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Abstract. We examine a bidirectional Propositional Dynamic Logic (PDL) for finite and
infinite message sequence charts (MSCs) extending LTL and TLC™. By this kind of multi-
modal logic we can express properties both in the entire future and in the past of an event.
Path expressions strengthen the classical until operator of temporal logic. For every for-
mula defining an MSC language, we construct a communicating finite-state machine (CFM)
accepting the same language. The CFM obtained has size exponential in the size of the
formula. This synthesis problem is solved in full generality, i.e., also for MSCs with un-
bounded channels. The model checking problem for CFMs and HMSCs turns out to be in
PSPACE for existentially bounded MSCs. Finally, we show that, for PDL with intersection,
the semantics of a formula cannot be captured by a CFM anymore.

1 Introduction

Messages sequence charts (MSCs) are an important formalism describing the executions of dis-
tributed message-passing systems. They are a common notation in telecommunication and defined
by an ITU standard [ITU96]. A significant task is to verify certain properties of message-passing
systems. The model checking problem asks for an algorithm that decides whether, given a formula ¢
and a finite machine A, every behavior of A satisfies ¢. Meenakshi and Ramanujam [MR04] showed
the undecidability of model checking for the class of all MSCs and very restrictive temporal logics
(their result transfers easily from Lamport diagrams to MSCs). In [Pel00,MMO01,GMSZ02,GKMO06],
the model checking problem was tackled successfully for several logics by restricting to existentially
B-bounded MSCs, i.e., to MSCs that can be scheduled such that the channel capacity respects a
given size B. In [Pel00,MMO01,GKMO06] formulas of temporal logics or monadic second-order logic
are translated into machine models such that the semantics of the formula and the behavior of
the machine coincide for existentially B-bounded MSCs (or their linearizations). In this approach,
the bound B is given a priori for the implementation of the formula.

In the early stages of system design it seems more natural not to fix a channel size B but
to implement the entire semantics of ¢. We therefore follow a different approach here. Given a
formula ¢, we will construct a communicating finite-state machine A, (a CFM for short) such
that L(p) = L(A,) wrt. the class of all (finite and infinite) MSCs. Note that no restriction on
the channel capacity is imposed. Once a system is synthesized directly from its specification, it
can be assumed to be correct a priori. The bound B is applied only when we come to the actual
model checking. Given another CFM B, we build a CFM A with L(A) = L(p) N L(B). Now, A
is transformed into a finite sequential transition system with multiple Biichi-acceptance condition
that accepts exactly the B-bounded linearizations from L(.A). Only in this step, the bound B is
used. Clearly, for this finite transition system, we can decide emptiness.

For MSCs, there exist a few attempts to define a suitable temporal logic. Meenakshi and Ra-
manujam obtained exponential-time decision procedures for several temporal logics over Lamport
diagrams (which are similar to MSCs) [MR00,MR04]. Peled [Pel00] considered the fragment TLC™
of the temporal logic TLC introduced in [APP95]. Like the logics above, our logic is interpreted di-
rectly over MSCs, not over linearizations; it combines elements from [MR04] (global next operator,



past operators) and [Pel00] (global next operator, existential interpretation of the until-operator).
But in particular, it is inspired by dynamic LTL as introduced by Henriksen and Thiagarajan first
for words [HT99]. There, standard LTL is extended by indexing the until operator with a regular
expression to make it more flexible. The same authors applied dynamic LTL also to Mazurkiewicz
traces but reasoned only about the future of an event in the same process [HT97]. In contrast, we
might argue about the whole future of an event rather than about one single process. Moreover, we
provide past operators to judge about events that have already been executed. We call our logic
PDL because it is essentially the original propositional dynamic logic as first defined by Fischer
and Ladner [FL79] but here in the framework of MSCs.

Although PDL can be seen as an extension of Peled’s TLC™, our decision procedure is rather
different. Instead of translating a PDL formula ¢ into a CEM directly, we use an inductive method
inspired by [GK03,GKO05]: The events of an MSC are colored by additional bits, one for each
subformula of ¢. Then we construct, for each such subformula v, a CFM A, whose task it is
to check that the bit corresponding to 7 is set at precisely those nodes where v holds. For this,
the CFM A, reads the bits corresponding to the top-level subformulas of 7. As an example, let
v = aV B. In this case, we introduce three 0-1-colorings c., cg, and ¢y, and we build a CFM
checking ¢ (v) = cq(v) V cg(v) for each event v of an MSC. Similarly, v = =3 requires two 0-1-
colorings and a CFM that checks ¢, (v) # cg(v) for each event v. The overall CFM is obtained by
running synchronously all the CFMs arising from the subformulas.

A typical subformula in PDL is v = () # expressing that there is a path starting in the current
vertex that corresponds to the path description 7 (a regular expression). The construction of a
CFM for such a forward-path formula turns out to be the most difficult part. The basic idea is
to start, in the current node v, a finite automaton A that accepts the language L, of the regular
expression 7 and to ensure that A will eventually reach an accepting state in some event v’. For
sequential systems, this problem can be solved by two verification phases [HT99]: divide the infinite
word nondeterministically into infinitely many intervals and make sure that any claim for ~ to
hold in some position v is certified by some position v’ that belongs to the current or the following
interval. In adapting this idea to our setting, a severe problem arises. We do not deal with just
one sequential process but with several ones communicating with each other via channels, i.e.,
the path described by 7 can change process arbitrary many times. Hence the nondeterministic
division into infinitely many intervals has to be done in such a way that every path in the MSC,
even those switching processes, the verification phase changes infinitely often. This is accomplished
in Section 3.3.

Altogether, we construct, for every PDL formula ¢, an equivalent CFM that is exponential in
the size of ¢ and the number of processes. Recall that by [BL06,BK06], existential monadic second
order logic is expressively equivalent to CFMs, and that the set of CFM-languages is not closed
under complementation. Since, on the other hand, PDL does not impose any restriction on the
use of negation, we obtain the PDL is a proper fragment of existential MSO although this is not
obvious.

Furthermore, the model checking problem for PDL can be decided in polynomial space for
existentially B-bounded MSCs, following the lines outlined above. We also show how to model
check high-level MSCs (HMSCs) against PDL formulas without knowing the bound B explicitly.
Since the logic TLC™ of Peled is a fragment of PDL, we generalize the model checking result from
[Pel00] and give an algorithm different from that of Peled.

The final technical section considers an enriched logic iPDL (PDL with intersection) where a
node might be described by the intersection of two different paths. This extension seems natural
to strengthen the expressive power of the formulas. But adapting a proof technique from colored
grids, we show that iPDL is too strong for CFMs, i.e., there is an iPDL formula ¢ such that no
CFM accepts precisely the semantics of .

Outline. In Section 2 we define message sequence charts, the logic PDL, and communicating
finite-state machines. We continue, in Section 3, with several useful constructions for CFMs. In
particular, the color language used later on for the translation of forward-path formulas is shown to
be acceptable by a CFM. Sections 4 and 5 deal with the translation of PDL formulas into CFMs
in the manner described above. The model checking problem is tackled in Section 6 before we



conclude, in Section 7, with the result that PDL with intersection (iPDL) cannot be implemented
in terms of CFMs.

2 Definitions

The communication framework used in our paper is based on sequential processes that exchange
asynchronously messages over point-to-point, error-free FIFO channels. Let P be a finite set of
process identities which we fix throughout this paper. Furthermore, let Ch = {(p,q) € P? | p # q}
denote the set of channels. Processes act by either sending a message, that is denoted by plg
meaning that process p sends to process g, or by receiving a message, that is denoted by p?q,
meaning that process p receives from process g. For any process p € P, we define a local alphabet
(set of event types on p) X, = {plg,p?q | ¢ € P\ {p}}, and we set X' =, cp Xp.

2.1 Message sequence charts

Message sequence charts are special labeled partial orders. To define them, we need the following
definitions: A X-labeled partial order is a triple M = (V, <, \) where (V, <) is a partially ordered
set and A : V — X' is a mapping. For v € V with A(v) = pfq where 6 € {!,?7}, let P(v) = p denote
the process that v is located at. We define two binary relations proc and msg on V setting

— (v,v") € proc iff P(v) = P(v'), v < ', and, for any v € V with P(v) = P(u) and v < u < v/,
we have v = u,
— (v,v") € msg iff there is a channel (p, q) with A(v) = plg, A(v") = ¢?p, and

{u [ Aw) = plg, w <o} =[{u|Au) = q?p, u <o} .

Definition 2.1. A message sequence chart or MSC for short is a X-labeled partial order (V, <, \)
such that

We refer to the elements of V as events or nodes.

If (V,<, ) is an MSC, then proc and msg are even partial and injective functions, so v/ =
proc(v) as well as v = proc™1(v') are equivalent notions for (v,v’) € proc; msg(v) and msg~!(v)
are to be understood similarly.

2.2 Propositional dynamic logic

Path expressions m and local formulas o are defined by simultaneous induction. This induction is
described by the following rules

mu=proc | msg | {a} | m7 | T+ 7| 7*
as=t|o|lavVa|-al(r)al| @)

where o ranges over the alphabet .
Local formulas express properties of single nodes in MSCs. To define the semantics of local
formulas, let therefore M = (V, <, \) be an MSC and v a node from M. Then we define

MouvEo < Av)=0 foroceX
MovEaiVay < M,vlEa; or M,v = ay
MvE-a < MuvFEa



The semantics of forward-path expressions () « is given by

there exists v' € V with (v,v) € proc and M,v' | «
there exists ' € V with (v,v’) € msg and M,v" E «
M,v Eaand M,v =

M, v = (m) (m2) o

M,v = (m)aV (m)a

there exists n > 0 with M,v = ((7))"«

Freeey

The semantics of backward-path expressions <7T>71 « is defined similarly by

1

M,v = (proc) " a <= there exists v’ € V with (v/,v) € proc and M,v" = «
M,v E (msg)~ 104 <= there exists v' € V with (v',v) € msg and M,v" E «
vE{a}) '8 <= M,vEaand M,vEf
M, v|:<7rl, m) e = MvE(m) N m)
M, v )= (m4m) e «—= Mook (m) aV(im)
v (") a < there exists n > 0 with M,v = ()" ")"a

Global properties of an MSC are Boolean combinations of properties of the form “there exists
a node satisfying the local formula a”. These global properties are expressed by global formulas ¢
whose syntax is given by

pu=Ea|Aa|oVelene

where « ranges over the set of local formulas. The semantics is defined by

M E Ea < there exists a node v with M,v = «
M = Aa <= M,v |= « for all nodes v

ME@ Ve < ME @i or ME g

MEpiAps <= M E ¢ and M = @2

Note that our syntax of global formulas does not allow explicit negation. But since we allow
existential and universal quantification as well as disjunction and conjunction, the expressible
properties are closed under negation.

