 1≤k≤n+1

μ^′(u)_{ik}μ^′(v)_{kj} = ∑ 1≤k≤n

μ^′(u)_{ik}μ^′(v)_{kj}

= ∑ 1≤k≤n μ(u)ik μ(v)kj if 1 ≤ i, j ≤ n ∑ 1≤k,q≤n μ(u)ik μ(v)kq γq if 1 ≤ i ≤ n, j = n + 1

0 otherwise (i.e. if i = n + 1).

= μ^′(uv)_{ij} ,

where the last equality uses for the case i = j = n + 1 that uv ≠ 1, which is implied by the hypothesis on M. Clearly, the representation (λ^′, μ^′, γ^′) fulfills the requirements of the lemma and we have for all w ∈ M \ {1},

λ^′μ^′(w)γ^′ = ∑ 1≤i≤n+1

λ^′_iμ^′(w)_{i,n+1} = ∑ 1≤i,j≤n

λ_iμ(w)_{ij} γ_j = (S, w)

and also (S, 1) = ∑ 1≤j≤n

λ_j γ_j = λ^′_{n+1} = λ^′μ^′(1)γ^′

which proves that S = (λ^′, μ^′, γ^′).

Finally, if S is aperiodic then we may assume that there exists m ≥ 0 such that μ(w^m) = μ(w^{m+1}) for all w ∈ M. From the definition of μ^′ above, it is clear that μ^′(w^m) = μ^′(w^{m+1}) for all w ∈ M showing that μ^′ is also aperiodic. ⊓⊔

Using a similar proof, we also obtain

Lemma 3.6. Let K be an arbitrary semiring, M be an arbitrary monoid without proper subgroups and S ∈ K⟨⟨M⟩⟩ be a recognizable series. Then there exists a representation S = (λ, μ, γ) of dimension n such that for all i, j ∈ [n],

– i is initial iff λ_i = 1, and – for all w ∈ M \ {1}, μ(w)_{ij} = 0 whenever j is initial.

Moreover, we may also require that μ is aperiodic if S is an aperiodic series and that there is exactly one initial state.

Note that it is also possible to find a representation which satisfies both requirements of Lemmas 3.5 and 3.6 if the series S is proper, i.e. if (S, 1) = 0.

We are now ready to prove that aperiodic series over the free monoid Σ^∗ are closed under Cauchy product when the semiring K is idempotent.

Theorem 3.7. Assume that the semiring K is idempotent. Let S_1, S_2 ∈ K⟨⟨Σ^∗⟩⟩ be aperiodic series, then their product S = S_1 · S_2 is also aperiodic.

Proof. Let (λ^1, μ^1, γ^1) be an aperiodic representation of S_1 of dimension n_1 which satisfies the requirements of Lemma 3.5 and let (λ^2, μ^2, γ^2) be an aperiodic representation of S_2 of dimension n_2 which satisfies the requirements of Lemma 3.6. Let n = n_1 · n_2 and identify [n] with [n_1] × [n_2]. We define the morphism μ : Σ^∗ → K^{n×n} by giving its value over letters a ∈ Σ:

μ(a)_{(j1 ,j2 )(k1,k2 )} = δ_{j2 ,k2} μ^1(a)_{j1 ,k1} + δ_{j1 ,k1} μ^2(a)_{j2 ,k2} f(a, j_1)

where

δ_{j,k} = { 1 if j = k 0 otherwise and f(v, j) = { 1 if v = 1 or j is final 0 otherwise

Note that f(a, j_1)μ^1(a)_{j1 ,k1} = 0, hence at most one of the two terms in the definition of μ(a)_{(j1 ,j2)(k1 ,k2)} is non-zero.

We first prove by induction that for all w ∈ Σ^∗ we have

μ(w)_{(i1 ,i2 )(j1 ,j2)} = ∑ w=uv

μ^1(u)_{i1 j1} μ^2(v)_{i2 j2} f(v, j_1).

The result is clear for w = 1. Assume that the formula above holds for some w ∈ Σ^∗ and let a ∈ Σ. Then, we have

μ(wa)_{(i1 ,i2 )(k1,k2 )} = ∑ j_1 ,j_2

μ(w)_{(i1 ,i2)(j1 ,j2 )}μ(a)_{(j1 ,j2 )(k1,k2 )} = ∑ j_1

μ(w)_{(i1 ,i2)(j1 ,k2)}μ^1(a)_{j1 k1} + ∑ j_2

μ(w)_{(i1 ,i2 )(k1,j2 )}μ^2(a)_{j2 k2} f(a, k_1) = ∑ j_1 ,w=uv

μ^1(u)_{i1 j1} μ^2(v)_{i2 k2} f(v, j_1)μ^1(a)_{j1 k1} + ∑ j_2 ,w=uv

μ^1(u)_{i1 k1} μ^2(v)_{i2 j2} f(v, k_1)μ^2(a)_{j2 k2} f(a, k_1) = ∑ j_1

μ^1(w)_{i1 j1} μ^1(a)_{j1 k1} μ^2(1)_{i2 k2} + ∑ w=uv

μ^1(u)_{i1 k1} μ^2(va)_{i2 k2} f(va, k_1)

= μ^1(wa)_{i1 k1} μ^2(1)_{i2 k2} + ∑ w=uv

μ^1(u)_{i1 k1} μ^2(va)_{i2 k2} f(va, k_1) = ∑ wa=uv

μ^1(u)_{i1 k1} μ^2(v)_{i2 k2} f(v, k_1)

Note that the fourth equality is justified by the fact that f(v, j_1)μ^1(a)_{j1 k1} = 0 when v ≠ 1 because (λ^1, μ^1, γ^1) satisfies the requirements of Lemma 3.5. Note also that in the computation above, we have used that 0 and 1 commute with everything in the semiring K.

