Every Finitely Reducible Logic has the Finite Model Property with Respect to the Class of 3-Formulae^�

Stéphane Demri Ewa Orłowska

December 19th, 1998

Abstract

In this paper a unified framework for dealing with a broad family of propositional multimodal logics is developed. The key tools for presentation of the logics are the notions of closure relation operation and monotonous relation operation. The two classes of logics: FiRelogics (finitely reducible logics) and LaFiRe-logics (FiRe-logics with local agreement of accessibility relations) are introduced within the proposed framework. Further classes of logics can be handled indirectly by means of suitable translations. It is shown that the logics from these classes have the finite model property with respect to the class of 3-formulae, i.e. each 3-formula has a L-model iff it has a finite L-model. Roughly speaking, a 3-formula is logically equivalent to a formula in negative normal form without occurrences of modal operators with necessity force. In the proof we introduce a substantial modification of Claudio Cerrato’s filtration technique that has been originally designed for graded modal logics. The main core of the proof consists in building adequate restrictions of models while preserving the semantics of the operators used to build terms indexing the modal operators.

Key words: multi-modal logic, epistemic logic, dynamic logic, information logics, algebras of relations, finite model property, filtration

1 Introduction

Over the past years a significant amount of research has been invested in the development of modal logics for various computer science applications: knowledge representation, program verification, temporal reasoning, reasoning with incomplete information, modeling concurrency, etc. Usually, these logics differ from the standard modal logics in that they are multimodal and moreover, an algebraic structure is assumed in the families of accessibility relations in their models (see e.g. [2, 3, 7, 11, 12, 13, 18, 16, 22]). The finite model property (fmp) of a logic is one of the most important conditions of its

∗Paper partly prepared during a visit of S. Demri to the Institute of Theoretical and Applied Computer Science, Polish Academy of Sciences. The visit has been supported by the Centre National de la Recherche Scientifique (C.N.R.S.), the Polish Department of Education and the French Office of Foreign Affairs. to appear in Studia Logica, Vol. 62, 1999.

applicability. In the paper a class of multimodal logics, referred to as finitely reducible logics (FiRe-logics), is defined and characterized. The class includes many applied logics mentioned above. Each FiRe-logic possesses fmp with respect to the family of 3-formulae. A formal framework is elaborated that enables us to uniformly present the known fmp results as particular cases in the class of FiRe-logics, and to obtain new fmp results that have been open problems until now. For finitely axiomatizable logics our results imply their decidability. Two general methods of proving fmp are presented: a direct method which provides a proof that a logic is in the class of FiRe-logics, or an indirect method that establishes reducibility of the logic to a FiRe-logic. The direct method is inspired by the proof technique presented in [5].

The paper is structured as follows. In Section 2, we define the relation operations used in the sequel. Several examples are given showing the range of our definitions. In Section 3, the notions concerning logics are defined. In Section 4, the class of finitely reducible logics is defined using the notions of the previous sections. In Section 5, we present various logics from the literature being in that class and we give some results that enable us to build new finitely reducible logics from existing ones. In Section 6, we prove that every finitely reducible logic has the finite model property with respect to the class of 3-formulae. In Section 7, we define a new class of logics such that the relations indexed by modal constants satisfy (in some way to be specified) the local agreement condition [15]. We prove that every logic of that new class has also the finite model property with respect to the class of 3-formulae. Section 8 is devoted to concluding remarks.

This paper is an expanded and updated version of [9, 10].

2 Relation operations

For any set U, P(U) denotes the power set of U. For any binary relation R on the set U, for all u ∈ U, R(u) is equal to {v ∈ U : (u, v) ∈ R}. We write Dom_R (resp. Ran_R) to denote the domain (resp. the codomain or range) of the binary relation R.

Definition 2.1. A relation operation ϕ maps any set U to a mapping ϕ(U) : P(U × U)^n → P(U × U). The natural number n is called the arity of ϕ (also written ar(ϕ)). ∇

The class of relation operations is written OR. A typical example of relation operation is the union operation ∪ such that for all sets U, for all binary relations R_1, R_2 on U, ∪(U)(R_1, R_2) = {(x, y) ∈ U ×U : either (x, y) ∈ R_1 or (x, y) ∈ R_2} (also written R_1 ∪ R_2). In the rest of the paper ϕ(U) is written ϕ when the underlying set U is clear from the context. Let ϕ, ϕ^′ be two relation operations of arity n. We write ϕ ⊆ ϕ^′ iff for all sets U and R_1, . . ., R_n ⊆ U × U, ϕ(U)(R_1, . . ., R_n) ⊆ ϕ^′(U)(R_1, . . ., R_n). Definition 2.2. A relation operation ϕ (of arity n) is said to be monotonous iff for any U and for any relations R_1, . . ., R_n, R ∈ P(U × U), for all i ∈ {1, . . ., n}, if R_i ⊆ R then ϕ(U)(R_1, . . ., R_{i−1}, R_i, R_{i+1}, . . ., R_n) ⊆ ϕ(U)(R_1, . . ., R_{i−1}, R, R_{i+1}, . . ., R_n) ∇ Let ϕ and ϕ^′ be relation operations such that ar(ϕ^′) = 1 and ar(ϕ) = n.

The composition relation operation ϕ ∘ ϕ^′ is defined by: for all sets U and for all binary relations on U, R_1, . . ., R_n ⊆ U × U, ϕ ∘ ϕ^′(U)(R_1, . . ., R_n) = ϕ^′(U)(ϕ(U)(R_1, . . ., R_n)) Observe that if ϕ and ϕ^′ are monotonous then ϕ ∘ ϕ^′ is monotonous. For any relation operations ϕ_1, . . ., ϕ_n such that (. . . (ϕ_1 ∘ ϕ_2) ∘ . . .) ∘ ϕ_n is well-defined (. . .(ϕ_1 ∘ ϕ_2) ∘ . . .) ∘ ϕ_n may be written ϕ_1ϕ_2 . . .ϕ_n. The class of monotonous relation operations ϕ such that for all sets U, U^′ and all R_1, . . ., R_n ⊆ U × U if U ⊆ U^′, then ϕ(U)(R_1, . . ., R_n) ⊆ ϕ(U^′)(R_1, . . ., R_n) is denoted by MOR. When ϕ ∈ MOR, ϕ is said to be strongly monotonous. Standard strongly monotonous relation operations can be found in Figure 2. An example of non monotonous relation operation is the complement relation operation − defined by −(U)(R) = {(x, y) ∈ U : (x, y) ∉ R}. Definition 2.3. A closure relation operation C is a relation operation of arity 1 such that for all sets U and all R ⊆ U × U,

(1) R ⊆ C(U)(R), (2) for all ∅ ≠ U^′ ⊆ U, C(U^′)(C(U)(R) ∩ (U^′ × U^′)) = C(U)(R) ∩ (U^′ × U^′), (3) C is monotonous. ∇ Any closure relation operation C, satisfies: ∀U, ∀R ⊆ U × U, C(U)(C(U)(R)) = C(U)(R) It is immediate by taking in Definition 2.3(2), U^′ = U. The class of closure relation operations is denoted by COR. Examples of closure relation operations can be found in Figure 1. For instance, a binary relation R is Euclidean^1 iff C^e((Dom_R ∪ Ran_R))(R) = R (see also Proposition 2.4 below).

1For all x, y, z, if (x, y) ∈ R and (x, z) ∈ R then (y, z) ∈ R.

Proposition 2.1. For any C ∈ COR, C is strongly monotonous, that is for any set U, R ⊆ U × U and U ⊆ U^′, we have C(U)(R) ⊆ C(U^′)(R).