Definition 2.2. The set of subformulas sub(a) of a local formula o and the set of subformulas
sub(m) of a path expression w are defined by synchronous induction as follows:

sub(proc) = sub(msg) = 0
sub({a}) = sub(a)
sub(my;me) = sub(my + m2) = sub(my) U sub(ms)
sub(7") = sub()
and
sub(o) = {o} sub(a Vv §) = {a V 8} Usub(a) U sub(s)
sub(—«a) = {—a} Usub(a) sub({m) @) = {{(7) a} Usub(7) U sub(«)

sub({(m) " a) = {(m) "' a} Usub(x) Usub(a)



Thus, in addition to the obvious definition, a subformula of a path expression is any of the
local formulas occurring in the path expression as well as any subformula of these local for-
mulas. In particular, contrary to what one might expect, a rather long local formula like ¢ =
(proc; {o}; proc; {o};proc; {c} ...) o has only two subformulas, namely ¢ itself and o. The num-
ber of subformulas of « is bounded by the length of a;, but the length of o cannot be bounded in
terms of the number of subformulas.

Note that a path expression 7 is a regular expression over {proc, msg, {a1}, ..., {a,}} for some
local formulas «;. The size s() of 7 is defined by s({a}) = s(proc) = s(msg) = 1, s(m + m2) =
s(m1;me) = s(m1) + s(me) and s(7*) = s(w) (i.e., it is the number of occurrences of {a}, msg, and
proc in the regular expression 7). Note that the size of the path expression {a} is 1, independent
from the concrete form of the local formula «.

2.3 Communicating finite-state machines

The most natural formalism to describe (asynchronous) communication protocols are commu-
nicating finite-state machines (CFM for short) [BZ83]. CFMs are a basic model for distributed
algorithms based on asynchronous message passing between concurrent processes:

Definition 2.3. A communicating finite-state machine (CFM) is a tuple A = (C,n, (Ap)pep, F)
with n € N where

— C is a finite set of message contents or control messages,

— A, = (Sp, —p, tp) is a finite labeled transition system over the alphabet X, x {0,1}" x C for
any p € P (i.e., =, C Sy x (Xp x {0,1}" x C) x Sp) with initial state v, € Sy,

- FC HpeP Sp is a set of global final states.

Now let A be a CFM as above, M = (V,<,\) be an MSC, and ¢: V — {0,1}". A run of A
on (M, c) is a pair of mappings p: V — (J,cp Sp and p: V — C such that, for any v € V,

1. p(v) = p(msg(v)) if msg(v) is defined,
2. (p(proc™(v)), A(v), c(v), u(v), p(v)) € — p(yy if proc(v) is defined, and
(tps A(v), c(v), w(v), p(v)) € — p(y) Otherwise.

In order to define when the run (p, 1) is accepting, we will use Biichi-conditions on each process.
For this, one is usually interested in the set of states that appear infinitely often. But since,
even in an infinite MSC, some of the processes may execute only finitely many events, the set of
states appearing infinitely often is here generalized to the set of states that appear cofinally: Let
cofin,(p) = {s € S, | Vv € V,, ' € V,, : v < v/ A p(v') = s} where V,, = P~1(p). Then the run
(p, 1) is accepting if there is some (s,)pep € F such that s, € cofin,(p) for all p € P. The language
of A is the set L(.A) of all pairs (M, ¢) that admit an accepting run.

We will also consider CFMs that run on MSCs without coloring. Then, we deal with structures
(C, (Ap)pep, F) where A, is a finite labeled transition system over X, x C for any p € P.

3 Construction of CFMs

In this section, we present some particular CFMs and constructions of CFMs. These results will
be used in later sections.

3.1 Intersection

Here, we show that the intersection of languages accepted by CFMs can again be accepted by
a CFM. Since the acceptance by a CFM is defined in terms of a Biichi-condition, we can adopt
the flag construction [Cho74] from the theory of word automata with Biichi-acceptance condition
(cf. proof of Lemma 1.2 in [Tho90]). The additional problem we face here is the interplay between
different processes. In order to keep the CFM for the intersection small, we introduce the following
notion.



Definition 3.1. Let ' C [[ p Sp. The index of F is the least number n such that there are sets

Fy,C Sy forpeP and 1 <i<nwith F=Ucc, [Lep Fp

The index of a CFM is the index of its set of accepting states.

Clearly, the index of a CFM is bounded by s!P! where s is the maximal size of a set of local
states Sp. To see that the index can be quite large, let n € N, P = S, = [n] for all p € P
(where we let [n] = {1,...,n}). Furthermore, let F' be the set of all tuples (s,),ep such that
{sp | p € P} = [n], i.e., the set of surjections from [n] onto [n]. Hence F' contains n! many
elements. Any two of them differ in at least two positions. Hence the index of F' equals its size
and is exponential in n and therefore in |P|.

Lemma 3.2. For 1 < i < m, let A" = (C% n, (S;,H;,L;)pep,Fi) be CFMs of index 1. Then
there exists a CFM A of index 1 that accepts (M, ¢) with M an MSC and ¢ : V — {0,1}" iff it is
accepted by A* for all i € [m].

The set of messages of A is Hie[m] C* and the set of local states of process p is {0,1,...,m} x

Proof. Since F" has index 1, there exist sets F, C S, with F* = [ p F}.
The idea of the proof is that A4 will simulate all the machines A’ in parallel. In addition, it
checks that, for each p € P and i € [m], some state from F;; is assumed cofinally (i.e., infinitely

often or, if process p executes only finitely many events, at the last event from p). Formally,

(mydd, o0y i L) € T e B2 .
we set 1, = R prriTp €mTP and F o= ( m} x [, SZ).
P {(0, Ly --ytnt)  otherwise Hper ({m} H’e[m] P

chv(bi)ie[m]

Furthermore, (a, (5:)ic[m]) » (@', (8})iepm)) With b; € C* is a transition of A iff

1. s; ﬂp s} is a transition of A" for all i € [m)
m if s}, € F}, for all i € [m]
0 if a =m and s}, ¢ F} for some i € [m]

a+1 ifa<m,sitt e Fytand s} ¢ F) for some i € [m]

a otherwise.

Recall the classical flag construction for w-word automata. There, the value of the counter a
indicates that the composite machine waits for an accepting state of the simulated machine a + 1;
a value m indicates that all simulated machines went through some accepting states. Here, we do
the same. But, in addition, if all component states of the composite machine are accepting, then
we set the counter value directly to m. This is useful when process p executes only finitely many
events. Then, at its final event v, all the component machines have to be in some accepting state.
For processes executing infinitely many events, this is of no importance. a

Proposition 3.3. For i € [m], let A® = (C',n, (S;, —>Z7L§))pe'p7Fi) be a CFM of index £;. Then
there exists a CFM A that accepts (M, c) with M an MSC and ¢ : V — {0,1}™ iff it is accepted
by A® for all i € [m).

The set of messages of A is Hie[m] C*. Moreover, the set of local states of process p is i, |

({07 1; 2,.. '7m} X qu[m] SZZ) X H?G[m] [‘gl])

Proof. Since the index of A’ is ¢;, its language is the union of languages L1, ... ,Léi that can each
be accepted by a CFM of index 1. The language in question is therefore UJGHie[m] (6] ﬂie[m] L.
By Lemma 3.2, the intersection ﬂie[m] L%, can be accepted by a CFM of index 1 with set of local
states {0,1,2,...,m} X [Tigm) S} x {j}. The disjoint union of all these CFMs (together with new
local initial states) accepts the language in question; its set of states equals ¢, U ({0,1,2,...,m} x

[Licpm) Sy x [Ticpmléi]) as claimed. O



3.2 Infinitely running processes

For an MSC M = (V, <, ), let Inf(M) C Ch denote the set of those channels (p, ¢) that are used
infinitely often, i.e., Inf(M) = {(p,q) € Ch | A=1(p!q) is infinite}. From a set I C Ch, we want to
construct a CFM of index 1 that checks whether Inf(M) = I.

Lemma 3.4. Let I C Ch. There exists a CFM Ay of index 1 with three local states per process
and one message that accepts an MSC M iff Inf(M) C I.

Proof. The sets of local states are given by S, = {0,1,2} for any p € P, the state 0 is locally

initial. The only control message is 1. Then we set a gp b iff (a = b and o uses a channel from
I) or (a < b and o does not use a channel from I) or a = b = 1. Then state 0 indicates that no
channel of Ch\ I has been used, 1 indicates that some channel from Ch \ I has been used and
that some channel will be used, and 2 denotes that some channel from Ch \ I has been used but
none will ever be used in the future. Hence, process p uses the channels from Ch \ I only finitely
often iff it can visit 0 or 2 cofinally. Setting F' = [ .»{0,2} therefore finishes the construction of
the desired CFM. O

Lemma 3.5. Let I C Ch. There exists a CFM By of index 1 with 417! local states per process and
one message that accepts an MSC M iff I C Inf(M).