Now, we define λ ∈ K^{1×n} by λ_{(i1 ,i2 )} = λ^1_{i1} λ^2_{i2} and γ ∈ K^{n×1} by γ_{(j1 ,j2 )} = γ^1_{j1} γ^2_{j2} . We claim that S = S_1 · S_2 = (λ, μ, γ). Note that, from the hypotheses on the representations of S_1 and S_2 we know that γ^1 and λ^2 consist of 0 and 1 only, which commute with any value in the semiring K. Also, for all j_1 ∈ [n_1] and v ∈ Σ^∗ we have γ^1_{j1} = f(v, j_1)γ^1_{j1} . Therefore, we compute for any w ∈ Σ^∗

(S_1S_2, w) = ∑ w=uv

(S_1, u)(S_2, v)

= ∑ w=uv ∑ i_1 ,j_1

λ^1_{i1} μ^1(u)_{i1 j1} γ^1_{j1} · ∑ i_2 ,j_2

λ^2_{i2} μ^2(v)_{i2 j2} γ^2_{j2}

= ∑ i_1 ,i_2 ,j_1,j_2

λ^1_{i1} λ^2_{i2} ( ∑ w=uv

μ^1(u)_{i1 j1} μ^2(v)_{i2 j2} ) γ^1_{j1} γ^2_{j2} = ∑ i_1 ,i_2 ,j_1,j_2

λ_{(i1 ,i2)}μ(w)_{(i1 ,i2)(j1 ,j2 )}γ_{(j1,j2 )} = λμ(w)γ.

Finally, it remains to show that the morphism μ is aperiodic. Let q > 1 be such that μ^i(w^q ) = μ^i(w^{q−1}) for all w ∈ Σ^∗ and i = 1, 2. We claim that for m > 2q we have μ(w^m) = μ(w^{m+1}) for all w ∈ Σ^∗.

Fix (i_1, i_2), (j_1, j_2) ∈ [n] and let φ(u, v) = μ^1(u)_{i1 j1} μ^2(v)_{i2 j2} f(v, j_1) for all u, v ∈ Σ^∗. If m > 2q and w^m = uv then we have either u = w^q u^′ or v = v^′w^q . In the first case, using the fact that μ^1(w^q ) = μ^1(w^{q−1}) = μ^1(w^{q+1}) we deduce that φ(u, v) = φ(w^{q−1}u^′, v) = φ(w^{q+1}u^′, v). We proceed similarly in the second case and we obtain {φ(u, v) | w^m = uv} = {φ(u, v) | w^{m+1} = uv}.

From this, using the fact that sum is idempotent, we deduce

μ(w^m)_{(i1 ,i2)(j1 ,j2 )} = ∑ w^m=uv

φ(u, v) = ∑ w^{m+1}=uv

φ(u, v) = μ(w^{m+1})_{(i1 ,i2 )(j1 ,j2)}

which completes the proof of the theorem. ⊓⊔ The above proof essentially uses a product of two weighted automata with behaviour S_1 resp. S_2 and defines the weights of the transitions of the product automaton suitably. We just note that one could also take a union of the state sets of the two automata for S_1 and S_2, identifying the final state of the first automaton with the initial state of the second automaton, and keeping the transitions (and their weights) of the two automata; all other transitions get weight 0, cf. [9, proof of Proposition VI.7.8]. Then, if the two automata for S_1 and S_2 are ‘aperiodic’, so is the union automaton. However, the behaviour of this union automaton is also mimicked exactly in the transitions of our product automaton as given above. Moreover, the use of a product automaton will be essential for extending the result to trace monoids. Therefore, the above proof can also be viewed as a preparation for this extension.

The idempotence of sum is needed to obtain this result, even for the free monoid. Indeed, let K = (N, +, ·) and Σ = {a}. The language Σ^∗ is clearly aperiodic and therefore its characteristic series S = 1_Σ∗ is aperiodic as well (Proposition 3.2). Now, for all m ≥ 0, (S · S, a^m) = ∑ a^m=uv (S, u)(S, v) = m + 1.

Therefore, the series S^2 is not weakly aperiodic, whence is not aperiodic.

We aim now at establishing a similar result for arbitrary trace monoids. Alphabetic representations have been introduced in [7] in order to study the closure of recognizable series over trace monoids under product and star. We will use a simpler form of alphabetic representations which is sufficient to show that aperiodic series are also closed under product.

We say that a representation (λ, μ, γ) of dimension n is (past-)alphabetic, if there exists a function^←α : [n] → P(Σ) such that for all u ∈ M, the following two conditions are satisfied:

(1) Whenever μ(u)_{ij} ≠ 0, then^←α(j) =^←α(i) ∪ α(u) (2) whenever λ_i ≠ 0, then^←α(i) = ∅.

We call (λ, μ, γ;^←α) an alphabetic representation of S.

Proposition 3.8. Let K be an arbitrary semiring and S ∈ K⟨⟨M⟩⟩ be an aperiodic series over traces. Then there exists an alphabetic representation S = (λ, μ, γ;^←α) with μ aperiodic.