Proof: By Definition 2.3(1), R ⊆ C(U^′)(R) since R ⊆ U^′ ×U^′. As R ⊆ U ×U, R ⊆ C(U^′)(R) ∩ U × U and by Definition 2.3(3) C(U)(R) ⊆ C(U)(C(U^′)(R) ∩ U × U) -monotonicity. By Definition 2.3(2), C(U)(R) ⊆ C(U^′)(R) ∩ U × U. Hence C(U)(R) ⊆ C(U^′)(R). Q.E.D.

Observe that there exist relation operations satifying the conditions (1) and (2) in Definition 2.3 without being monotonous. Consider the unary relation operation ϕ such that for any set U, R ⊆ U × U, if R is rectangular^2 then ϕ(U)(R) = R otherwise ϕ(U)(R) = U × U. It is easy to show that ϕ satisfies the conditions (1) and (2) in Definition 2.3. However, consider R = {(1, 2), (1, 4), (3, 2)} and R^′ = R ∪ {(3, 4)}. We have ϕ({1, 2, 3, 4})(R) = {1, 2, 3, 4} × {1, 2, 3, 4} whereas ϕ({1, 2, 3, 4})(R^′) = {1, 3} × {2, 4} (and R is a proper subset of R^′). So ϕ is not monotonous.

In the sequel, by ϕ monotonous, we mean ϕ ∈ MOR (i.e. ϕ is strongly monotonous) unless otherwise stated.

Let C be a closure relation operation. A binary relation R is said to be C-closed iff C(Dom_R ∪ Ran_R)(R) = R. A family R of binary relations is said to be C-definable iff for all binary relations R, R ∈ R iff R is C-closed. A set R of binary relations is said to be closed under restrictions, iff for all R ∈ R, for all ∅ ≠ U^′ ⊆ (Dom_R ∪ Ran_R), R ∩ (U^′ × U^′) ∈ R.

Proposition 2.2. If the family of binary relations R is C-definable for some closure relation operation C then,

(1) for any binary relation R, there exists R^′ ∈ R such that R ⊆ R^′ and (Dom_R ∪ Ran_R) = (Dom_R′ ∪ Ran_R′ ). (2) R is closed under restrictions.

Proof: (1) Take a binary relation R. By Definition 2.3(1), R ⊆ C(Dom_R ∪ Ran_R)(R). Since C(R) = C(C(R)) and R is C-definable then C(R) ∈ R and (Dom_{C(R)} ∪ Ran_{C(R)}) = (Dom_R ∪ Ran_R). (2) Take R ∈ R and ∅ ≠ U^′ ⊆ (Dom_R ∪ Ran_R). By Definition 2.3(2), C(U^′)(C(U)(R) ∩ (U^′ × U^′)) = C(U)(R) ∩ (U^′ × U^′) = R^′ with U = (Ran_R ∪ Dom_R). Since (Dom_R′ ∪ Ran_R′ ) ⊆ U^′ and by Definition 2.3(1), R^′ ⊆ C((Dom_R′ ∪ Ran_R′ ))(R^′) ⊆ C(U^′)(R^′) Since R^′ = C(U^′)(R^′) then C((Dom_R′ ∪ Ran_R′ ))(R^′) = R^′. R being Cdefinable, C(U)(R) = R. Hence R ∩ (U^′ ∩ U^′) ∈ R. Q.E.D.

2A relation R over U is rectangular iff there exist U^′, U^{′′} ⊆ U such that R = U^′ × U^{′′}.

Proposition 2.3. For any closure relation operation C there is a unique Cdefinable set of relations. This set is equal to {C(U)(R) : ∃ set U, ∃R ⊆ U ×U}.

Proof: Let R^′ = C(U)(R). We show that C((Dom_R′ ∪Ran_R′ ))(R^′) = R^′. We write U^′ to denote (Dom_R′ ∪ Ran_R′ ). Since R^′ ⊆ U^′ × U^′ then C(U^′)(R^′) = C(U^′)(R^′ ∩U^′ ×U^′). Hence by Definition 2.3(2), C(U^′)(R^′) = R^′ ∩U^′ ×U^′ = R^′. Q.E.D.

In the sequel we shall use families of binary relations definable by some closure relation operation in order to define the classes of models characterizing the multi-modal logics that are in the scope of this paper.

Proposition 2.4. (1) The set of serial^3 (resp. atomic^4, weakly dense^5, discrete^6) relations is not C-definable for any closure relation operation C. (2) The set of reflexive (resp. symmetrical, transitive, equivalence, Euclidean, rectangular, quadratic^7, ideal^8) relations is C^r-definable (resp. C^s-definable, C^t-definable, C^{rst}-definable, C^e-definable, C^{L×L′} -definable, C^{L×L}-definable, C^{id.dom}- definable).

Proof: (1) This statement can be proved by noting that the class of serial (resp. atomic, weakly dense, discrete) relations is not closed under restrictions. Proposition 2.2 entails the desired result.

(2) By way of example we show that the family of Euclidean relations, say, R^e, is C^e-definable. Take some binary relation R. First assume R ∈ R^e. Assume there exist x_1, . . ., x_n, y_1, . . ., y_m such that n ≥ 2, m ≥ 2, x_1 = y_1, for all i ∈ {1, . . ., n − 1}, (x_i, x_{i+1}) ∈ R and for all i ∈ {1, . . ., m − 1}, (y_i, y_{i+1}) ∈ R. Without any loss of generality assume n ≤ m. By induction on k, it can be shown that for all k ∈ {2, . . ., n}, (x_k, y_k) ∈ R (R is Euclidean). Then, by induction on k^′, it can be also shown that for all k^′ ∈ {n, . . ., m}, (x_n, y_k′ ) ∈ R. Hence (x_n, y_m) ∈ R and by definition of C^e, C^e((Dom_R ∪Ran_R))(R) = R (R is C^e-closed). Now assume C^e((Dom_R ∪ Ran_R))(R) = R. It means in particular that {(x_2, y_2) : ∃x_1, y_1 ∈ (Dom_R ∪ Ran_R), x_1 = y_1, (x_1, x_2) ∈ R, (y_1, y_2) ∈ R} ⊆ R. Hence R ∈ R^e. Q.E.D.

Another way for proving Proposition 2.4(1) is to use Łos-Tarski preservation theorem for first-order logic (fol) -see e.g. [6]. Let A_{fol} be a closed formula

3A relation R over U is serial iff for all x ∈ U, there is y ∈ U such that (x, y) ∈ R. 4A relation R over U is atomic iff for all x ∈ U, there is y ∈ U such that (x, y) ∈ R and for all z ∈ U if (y, z) ∈ R then z = y.

5A relation R over U is weakly dense iff for all x, y ∈ U, if (x, y) ∈ R then there is u ∈ U such that (x, u) ∈ R and (u, y) ∈ R.

6A relation R over U is discrete iff for all x, y ∈ U, if (x, y) ∈ R then there is z ∈ U such that (x, z) ∈ R and there is no u ∈ U such that (x, u) ∈ R and (u, z) ∈ R.

7A relation R over U is quadratic iff there exists U^′ ⊆ U such that R = U^′ × U^′. 8A relation R over U is ideal iff there exists U^′ ⊆ U such that R = U^′ × U.