Proof. For p € P let S, = {0,1}*» and set C' = {1}. The locally initial state ¢, € S, maps all

o f
T € X, to 0. Then we set g o1, g for g,g' € S, and o € 3, iff ¢'(1) = 9(7) 1 T#U.
1—g(r) otherwise
for all 7 € X,,. Thus, the local process p counts modulo 2 the number of occurrences of any local

action. The channel (p, ¢) is used infinitely often iff the following two properties hold:

— Process p visits a state g, with g,(plg) = 0 cofinally.
— Process ¢ visits a state g, with g,(¢?p) = 1 cofinally.

Hence a global state (g,)pep is final (i.e., belongs to F') iff, for any (p,q) € I, we have g,(plg) =0
and gq(¢?p) = 1. O

Proposition 3.6. Let I C Ch. There exists a CFM B of index 1 with 3 -3 - 4Pl local states per
process and one message that accepts an MSC M iff I = Inf(M).

Proof. Follows immediately from Lemmas 3.4, 3.5, and 3.2. O

3.3 The color language

For later use, and in order to become acquainted with the computational power of CFMs, in this
section we build a CFM that accepts “black/white colored” MSCs. The aim is that such a coloring
is acceptable if any infinite path in the MSC has infinitely many color changes (cf. Cor. 3.9).

Let M be an MSC and ¢: V' — {0,1}. On V', we define an equivalence relation ~ setting u ~ w
iff P(u) = P(w) and, for all v € V with (u < v < wor w < v < wu) and P(u) = P(v), we have
c(u) = ¢(v) = e(w) (i.e., a ~-equivalence class is a maximal monochromatic interval on a process
line).

Let Col be the set of all pairs (M, ¢) with ¢: V — {0, 1} such that the following hold

(1) if v is minimal on its process, then ¢(v) =1

(2) if (v,v") € msg and w' < v with P(w’) = P(v’), then there exists (u,u’) € msg with
A) = A(), ¢(u) = e(v'), and v ~ w’

(3) any equivalence class of ~ is finite.



Figure 1 visualizes the second condition, on the left, we have the precondition while the right di-
agram indicates the conclusion. More precisely, in the precondition, we have a message (v, v’) € msg
from process p to process ¢ and some node w’ preceding v’ on the same process. Note that equiv-
alence classes of ~ are intervals on process lines. The borders of the equivalence class containing
w’ are indicated. Then, by the conclusion, there is a message (u,u’) € msg from p to ¢ such that
u’ belongs to the indicated equivalence class of ~ (that also contains w’) and the colors of u and
u’ are the same (which is not indicated).

In general, there can be messages (u, u’) € msg such that the colors of u and ’ are different, i.e.,
c(u) # c(u’) (Corollary 3.9 will show that there are many such messages). The second condition
ensures that there are also “many” messages where the send and the receive event carry the same
color.

an) an)
u(
’
(7
’ ’
w
(] ()

U u(C
\( , \()v/

Fig. 1. The second condition

Proposition 3.7. There exists a CFM Aco that accepts the set Col. The CFM Aco has two
messages and its number of local states is in 20(PD.

Proof. Since the language Col consists of pairs (M, ¢), any process p of an accepting MPA executes
a sequence of events from ((XZ, x {0,1}) x {0,1})> (with {0,1})> the set of finite and infinite
words over {0,1}) where ((0,a),b) stands for an (o, a)-labeled event that sends or receives b.
Our automaton Age will always send the current value of the mapping ¢, i.e., the set of control
messages is {0, 1} and we will only execute events from

Iy ={((plg,a),a) | ¢ € P,a € {0,1}} U{((p?q.a),d) | g € P,a,b € {0,1}}.

Having this in mind, consider for p € P, B C P, and i € {0,1} the language L%i C Iy with
w e L, iff

— if ((plq,a),a) occurs in w, then a = 4,

— if ((p?q,a),b) occurs in w, then a =i and ¢ € B,

— for all ¢ € B, the letter ((p?q,i),4) occurs in w.

Then L%, ; is regular and can be accepted by a finite deterministic automaton BY, ; with 218l many
states. We build the p-component A, of Aco from the disjoint union of all these automata B%’i

— it therefore has
Z 2. 2Bl < 9. 47l
BCP



many states. More precisely, A, is obtained from this disjoint union by adding e-transition from
any accepting state of A%i to any initial state of A’é,j iff B D C and i # j. The initial states of
A, are the initial states of B%,r A finite run is accepting if it ends in some final state of one of
the automata B%,i’ an infinite run is accepting if it takes infinitely many e-transitions.

Note that a word ((pfngn,an);bn)o<n<n € I'7° is accepted by A, iff

— ag = 1

— if §,, =, then a,, = b,

— if 6, = 7 and m < n, then there exists £ € N with plrqr = p?qn, ar = bg, and, for all £ in
between m and k, we have a,, = ay = ag.

Hence the MPA consisting of these components accepts the language Col. a

The index ind(v) of a node v is the maximal number of mutually non-equivalent nodes from
Vp below v. Note that ¢(v) = ind(v) mod 2 for all nodes v if the pair (M, c) satisfies (1) in the
definition of the language Col.

Lemma 3.8. Let (M,c) € Col. Then, for any (v,v’) € msg with ind(v) < ind(v’), we have
c(v) # c(v').

Proof. Suppose there is (v,v") € msg with ind(v) < ind(v") but ¢(v) = ¢(v'). Since any element
of M dominates a finite set, we can assume v’ to be minimal with this problem. If ind(v) + 1 =
ind(v'), we are done since ¢(v) = ind(v) mod 2 # (ind(v) + 1) mod 2 = ¢(v'). So let ind(v) +
1 < ind(v’). Since (M, c) € Col and ind(v') — 1 > ind(v) > 1, there exists (u,u’) € msg with
Au) = A(v'), ¢(u) = ¢(u'), and ind(v’) = ind(v') — 1. In particular, v’ < v" and therefore u < v.
But then ind(u) < ind(v). Now we have ind(u) < ind(v) < ind(v’) — 1 = ind(u'), ie., v’ < o' is
another counterexample to the statement of the lemma. But this contradicts the choice of v/. O

Corollary 3.9. Let (M, c) € Col and let (v1,vs,...) be some infinite path in M. Then there exist
infinitely many i € N with c(v;) # c¢(vit1).

Proof. Since ind™!(n) is finite for any n € N, there are infinitely many i € N with ind(v;) <
ind(viy1). If (vs,vi41) € proc, then ind(v;11) = ind(v;) + 1 and therefore ¢(v;) # ¢(vi+1). If, in the
other case, (v;,v;+1) € msg, then by Lemma 3.8, we get c(v;) # c(viy1). O

4 Translation of local formulas

Let a be a local formula of PDL. We will construct a “small” CFM that accepts a pair (M, ¢) with
M an MSC and ¢ : V — {0, 1} iff ¢ is the characteristic function of the set of positions satisfying

a, i.e.,
1 ifM
)= T e
0 otherwise.

To obtain this CFM, we will first construct another CFM that accepts (M, (cs)gesub(a)) iff, for
all positions v € V and all subformulas § of a, we have M,v = § iff cg(v) = 1. This CFM will
consist of several CFMs running in conjunction, one for each subformula. For instance, if 0 € X
and § = [V 7 are subformulas of a, then we will have sub-CFMs that check whether, for any
position v, we have ¢, (v) = 1 iff A(v) = o and ¢5(v) = cg(v) V ¢y (v), resp. We first define these
sub-CFMs for subformulas of the form o, 5V v, and —f.

Ezample 4.1. For o € X, we define the CFM A, = ({m},1, (A,)pep, F) as follows: For p € P, let
Sp = {tp} and (1p, 7,b,m,1p) € —, iff

—717=candb=1or
—7#0cand b=0.



Furthermore, F' = {(¢p)pep}. Then it is easily checked that (M, ¢) is accepted by A, iff
YoeV:Av)=0 < c(v) =1

Ezample 4.2. Next we define a CFM Ay = ({m}, 3, (Ap)pep, F): For p € P, let S, = {1,} and
(tp, 7, (b1, b2,b3),m, 1) € — iff by = by Vbo. Furthermore, F' = {(¢))pep }. Then it is easily checked
that (M, c) is accepted by Ay, iff

Yo eV :ez(v) =ci(v) Vea(v).
The CFM A_ is defined similarly.

Example 4.3. Next we define a CFM Ag = ({m}, 1, (A,)pep, F): For p € P, let S, = {¢p,sp},
(tpy 7, 0,m, 1) € —p, (tpy T, 1,m, 8p) € =, and (sp, 7,b,m, sp) € —,, for all 7 € X, and b € {0, 1}.
Furthermore, F is the set of tuples (f,)pep that contain at least one occurrence of s,. Hence the
index of this CFM is the number of processes |P)|.

Then it is easily checked that (M, c) is accepted by Ag iff there exists a node v with c¢(v) = 1.

The CFM A = ({m}, 1, (A,)pep, F) has again just one local state per process (and is therefore
of index 1): For p € P, let S, = {ip}, (¢p,7,0,m,1p) € —p iff b = 1 for any 7 € X, and
F = {(tp)per}-

Then it is easily checked that (M, ¢) admits a run and is therefore accepted by Ay iff ¢(v) =1
for all nodes v.

4.1 The backward-path automaton

Let 7 be a path expression, i.e., a regular expression over the alphabet {proc, msg, {a1},...,{a,}}.
Replacing {«;} by i, we obtain a regular expression over the alphabet I" = {proc, msg, 1,2,...,n}.
Let L, C I'* be the language of this regular expression.

A word over I' together with a node from an MSC describes a path starting in that node that
walks backwards. The letters proc and msg denote the direction of the path, the letters ¢ denote
requirements about the node currently visited (namely, that «; shall hold). This idea motivates
the following definition.