Proof. The construction of the representation follows the same line as in [7, Proposition 6]. Assume that S = (λ^′, μ^′, γ^′) with μ^′ : M → K^{n′×n′} an aperiodic morphism. Let n = n^′ · 2^{|Σ|}. Subsequently, we identify [n] with [n^′] × P(Σ). We define μ : M → K^{n×n} and λ ∈ K^{1×n}, γ ∈ K^{n×1} by

μ(u)_{(i,X)(j,Y )} = { μ^′(u)_{ij} if Y = X ∪ α(u) 0 otherwise λ_{(i,X)} = { λ^′_i if X = ∅ 0 otherwise γ_{(i,X)} = γ^′_i

Also, we put^←α(i, X) = X.

It can be shown as in [7, Proposition 6] that (λ, μ, γ;^←α) is an alphabetic representation of S. Here, we only have to show that μ is aperiodic. Indeed, let m > 0 be such that μ^′(u^m) = μ^′(u^{m+1}) for all u ∈ M. Note that since we have taken m > 0, we have α(u^{m+1}) = α(u) = α(u^m) for all u ∈ M. It follows directly from the definition of μ that μ(u^m) = μ(u^{m+1}) for all u ∈ M. ⊓⊔

We will now prove that aperiodic series over trace monoids are closed under Cauchy product when the semiring K is idempotent and commutative.

Theorem 3.9. Assume that the semiring K is idempotent and commutative. Let S_1, S_2 ∈ K⟨⟨M⟩⟩ be aperiodic series, then their product S = S_1 · S_2 is also aperiodic.

Proof. Again, we use the construction of [7, Theorem 7]. Let (λ^1, μ^1, γ^1) be an aperiodic representation of S_1 of dimension n_1 and let (λ^2, μ^2, γ^2;^←α) be an alphabetic representation of S_2 of dimension n_2 with μ_2 aperiodic (Proposition 3.8). Let n = n_1 · n_2 and identify [n] with [n_1] × [n_2]. Next, we define μ : M → K^{n×n} by μ(w)_{(i1 ,i2 )(j1,j2 )} = ∑ w=uv

I(u, i_2)μ^1(u)_{i1 ,j1} μ^2(v)_{i2 ,j2}

where

I(u, i) = { 1 if u I^←α(i) 0 otherwise.

It was shown in [7, Theorem 7] that μ is a morphism and S = (λ, μ, γ) where λ ∈ K^{1×n} and γ ∈ K^{n×1} are defined by λ_{(i1 ,i2 )} = λ^1_{i1} λ^2_{i2} and γ_{(k1,k2 )} = γ^1_{k1} γ^2_{k2} .

We have assumed μ^1 and μ^2 aperiodic so let q > 1 be such that μ^1(w^q ) = μ^1(w^{q−1}) and μ^2(w^q ) = μ^2(w^{q−1}) for all w ∈ M. We will show that μ is aperiodic. Throughout the rest of the proof, we fix (i_1, i_2), (j_1, j_2) ∈ [n]. For w ∈ M and m ≥ 0, we define

X_m(w) = {(u_1, . . . , u_m, v_1, . . . , v_m) ∈ M^{2m} | ∀i ∈ [m], w = u_iv_i and ∀1 ≤ i < j ≤ m, v_i I u_j }.

Also, for x = (u_1, . . . , u_m, v_1, . . . , v_m), we set φ(x) = I(u, i_2)μ^1(u)_{i1 ,j1} μ^2(v)_{i2 ,j2} where u = u_1 · · · u_m and v = v_1 · · · v_m (recall that (i_1, i_2), (j_1, j_2) have been fixed). Using the generalized Levi’s factorization (Lemma 2.1) and the definition of μ we deduce immediately that

μ(w^m)_{(i1 ,i2 )(j1 ,j2)} = ∑ x∈X_m(w)

φ(x).

Note that, thanks to the unicity of the factorization in Levi’s Lemma, we do not use that sum is idempotent for this result.

Claim. If m > q(|Σ|+1) then φ(X_m(w)) = φ(X_{m+1}(w)). Actually, we will prove that for all x ∈ X_m(w), there exist y ∈ X_{m−1}(w) and z ∈ X_{m+1}(w) such that φ(x) = φ(y) = φ(z).

Let x = (u_1, . . . , u_m, v_1, . . . , v_m) ∈ X_m(w). For 1 ≤ i < j ≤ m we have v_i I u_j , which implies that α(v_i) ⊆ α(w) \ α(u_j ) ⊆ α(v_j ). Therefore we have α(v_1) ⊆ · · · ⊆ α(v_m) and from the hypothesis on m we deduce that there exists 1 ≤ p ≤ m − q such that α(v_p) = · · · = α(v_{p+q} ).

Let p < k ≤ p + q, we have α(w) = α(u_k) ∪ α(v_k ) and α(u_k) I α(v_{k−1}) = α(v_k ). Hence we obtain α(u_k) = α(w) \ α(v_k). Since there is at most one way to split the trace w into two independent traces whose alphabet are fixed, we deduce that u_{p+1} = · · · = u_{p+q} = ū and v_{p+1} = · · · = v_{p+q} = v̄.