C Definition of C(U )(R) Ci R Cr R ∪ {(x,x) : x ∈ U } Cwr R ∪ {(x, x) : (x, y) ∈ R} Car R ∪ {(y, y) : (x, y) ∈ R} Cs {(x, y) : either (x, y) ∈ R or (y, x) ∈ R} Ct {(x, y) : ∃x1, . . . , xn such that n ≥ 2, x1 = x, xn = y and ∀i ∈ {1, . . . , n − 1}, (xi, xi+1) ∈ R} Ce R ∪ {(x, y) : ∃x1, . . . , xn, y1, . . . , ym such that n ≥ 2, m ≥ 2, x1 = y1, xn = x, ym = y, ∀i ∈ {1, . . . , n − 1}(xi, xi+1) ∈ R, ∀i ∈ {1, . . . , m − 1}(yi, yi+1) ∈ R} Ces CsCe(R) Cer CrCe(R) Crs CsCr(R) Crt CtCr(R) Crst CsCtCr(R) ν U × U Cl×L DomR × (DomR ∪ RanR) CL×l (DomR ∪ RanR) × RanR CL×L (DomR ∪ RanR) × (DomR ∪ RanR) CL×L^0 DomR × RanR Cid.dom DomR × U Cid.ran U × RanR

Figure 1: Examples of closure relation operations

of first-order logic such that A_{fol} has no function symbol and the only predicate symbols occurring in A_{fol} are the equality symbol = and R (both binary). We can assume without any loss of generality that the only logical connectives are ∧, ∨, ¬. A class R of binary relations is said to be A_{fol}-definable iff for all binary relations R over W , R ∈ R iff ((Dom_R ∪ Ran_R), R) |=_{fol} A_{fol} A closure relation operation C is said to be first-order definable iff there is a closed first-order formula A_{fol} such that the unique C-definable class R of binary relations is A_{fol}-definable. Let R be a C-definable class for some closure relation operation C. If R is A_{fol}-definable for some non-valid firstorder formula A_{fol} then R is A^′_{fol}-definable for some universal formula A^′_{fol} by the Łos-Tarski preservation theorem. A^′_{fol} is of the form ∀x_1 ∀x_2 . . .∀x_k A^{′′}_{fol} where k ≥ 0, x_1, . . ., x_k are distinct variables and A^{′′}_{fol} is a quantifier-free formula. Indeed by the Submodel Preservation Theorem, A_{fol} is preserved by taking submodels iff A_{fol} is logically equivalent to a universal formula. Since R is closed under restrictions then A_{fol} is preserved by taking submodels.

Moreover, by Proposition 2.2, there is a positive occurrence of the predicate symbol R in A^′_{fol}. For suppose otherwise and take R ∉ R. Then ((Dom_R ∪ Ran_R), R) |̸=_{fol} ∀x_1 ∀x_2 . . . ∀x_k A^{′′}_{fol} and there exist w_1, . . ., w_k ∈ W such that ((Dom_R ∪ Ran_R), R) |=_{fol} ¬A^{′′}_{fol} [x_1 ← w_1, . . ., x_k ← w_k] and ¬A^{′′}_{fol} is logically equivalent to some formula ⋀ 1≤i≤n( ⋁ 1≤j≤ni Li,j) in conjunctive normal form where each L_{i,j} has one of the following forms: x=y, ¬(x=y), R(x, y). Hence, for all R ⊆ R^′ ⊆ (Dom_R∪Ran_R)×(Dom_R∪Ran_R), ((Dom_R∪

Ran_R), R^′) |=_{fol} ¬A^{′′}_{fol} [x_1 ← w_1, . . ., x_k ← w_k] and ((Dom_R∪Ran_R), R^′) |̸=_{fol} ∀x_1 ∀x_2 . . . ∀x_k A^{′′}_{fol}, which is in contradiction with Proposition 2.2(1) -it is even possible that R does not occur in A^{′′}_{fol}. Hence for all classes R of binary relations A_{fol}-definable for some non-valid first-order formula A_{fol} in prenex normal form, if either A_{fol} is not universal or A_{fol} does not contain a positive occurrence of the predicate symbol R then there is no closure relation operation C such that the class R is C-definable. For instance, although the class of irreflexive relations is closed under restrictions, it is not C-definable for any closure relation operation C.

From a given collection of monotonous relation operations (resp. closure relation operations), it is possible to define new monotonous relation operations (resp. closure relation operations). By way of example, consider the mapping t_c : COR → OR such that for all C ∈ COR, for all sets U and R ⊆ U × U, t_c(C)(U)(R) = ⋃ {C(C^R_x )(R ∩ (C^R_x × C^R_x )) : x ∈ U} where C^R_x is the set {x} ∪ {y ∈ U : ∃ C^s(R)−path between x and y}. For any

ϕ (arity) Definition of ϕ(U)(R_1, . . ., R_n)

∪ (2) {(x, y) : either (x, y) ∈ R_1 or (x, y) ∈ R_2} ∩ (2) {(x, y) : (x, y) ∈ R_1 and (x, y) ∈ R_2} ∪^∗ (2) ∪C^{rt}(R_1, R_2) ; (2) {(x, y) : ∃z, (x, z) ∈ R_1 and (z, y) ∈ R_2} || (2) {(x, y) : either (x, y) ∈ R_1 or (x, y) ∈ R_2, and R_1(x) × R_2(y) ≠ ∅}

Figure 2: Examples of monotonous relation operations set U, R ⊆ R^′ ⊆ U × U and x ∈ U, • C^R_x ⊆ C^{R′}_x , R ∩ (C^R_x × C^R_x ) ⊆ R^′ ∩ (C^{R′}_x × C^{R′}_x ), • ⋃ x∈U R ∩ (C^R_x × C^R_x ) = R, {C^R_x : x ∈ U} is a partition of U.

Proposition 2.5. For any C ∈ COR,

(1) for any set U, R ⊆ U × U, x ∈ U, C^R_x = C^{tc(C)(U )(R)}_x , (2) for any set U, R ⊆ R^′ ⊆ U × U, t_c(C)(U)(R) ⊆ t_c(C)(U)(R^′) (monotonicity), (3) for any set U, R ⊆ U × U, R ⊆ t_c(C)(U)(R), (4) t_c(C) is a closure relation operation.

For instance, the family of difunctional^9 relations is t_c(C^{L×L′} )-definable. Moreover, although t_c(C^r) = C^r we have t_c(ν) = C^{rst}.

9A relation R over the set U is difunctional iff for all x ∈ U, there exist C^{R,1}_x and C^{R,2}_x subsets of C^R_x such that R ∩ (C^R_x × C^R_x ) = C^{R,1}_x × C^{R,2}_x .

The relation operations involve in the definition of the FiRe-logics shall be monotonous and most of them are also finitely reducible in the sense of Definition 2.4 below.

Definition 2.4. A relation operation ϕ (with n = ar(ϕ)) is said to be finitely reducible iff for any set U, R_1, . . ., R_n ⊆ U × U, • if (x, y) ∈ ϕ(U)(R_1, . . ., R_n) • then there is a finite set U^′ ⊆ U and there exist R^′_1, . . ., R^′_n ⊆ U^′ × U^′ such that

– (x, y) ∈ ϕ(U^′)(R^′_1, . . ., R^′_n) and, – for all i ∈ {1, . . ., n}, R^′_i ⊆ R_i ∩ U^′ × U^′. ∇ 3 Multi-modal logics

The various relation operations and C-definable sets of binary relations defined in Section 2 shall be used to define classes of modal frames. In the forthcoming sections, we shall show how the properties of the relation operations induce properties of logics characterized by modal frames involving those operations. We believe that the relationships between relation operations and logics are the main original part of the present work. Before defining the (semantical) notion of logic we shall use, some (rather standard) preliminary definitions are needed.

A (propositional) modal language L is determined by four sets which are supposed to be pairwise disjoint:

• a non-empty countable set F_0 of propositional variables, • a non-empty countable set M_0 of modal constants, • a countable set OP of propositional operators, • and a countable set OM of modal operators (which can be empty).