Definition 4.4. For an MSC M, functions ci,...,c, : V. — {0,1}, a node v € V and a word
W € I'*, we define inductively (M, c1,...,c,),v ="t W:

(M,cy,...,cn)vE""te

(M,ci,...,cn),v ="t procW <= there exists v' = proc™ ! (v) with (M, c1,...,cp), v E* W
(M,c1,...,cp),v =" msgW <= there exists v/ = msg™*(v) with (M, cy,...,cp), 0" "1 W
(M,c1,....¢cp), v E"ViW <= ¢i(v) =1 and (M,c1,...,cp),v ="' W

We easily verify that M, v = (7) " # iff there exists W € L, such that M,v == W.

Let C = (Q,,T,G) be a finite automaton over I" recognizing L7, the reversal of the lan-
guage L.. Note that we can assume |Q| € O(s(w)). For ¢ € Q and W € I'*, we write ¢ W C Q
for the set of states that can be reached from ¢ reading the word W. Furthermore, P.L =
Up6P7WELp.W for PCQand L C I'*.

Lemma 4.5. There exists a CFM A with sets of local states 22 and set of messages 29 such
that, for any run on (M,cy,...,¢n) and any v € V., we have p(v) = {ge Q | IW e I'* : q €
LW and M,v ==t Wrevy,

Proof. To define the set of transitions, let A1, Ay, A C 29. Furthermore, let a = (0, b1,...,b,,b) €
¥, x{0,1}"* and N = {i € [n] | b; = 1}. Then we set

a,Al
Al 23p A2

iff the following conditions hold
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(1) If o is a send action, then Ay = A, = +.N* U A;.proc. N*

(2) If o is a receive action, then Ay = t.N* U A;.proc. N* U A,.msg.N*.

Here, A; is the local state assumed before the execution of the (labeled) action a, As is the local
state assumed afterwards, and A is the message involved in this transition. Depending on whether
a is a receive or a send action, the message is consumed by a or emitted by a. These two situations
are visualized in Figure 2.

or

Fig. 2. Transitions of the CFM

The local initial state is () for any p € P and any tuple of local states is accepting. Now let
(p, ) be a run of this CFM on (M, ¢y, ..., cy).

Forv eV set N, = {i € [n] | ¢;(v) =1} and M(v) = {W € I'* | (M,cy,...,c,),v ="+ W}
Then it is easily verified that

M (v) = N U N} proc M(proc™*(v)) U N} msg M (msg ™' (v)) .

if proc™!(v) is defined if msg™!(v) is defined
On the other hand,
p(v) = .N7 U p(proc™*(v)).proc.N; U p(msg ™' (v)).msg. N} .

if proc™!(v) is defined if msg™!(v) is defined
Hence, by induction on the partial order (V, <), we have ¢ € p(v) iff there exists W™ € M (v)
with ¢ € «.W. a

Theorem 4.6. Let <7T>71 a be a local formula such that 7 is a reqular expression over the alphabet
{proc, msg, {a1},...,{an}}. Then there exists a CFM A -1, with the following property: Let M
be an MSC and let ¢; : V — {0,1} be the characteristic function of the set of positions satisfying
a; (for all i € [n+ 1]) where any1 = a. Then (M,cy,...,Cn,Cny1,¢) is accepted iff ¢ is the
characteristic function of the set of positions satisfying (7r>71 «.

The CFM we construct has 295 local states per process, 2°C¢()) many control messages,
and any tuple of local states is accepting (in particular, the CFM has indezx 1).
Proof. Again, since M,v = (r)" ' iff M,v | (m;{a})” " #, we will assume o = #. The CFM
A, -1, simulates the run (p,u) of the CFM A from Lemma 4.5 and verifies that c¢(v) = 1 iff

(m) o

p(v) NG # B for all nodes v € V. Then we have
c(v)=1 < p(v)NG#0
= IWeTr*:1.WNG #0and M,v =" W
— AW LIC) =L : Mo =~ W
— IWel, - MuvE"'W
= Mok "a
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4.2 The forward-path automaton

We now turn to a similar CFM corresponding to subformulas of the form () tt. We will prove the
following analog to Theorem 4.6. This proof will, however, be substantially more difficult.

Theorem 4.7. Let I C Ch and let (m)« be a local formula such that 7 is a regular expression
over the alphabet {proc, msg,{a1},...,{a,}}. Then there exists a CFM Ay, of index 1 with
the following property: Let M be an MSC with Inf(M) = I and let ¢; : V. — {0,1} be the
characteristic function of the set of positions satisfying «; (for all i € [n+ 1]) where ayy1 = a.
Then (M, c1,. .., CnyCni1,¢) is accepted iff ¢ is the characteristic function of the set of positions
satisfying (w) a.. The CFM we construct has 20G(M+IPD) Jocal states per process and 2°E™) many
control messages.

The rest of this section is devoted to the proof of this theorem. Since M, v = (m) a iff M, v |=
(m; {a}) tt, we will assume « = t, i.e., & holds true for any node of any MSC.

Let I' = {proc,msg, 1,2,...,n}. If, in the regular expression m, we replace any occurrence of
{a;} by i, we obtain a regular expression over the alphabet I'. Let L, C I'* be the language
denoted by this regular expression. Then there is a finite automaton C = (Q, ¢, T, G) over I" with
set of states @, initial state ¢, set of transitions T', and set of final states G. Note that |Q| € O(s(7)).

A word over I' together with a node from an MSC describe a path starting in that node walking
forwards. The following is therefore the forward-version of Def. 4.4.

Definition 4.8. For an MSC M, functions ci,...,c, : V. — {0,1}, a node v € V and a word
W e I'*, we define inductively (M, cy,...,cn),v E W:

(Maclv"'vcn)7U':€

(M,c1,...,¢n),v | procW <= there exists v’ = proc(v) with (M,cy,...,cp), v EW
(M,c1,...,cn),v EmsgW <= there exists v' = msg(v) with (M, cy,...,¢c,),0" EW
(M,c1,...,¢n), v EIW <= ¢(v)=1and (M,c1,...,¢cp),v EW

Now the following is immediate

Lemma 4.9. Let M be an MSC and, fori € [n], let ¢; : V — {0,1} be the characteristic function
of the set of positions satisfying ;. Then M, v |= (m) tt iff there exists W € L, such that M,v = W.

Thus, in order to prove Theorem 4.7, it suffices to construct a CFM that accepts (M, ¢1, ..., ¢y, €)
iff
YVoeV:icv)=0 = YW e L,:(M,c1,...,cn), v EW
ANV eV iclv)=1 = IW e L,:(M,c1,...,¢n),0 EW.

Since the class of languages accepted by CFMs is closed under intersection, we can handle the two
implications separately in the following two subsections.

Any 0 is justified We construct a CFM that accepts (M, c1,...,cp,c) iff, for any v € V' with
¢(v) = 0, there does not exist W € L, with (M,ec,...,¢n,¢),v = W. The basic idea is rather
simple: whenever the CFM encounters a node v with ¢(v) = 0, it will start the automaton C (that
accepts L) and check that it cannot reach an accepting state whatever path we choose starting
in v. Since the CFM has to verify more than one 0, the set of local states S, equals 2@\CG ith
initial state ¢, = () for any p € P. The set of control messages C' equals 2@\G | to0. Furthermore,
any tuple of local states is accepting.

To define the set of transitions, let A;, A2 € S, and A} € C. Moreover, let a = (0,b1,...,b,,b) €
Y, x{0,1}" and N = {i € [n] | b; = 1}. Then we have a transition

a,Al
Al 23p A2

iff the following conditions hold
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(1) if b=0, then «. N* C A,

(2) A41.pI‘OC.]\/W< Q A2

(3) if o is a receive action, then A}.msg. N* C A,
(4) if o is a send action, then A, = As.

Lemma 4.10. Let (p,p) be a run of the above CFM on (M,cy,...,cn,c) and let vg € V with
c(vg) = 0. Then there does not exist W € L with (M,c1,...,¢cn),v0 EW.

Proof. Suppose there is W € L, with (M, c1,...,¢c,),v0 E W. Write W = woajwy . .. ayw, with
ay, € {proc,msg} and wy € [n]* for all appropriate k. Since (M, cy,...,cn),v9 E W, there exist
nodes vy € V with vpy1 = agq1(ve) and wx C N, where N, = {i € [n] | ¢;(vx) = 1}. Since
W € L., there are states ¢; € Q with qo € t.wo, ¢i+1 € ¢i-Gi+1W;11, and g, € G.

Since ¢(vg) = 0, we have t.N; C p(vg) by (1) and therefore go € t.wo € p(vo) by wo € Ny .
By induction, assume k < n and ¢ € p(vg). If ag4+1 = proc, then by (2) qxy1 € qk.proc.Nij -
p(vg+1). If a1 = msg, then vy is a send event. Hence, by (4), u(vr) = p(vg). Since (vg, vg+1) €
msg, this implies p(vg11) = p(vk). Hence, by (3), gk+1 € p(vk).msg.Ny, | C p(vg41). This finishes
the inductive argument. Hence ¢, € p(v,) N G, contradicting our definition S, = 2Q\G, a

Lemma 4.11. Suppose (M, cy,...,cn,c) satisfies
YVoeVie(v) =0 = VYW € L, : (M,cy,...,c,),v EW.
Then (M, cy, ..., cp,c) admits a run of the above CFM.

Proof. For v € V', let N, = {i € [n] | ¢;(v) = 1}. Then define p(v) to be the union of the following
sets

(a) ¢.NFifc(v) =0
(b) p(proc=t(v)).proc.N; if proc=!(v) is defined (i.e., if v is not minimal on its process)
(c) p(msg=1(v)).msg. N7 if msg=t(v) is defined (i.e., if A\(v) is a receive action).