Let u^′ = u_1 · · · u_p, u^{′′} = u_{p+q+1} · · · u_m, v^′ = v_1 · · · v_p and v^{′′} = v_{p+q+1} · · · v_m. Then we have

μ^1(u) = μ^1(u^′ū^qu^{′′}) = μ^1(u^′ū^{q+1}u^{′′}) = μ^1(u^′ū^{q−1}u^{′′}) μ^2(v) = μ^2(v^′v̄^q v^{′′}) = μ^2(v^′v̄^{q+1}v^{′′}) = μ^2(v^′v̄^{q−1}v^{′′}) α(u) = α(u^′ū^qu^{′′}) = α(u^′ū^{q+1}u^{′′}) = α(u^′ū^{q−1}u^{′′})

The claim follows since this implies that φ(x) = φ(y) = φ(z) for

y = (u_1, . . . , u_{p+q−1}, u_{p+q+1}, . . . , u_m, v_1, . . . , v_{p+q−1}, v_{p+q+1}, . . . , v_m) ∈ X_{m−1}(w) z = (u_1, . . . , u_{p+q}, u_{p+q} , . . . , u_m, v_1, . . . , v_{p+q} , v_{p+q} , . . . , v_m) ∈ X_{m+1}(w).

Using the claim, we deduce immediately that for m > q(|Σ| + 1) it holds

μ(w^m)_{(i1 ,i2 )(j1 ,j2)} = ∑ x∈X_m(w)

φ(x) = ∑ x∈X_{m+1}(w)

φ(x) = μ(w^{m+1})_{(i1 ,i2)(j1 ,j2 )}.

Here we have used that sum is idempotent in K since |X_m(w)| < |X_{m+1}(w)| as soon as w ≠ 1. ⊓⊔

Commutativity is needed because we are dealing with trace monoids. An example was given in [7, Section 5] showing that recognizable series over trace monoids are not closed under product in general.

As usual, in the special case of the boolean semiring we obtain the result on trace languages as a corollary.

Corollary 3.10 ([12]). The product of two aperiodic trace languages is again aperiodic.

Proof. Let L_1, L_2 ⊆ M be two aperiodic trace languages. By Proposition 3.2 the characteristic series 1_{L1} , 1_{L2} ∈ B⟨⟨M⟩⟩ are aperiodic. Then by Theorem 3.9 we deduce that 1_{L1} · 1_{L2} = 1_{L1·L2} ∈ B⟨⟨M⟩⟩ is also aperiodic. Since we are in the boolean semiring this implies that L_1 · L_2 is recognizable. Applying again Proposition 3.2 we deduce that L_1 · L_2 is aperiodic. ⊓⊔

4 Aperiodic series over semirings with Burnside matrix monoids

In this section we will derive a representation of recognizable and of aperiodic formal power series over semirings with local finiteness conditions which will be crucial later on. We will also briefly investigate the possible weakening of aperiodicity mentioned after Definition 3.1.

Recall that a semiring K is locally finite, if each finitely generated subsemiring is finite. A monoid is called locally finite, if each finitely generated submonoid is finite. Clearly, any commutative idempotent monoid is locally finite. Also, a semiring (K, +, ·, 0, 1) is locally finite iff both monoids (K, +, 0) and (K, ·, 1) are locally finite. Indeed, if X is a finite subset of K then the submonoid Y of (K, ·, 1) generated by X is finite and the submonoid Z of (K, +, 0) generated by Y is also finite. Now, it is easy to check that Z · Z ⊆ Z and we deduce that the subsemiring of (K, +, ·, 0, 1) generated by X is the finite set Z.

For example, the max-min semiring R_{max,min} = (R_+ ∪ {∞}, max, min, 0, ∞) of positive reals, used in operations research for maximum capacity problems of networks, is locally finite. In fact, any distributive lattice (L, ∨, ∧, 0, 1) with smallest element 0 and largest element 1 is a locally finite semiring.

Note that if K is a locally finite semiring, then the matrix monoids K^{n×n} are locally finite for all n. Indeed, let Y ⊆ K^{n×n} be a finite set of matrices and let X be the subsemiring of K generated by the finite set {A_{ij} | A ∈ Y, i, j ∈ [n]}. Then the submonoid of K^{n×n} generated by Y is contained in X^{n×n} which is a finite submonoid of K^{n×n}.

Conversely, if K^{2×2} is a locally finite monoid then K is a locally finite semiring. Indeed, let X ⊆ K be a finite set. By considering the submonoid generated by the matrices {( a 0 0 0 ) | a ∈ X }

we obtain that (K, ·, 1) is locally finite. Now, by considering the submonoid generated by the matrices {( 1 a 0 1 ) | a ∈ X }

we obtain that (K, +, 0) is locally finite. For this, note that ( 1 a 0 1 ) · ( 1 b 0 1 ) = ( 1 a + b 0 1 ) . Proposition 4.1. Let K be a locally finite semiring, M be a finitely generated monoid and S = (λ, μ, γ) ∈ K^{rec}⟨⟨M⟩⟩ be a recognizable series. Then μ(M) and Im(S) are finite.

Proof. Let S = (λ, μ, γ) be a representation with μ : M → K^{n×n}. Let Σ be a finite set of generators of M. Then, μ(M) is the submonoid of K^{n×n} generated by the finite set μ(Σ). Since K is locally finite we deduce that μ(M) is finite. Therefore, Im(S) = {λ · A · γ | A ∈ μ(M)} is also finite. ⊓⊔

For applications on aperiodic series, we use weaker assumptions on K. A monoid N is called torsion (or periodic), if each of its cyclic submonoids {x^n | n ≥ 0} (x ∈ N) is finite. Each locally finite monoid is torsion. The converse, which was posed as a problem for groups by Burnside in 1902 (and answered negatively by Golod in 1964), leads to deep problems in semigroup theory, see the surveys by Simon [27] and Pin [21] for its relevance to automata theory. We will say that a semiring K has Burnside matrix monoids, if in the monoids K^{n×n}(n ∈ N) each finitely generated torsion submonoid is finite. These semirings will be important to us because of the following easy but crucial observation.