The set M of modal expressions is the smallest set that satisfies the following conditions: M_0 ⊆ M and if ⊕ is any n-ary modal operator and a_0, . . ., a_{n−1} ∈ M then ⊕(a_0, . . ., a_{n−1}) ∈ M. The set FL of L-formulae is the smallest set that satisfies the following conditions: F_0 ⊆ FL, if ⊖ is any n-ary propositional operator and A_1, . . ., A_n ∈ FL then ⊖(A_1, . . ., A_n) ∈ FL and if a ∈ M and A ∈ FL then {[a]A, ⟨a⟩A} ⊆ FL -for the sake of simplicity [a] and ⟨a⟩ are also called modal operators. We assume throughout the paper that any modal language used in the sequel satisfies the following conditions: F_0 is a fixed countable set of propositional variables and the propositional operators are the unary

¬ (negation) and the binary ∧ (conjunction) and ∨ (disjunction). For any syntactic category X, and for any syntactic object O we write X(O) to denote the set composed of elements of X occurring in O. For example FL(A) is the set of subformulas of A.

Let L be a modal language. We write mw(A) to denote the modal weight of A, i.e. the number of occurrences of modal operators in A -of the form [a] or ⟨a⟩. We also write md(A) to denote the modal degree of A, i.e. the maximal number of modal operators that appear in front of a propositional variable in A. We write M(A) to denote the set {a ∈ M : ∃[a]B ∈ FL(A) or ∃⟨a⟩B ∈ FL(A)}.

Let t_{nnf} be the mapping FL → FL such that:

• t_{nnf} (p) = p , t_{nnf} (¬p) = ¬p for all p ∈ F_0, • t_{nnf} (A ∧ B) = t_{nnf} (A) ∧ t_{nnf} (B), t_{nnf} (A ∨ B) = t_{nnf} (A) ∨ t_{nnf} (B), • t_{nnf} ([a]A) = [a]t_{nnf} (A) , t_{nnf} (⟨a⟩A) = ⟨a⟩t_{nnf} (A), • t_{nnf} (¬(A ∧ B)) = t_{nnf} (¬A) ∨ t_{nnf} (¬B), t_{nnf} (¬(A ∨ B)) = t_{nnf} (¬A) ∧ t_{nnf} (¬B), • t_{nnf} (¬⟨a⟩A) = [a]t_{nnf} (¬A), t_{nnf} (¬[a]A) = ⟨a⟩t_{nnf} (¬A), • t_{nnf} (¬¬A) = t_{nnf} (A).

We write F3L (resp. F2L) to denote the set of formulae A such that t_{nnf} (A) does not contain any necessity modal operator (of the form [a]) (resp. t_{nnf} (A) does not contain any possibility modal operator). The formulae of F3L (resp.

F2

 L) are said to be 3-formulae (resp. 2-formulae). The mapping t^{nnf} can be

viewed as a procedure transforming any formula into a formula in negative normal form (nnf). It is easy to show that A ∈ F3L (resp. A ∈ F2L) iff ¬A ∈ F2L (resp. ¬A ∈ F3L). The set of 3-formulae has numerous interesting properties (see e.g. [1]).

As usual, by an L-model we understand a triple (U, {Ra : a ∈ M}, V ) such that

• U is a non-empty set, • for all a ∈ M, Ra is a binary relation on U and, • V is a mapping F_0 → P(U).

The set of L-models is written ModL. Let M = (U, {Ra : a ∈ M}, V ) be an L-model. As usual, we say that a formula A is satisfied by the object u ∈ U in M (written M, u |= A) when the following conditions are satisfied.

• M, u |= p iff u ∈ V (p), for all p ∈ F_0, • M, u |= ¬A iff not M, u |= A, • M, u |= A ∧ B iff M, u |= A and M, u |= B,

• M, u |= A ∨ B iff either M, u |= A or M, u |= B, • M, u |= [a]A iff for all v ∈ Ra(u), M, v |= A, • M, u |= ⟨a⟩A iff there is v ∈ Ra(u) such that M, v |= A.

As usual, the modal operators ⟨a⟩ and [a] are not independent, each of them can be defined in terms of the other. Moreover, M, u |= A iff M, u |= t_{nnf} (A) for any A ∈ FL. In the sequel, when it is possible, only the operators of the form ⟨a⟩ are used. A formula A is said to be true in the L-model M = (U, {Ra : a ∈ M}, V ) iff for all u ∈ U, M, u |= A.

By a logic L, we understand a triple^{10} ⟨L, S, |=_L⟩ such that L is a modal language, S ⊆ ModL and |=_L is the restriction of |= to the sets S and L (satisfiability relation). For all models M ∈ S, M is said to be a model for L. An L-formula A is said to be L-valid iff A is true in all L-models of S. An Lformula A is said to be L-satisfiable iff there is M = (U, {R_a : a ∈ M}, V ) ∈ S, u ∈ U such that M, u |=_L A. A logic L = ⟨L, S, |=_L⟩ has the finite model property with respect to the set X ⊆ FL iff for every L-satisfiable formula A ∈ X, there exist M = (U, {Ra : a ∈ M}, V ) ∈ S, w ∈ U such that U is finite and M, w |=_L A. We shall use in the sequel the following notion of translation between two logics.

Definition 3.1. A translation from L_1 = ⟨L_1, S_1, |=_1⟩ to L_2 = ⟨L_2, S_2, |=_2⟩ is a computable mapping t : FL_1 → FL_2 such that

(1) for all A ∈ FL_1 , t(¬A) = ¬t(A), (2) for all M_1 = (U, {R^1a : a ∈ M_1}, V ) ∈ S_1, there is M_2 = (U, {R^2a :

a ∈ M_2}, V ) ∈ S_2 such that (⋆) for all A ∈ FL_1 , u ∈ U, M_1, u |= A iff M_2, u |= t(A).

(3) for all M_2 = (U, {R^2a : a ∈ M_2}, V ) ∈ S_2, there is M_1 = (U, {R^1a : a ∈ M_1}, V ) ∈ S_1 such that (⋆).

The translation t is said to be 3-preserving iff for all A ∈ FL_1 , A ∈ F3L_1 iff t(A) ∈ F3L_2 . ∇

Such translations are semantically stronger than the ones usually found in the literature which is shown in the proposition below.

Proposition 3.1. Assume there is a translation t (in the sense of Definition 3.1) from L_1 to L_2. Then,

(1) For all L_1-formulae A,

(a) A is L_1-valid iff t(A) is L_2-valid.

10It is also possible to define a logic in terms of frames (structures of the form (U, {Ra : a ∈ M})) but the definition of logic used in the paper shall be sufficient for our needs.

(b) A is L_1-satisfiable iff t(A) is L_2-satisfiable.

(2) If L_2 has the finite model property with respect to X (resp. a decidable validity problem, a decidable satisfiability problem) then L_1 has the finite model property with respect to {A ∈ FL_1 : ∃B ∈ X, t(A) = B} (resp. a decidable validity problem, a decidable satisfiability problem).

4 Finitely reducible logics

In this section we apply the formal framework developed in Section 2 to define classes of modal logics. We show that a broad family of logics can be uniformly presented within this framework.

An operator interpretation function I for the language L such that OM ≠ ∅, is a mapping I : OM → MOR such that the arities of I(⊕) and ⊕ are equal for all ⊕ ∈ OM. If OM = ∅, by definition the unique operator interpretation function I for L is the empty set. For a given language L, and an operator interpretation function I, the family {Ra : a ∈ M} of binary relations over a set U is said to respect I iff

for all a_1, . . ., a_n ∈ M, ⊕^n ∈ OM, R_⊕n_(a_{1,...,}a_{n)} = I(⊕^n)(U)(Ra_1 , . . ., Ra_n )

Observe that if I = ∅ then every L-model respects I. A family {Ra : a ∈ M} respecting I is completely determined by the family {Rc : c ∈ M_0} and U. By extension, we say that the L-model (U, {Ra : a ∈ M}, V ) respects I iff {Ra :

a ∈ M} respects I. For a given language L, and an operator interpretation function I, we write Mod^IL to denote the set of L-models respecting I. For a given language L and a mapping C : M_0 → COR, we write Mod^CL to denote the set of L-models M = (U, {Ra : a ∈ M}, V ) such that

for all c ∈ M_0, C(c)(U)(Rc) = Rc.