Furthermore, let
) p(v) if A(v) is a send action
V) =
K p(msg=1(v)) otherwise.

Then, for any v € V| the transition conditions (1-4) are satisfied by the mappings p and p (recall
that the local initial states are ().

Now, by contradiction, assume (p, 1) is no run, i.e., there is some vy € V with p(vg) ¢ 29\,
Hence there exists qp € p(vg) N G. Setting Wy = €, we therefore have

(M,c1,...,cn,¢), 06 = Wi, qi € p(vg), and ¢ Wir NG # 0 (*)
for k = 0. Now assume that (*) holds for some &k > 0.

If g, € p(vx) because of (a), we have c(vy,) = 0 and there exists wy, € N,y with ¢ € t.wy. But
then (M,c1,...,cn,0), v = wpWy and wpyWy € L., a contradiction. Hence we have g € p(vg)
because of (b) or (c). If g € p(proc™*(uvy)).proc. N7 , then set vyy1 = proc™*(v;) and choose
Qr+1 € p(vrg1) and wy € Ny with g € grq1.proc.wy. Setting W1 = proc.wy. Wy yields (*) for
k+1.1f g € p(msg ™' (v)).msg.N;;, , we can argue similarly.

Hence we find an infinite sequence of nodes vy > v; > wvs... which is impossible since vg
dominates only a finite set. Thus, (p, 1) is a run. O

Proposition 4.12. There exists a CFM Ay of index 1 that accepts (M, cy, ..., cp,c) iff
YVoeV:ic(v) =0 = VYW € L, : (M,cy,...,cn),v =W

The number of local states per process as well as the number of messages are in 20 Further-
more, any run of the CFM is accepting.

Proof. The proof is immediate by the above two lemmas. a
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Any 1 is justified We next construct a CFM that accepts (M, ¢y, ..., cp,c) iff, for any v € V
with ¢(v) = 1, there exists W € L, with (M,¢1,...,cn,¢),v E W. Again, the basic idea is
simple: whenever the CFM encounters a node v with c¢(v) = 1, it will start the automaton C
(that accepts L,) and check that it can reach an accepting state along one of the possible paths.
Thus, before, we had to prevent C from reaching an accepting state. This time, we have to ensure
that any verification of a ¢(v) = 1 will eventually result in an accepting state being reached. For
sequential Biichi-automata, solutions to this problem are known: collect some claims to be verified
in one set and, only when all of them are verified, start verifying those claims that have been
encountered during the previous verification phase. The resulting Biichi-automaton accepts iff the
verification phase is changed infinitely often. We will adapt precisely this idea here. But then, the
CFM would have to accept if, along each and every path, the verification phase changes infinitely
often. This is the point where the CFM Ag, comes into play since, by Corollary 3.9, it verifies
that any path runs through infinitely many color changes. Thus, we will first construct a CFM
that runs on tuples (M, co,c1,...,cn,c) where we assume that (M, cp) € Col. The actual CFM
that verifies all claims ¢(v) = 1 will run this newly constructed CFM in conjunction with Aol
(that verifies (M, cg) € Col) and project away the labeling cj.

For any p € P, the set of local states S, equals 29 x 2@ x {0, 1} with initial state ¢, = (0,0, 1),
the set of control messages C equals 29 x 2%,

To define the set of transitions, let (Ay, B1,d1), (A2, B2,d2) € S, and (A5, By) € C. Further-
more, let a = (0,bg, b1, ...,bs,b) € X, x {0,1}"2. We use the following abbreviations

- Ao if o is a receive action
? Ay U AL otherwise
= ) Be if o is a receive action
? B, U B, otherwise
D— Ay ifdy #do
E otherwise

Then we set
a,(A5,Bh)
BathSie e TN

(AlvBladl) D (A27B2;d2)

iff the following seven conditions hold

(1) d
(2) fb—l then «.N* N (G U By) # ()

(3) if dy # da, then A; =10

(4) Vg € Ay : g.proc.N* N (GU Ag) #0

(5) Yq € By : g.proc.N*N(GUD) # 0

(6) if o is a receive action, then Vg € A : g.msg. N* N (G U Ag) # 0
(7)

7) if o is a receive action, then Vg € B} : ¢.msg. N* N (G U D) # 0.

Recall that I is a set of channels and that we are only interested in MSCs that use precisely these
channels infinitely often. Let (f,)pep € [[,cp Sp be accepting in A iff f, € {(0,0,0),(0,0,1)} for
all p € P that are not involved in any of the channels from I, i.e., that satisfy IN({p} x PUPx{p}) =
(). This finishes the construction of the CFM A of index 1.

Lemma 4.13. Let (p, ) be an accepting run of the above CFM A on (M,cq,c1,...,¢n,c) and

suppose (M, co) € Col and I C Inf(M). Then, for any vy € V with c(vo) = 1, there exists W € L,
with (M, c1,...,¢cn),v0 E W.

14



Proof. For v eV, let

p(U) (Av7 BU7 dv)
ulv) = ( . B)
T if A(v) is a receive action
Y 14,U Al otherwise
T if A(v) is a receive action
v B U B!  otherwise

N, ={i€[n]|cv)=1}

Since c(vg) = 1, (2) implies the existence of wy € N, and qo € v.wo N (GUA,, UB,,). We now
define a finite or infinite sequence (v;, w;, ¢i)1<i<n (where N € NU {w}) such that the following
hold for all 0 <i < N:

(a) (vi,vi41) € proc U msg
¢i+1 € ¢i.a Ny, with a = {

) proc if (v;,v;41) € proc
(C) qi+1 S GU Av“rl U B”Hrl
(d)

)

msg  otherwise

if ¢; € A,,, then ¢;11 € GUA, .

Vi+1
proc if (v;,v;41) € proc

Vi+1

if g1 ¢ GUA,,,,, then ¢;.a.N; (GUA1,1+1)(Z)Witha{ k
msg  otherwise

f) ¢ €G < N=i+1

Recall that g9 € GU A_vOU_Bv0 - Hence we can assume that the sequence has been constructed up
to index ¢ with ¢; € GU A,,, U B,,. We distinguish five cases

(i) If ¢; € G, then set N = i+ 1 which finishes the construction of the sequence (and ensures
(f) a posteriori for all i < N).

(i) Suppose ¢; € A,,\G. Since A,, # 0 and since the run is accepting, the node v; is not maximal
on its process, so we can set v;11 = proc(v;). Then, by (4), there exist w;y; € proc Ny, i1
and g;11 € ¢;.wi41 N (G U A,,,,). With these choices, (a-e) hold for 1.

(iii) Suppose ¢; € Ay, \ (GU A,;) € A} . Then v; is a send event, i.e., v;y1 = msg(v;) is a well-
defined receive event. Hence, by (7)', there exist w;11 € msg N:j . and ¢;+1 € ¢ w41 N (GU
Ay,,,). With these choices, (a-e) hold for i.

(iv) Suppose ¢; € By, \ (GU A,,,,). Since B,, # § and since the run is accepting, the node v;
cannot be maxunal on its process i.e., v;y1 = proc(v;) is well-defined. But then, by (5),
0 # g;.proc.N;,, N (GU A, ). Hence we can choose w;11 and ¢;+1 such that (a-e)
hold.

(v) Finally, suppose ¢; € B, \ (GUA,,UB,,) C Bj, . Then v; is a send event, i.e. v1+1 = msg(v;)
is a well-defined receive event. Hence, by (8), w;1+1 € msg N} = and @ # ¢;. Ny, N (GU

Vg1
A, UB,, +1) Hence we can choose w; 1 and ¢;41 such that (a-e) hold.

1 +1 UH»l

Vg1
Vi1
If the construction can be carried out ad infinitum, then set N = w which, again, ensures (e) a
posteriori for all i < N.

Now suppose N = w. Then, by Cor. 3.9, there exist 0 < i < k with ¢o(v;) # co(vi+1) and
co(vr) # co(vks1). By (1), this implies d,, # d,,,, and d,, # d,,_,. Hence, by (3), we get
A,, = A, = 0. Since, by (e), ¢; ¢ G, (C) implies ¢; € B,,. Depending on whether (v;,v;41) € proc
or not, (5) or (7) imply 0 # ¢;.a.Ny,,, N (G U A, ,) and therefore ¢;41 € Ay, by (e) and (f).
Hence, an iterative application of (d) and (f) imply g € A,,. But above, we showed that this set
is empty. Hence N is finite.

Clearly, (M,c1,...,¢n),vn—1 = €. From (b), we obtain (M, cy,...,¢n),vn—2 &= wy_1 and,
by induction, (M,c1,...,¢n),v0 E W with W = wowy ... wy—1. Since gy € t.wyg, (d) implies
gn—1 € t.W and therefore W € L, follows from (f). O
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Lemma 4.14. Suppose (M, c1,...,cn,c) satisfies
YVweV:icv)=1=3IWeL,: Mc,...,cp), v EW

and Inf(M) C I. Then there exists a mapping co : V. — {0,1} such that (M,cqg) € Col and the
above CFM A accepts (M, cg,c1,. .., Cp,C).