Proposition 4.2. Let K be a semiring with Burnside matrix monoids, M be a finitely generated monoid and let S = (λ, μ, γ) ∈ K⟨⟨M⟩⟩ with μ aperiodic. Then μ(M) and Im(S) are finite.

Proof. Since μ is aperiodic and M is finitely generated, μ(M) is a finitely generated torsion submonoid of K^{n×n} and hence finite by assumption on K. Then, Im(S) = {λ · A · γ | A ∈ μ(M)} is also finite. ⊓⊔

Before continuing, let us point out examples of such semirings. Clearly, if K is locally finite then K has Burnside matrix monoids. But also all of the following important (not locally finite) semirings have been shown to have Burnside matrix monoids:

Theorem 4.3. Each of the following semirings has Burnside matrix monoids:

– N = (N, +, ·, 0, 1) and its completion N = (N ∪ {∞}, +, ·, 0, 1) (Mandel and Simon [16]), – M = (N ∪ {∞}, min, +, ∞, 0) (Simon [26]), – P = (N ∪ {−∞, ∞}, max, +, −∞, 0) (Mascle [17]), – Rat = (Rat(a^∗), ∪, ·, ∅, a^∗) (Mascle [17]).

– any commutative semiring or PI-ring (a ring satisfying a polynomial identity), cf. [21] and [28]

Now let S ∈ K⟨⟨M⟩⟩. If k ∈ K, we let S^{−1}(k) = {m ∈ M | (S, m) = k}. Now we obtain the following finitary description of recognizable respectively aperiodic series:

Corollary 4.4. Let M be a finitely generated monoid and S ∈ K⟨⟨M⟩⟩. Assume that either S is recognizable and K is locally finite or that S is aperiodic and K has Burnside matrix monoids. Then, S = ∑ k∈Im(S) k · 1S^{−1}(k) is a finite

linear combination of characteristic series with each S^{−1}(k) recognizable (resp. aperiodic). In particular, Supp(S) is recognizable (resp. aperiodic).

Proof. By Proposition 4.1 (resp. 4.2), Im(S) is finite and clearly, we have S = ∑ k∈Im(S) k · 1S^{−1}(k). It remains to show for k ∈ K that S

−1(k) is recognizable (resp. aperiodic). For this, let (λ, μ, γ) be a representation of S, with μ aperiodic in case S is aperiodic. By Proposition 4.1 (resp. 4.2), μ(M) is a finite monoid. We show that μ : M → μ(M) recognizes S^{−1}(k). Indeed, if u, v ∈ M with μ(u) = μ(v) and u ∈ S^{−1}(k), then (S, v) = λ · μ(v) · γ = λ · μ(u) · γ = (S, u) = k. Therefore, S^{−1}(k) is recognizable in M. Now if S is aperiodic, then μ(M) is an aperiodic monoid, so S^{−1}(k) is aperiodic in M. ⊓⊔

As a consequence of this description of S, we can represent such an S by a classical deterministic complete M-automaton with weights attached only to the final states. That is, there is a representation (λ, μ, γ) of S with a unique initial state (which has weight 1) such that for each w ∈ M and each i there is a unique j with μ(w)_{ij} ≠ 0, and then μ(w)_{ij} = 1. Moreover, if the monoid M, the semiring K and a representation of S are given in an effective way, all the constituents of the above description of S can be effectively computed. Thus we obtain:

Corollary 4.5. Let M be a computable finitely generated monoid, K a computable semiring and S, T ∈ K⟨⟨M⟩⟩. Assume that either K is locally finite and S, T have effectively given representations, or K has Burnside matrix monoids and S, T have effectively given aperiodic representations. Then from this, the following are decidable:

1. S = T 2. supp(S) = ∅ 3. supp(S) = M.

Proof. Compute the descriptions of S and T given in Corollary 4.4 and compare the arising languages and the coefficients of their characteristic series. ⊓⊔

The following is a further immediate consequence of Corollary 4.4.

Corollary 4.6. Let M be a finitely generated monoid, K a semiring and L ⊆ M. (a) If 1_L is recognizable and K is locally finite, then L is recognizable. (b) If 1_L is aperiodic and K has Burnside matrix monoids, then L is aperiodic.

Now we turn to the Hadamard product. As a further consequence of Corollary 4.4 we note:

Corollary 4.7. Let M be a finitely generated monoid.

(a) If K is locally finite, the Hadamard product of any two recognizable series in K⟨⟨M⟩⟩ is again recognizable.

(b) If K has Burnside matrix monoids, the Hadamard product of any two aperiodic series in K⟨⟨M⟩⟩ is again aperiodic.

Proof. (a) Let S, T ∈ K^{rec}⟨⟨M⟩⟩. By Corollary 4.4, we have S =

∑_m i=1 k_i · 1_{Li} and T =

∑_n j=1 k^′_j · 1_L′_j with k_i, k^′_j ∈ K and recognizable languages L_i, L^′_j ⊆ M.

Then each L_i ∩ L^′_j is recognizable in M, and 1_{Li} ⊙ 1_L′_j = 1_{Li∩L}′_j , so S ⊙ T = ∑ i,j k_ik^′_j · 1_{Li∩L}′_j ∈ K^{rec}⟨⟨M⟩⟩.