As a consequence, for all c ∈ M_0, C(c)((Dom_Rc ∪ Ran_Rc))(Rc) = Rc. We use the symbol C both for this mapping and for any member of COR because for each c, C(c) ∈ COR.

Let M = (U, {Ra : a ∈ M}, V ) be an L-model respecting I. It can be shown that for all a ∈ M, a^′ ∈ M(a), b, b^′ ∈ M such that b is obtained from the modal expression a by replacing a given occurrence of a^′ in a by b^′ and Ra′ ⊆ Rb′ , we have Ra ⊆ Rb. This is due to the monotonicity of the relation operations in {I(⊕) : ⊕ ∈ OM} when OM ≠ ∅.

We shall introduce a particular class of logics, the FiRe-logics. First, some preliminary definitions are needed.

Definition 4.1. A logic L = ⟨L, S_L, |=_L⟩ is said to be a preFiRe-logic iff there exist an operator interpretation function I for L and a mapping C : M_0 → COR such that S_L = Mod^IL ∩ Mod^CL. ∇

An example of preFiRe-logic is the propositional dynamic logic PDL (see, e.g. [20]) that can be seen as a structure ⟨L, Mod^CL ∩ Mod^IL, |=_{P DL}⟩ with OM = {^∗, ∪, ∘}, M_0 is a countable set of program constants, C : M_0 → {C^i}, I(^∗) = C^{rt}, I(∘) =; and I(∪) = ∪. It is of particular interest to notice that the canonical model for PDL (see [21]) does not belong to Mod^CL ∩ Mod^IL.

Definition 4.2. For a given modal language L, and an operator interpretation function I, the L-model M = (U, {Ra : a ∈ M}, V ) respecting I is said to be well-founded with respect to I iff for all x, y ∈ U, a ∈ M such that (x, y) ∈ Ra there exist a finite subset {x, y} ⊆ Xa_{x,y} ⊆ U and a family {Pb : b ∈ M} of binary relations over Xa_{x,y} respecting I such that

(1) (x, y) ∈ Pa and (2) for all c ∈ M_0(a), Pc ⊆ Rc. ∇ Definition 4.3. A preFiRe-logic L = ⟨L, S_L, |=_L⟩ is said to be a FiRe-logic (finitely reducible logic) iff every L-model in S_L is well-founded with respect to I. ∇

The condition of well-foundness states that for each model of the logic, if (x, y) ∈ Ra then there exist a finite subset X of worlds and a family {Pb : b ∈ M} of binary relations over X respecting I such that for each modal constant c occuring in a, Pc ⊆ Rc. In short, everytime (x, y) ∈ Ra holds, we can select a finite number of worlds and arrows in order to preserve this relationship in the reduced model. Observe that we do not necessarily require that

for all c^′ ∈ M_0, C(c^′)(Xa_{x,y})(Pc′ ) = Pc′ .

Indeed, once {Pb : b ∈ M} exists, the unique family {P^′b : b ∈ M} respecting I such that for all c ∈ M_0(a) P^′c = C(c)(Xa_{x,y})(P^′c) also satisfies: (1) (x, y) ∈ P^′a and (2) for all c ∈ M_0(a), P^′c ⊆ Rc. The constraints for the modal constants in the definition of PreFire-logics do not interfer with the well-foundness of the models but they allow to capture a larger class of logics. The logic PDL previously mentioned is a FiRe-logic (see in Section 5 a formal proof of this fact).

Proposition 4.1. If the preFiRe-logic ⟨L, Mod^IL∩Mod^CL, |=_L⟩ is a FiRe-logic then for all C^′ : M_0 → COR, (L, Mod^IL ∩ Mod^{C′}L , |=_L) is also a FiRe-logic.

Although it is obvious that every FiRe-logic is a preFiRe-logic, it is not straightforward to see that there are preFiRe-logics that are not FiRe-logics. Consider the relation operation ϕ^∞ defined as follows: for any set U, R ⊆ U × U, ϕ^∞(U)(R) = {(x, y) ∈ R : ∃ an infinite R-path between x and y without cycles}. For example ϕ^∞(Re)(<) =< (resp. ϕ^∞(ω)(<) = ∅) where Re is the set of real numbers (resp. ω is the set of natural numbers) and < is the usual strict greater-than relation. Moreover, for any finite set U, R ⊆ U × U, ϕ^∞(U)(R) = ∅. It is easy to show that ϕ^∞ is monotonous

Now consider the language L_0 such that M_0 = {1}, OM = {op} and the operator interpretation function I_0 : {op} → {ϕ^∞}. We shall show that the preFiRe-logic L_0 = ⟨L_0, Mod^{I0}L_0 ∩Mod^CL_0 , |=_{L0} ⟩ is not a FiRe-logic with C(1) = C^i. Actually, take the L_0-model (Re, {Ra : a ∈ M}, V ) such that R1 =< and for all p ∈ F_0, V (p) = ∅. It is clear that (0, 1) ∈ Rop_(1_) = I_0(op)(Re)(R1) = ϕ^∞(Re)(<). However, for any finite subset {0, 1} ⊆ Xop^(1^)_{0,1} ⊆ Re and for any relation P1 ⊆ Xop^(1^)_{0,1} × Xop^(1^)_{0,1} , (0, 1) ∉ ϕ^∞(Xop^(1^)_{0,1} )(P1) = ∅. Hence (Re, {Ra : a ∈ M}, V ) is not well-founded with respect to I_0 and L_0 is not a FiRe-logic although it is a preFiRe-logic.

5 Some properties of FiRe-logics

The class of well-founded models can be partly characterized by properties of monotonous relation operations involved in the operator interpretation functions. Proposition 5.1 below relates Definition 4.2 with Definition 2.4: a sufficient condition for the well-foundedness of models is to admit only finitely reducible monotonous relation operations.

Proposition 5.1. Let L = (L, Mod^IL ∩ Mod^CL, |=_L) be a preFiRe-logic. If {I(⊕) : ⊕ ∈ OM} contains only finitely reducible relation operations then L is a FiRe-logic.

Proof: Let M = (U, {Ra : a ∈ M}, V ) be an L-model and x, y ∈ U. We show by structural induction on a that if (x, y) ∈ Ra then there exists a family {ra : a ∈ M} over a finite set X ⊆ U, respecting I, such that for all c ∈ M_0(a), rc ⊆ Rc and (x, y) ∈ ra. Base case: assume (x, y) ∈ Rc for some c ∈ M_0. Define for all c^′ ∈ M_0, rc′ = {(x, y)} and X = {x, y}. Let {ra : a ∈ M} be the unique family over X respecting I that extends {rc′ : c^′ ∈ M_0}.