Proof. For any v € V with c¢(v) = 1, there exist 0 < k¥ € N, w{ € [n]*, w? € {proc, msg}[n|* for
1<i<k¥ and gy € Q for 0 < i < kY such that

(a) qf € vwg, ¢y € qf wiy for 1 <4 <k, and ¢, € G

proc(vy) if wi,, € proc[n]*

b) v§ = v and, for 0 <i < k¥, v}, =
(b) 5 =vand, for 0.< i <k, iy, {msg(vf) if wfy, € msgfn]”

We define inductively a sequence of subsets of V: Let Hy = ). Inductively, let H,y1 C V' \
Uo<i<n Hi be nonempty and finite such that

(A) Ug<icny1 Hi is downwards closed in M
(B) for any v € V\ Uy<;<p i1 Hi with A(v) = p?q,
(B1) there exist infinitely many v' € V'\ Uy<;<,,41 Hi with A(v) = A(v")
(B2) there exist u,u’ € H, 1 with (u,u’) € msg and A\(u') = A\(v)
(C) for any v € H,, with ¢(v) =1, we have v}, € Hyy1.
Then V = U, Hn-
Now set, for v € Hy,,

— ¢o(v) =nmod 2 and d, = ¢o(v)
— if v is a send event, then

A, ={¢] |v€ Hy_1,v =1} for some 1 <i < k" with w},, € proc[n]*}
B, ={q] | v € Hy,v =1} for some 1 <i < k" with w},, € proc[n]*}
Al ={q] |v€ Hy_1,v =1 for some 1 <i < k" with w},; € msg[n]*}

B, ={q] | v € Hy,v="1] for some 1 <i < k" with w},, € msg[n]*}
— if v is a receive event, then

A, ={q’ |v € H,_1,v =1} for some 1 <i<k"}
Bv:{qf\ﬁeHn,v:v?forsome1§i<kzi}

Y

Av - Amsg_l(v)
S,

BU - Bmsgfl(v)

Then the pair of mappings (p, u) with p(v) = (A,, By, d,) and u(v) = (AL, Bl) is a run of the

CFM on (M, co,c1,...,cn,c) and (M, cg) € Col. O

Proposition 4.15. Let I C Ch. There is a CFM A that accepts (M, cy,. .., cn,c) withInf(M) =1
uf
VoeV:icv)=1 = IWeL,: (M,cr,...,cn),vEW.

The number of local states per process is in 2°UPIT(M) and the number of messages is in 20(™)) |

Proof. By Lemma 3.2, there exists a CFM B with the given number of states and messages that
accepts (M, co,c1,...,cp,c) iff it is accepted by Ao from Prop. 3.7 and by the above CFM A,
ie., iff (M,co) € Col, and (M, cp,c1,...,cn,c) is accepted by A. Projecting away the function ¢
gives the CFM A; by the above two lemmas. O

Proof (of Theorem 4.7). The result follows immediately from Prop. 4.12, 4.15, and Lemma 3.2. O
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4.3 The overall construction

Theorem 4.16. Let I C Ch and let « be a local formula of PDL. Then one can construct a
CFM B of index 1 such that (M, (cg) gesub(a)) with Inf(M) = I is accepted by B iff cg : V — {0,1}
is the characteristic function of the set of positions that satisfy B for all B € sub(a).

With m the number of subformulas of the form ()~ and <7r>_1 v andn € N such that s(m;7y) <
n for all such subformulas, the number of local states per process is in 20" +HIPD) and the number
of control messages is in 200"

Proof. The CFM B has to accept (M, (cg)gesub(a)) iff

) Ay accepts (M, ¢, ) for all o € sub(a) N X (cf. Example 4.1)

) Ay accepts (M, ¢y, ¢5, cyvs) for all ¥V § € sub(a) (cf. Example 4.2)
3) A- accepts (M, cy, c—) for all =y € sub(a) (cf. Example 4.2)

)

4) Ay, accepts (M, cays - - -5 Cay s Cys Ciryy) for all (m) v € sub(a) where ay, ..., a,, are those local
formulas for which {«;} appears in the path expression 7 (cf. Theorem 4.7)
(5) A<W>717 accepts (M, cal,...,can,cv,cw)flv) for all (71')717 € sub(«) where aq,...,q, are

those local formulas for which {a;} appears in the path expression 7 (cf. Theorem 4.6).

Recall that the CFMs from (4) all have index 1, their number of local states per process is bounded
by 29 +IPD "and their number of messages is bounded by 2°("). Hence, by Lemma 3.2, there exists
a CFM of index 1 that checks all the requirements in (4). Its number of states is in

(mt1)- [ 200+PD  (m+ 1) 2001PD)
(m)yEsub(a)
C 20(mntPD).

and the number of control messages belongs to

[[ 2066 c 200
(m)yEsub(a)

Any tuple of local states in any of the CFMs from (5) is accepting. Furthermore, any of them has
20(1) Jocal states per process and equally many messages. Hence there is a CFM with 200" Jocal
states per process and equally many messages that checks all the requirements in (5). Furthermore,
all tuples of states of this machine are accepting.

Recall that the CFMs A,, Ay, and A- have just one local state per process, i.e., they only
restrict the labels (o, (bg)gesub(a)) allowed in M. Hence, without additional states or messages,
one can change the above two CFMs into a CFM B of index 1 that checks (1-5). Its number of
local states per process is in 200m("+IPD) and its number of messages in 200", a

5 Translation of global formulas

A basic global formula is a formula of the form Aa or Ea for a a local formula. Then global
formulas are positive Boolean combinations of basic global formulas.

Proposition 5.1. Let ¢ be a global formula and I C Ch. Then one can construct a CFM A that
accepts M with Inf(M) = I iff M E .

With £ the number of basic global subformulas of p, m the number of subformulas of the form
() B and <7r>_1 B, and n € N such that s(m; 3) < n for all such subformulas, the number of local
states per process is in 20 HPNHPIE gnd the number of control messages is in 20U¢+mn),

Proof. Let H be the set of basic global subformulas of ¢. Let 8 = A{a | Ea« € H or Aa € H}.
Using Proposition 3.3, one can construct a CFM that accepts (M, (c,)yesun(s)) With Inf(M) =1
iff
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— ¢, is the characteristic function of the set of positions satisfying v for all v € sub(5) (Thm. 4.16)
— M = Aa for all Ao € H (Example 4.3)
— M | Ea for all Ea € H (Example 4.3).

Recall that the CFM checking c, as well as those checking A« all have index 1 while the CFM for
Ea have index [P|. Hence the number of local states per process of the resulting CFM belongs to
(|H| 4 2) - 200 +IPD) lH] . p|IH] C 20(m(n+HPD)HIPIE and its number of messages is in 20(m™).
Let Ay denote the projection of this CFM to the set of MSCs (i.e., we project away the labelings
¢y). Then Ag accepts an MSC M with Inf(M) =TI iff M = for all ¢ € H.

Now the CFM A is the disjoint union of at most 2¢ many CFMs of the form Ag. O

Theorem 5.2. Let ¢ be a global formula of PDL. Then one can construct a CFM A that accepts
M iff M = .

With £ the number of basic global subformulas of p, m the number of subformulas of the form
(m) B, and n € N such that s(m;3) < n for all such subformulas, the number of local states per

9O (+m(n+|P)+|P|?

process is in ) and the number of control messages is in 20¢+Tmm).

Proof. Let, for I C Ch, A; denote the CFM from Proposition 5.1 and let A be the disjoint union
of these CFMs. a

6 Model checking

6.1 CFMs vs. PDL specifications

We aim at an algorithm that decides whether, given a global formula ¢ and a CFM A, every
MSC M € L(A) satisfies . The undecidability of this problem can be shown following, e.g., the
proof in [MRO04] (that paper deals with Lamport diagrams and a fragment LDg of PDL, but the
proof ideas can be easily transfered to our setting). To gain decidability, we follow the successful
approach of, e.g., [MM01,GMSZ02,GKMO06], and restrict attention to existentially B-bounded
MSCs from L(A).

For a finite or infinite word w € X*° and a € X, let |w|, denote the number of occurrences of
a in w. For 0 <14 < j < |wl, the infix w[i, j] is the factor of w starting in position ¢ and ending in
position j, i.e., w = wwli, j]v with |u| = and |w[i,j]| = j — i + 1. If |w| > 4, then we write w(%)
for wli, 7], the letter no. i + 1 in w (note that w(0) is the first letter of w).

Let M = (V,<,\) be an MSC. A linearization of M is a linear order < 2 < on V of order type
at most w (i.e., also with respect to <, any node v € V' dominates a finite set). Since equally-labeled
nodes of M are comparable, we can safely identify a linearization of M with a word from X'°°.

A word w € X is B-bounded (where B € N) if, for any (p,q) € Ch and any finite prefix u
of w, 0 < |u|prg — |ulg7p < B. An MSC M is ewistentially B-bounded if it admits a B-bounded
linearization. Intuitively, this means that the MSC M can be scheduled in such a way that none
of the channels (p, q) ever contains more than B pending messages.

Lemma 6.1. A B-bounded word w € X*° is a linearization of some MSC M iff, for any (p,q) €
Ch, any finite prefiz of w can be extended to a finite prefiz u of w such that

(1) |ulpig = [ulgzp or
(2) the last letter of u is plq or q7p.

Proof. First suppose that w is a linearization of some MSC. Then |w|pq = |w|q2p. If this number
is finite, we can extend any finite prefix to some finite prefix satisfying (1). Otherwise, any suffix
contains at least one occurrence of plq, so any prefix can be extended to some larger prefix ending
with plqg.

Conversely suppose that any finite prefix can be extended to a finite prefix satisfying (1) or (2).
We construct from w an MSC as follows:

— the set of nodes equals V ={v e N| v < |w|},
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— for v e Vlet A(v) = w(v),

let (4,7) € proc’ iff 0 < i < j < |w| and there exists a process p € P with A(i), A\(j) € X, and,
for all k with ¢ <k < j and A(k) € X, we have i = k,

— let (4,7) € msg’ iff 4,j € V and there exists a channel (p,q) € Ch such that w(i) = plq,
w(j) = q?p, and |w[07i]‘p!q = ‘w[ovj]‘tﬂp’

then set < = (msg’ U proc’)* C V2.

Suppose (i,j) € msg’ and j < i. Then |w[0,j]|piq — [w][0,j]lg2p < [w[0,4][p1g — |w[0, j]lgzp = O,
contradicting the B-boundedness of w. Hence msg’ and proc’ are contained in < proving that < is
a partial order on V. Since < is contained in the natural order < on the set of natural numbers V,
the word w is a linearization of M = (V, <, A). It therefore remains to be shown that M is an
MSC:

— Tt is easily verified that msg = msg’ and proc = proc¢’ implying < = (msg U proc)*.