(b) We argue as above, obtaining aperiodic languages L_i, L^′_j , and apply Proposition 3.3. ⊓⊔

Now we will derive another version of Theorems 3.7 and 3.9 which holds also if K is non-commutative. Note that its proof does not require the (relatively complicated) arguments used for Theorems 3.7 and 3.9. Note also that we do not need to assume that the monoid M has a length function because the semiring is idempotent and the series considered have finite images. The (Cauchy) product of two series is well-defined in this case.

Corollary 4.8. Let M be any finitely generated monoid in which the product of two aperiodic languages is again aperiodic, and let K be an idempotent semiring with Burnside matrix monoids. Let S_1, S_2 ∈ K⟨⟨M⟩⟩ be aperiodic. Then S_1 · S_2 is aperiodic.

Proof. By Corollary 4.4, we have S_1 = ∑ k_1∈I_1 k1 · 1S^{−1}_1 (k_1 ) and S2 = ∑ k_2 ∈I_2 k2 ·

1_S−1_{2 (k2 )} with I_i = Im(S_i) finite (i = 1, 2) and each S^{−1}_1 (k_1), S^{−1}_2 (k_2) aperiodic in M. For all a, b ∈ K and A, B ⊆ M we have (a · 1_A) · (b · 1_B ) = ab · (1_A · 1_B ) and since K is idempotent we also have 1_A · 1_B = 1_{A·B}. Hence,

S_1 · S_2 = ∑ k_1∈I_1 ,k_2∈I_2

k_1 · k_2 · 1_S−1_{1 (k1 )} · 1_S−1_{2 (k2)} = ∑ k_1∈I_1 ,k_2∈I_2

k_1 · k_2 · 1_S−1_{1 (k1 )·S}−1_{2 (k2 )},

and each S^{−1}_1 (k_1) · S^{−1}_2 (k_2) is aperiodic in M. Now by Propositions 3.2 and 3.3, S_1 · S_2 is aperiodic. ⊓⊔

With an analogous proof we also obtain:

Corollary 4.9. Let M be any finitely generated monoid in which the product of two recognizable languages is again recognizable, and let K be a locally finite idempotent semiring. Let S_1, S_2 ∈ K⟨⟨M⟩⟩ be recognizable. Then S_1 · S_2 is recognizable.

Next we show for series over locally finite semirings K the equivalence of three notions of aperiodicity.

Corollary 4.10. Let M be a finitely generated monoid, let K be a locally finite semiring and let S ∈ K^{rec}⟨⟨M⟩⟩. Assume either S is weakly aperiodic or S has a representation (λ, μ, γ) such that μ(M) is group-free. Then S is aperiodic.

Proof. First assume that S is weakly aperiodic. By Corollary 4.4, we have S = ∑ k∈Im(S) k · 1S^{−1}(k) with Im(S) finite and each S

−1(k) ⊆ M recognizable. We show that the languages S^{−1}(k) are also aperiodic. Let m ≥ 0 be such that (S, uv^mw) = (S, uv^{m+1}w) for all u, v, w ∈ M. Then, for all k ∈ K we have uv^mw ∈ S^{−1}(k) iff uv^{m+1}w ∈ S^{−1}(k) and we deduce that the syntactic monoid of S^{−1}(k) is aperiodic. Therefore, the languages S^{−1}(k) are all aperiodic. From Propositions 3.2 and 3.3, we deduce that S is aperiodic.

Secondly, it is well-known that a finite monoid is aperiodic iff it is group-free. The result follows since by Proposition 4.1 the monoid μ(M) is finite. ⊓⊔

Next we will consider the case where K is a field and S ∈ K⟨⟨M⟩⟩ is weakly aperiodic. First we recall some background. Let K be a semiring and M any monoid. Let S ∈ K⟨⟨M⟩⟩. For x ∈ M, let x^{−1}S ∈ K⟨⟨M⟩⟩ be the series defined by (x^{−1}S, y) = (S, xy) (y ∈ M). Note that K⟨⟨M⟩⟩ with addition and multiplication with scalars from K as usual is a K-semimodule (and a vector space if K is a field). A submodule U of K⟨⟨M⟩⟩ is called stable if x^{−1}S ∈ U for any S ∈ U and x ∈ K.

For any series S ∈ K⟨⟨M⟩⟩ its Hankel-matrix H(S) ∈ K^{M×M} is defined by H(S)_{u,v} = (S, uv) (u, v ∈ M). Note that the rows of H(S) are precisely the series u^{−1}S (u ∈ M). Furthermore, S is weakly aperiodic iff S is recognizable and there is m ∈ N such that v^{−m}(u^{−1}S) = v^{−(m+1)}(u^{−1}S) for all u, v ∈ M.

It is well-known that S is recognizable iff S is contained in a finitely generated stable subsemimodule of K⟨⟨M⟩⟩ iff the rows of H(S) are contained in some finitely generated stable subsemimodule of K⟨⟨M⟩⟩ [23, Ch.II.3].

Theorem 4.11. Let K be a field, M any monoid, and S ∈ K⟨⟨M⟩⟩ weakly aperiodic. Then S is aperiodic.

Proof. Let Z = ⟨u^{−1}S : u ∈ M⟩, the subspace of K⟨⟨M⟩⟩ generated by the rows of H(S). Since S is recognizable, Z has a finite basis B = {F_1, . . . , F_n}, say. Now define a mapping μ : M → K^{n×n} such that for each v ∈ M and i ∈ {1, . . . , n}, we have v^{−1}F_i =

∑_n j=1 μ(v)_{ij} · F_j with uniquely determined scalars μ(v)_{ij} ∈ K. Furthermore, S =

∑_n

i=1 λ_iF_i with λ_i ∈ K, and let γ_j = F_j (1). Put λ = (λ_1, . . . , λ_n) and γ = (γ_1, . . . , γ_n)^′. Then μ is a morphism, and (λ, μ, γ) is a representation of S [23, Ch.II.3].