Induction step: assume (x, y) ∈ R_{⊕(}a_{1,...,}a_{n)} with n = ar(I(⊕)). Hence (x, y) ∈ I(⊕)(U)(Ra_1 , . . ., Ra_n ). Since I(⊕) is finitely reducible there exists a finite set U^′ ⊆ U, R_1, . . ., R_n ⊆ U^′ × U^′ such that

• (x, y) ∈ I(⊕)(U^′)(R_1, . . ., R_n) and,

• for all i ∈ {1, . . ., n}, R_i ⊆ Ra_i . We write ⋃ i∈{1,...,n} Ri = {(x1, y1), . . ., (xm, ym)} (U ′ is finite) and we write I to denote the set I = {⟨i, j⟩ : i ∈ {1, . . ., n}, j ∈ {1, . . ., m}, (x_j, y_j) ∈ R_i}. By induction hypothesis, for ⟨i, j⟩ ∈ I, there exists a family {r^{i,j}b : b ∈ M} over a finite set U_{i,j} ⊆ U respecting I such that for all c ∈ M_0(a_j), r^{i,j}c ⊆ Rc and (x_j, y_j) ∈ r^{i,j}a_i . Define X = ( ⋃ {U_{i,j} : ⟨i, j⟩ ∈ I}) ∪ U^′ and for all c ∈ M_0, rc = ⋃ {r^{i,j}c : ⟨i, j⟩ ∈ I}. Let {rb : b ∈ M} be the unique family over X respecting I that extends {rc : c ∈ M_0}. By way of example, we show that (x, y) ∈ ra. By structural induction on a, one can show that for ⟨i, j⟩ ∈ I, r^{i,j}a ⊆ ra. Hence for i_0 ∈ {1, . . ., n}, R_{i0} ⊆ ⋃ ⟨i0,j⟩∈I r^{i0,j}a_{i0} ⊆ ra_{i0}

Since I(⊕) is strongly monotonous, I(⊕)(U^′)(R_1, . . ., R_n) ⊆ I(⊕)(X)(R_1, . . ., R_n) ⊆ I(⊕)(X)(ra_1 , . . ., ra_n ) So (x, y) ∈ ra. Q.E.D.

The converse of Proposition 5.1 is an open problem. The following proposition can be easily proved.

Proposition 5.2. The following operations are finitely reducible relation op- erations: {C^i, C^r, C^{wr}, C^s, C^t, C^{ar}, C^e, ∪, ∩, ; , ||, ν, C^{id.dom}, C^{id.ran}, C^{l×L}, C^{L×l}, C^{L×L}, C^{L×L′}}. Proposition 5.2 is restricted to a given class of monotonous relation operations although a natural question arises: how to define new finitely reducible monotonous relation operations from a basic set of monotonous relation operations? This is the purpose of Proposition 5.3. Before stating it, a preliminary definition is needed.

Definition 5.1. Let L (resp. L^′) be a modal language and I (resp. I^′) be an operator interpretation function on L (resp. on L^′). We say that I^′ is less expressive than I iff there exists a 1-1 mapping t : M^′_0 → M_0 and an extending mapping t : M^′ → M such that

• for all a ∈ M^′, M_0(t(a)) = {t(c) : c ∈ M^′_0(a)}, • for any family {Ra : a ∈ M} of binary relations over U respecting I and {R^′a : a ∈ M^′} of binary relations over U respecting I^′ such that for all c ∈ M^′_0, R^′c = R_{t(}c_), we have for all a ∈ M^′, R^′a = R_{t(}a_). ∇ With such a definition we have the possibility to express that a monotonous relation operation can be defined from other relation operations by means of the interpretations of the languages L and L^′. The relation ”less expressive than” is transitive.

Proposition 5.3. Let L (resp. L^′) be a modal language and I (resp. I^′) be an operator interpretation function on L (resp. on L^′) such that every L-model respecting I is well-founded with respect to I and I^′ is less expressive than I. Then,

(1) every L^′-model respecting I^′ is well-founded with respect to I^′, (2) For any C : M^′_0 → COR, every logic ⟨L^′, Mod^{I′}L′ ∩ Mod^CL′ , |=⟩ is a FiRelogic.

Proof: (1) Let {R^′a : a ∈ M^′} be a family of binary relations over U respecting I^′. Define the unique family {Ra : a ∈ M} of binary relations over U respecting I such that for all c ∈ M_0, Rc = R^′_{t−1(}c_).

So for all a ∈ M^′, R^′a = R_{t(}a_). Assume (x, y) ∈ R^′a. By hypothesis,

• (x, y) ∈ R_{t(}a_) and, • {Ra : a ∈ M} is well-founded with respect to I.

So there is a family {rb : b ∈ M} over {x, y} ⊆ X^{t(}a^)_{x,y} ⊆ U, respecting I such that

• (x, y) ∈ r_{t(}a_) and, • for all c^′ ∈ M_0(t(a)), rc′ ⊆ Rc′ .

Define the family {r^′b : b ∈ M^′} respecting I^′ such that for all c ∈ M^′_0, r^′c = r_{t(}c_) and take Xa_{x,y} = X^{t(}a^)_{x,y} . It follows that r^′a = r_{t(}a_) (I^′ is less expressive than I) and for all c^′ ∈ M^′_0(a), r^′c′ = r_{t(}c′_) ⊆ R_{t(}c′_) = R^′c′ .

(2) Direct consequence of (1) (see Definition 4.2 and Proposition 4.1). Q.E.D.

Let Φ be a non-empty countable subset of MOR and L = ⟨L, Mod^IL ∩ Mod^CL, |=_L⟩ be a preFiRe-logic for some C : M_0 → COR and for some operator interpretation function I such that {I(⊕) : ⊕ ∈ OM} ⊆ Φ. L is said to be a Φ-logic. A Φ-logic L = ⟨L, Mod^IL ∩ Mod^CL, |=_L⟩ is Φ-complete iff {I(⊕) : ⊕ ∈ OM} = Φ. A preFiRe-logic L^′ = (L^′, Mod^{I′}L′ ∩ Mod^CL′ , |=^′) is said to be Φcomposed for some Φ ⊆ MOR iff there is a Φ-logic L = ⟨L, Mod^IL ∩ Mod^CL, |=⟩ such that I^′ is less expressive than I.

Proposition 5.4. For any non-empty countable subset Φ of MOR, there is a Φ-complete logic being a FiRe-logic iff every Φ-composed logic is a FiRe-logic.

Proof: Since Φ is non-empty if every Φ-composed logic is an FiRe-logic, in particular every Φ-complete logic satisfies this property. Since there is a Φ-complete logic (simply take one modal operator for each element of Φ), one way is proved. Now assume there is a Φ-complete logic being a FiRe-logic, say L = ⟨L, Mod^IL ∩ Mod^CL, |=⟩. For any Φ-composed logic, L^′ = ⟨L^′, Mod^{I′}L′ ∩

Mod^{C′}L′ , |=^′⟩, there is a Φ-logic L^{′′} = ⟨L^{′′}, Mod^{I′′}L′′ ∩ Mod^{C′′}L′′ , |=^{′′}⟩ such that I^′ is less expressive than I^{′′}. Since I^{′′} is less expressive than I ({I^{′′}(⊕) : ⊕ ∈ OM^{′′}} ⊆ {I(⊕) : ⊕ ∈ OM} = Φ), by transitivity I^′ is less expressive than I. By Proposition 5.3, L^′ is a FiRe-logic. Q.E.D.

By Proposition 5.4, we have therefore defined a process of introducing new FiRe-logics.

Corollary 5.5. Let Φ_0 be the set below {C^i, C^r, C^{wr}, C^{ar}, C^s, C^t, C^e, ∪, ∩, ; , ||, ν, C^{id.dom}, C^{id.ran}, C^{l×L}, C^{L×l}, C^{L×L}, C^{L×L′} } Every Φ_0-composed preFiRe-logic is a FiRe-logic.