— By the definition of proc’, any two nodes ¢ and j with P(¢) = P(j) are ordered by <.

— Let (p,q) € Ch be some channel. Since w is B-bounded, we have |w|py, > |w|qg7p (since this
holds for any prefix of w). Now suppose |w|pg > |w|47p. Then there are only finitely many
occurrences of ¢?p; let wy with |uq|py — |u1lg7p > 0 be a finite prefix of w that contains
all occurrences of ¢?p. Then by our assumption on w, we can extend u; to a finite prefix
ug of w whose last letter is plg (since there are no occurrences of ¢?p beyond w;). Hence
[ug|ptg — [ualqrp > |u1lprg — |11 |q2p- Inductively, we find a finite prefix u with |u|pg —|u|g7q > B,
contradicting the B-boundedness of w. Hence |A™1(plq)| = |w|pg = |w|q7p = A7 (¢7p)| which
finishes the proof that (V, <, ) is an MSC. O

We next construct, from a CFM A = (C, (A,)pep, F) and a bound B € N, a finite transition
system over Y with multiple Buchi-acceptance conditions that accepts the set of B-bounded
linearizations of MSCs from L(A):

— A configuration is a tuple ((sp)pep, X, (p,q)) with s, € S, for all p € P, x : Ch — C* with
Ix(p',q")| < B for all (p',¢') € Ch, and (p, q) € Ch.
— We have a transition

((sp)pers X (1 4") = ((55)per, X°, (0%, 4))

for an action a € X, iff there exists a control message ¢ € C such that

(T1) s} 2 52 is a transition of the local machine A, and s} = s7 for ¢ # p.

(T2) Send events: if a = plq, then x?(p,q) = x'(p,q) ¢ (i.e., message c is inserted into the
channel from p to ¢) and x'(p’,¢") = x2(p',¢') for (v',¢") # (p,q) (i.e., all other channels
are unchanged)

(T3) Receive events: if a = p?q, then x'(q,p) = c¢x?(q,p) (i-e., message c is deleted from the
channel from ¢ to p) and x'(¢,p") = x%(¢',p’) for (¢,p’) # (q,p) (i.e., all other channels
are unchanged)

(T4) (p?, ¢?) is the channel that a writes to or reads from.

— The initial configuration is the tuple ((¢p)pep, X, (p,¢q)) with x(p',¢") = € for all (p’,q’) € Ch,

and where (p,q) € Ch is an arbitrary but fixed channel, i.e., the local machines are in their
initial state and all channels are empty.

A finite or infinite path ((s},)per, X, (9", ¢"))o<i<s (for some 3 € NU{w}) in this transition system
is successful if

(S1) there exists a tuple (f,)pep € F such that, for all p € P and 0 < ¢ < s, there exists ¢ < j < »
with s}, = f, and

(S2) for all (p,q) € Ch and 0 < i < s, there exists i < j < s such that x%(p,q) = ¢ or
®.4¢’) = (p,q)

Lemma 6.2. Let w € X°°. Then the following are equivalent:
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(i) w is the label of some successful path in the above transition system
(i) w is a B-bounded linearization of some MSC from L(A).

Proof. To prove the implication (i1)= (i), let M = (V, X, \) € L(.A) be an MSC accepted by A, let
w € X be a B-bounded linearization of M, and let (u, p) be a successful run of .4 on M. Without
loss of generality, we can assume V = {v € N| 0 < v < |w|} and < C < such that w is the sequence
of labels of (V, <, ). For i =0, let ((s,), x", (p",¢")) be the initial configuration of the transition
system. Now let 4 > 0. For p € P, let s; =1, if there is no 0 < j < 4 with w(j) € X,; otherwise
set s, = p(j) for j the maximal natural number with j < 4 and w(j) € . For (p,q) € Ch, set
X' (p,q) = p(i1) 1(j2) - . . p(jx) where 0 < ji < jo < -++ < ji, < i is the sequence of those nodes
from V with A(j,) = plq and msg(j,) > i (since w is B-bounded, we have 0 < k < B). Finally,
(p%,q") is the channel that the action w(i — 1) writes to or reads from. Then it can be checked
that the sequence of these configurations ((s?), x*, (Pi,qi))ogiqw‘ forms a w-labeled path in the

p
transition system. We show that it is successful:

(S1) Since (p, 1) is successful, there exists (f,)per € F such that for all p € P and all v € V' with
A(v) € X, there exists v € V with A(¢v') € X, v X0/, and p(v') = f, (or fp, = ¢p if nO
such node v exists). Now let 0 < 4 < |w| and let v < i denote the maximal natural number
with w(v) € X, (the case that no such number exists is left to the reader). Then there exists
v/ e V with A(v') € X, v < ¢/, and p(v') = f,. Because of the maximality of v, we obtain
i < v'. Furthermore, sgl“‘l =p(v') = fp.

(S2) Let 0 < i < |w|. Since w is B-bounded, the previous lemma implies the existence of i <
J < |wl| such that |w[0, j]|p1, = |w[0, j]|47p or the last letter of w[0,j] is plg or ¢?p. Hence
X p,q) =€ or (PPF,¢FY) = (p,q).

Conversely assume (7). Since all the channels in the transition system contain at most B
messages, the word w is B-bounded. Since the w-labeled path satisfies (S2), the word w satisfies
(1) and (2) in the previous lemma. Hence w is the linearization of some MSC. Now, using (S1) it
can be verified similarly to the above that this MSC is accepted by .A. O

Theorem 6.3. The following can be decided in polynomial space:
Input: B € N (given in unary), CFM B, and a global formula ¢ € PDL.
Question: Is there an ezistentially B-bounded MSC M € L(B) with M |= ¢?

Proof. Theorem 5.2 allows to build a CFM A, that accepts M iff M = ¢. From Proposition 3.3,
we then obtain a CFM A with L(A) = L(B)NL(A,), i.e., M € L(A) iff M € L(B) and M = ¢. To
decide the existence of some existentially B-bounded MSC in L(.A), it suffices to decide whether
the above transition system has some successful path. Recall that such a path has to simultaneously
satisfy b = |P|+|Ch| many Biichi-conditions. Extending the configurations of the transition system
by a counter that counts up to b+ 1 allows to have just one Biichi-condition [Cho74]. Note that
any configuration of the resulting transition system can be stored in space

log(b) + |P|logn + |Ch|Blog |C| + log |Ch|

where C' is the set of message contents of A and n is the maximal number of local states a process
of A has. But due to Theorem 5.2 the size of the CFM A, is exponential in the size of ¢. By
Proposition 3.3, A stays exponential in the size of the input. Hence, the model checking problem
can be decided in polynomial space. a

6.2 HMSCs vs. PDL specifications

In [Pel00], Peled provides a PSPACE model checking algorithm for high-level message sequence
charts (HMSCs) against formulas of the logic TLC™. The logic TLC™ is a fragment of our logic
PDL as can be shown easily. Now, we aim to model check an HMSC against a global formula of
PDL, and, thereby, to generalize Peled’s result.
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Definition 6.4. An HMSC H = (S, —, sg, ¢, M) is given as a finite, directed graph (S,—) with
initial node sy € S, M a finite set of finite MSCs, and a labeling function ¢ : S — M.

For defining the semantics of HMSCs we need a concatenation operation. Let My = (Vi, <1, A1)
and My = (V, <5, \3) be two finite MSCs over the same process set P with disjoint node sets.
Then M1 My = (V,<,\) is given by V = V3 U V5, A = A1 U Ay, and < is the least partial order
containing <y U <5 and {(v1,v2) | v1 € Vi,v2 € Vo, P(v1) = P(vy)}. Informally, the events of Mo
succeed the events of M; for each process, respectively.

Let H = (S, —, s0,¢, M) be an HMSC. Let 7 be a maximal path of (S, —) starting in sg, i.e.,
either a path n = s9 — sy — -+ — s, that ends in an s,, € S such that there is no s € S with
Sp — s or an infinite path n = s9 — s; — .... The labeling function ¢ can now be extended
to paths by c¢(n) = ¢(so)c(s1).... The MSC language of the HMSC H is now L(H) = {c(n) |
7 is a maximal path starting in so}. Note that for any HMSC H the language L(H) is existentially
B-bounded for some B € N. Indeed, since any finite MSC M is existentially Bj;-bounded for some
By € N, there is a B-bounded linearization for every ¢(n) when B = max{By; | M € M}.

Theorem 6.5. The following problem is decidable in polynomial space:
Input: An HMSC H and a global formula ¢ € PDL.
Question: Is there an MSC M € L(H) with M |= ¢?

Proof. Let H = (S, —, so, ¢, M) be an HMSC. For every s € S we can find a linearization w; =
aj ...am, € X* of ¢(s). For this linearization, it is easy to construct a finite automaton accepting
ws only. In detail S = (Qs, Ts, 7%, {r™}) with Qs = {r0,rl,....r™}, Ts = {(ri Y ai,rt) | i =
1,...,m}, r2 initial, and 7™ final. Now, we put Sy = (Q,T, 7720) with @ = |J,cg @s the disjoint
union of the different state sets. We have a transition (r%,a,r’,) € T iff

— s=¢"and i+ 1 =7 < m where m + 1 is the number of states for Sy, or
— s=5",i4+1=7j=m, and there is no s” € S with s — s”, or
—s—s,i=m-—1,and j =0.

A run in Sy is successful if

— it is finite and ends in a state r]* for some s € S, or
— it is infinite and one of the states from {r? | s € S} is traversed infinitely often.

Then S3; accepts a linearization for each and every MSC M € L(H), and, vice versa, each (finite
or infinite) word accepted by Sy is a linearization of an M € L(H). Note that the size of Sy is
linear in the size of H.