Now let u_i ∈ M such that F_i = u^{−1}_i S (i = 1, . . . , n). Since S is weakly aperiodic, as noted before there is m ∈ N such that for all v ∈ M and i = 1, . . . , n we have v^{−m}(u^{−1}_i S) = v^{−(m+1)}(u^{−1}_i S). Hence n∑ j=1 (μv^m)_{ij} · F_j = v^{−m}F_i = v^{−(m+1)}F_i = n∑ j=1 (μv^{m+1})_{ij} · F_j .

Since B is a basis, comparison of coefficients implies μ(v^m) = μ(v^{m+1}). Thus S is aperiodic. ⊓⊔

5 Star-free series

In a monoid M, the collection SF(M) of star-free languages is defined as the smallest system of languages in M containing all finite languages and being closed under the operations union, complement and product. We define a corresponding notion for formal power series as follows. If K is a semiring and L ⊆ M, the complement of the characteristic series 1_L is simply the characteristic series 1_L := 1_L of the complement L of L. Hence complement is only a partially defined operation on K⟨⟨M⟩⟩, provided K has more than 2 elements.

Definition 5.1. Let M be a finitely generated monoid and K a semiring. Assume either that M has a length function or that K is idempotent. The collection K^{sf} ⟨⟨M⟩⟩ of all star-free series in K⟨⟨M⟩⟩ is the smallest collection of formal power series containing all polynomials and being closed under the operations sum, product and the partial operation complement.

Note that if K is idempotent, by structural induction all star-free series in K⟨⟨M⟩⟩ have finite image and the product operation is well-defined on K^{sf} ⟨⟨M⟩⟩. Note that if S is star-free and k ∈ K, then the series k · S is star-free, since k is a polynomial.

Proposition 5.2. Let M be a finitely generated monoid and let K be idempotent and L ⊆ M star-free. Then 1_L is a star-free series.

Proof. By structural induction on L. If L is finite, 1_L is a polynomial. If L = L_1 ∪L_2, we have 1_L = 1_{L1} +1_{L2} since (K, +) is idempotent. For the same reason, L = L_1 · L_2 implies 1_L = 1_{L1} · 1_{L2} . Finally, 1_L = 1_L by definition. ⊓⊔

Schützenberger [25] showed that in the free monoid Σ^∗, aperiodic languages are star-free. This was generalized by Guaiana [11] to arbitrary finitely generated monoids:

Lemma 5.3 ([11, Thm. 5.1.4]). Let M be any finitely generated monoid. Then each aperiodic language L ⊆ M is star-free.

Now we can prove the main result of this section.

Theorem 5.4. Let M be any finitely generated monoid, and let K be an idempotent semiring with Burnside matrix monoids. Then any aperiodic series in K⟨⟨M⟩⟩ is star-free. Moreover, the following are equivalent:

(1) SF(M) = AP(M) (2) K^{sf} ⟨⟨M⟩⟩ = K^{ap}⟨⟨M⟩⟩.

Proof. Let S ∈ K⟨⟨M⟩⟩ be aperiodic. By Corollary 4.4, we have S = ∑ k∈Im(S) k ·

1_S−1_{(k)} with Im(S) finite and each S^{−1}(k) aperiodic in M. By Lemma 5.3, S^{−1}(k) is star-free in M. Now apply Proposition 5.2 to obtain that S is star-free.

(1) ⇒ (2) : By the above, it remains to show that each star-free series in K⟨⟨M⟩⟩ is aperiodic. We proceed by induction. Each singleton in M is star-free, hence aperiodic by (1). Using Corollary 3.4 we deduce that polynomials are aperiodic. By Proposition 3.3 and Corollary 4.8, the sum and the product of two aperiodic series are again aperiodic. Now let 1_L be aperiodic. Then L is aperiodic by Corollary 4.6, hence L is aperiodic. Then 1_L = 1_L is aperiodic by Proposition 3.2.

(2) ⇒ (1) : Let L ⊆ M be star-free. By Proposition 5.2, 1_L is star-free and hence aperiodic by (2). By Corollary 4.6, L is aperiodic. The converse is just Lemma 5.3. ⊓⊔

As a consequence of this and Corollary 4.4, we obtain an analogue of Corollary 4.4 for star-free series and the converse of Proposition 5.2.

Corollary 5.5. Let K be an idempotent semiring with Burnside matrix monoids. Let M be any finitely generated monoid satisfying SF(M) = AP(M).

(a) If S ∈ K⟨⟨M⟩⟩ is star-free, then for any k ∈ K the set S^{−1}(k) is star-free in M. In particular, Supp(S) is star-free.

(b) If L ⊆ K, then L is star-free iff 1_L is star-free.

6 Conclusion

As a conclusion, we would like to summarize the main results obtained in this paper. The following theorem derives from Corollary 4.4, Propositions 3.2 and 3.3 and Theorem 5.4. It holds in particular for all trace monoids and for the semirings M, P, Rat (Theorem 4.3) and R_{max,min}, or any distributive lattice with 0 and 1. Theorem 6.1. Let K be an idempotent semiring with Burnside matrix monoids and M be any finitely generated monoid satisfying SF(M) = AP(M). For a series S ∈ K⟨⟨M⟩⟩, the following are equivalent:

(1) S is aperiodic, (2) S is star-free, (3) S is a finite linear combination of characteristic series of aperiodic languages.