By a FiRe-reducible logic, we understand a logic L such that there exist a FiRe-logic L^′ and a translation from L to L^′. Consider the logic L^′ = ⟨L^′, S^′, |=^′⟩ such that, M^′_0 = {1, 2, 3}, OM^′ = ∅, and for all M = (U, {Ra : a ∈ M^′}, V ) ∈ ModL′ , M ∈ S^′ iff • R1 is Euclidean, • R2 is symmetric and, • R3 = R1 ∩ R2. It can be easily shown that L^′ is FiRe-reducible although not being a preFiRelogic. Consider the preFiRe-logic L = (L, Mod^IL ∩ Mod^CL, |=_L) such that M_0 = {1, 2}, OM = {inter}, C(1) = C^e, C(2) = C^s and I(inter) = ∩. L is a FiRe-logic by Proposition 5.4. Let t : FL′ → FL be the mapping, homomorphic for the propositional operators ∧, ∨, ¬ such that t(⟨1⟩A) = ⟨1⟩t(A), t(⟨2⟩A) = ⟨2⟩t(A) and t(⟨3⟩A) = ⟨1 inter 2⟩t(A). It is straightforward that t is a 3- preserving translation, in the sense of Definition 3.1, from L^′ to L.

In the forthcoming sections we shall show that every FiRe-reducible logic with a 3-preserving translation (and a fortiori every FiRe-logic) and every LaFiRe-reducible logic with a 3-preserving translation (and a fortiori every LaFiRe-logic) -see Definition 7.1- has the finite model property with respect to the set of 3-formulae. Figure 3 presents logics belonging to one of the classes previously defined (the references are given in order to provide a reader with useful pointers to the literature although they are not supposed to contain the original utterance of the logics).

In figure 3, the logic PDL with intersection does not admit the operator ’?’.

6 Finite model property with respect to F3L

Throughout this section L is a FiRe-logic ⟨L, Mod^IL ∩ Mod^CL, |=_L⟩ for some operator interpretation function I and for some mapping C : M_0 → COR. The

Name Extended name Reference Class S4+S5 [14] FiRe-logic S4+deontic [14] FiRe-reducible PDL Propositional Dynamic Logic [21] FiRe-logic PDL+∩ PDL with intersection [7] FiRe-logic DAL Data Analysis Logic [12] FiRe-logic DALLA DAL with Local Agreement [15] LaFiRe-logic K5n Multi K5 [4] FiRe-logic Tn, S4n, S5n simple multimodal logics [16] FiRe-logic TCn , S4Cn , S5Cn multimodal logics with common knowledge [16] FiRe-reducible TDn , S4Dn , S5Dn multimodal logics with distributed knowledge [16] FiRe-reducible S4+5 [23] FiRe-reducible LA-logics logics with local agreement [8] LaFiRe-reducible

Figure 3: Some known logics from the literature

main goal of this section is to show that L has the finite model property with respect to F3L. To do so, we prove that when an L-model M^′ satisfies A ∈ FL, we can build a finite L-model M^∗ from M^′ that satisfies A. The construction of M^∗ uses a significant variant of the technique introduced in [5].

Definition 6.1. Let A ∈ FL. The set LS(A) of formulae is the smallest set satisfying: (1) A ∈ LS(A), (2) if B ∈ LS(A) and B = C ∧ C^′ or B = C ∨ C^′ then {C, C^′} ⊆ LS(A) and if B ∈ LS(A) and B = ¬C then C ∈ LS(A). The sets of formulae P (A), M(A) and I(A) are defined as follows:

• P (A) = F_0 ∩ LS(A), • M(A) = {⟨a⟩B : ⟨a⟩B ∈ LS(A)}, • I(A) = {B : ⟨a⟩B ∈ LS(A)}. ∇ For any set Γ ⊆ FL, P (Γ), LS(Γ), M(Γ) and I(Γ) are defined in the natural way. For instance P (Γ) = ⋃

                     A∈Γ P (A). Now assume that M^′, v |= A for some
A ∈ FL, M^′ = (U^′, {R^′a : a ∈ M}, V^′) is an L-model, v ∈ U^′ and m = md(A).

Now we set:

LS_0 = LS(A), P_0 = P (A), M_0 = M(A), I_0 = I(A) . . . LS_{k+1} = LS(I_k), P_{k+1} = P (I_k), M_{k+1} = M(I_k), I_{k+1} = I(I_k) . . . The modal degree of LS_i decreases by 1 at each step. So after m steps md(LS_m) = 0 and M_m = I_m = ∅. Given w ∈ U^′, we define M(w) = ⋃ {M_j : j ∈ {0, . . ., m}}. For all a ∈ M(A), we partition R^′a(w) according to the values of the formulae in {B : ⟨a⟩B ∈ M(w)}, i.e. ∀u, u^′ ∈ R^′a(w), u ≡_{w,}a u^′ iff ∀B ∈ {C : ⟨a⟩C ∈ M(w)}, M^′, u |= B iff M^′, u^′ |= B

The equivalence class of u ∈ R^′a(w) with respect to the relation ≡_{w,}a is denoted by |u|_{w,}a. Since {B : ⟨a⟩B ∈ M(w)} is finite, {|u|_{w,}a : u ∈ R^′a(w)} is finite and card({|u|_{w,}a : u ∈ R^′a(w)}) ≤ 2^{card(M (w))} ≤ 2^{card(mw(}A^{))} We define the reduction^{11} of {R^′a : a ∈ M}, namely {R^{′′}c : c ∈ M_0}, as follows. For all w ∈ U^′, b ∈ M(A), Y ∈ {|u|_{w,}b : u ∈ R^′b(w)}, take any x ∈ Y (the representative element of the class Y ). By definition (w, x) ∈ R^′b. Since L is a FiRe-logic, there exist a finite subset {w, x} ⊆ Xb_{w,x} ⊆ U^′ and a family {r^{(w,x,}b^)

a^′ : a^′ ∈ M} over X

                b_{w,x} respecting I such that

• (w, x) ∈ r^{(w,x,}b^)b and, • for all c^′ ∈ M_0(b), r^{(w,x,}b^)c′ ⊆ R^′c′ .

For all c ∈ M_0(A), we define

R^{′′}c = ⋃ {r^{(w,x,}b^) c : ∃w ∈ U^′, ∃b ∈ M(A) such that c ∈ M0(b), ∃Y ∈ {|u|_{w,}b : u ∈ R^′b(w)}, x repr. elt. of Y } For all c ∈ M_0 \ M_0(A), R^{′′}c = ∅ (arbitrary value). Now we build the model M^∗ as follows. First U^∗_0 = {v}. Then,

U^∗_1 = ⋃ {Xb_{v,x} : b ∈ M(A), u ∈ R^′b(v), x repr. elt. of |u|_{v,}b} . . . U^∗_{n+1} = ⋃ {Xb_w′_{,x} : w^′ ∈ U^∗_n, b ∈ M(A), u ∈ R^′b(w^′), x repr. elt. of |u|_w′_,b} . . . U^∗_m = ⋃ {Xb_w′_{,x} : w^′ ∈ U^∗_{m−1}, b ∈ M(A), u ∈ R^′b(w^′), x repr. elt. of |u|_w′_,b}.

and U^∗ = ⋃ {U^∗_i : i ∈ {0, . . ., m}}. Let M^∗ = (U^∗, {R^∗a : a ∈ M}, V^∗) be the L-model such that

• for all c ∈ M_0, R^∗c = C(c)(U^∗)(R^{′′}c ∩ U^∗ × U^∗), • for all ⊕ ∈ OM (of arity n), a_1, . . ., a_n ∈ M, R^∗_{⊕(}a_{1,...,}a_{n)} = I(⊕)(U^∗)(R^∗a_1 , . . ., R^∗a_n )

• for all p ∈ F_0, V^∗(p) = V^′(p) ∩ U^∗.

U^∗ is finite but it may not exist a computable map g : FL → ω such that card(U^∗) ≤ g(A). It is easy to check that M^∗ is really an L-model. The idea of using different closure operations while keeping a unique schema for building M^∗ was also used in [5] for graded modal logics.

11We use the term ’reduction’ since for all a ∈ M, R^{′′}a(w) ⊆ R^′a(w).