By Theorem 5.2, we can build a CFM A, with M € L(A,) iff M = ¢. From A, we construct
in the same way as for Lemma 6.2 a sequential transition system S, out of A, but this time
without any channel bound, i.e., S, may have infinitely many states. But since we are interested
in running the systems Sy and S, synchronously and Sy is implicitly existentially B-bounded for
some B € N, the resulting system S is finite again. In detail, we construct S as follows (cf. the
construction before Lemma 6.2): Let (7“20, (tp)per, X (P, q)) with x(p',q’) = € for all (p’,q’) € Ch,
and where (p,q) € Ch is an arbitrary but fixed channel, be the initial state of S. We construct
the state set and the transition relation of S stepwise. Let (1%, (s))per, x*, (', ¢")) be already

constructed. Then we add state (rg/, (si)pep, X2, (p?,¢?)) and a transition with label a € X between
the two states iff

- (ri,a, Tg,) is a transition in Sy and
- (((sé)pep,xl, (p',q")),a, ((sg)pep, X2, (pz,qz))) is a transition in S, according to conditions
(T1) to (T4) defined above.

Note that for the both cases s — s',i =m—1,j =0and s = s’,i+1 = j = m we have x?(p,q) = ¢
for each (p, q) € Ch, i.e., all channels are empty. Indeed, for these states the MSC ¢(s) is executed
completely, and, hence, the channels are empty. Therefore, x(p, ¢) is bounded for all channels (p, q)
and all states constructed, i.e., the above construction terminates. A run in S is successful if both
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projections of the run on Sy and on S, are successful. Now, S admits a successful run iff there is
a existentially B-bounded linearization wps of some M € L(H) (where B is implicitly given by H)
which is accepted by S, where the state set is restricted to those states with channel capacity at
most B. In light of Lemma 6.2 this is the case iff M is accepted by Ay, i.e., M = ¢. An analysis
similar to this in the proof of Theorem 6.3 shows that the existence of a successful path of S can
be decided in polynomial space. a

7 PDL with intersection

We define a richer logic, called PDL with intersection or iPDL for short. In addition to the
local formulas of PDL, we allow local formulas (w3 N m2) o where 7 and 7 are path expressions
and « is a local formula. The intended meaning is that there exist two paths described by m
and o respectively that both lead to the same node w where « holds. It is the aim of this
section to prove that CFMs are too weak to check all properties expressed in iPDL. To show
this result more easily, we also allow atomic propositions of the form (a,b) with a,b € {0,1};
they are evaluated over an MSC M = (V, <, \) together with a mapping ¢ : V — {0,1}2. Then
(M,c),v E (a,b) iff ¢(v) = (a,b). Let P = {0,1} be the set of processes. For m > 1, we first fix
an MSC M,,, = (Vin, <, \) for the remaining arguments: On process 0, it executes the sequence
(011)™((071)(0!1))¥. The sequence of events on process 1 is (170) ((170) (1!0))“. In other words,
process 0 sends m messages to process 1 and then acknowledges any message received from 1
immediately. Differently, process 1 has a buffer for two messages. After receiving message number
k + 1, it acknowledges message number k.

Let Eg; denote the set of send-events of process 0. For the k' send-event v on process 0,
let f(v) = ((m — k) mod m, (k — 1) div m). Then f maps the set Eg; bijectively onto the grid
G, =10,1,...,m — 1} X w; we denote the inverse of f by g. Figure 3 shows MSC M, together
with the mapping f.

Fig. 3. MSC M, and the mapping f.

Lemma 7.1. There exists a local formula o of iPDL such that, for any m > 1 and any ¢ : V,, —
{0,132 satisfying c(g(i,7)) = (0,0) iff i = 0, we have (M, ) £ Aa iff e(g(i, )) = c(g(irj + 1))
for all (i,7) € G,.

Proof. Let (i,j) € G- Then observe the following:
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— With m denoting the path description (proc; {(071)})*; proc; {(0!1)}, we have M,,,¢9(i,j) E
(m)Biff i >0 and My,,9(i — 1,5) E B, or i = 0 and M,,,g(m — 1,7+ 1) = .

— With 75 denoting the path description msg; proc; msg; proc, we have M,,, g(i,7) E (ms) g iff
My,,9(i+1,j+1) |= 8 whenever i <m — 1.

As a consequence, we obtain
— if i > 0, then M,,,9(i,j) | (m1;7e) B iff My, 9(i, 5+ 1) E S.
Now let ¢ : V,,, — {0,1}? be a function with ¢(g(i,5)) = (0,0) iff i = 0. Then we have
1. (M, ¢),9(i,7) E ({—(0,0)}; (m1;m2)*) B iff ¢ > 0 and there exists k > 0 with (M,,, ), g(i,j +

k) =B,
2. (M, ), 9(i,3) = ({2(0,0)}; 1) {(0,0)}) B iff (M, ¢), 9(0,7) |= 5,
3. (M, c),g(0,7) = {(m2; {—(0,0)})*) G iff there exists 0 < k < m —1 with (M,,,c),g(k,j+k) =

3.

Now let 3 = ({—(0,0)};71)*; {(0,0)}; (m2; {—(0,0)})* and 74 = {—(0,0)}; (7r1; w2)*. Then, we have
(M, ¢),9(i,7) | (msNmy) B iff i > 0 and (M, ¢), g(i, 5 + %) = 0. Now let

a = ((0!11) A=(0,0)) — /\ x> (T3 Nmy)x

z€{0,1}2
Then, for all (i,7) € Gy, we have (M, ¢), g(i,7) E « iff ¢(g(i,7)) = c(g(i, 7 +17)). O

Lemma 7.2. Let A = (C,2,(Ap)pep, F) be a CFEM that accepts all labeled MSCs (My,,c) with
m > 1 such that

(1) e(g(i,5)) = (0,0) 4ff i = 0
(2) c(g(i, ) = e(g(i, j +14)) for all (i, j) € Gm

Then there exist m > 1 and a labeled MSC (M,,,c) accepted by A, satisfying (1), and violating
(2).
(m=1)(m~2)

Proof. Let A, = (Sp, —p,tp) for p=0,1, let m > 1 be such that |So|-|S1|-[C|"" ' <37 =2,
and let M,,, = (V;,, <, \). Let furthermore H denote the set of mappings ¢ : V;,, — {0, 1}? satisfying
(1), (2), and c¢(v) = (1,1) for all v ¢ Epy; (i.e., A(v) # (0'1)). Then, for any ¢ € H, the pair (M, c)
is accepted by A — let (pe, f1c) be an accepting run of A on (M,,, c).

Letv =g(m—1,m—2)and W = {w € V | w < v}. Then, for any event w € W with A(w) = 110,
we have msg(w) € W. On the other hand, there are precisely m — 1 events wy, ..., wy—1 € W
with A(w;) = 0!1 and msg(w;) ¢ W. Let furthermore u € W be the maximal event from process 1.

Consider (My,,c1) and (M, c2) with ¢1,c2 € H and ¢1(g(4,7)) = c2(g(i,4)) for all 0 < j <
i < m. Then ¢; = ¢y by (2). Hence |H| is the number of mappings from {(i,7) | 0 < j < i < m}
to {0,132\ {(0,0)}, i.e., 35"

Since this number exceeds ISo] - |S1] - |C|™~ 1, there exist ¢; and ¢z in H with pg, (v) = pe, (v),
Pey (1) = pe, (1), and e, (w;) = pe, (w;) for all 1 <4 <m — 1.

Now define a mapping ¢ : V — {0,1}2 by c(x) = c¢1(x) for z € W and c(z) = c2(z) for z ¢ W.
Then, c satisfies (1) and violates (2). But (M,,,c) is accepted by A: An accepting run (p, ) is
defined (similarly to ¢) by

p(x){pcl(aﬁ) forerandu(x){,ucl(x) forz e W

Py () otherwise e, () otherwise.
O

Theorem 7.3. There exists a local formula o of iPDL such that the set of MSCs M satisfying
A« cannot be accepted by a CFM.
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Proof. Let a be the local formula from Lemma 7.1. Towards a contradiction, assume A is a CFM
such that, for any pair (M, c), we have (M, ¢) = A« iff (M, c) is accepted by A. In particular,
A accepts all pairs (M,,, c) satisfying (1) and (2) from Lemma 7.2. Hence there exists some pair
(M, c) that is accepted by A, satisfies (1), and violates (2). But now, by Lemma 7.1 again,
(M, ¢) = —~Aa, contradicting our assumption on A.

Using a new process 2, one can encode the mapping ¢ by additional messages from processes
0 and 1 to process 2. a

8 Open questions

The semantics of every PDL formula ¢ is the behavior of a CFM A. Hence any PDL formula
is equivalent to some formula from existential monadic second order, but a precise description
of the expressive power of PDL is not known. Because of quantification over paths, it cannot be
captured by first-order logic. On the other hand, PDL is closed under negation, hence PDL is a
proper fragment of existential monadic second order logic.

The decidability of the model checking problem for CFMs against MSO-formulas was shown
in [GKMO6] for existentially B-bounded MSCs. For compositional MSCs (a mechanism for the
description of sets of MSCs that is similar but more general than HMSCs) and MSO, the decid-
ability of the model checking problem was established in [MMO1]. Since the logic iPDL, i.e., PDL
with intersection, can be translated effectively into an MSO-formula, the model checking prob-
lem is decidable for iPDL. However, the complexity of MSO model checking is non-elementary.
Therefore, we would like to know if we can do any better for iPDL.

In PDL, we can express properties of the past and of the future of an event by taking either
a backward- or a forward-path in the graph of the MSC. We are not allowed to speak about a
zig-zag-path where e.g. a mixed use of proc and proc~—! would be possible. It is an open question
whether formulas of such a “mixed PDL” could be transformed to CFMs.
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