The condition SF(M) = AP(M) is satisfied for all trace monoids by Guaiana, Restivo and Salemi [12]. It also holds, e.g., for a class of particular concurrency monoids (intersecting with trace monoids only in the class of free monoids), see [6].

References

1. J. Berstel and Ch. Reutenauer. Rational Series and Their Languages, volume 12 of EATCS Monographs in Theoretical Computer Science. Springer Verlag, 1988.

2. R. Cori and D. Perrin. Automates et commutations partielles. R.A.I.R.O. — Informatique Théorique et Applications, 19:21–32, 1985.

3. V. Diekert. Combinatorics on Traces. Number 454 in Lecture Notes in Computer Science. Springer Verlag, 1990.

4. V. Diekert and Y. Métivier. Partial commutation and traces. In G. Rozenberg and A. Salomaa, editors, Handbook on Formal Languages, volume 3, pages 457–533. Springer Verlag, 1997.

5. V. Diekert and G. Rozenberg, editors. Book of Traces. World Scientific, Singapore, 1995.

6. M. Droste. Aperiodic languages in concurrency monoids. Information and Computation, 126:105–113, 1996.

7. M. Droste and P. Gastin. The Kleene-Schützenberger theorem for formal power series in partially commuting variables. Information and Computation, 153:47–80, 1999.

8. M. Droste and P. Gastin. On aperiodic and star-free formal power series in partially commuting variables. In D. Krob, A.A. Mikhalev, and A.V. Mikhalev, editors, Proceedings of the 12th International Conference on Formal Power Series and Algebraic Combinatorics (FPSAC’00), pages 158–169. Springer Verlag, 2000.

9. S. Eilenberg. Automata, Languages and Machines, volume A. Academic Press, New York, 1974.

10. S. Gaubert and M. Plus. Methods and applications of (max, +) linear algebra. In R. Reischuk and M. Morvan, editors, Proceedings of the 14th Annual Symposium on Theoretical Aspects of Computer Science (STACS’97), number 1200 in Lecture Notes in Computer Science, pages 261–282. Springer Verlag, 1997.

11. G. Guaiana. Parties reconnaissables et morphismes sur les monoïdes trace. PhD thesis, LITP, Université Paris 7 (France), 1994.

12. G. Guaiana, A. Restivo, and S. Salemi. Star-free trace languages. Theoretical Computer Science, 97:301–311, 1992.

13. J. A. W. Kamp. Tense Logic and the Theory of Linear Order. PhD Thesis, University of California, 1968.

14. W. Kuich. Semirings and formal power series: Their relevance to formal languages and automata. In G. Rozenberg and A. Salomaa, editors, Handbook on Formal Languages, volume 1, pages 609–677. Springer Verlag, 1997.

15. W. Kuich and A. Salomaa. Semirings, Automata, Languages, volume 6 of EATCS Monographs in Theoretical Computer Science. Springer Verlag, 1986.

16. A. Mandel and I. Simon. On finite semigroups of matrices. Theoretical Computer Science, 5:101–112, 1977.

17. J.P. Mascle. Quelques résultats de décidabilité sur la finitude des semigroupes de matrices. Tech. Rep. LITP 85.50, Université Paris 7 (France), 1985.

18. A. Mazurkiewicz. Concurrent program schemes and their interpretations. Tech.

rep. DAIMI PB 78, Aarhus University, 1977.

19. A. Mazurkiewicz. Trace theory. In W. Brauer et al., editors, Advances in Petri Nets’86, number 255 in Lecture Notes in Computer Science, pages 279–324. Springer Verlag, 1987.

20. R. McNaughton and S. Papert. Counter-free automata. MIT Press, Cambridge, 1971.

21. J.-E. Pin. Tropical semirings. In J. Gunawardena, editor, Idempotency, pages 50–69. Cambridge University Press, 1998.

22. Ch. Reutenauer. Séries formelles et algèbres syntactiques. Journal of Algebra, 66:448–483, 1980.

23. A. Salomaa and M. Soittola. Automata-Theoretic Aspects of Formal Power Series.

Texts and Monographs in Computer Science. Springer Verlag, 1978. 24. M.P. Schützenberger. On the definition of a family of automata. Information and Control, 4:245–270, 1961.

25. M.P. Schützenberger. On finite monoids having only trivial subgroups. Information and Control, 8:190–194, 1965.

26. I. Simon. Limited subsets of a free monoid. In 19th Annual Symposium on Foundation of Computer Science, pages 143–150. Institute of Electrical and Electronics Engineers, 1978.

27. I. Simon. Recognizable sets with multiplicities in the tropical semiring. In M. Chytil, L. Janiga, and V. Koubek, editors, Proceeding of the International Symposium on Mathematical Foundations of Computer Science (MFCS’88), number 324 in Lecture Notes in Computer Science, pages 107–120. Springer Verlag, 1988.

28. H. Straubing. The burnside problem for semigroups of matrices. In L.J. Cummings, editor, Combinatorics on Words, Progress and Perspectives, pages 279–295. Academic Press, 1983.

29. U. Zimmermann. Linear and Combinatorial Optimization in Ordered Algebraic Structures, volume 10 of Annals of Discrete Mathematics. North Holland, 1981.