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Introduction: Temporal Logic

e Temporal logics are nice specification languages.
“Any problem is followed eventually by an alarm”

G( problem = F alarm )

e Past operators make specification easier to write.
“Whenever the alarm rings, then there has been some problem in the past”

G(alarm = F~! problem )

We can express this property without F~!:

= ( (—| problem) U (alarm A problem ) )
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Definition

PLTL formulae are built from:
e atomic propositions (For ex. problem, alarm),
e boolean combinators (A, V, =)

e future modalities: X, U
e past modalities;: X1, S

e plus all the standard abbreviations:

Fo® T Go % -F-y

Flo ® 180 Gl ® p1-,
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Fragments of PLTL

We consider fragments of PLTL built using the following restrictions:

e restriction on the allowed modalities: for instance, L(i/,S) is the fragment of
PLTL where X and X! are not allowed:

e restriction on the use of negations: in L™ (...), negation cannot be applied to
modalities;

e restriction on the nesting of modalities: in L,(...), future-time modalities
cannot appear in the scope of past-time modalities.



Semantics

PLTL formulas are interpreted at some position 7 along an infinite labelled path

(7, €)-

classical semantics for atomic propositions and boolean combinators
7,1 = X¢ & T+ 1= ¢
mikouy e 3j2i((njkv)AFi<k<j miko))

miEX1y &  izl1Ami-1lE¢

mikoSy e 3j<i((niEvAVj<k<i miko)
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Expressive power

Two formulas ¢ and ¢ are initially equivalent (¢ =; 1) if, and only if,

Vo, m,0 ¢ < w,0FEY
Two formulas ¢ and 1 are globally equivalent (¢ = 1)) if, and only if,
Vo, VieN, mifE¢ & m,iEY
For example:
PSP =4 X o= L

Flavb)=F 'avF b

These equivalences can be relativised to a class 11 of paths.
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Verification problems

e validity: A formula ¢ is valid if, and only if, it is equivalent to T.
e satisfiability: A formula ¢ is satisfiable if, and only if, its negation is not valid.
Several flavours: initial or global, relativization to a restricted class of paths.
—s initial satisfiability
— existential model checking

— universal model checking
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Expressive power

e It is well known that past operators do not add expressive power:

“Any PLTL formula is initially equivalent to an LTL formula.” [Kam68, GPSS80]

e This result is based on the separation property:

“Any PLTL formula is equivalent to a boolean combination of pure-future and
pure-past formulae.” [Gab89]

It is assumed that this translation is non-elementary.

e Using automata theory, it is possible to translate a PLTL formula into an
equivalent LTL formula. [Mal90, Wil99]

This translation is triple-exponential.
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Let {po,p1,-..,pn} be a set of atomic propositions.
The property “any two future states that agree on p1,...,p, also agree on py"
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Expressive power - succinctness

Proof:

Theorem: PLTL can be exponentially more succinct than LTL. [LMS02]

Let {po,p1,-..,pn} be a set of atomic propositions.

The property “any two future states that agree on p1,...,p, also agree on py"
can only be expressed by PLTL (or LTL) formulae of size at least 2(2").
[EVWOT].

The PLTL formula

n

d d:ef G {(/\ (pi = F_l(ﬂX_lT N\ p»)) = (po = F_l(ﬂX_lT A p()))}
i=1
states that “any future state that agrees with the initial state on p1,...,py,

also agrees on py”. Let ¥ be an LTL formula initially equivalent to ©.

Therefore (G W) expresses the first property and || is in (27) !



Main results

The complexity of all the fragments we considered can be obtained from the

following table:

PLTL

satisfiability | exist. model ch. | univ. model ch.
LT (F), LT(G), L™ (X)
NP-complete CONP-complete
L(F,F 1)
LT (F,X), L+(F X1
NP-complete PSPACE-complete
LT(F,X,F1, X1
LT (G, X), L+(G X1
PSPACE-complete CoNP-complete
L+(G X,G™1, X1
LI (G,S) NP-complete PSPACE-complete
LU )L*(F S)

PSPACE-complete




N P-easiness proofs

General method for proving NP-easiness:

e a satisfiable formula has an ultimately periodic witness [SC85],

e we provide a polynomial algorithm for model checking PLTL formulas along an
ultimately periodic path,

e for some fragments, we prove that the ultimately periodic witness can be of

polynomial size. Hence these fragments will have NP-easy satisfiability
problems.
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Model checking PLTL formulas along a path

e for LTL formulas, we can apply the same labelling algorithm as for CTL:

O—(—~0—O—0O—

aldb  aldb  aldb aldb

e this algorithm does not apply for PLTL formulas:

O—O—@
X 1g?
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Model checking PLTL formulas along a path

A loop of type (m,p) is an ultimately periodic Kripke structure where the initial part
has length m and the periodic part has length p.

cpeaiiscacacaliiscmeN
(O/‘O/‘---”‘O/‘g

oo~ oo

Lemma: For any loop L of type (m,p), for any PLTL formula ¢ with at most h(¢)
nested past-time modalities, and for any k > m + p - h(¢), we have

mkE¢ &  mk+pkEo.
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Satisfiability for L(F,F~!) is in NP

We keep only polynomialy many states from an ultimately periodic witness: we first
unwind the loop; then for each subformula, we keep the first and the last state
satisfying that subformula, if they exist.

—
(a) @@—E G(aV F1b)




PSPACE-hardness proofs

Reductions from the following tiling problem [Har83]:
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PSPACE-hardness proofs

Reductions from the following tiling problem [Har83]:

Given a set of colors, a set of domino-types, an integer m (in unary), and an initial
and a final domino-type, can we tile a grid of length m so that the bottom leftmost

domino is the initial one and the top rightmost domino is the final one?
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Initial domino

. Final domino

v
m

This problem is PSPACE-complete.
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Reduction to model checking L™ (i)

X —
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We have to express that: The initial and final conditions are fulfilled.
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Reduction to model checking L™ (i)

X —
i=m,d; —g

We have to express that: The horizontal tiling condition is fulfilled.
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YKy ¥
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Reduction to model checking L™ (i)

X —
i=m,d; —g

We have to express that: The vertical tiling condition is fulfilled.

TUE

YKy ¥

i=1,d1 i=2,d1 } - -

m—1
AN Nli=kAd)= (i=kUli=k+1AN \ d))|UE
k=1 deT d' eT
d/ left — qright

k=1deT d'eT
d/ down — Jup

A /\(z’k/\d):><z'kU(w’k/\(ﬂik)Z/{(E\/(ik/\ Vo)) || uE



Conclusion

e Some surprising results;
e No obvious pattern for the NP/PSPACE frontier;
e Past is more natural, more succinct, and not more expensive;

e Does not extend to larger logics?
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Proof of the result of [EVW97]

Claim: Let ¢,, be a PLTL formula expressing the following property:

“any two future positions that agree on pq,...,p, also agree on pg."

We denote L, = {u € {po,...,pn} | u E ¢&,}. From [VW86], we know that L,, is
recognized by a Generalized Biichi Automaton B with 29U®#n1) states.

Let {ag,...,asn_1} be a sequence containing all subsets of {p1,...,pn}.
. b, = a; ifi e K
For K C{0,...,2" — 1}, wg = by - - - bon _1 with P e _
bi = a; U{pg} otherwise
There are 22" such words.

Assume K # K'. Then w$ = ¢, and wi w$ # ¢,. The executions of B on wg

and wg- cannot lead to the same state. The automaton thus needs at least 22"
states...
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