Proposition 6.1. If there is C ∈ F3L such that t_{nnf} (C) = A then for all i ∈ {0, . . ., m}, for all w ∈ U^∗_i , for all B ∈ (LS_i ∪ P_i ∪ M_i), if M^′, w |= B then M^∗, w |= B. Proof: The proof is by induction on i. By definition, for all w ∈ U^∗, p ∈ F_0, M^′, w |= p iff M^∗, w |= p. Hence M^′, w |= ¬p iff M^∗, w |= ¬p. Base case: assume w ∈ U^∗_m. The set LS_m is composed of Boolean combinations of propositional variables from P_m where the occurrences of ¬ appear only in front of propositional variables. It follows that for all B ∈ LS_m ∪ P_m, M^′, w |= B iff M^∗, w |= B. Moreover M_m = I_m = ∅.

Induction step: assume w ∈ U^∗_i (i < m) and M^′, w |= ⟨a⟩B with ⟨a⟩B ∈ M_i. There is w^′ ∈ R^′a(w) such that M^′, w^′ |= B. Let w^{′′} be the representative element of |w^′|_{w,}a. So w^{′′} ∈ U^∗_{i+1}. Consider the unique family {rb : b ∈ M} over ⋃ c∈M0(a)(Dom_r^{(w,w′′,}a^)c ∪ Ran_r^{(w,w′′,}a^)c ) respecting I such that

• for all c ∈ M_0(a), rc = r^{(w,w′′,}a^)c , • for all c ∈ M_0 \ M_0(a), rc = ∅.

By construction,

• for all c ∈ M_0(a), rc ⊆ Xa_{w,w}′′ × Xa_{w,w}′′ ⊆ U^∗ × U^∗, • (w, w^{′′}) ∈ ra, • ra ∩ U^∗ × U^∗ = ra ∩ Xa_{w,w}′′ × Xa_{w,w}′′ . Since by construction, for all c ∈ M_0(a), rc ⊆ R^{′′}c then rc ⊆ R^{′′}c∩U^∗×U^∗ ⊆ R^∗c (remember C(c) is a closure relation operation). By monotonocity of the relation operations and closure operations, ra ⊆ R^∗a. So (w, w^{′′}) ∈ R^∗a. By the induction hypothesis, M^∗, w^{′′} |= B since M^′, w^{′′} |= B (w^{′′} ≡_{w,}a w^′), B ∈ L_{i+1} and w^{′′} ∈ U^∗_{i+1}. Hence M^∗, w |= ⟨a⟩B. Since every formula in LS_i is a Boolean combination of formulae from M_i ∪ P_i (with the symbol ¬ occurring only in front of propositional variables), the proof is completed. Q.E.D.

Hence M^∗, v |= A since v ∈ U^∗_0 and A ∈ LS_0. It is worth observing that the applied technique is a hybrid construction based on filtration and restriction.

Corollary 6.2. L has the finite model property with respect to F3L.

PDL with intersection (admitting the operator ’?’) has not the finite model property [17]. Because of the operator ’?’, this logic is not a FiRe-logic. However PDL with intersection and converse but without ’?’ is a FiRe-logic and has not the finite model property. Indeed, the formula A below is only satisfiable in infinite models:

A = [c^∗](⟨c⟩(p ∨ ¬p) ∧ ¬⟨cc^∗ ∩ c^{−1}(c^{−1})^∗⟩(p ∨ ¬p))

Hence it is not possible to extend Corollary 6.2 to the set FL and it is an open problem to characterize the conditions under which Corollary 6.2 can be extended to FL. Although no finite axiomatization of L is assumed, a partial decidability result can be established when the finite sets involved in the wellfoundedness of models have a bounded cardinality depending on the modal expressions.

Proposition 6.3. Let L be a FiRe-logic such that (⋆) there exists a computable mapping bound : M → ω such that for all L-models (U, {Ra : a ∈ M}, V ), for all a ∈ M, the set Xa_{x,y} in the condition of well-foundness satisfies card(Xa_{x,y}) ≤ bound(a). Then the validity problem for L restricted to F2L is decidable.

Under the hypothesis of Proposition 6.3, card(U^∗) ≤^{α(1+md(}

A))_{−1} α−1 where α = (Σa_∈M_(A_)bound(a)) × 2^{card(mw(}A^{))} since for all 0 ≤ i ≤ m − 1,

U^∗_{i+1} ≤ U^∗_i × Σa_∈M_(A_)(2^{card(mw(}A^{))} × bound(a))

Corollary 6.4. Let Φ_1 be the set below {C^i, C^{wr}, C^{ar}, C^r, C^s, ∪, ∩, ; , ||, ν, C^{id.dom}, C^{id.ran}, C^{l×L}, C^{L×l}, C^{L×L}, C^{L×L′} } Any composed Φ_1-logic has the finite model property with respect to F3L and the validity problem restricted to F2L is decidable.

7 Class of LaFiRe-logics

We introduce a third class of logics in Definition 7.1 that contains logics from the literature (see for instance [15]). Unlike the FiRe-logics, the peculiarity of the class is the interdependence of the modal operators indexed by constants.

Let L be a modal language and lo be a set of linear^{12} orders over M_0. The set Mod^{lo}L of L-models is defined as the set of L-models M = (U, {Ra : a ∈ M}, V ) such that for all u ∈ U, there is Λ ∈ lo such that for all c, c^′ ∈ M_0, if c Λ c^′ then Rc(u) ⊆ Rc′ (u).

Definition 7.1. A logic L = ⟨L, S_L, |=_L⟩ is said to be a LaFiRe-logic iff there exist an operator interpretation function I, a mapping C : M_0 → COR and a set lo(L) of linear orders over M_0 such that (1) S_L = Mod^IL ∩ Mod^{lo(L)}L ∩ Mod^CL, (2) every L-model in S_L is well-founded with respect to I,

12A binary relation � over U is said to be linear iff � is reflexive, transitive, totally connected (for all x, y ∈ U either (x, y) ∈ � or (y, x) ∈ �) and antisymmetric (for all x, y ∈ U if (x, y) ∈ � and (y, x) ∈ � then x = y).

(3) for all c, c^′ ∈ M_0, for all Λ ∈ lo(L), if c Λ c^′ then C(c) ⊆ C(c^′). ∇ The notion of LaFiRe-reducible logics (some examples can be found in [8]) is defined as for the FiRe-reducible logics. Binary relations R and R^′ on a set U are said to be in local agreement (LA) iff

for all u ∈ U either R(u) ⊆ R^′(u) or R^′(u) ⊆ R(u) [15].

It is easy to show that for any LaFiRe-logic L = ⟨L, S, |=_L⟩, for any model M = (U, {Ra : a ∈ M}, V ) ∈ S, for all a, b ∈ M_0, Ra and Rb are in local agreement. Various logics from the literature can be translated into LaFiRelogics (see for instance [15, 19]) whereas S5 is a LaFiRe-logic.

In the rest of this section L denotes an LaFiRe-logic (we use the notations from Definition 7.1). Now assume that M^′, v |= A for some L-formula A, M^′ = (U^′, {R^′a : a ∈ M}, V^′) is a model for L, v ∈ U^′ and m = md(A).

The construction of the family {R^{′′}c : c ∈ M_0} is modified as follows. As done in Section 6, for all w ∈ U^′, b ∈ M(A), Y ∈ {|u|_{w,}b : u ∈ R^′b(w)}, take any x ∈ Y (the representative element of the class Y ). By definition (w, x) ∈ R^′b. Since every L-model is well-founded with respect to I, there exist a finite subset {w, x} ⊆ Xb_{w,x} ⊆ U and a family {rb′ : b^′ ∈ M} over Xb_{w,x} respecting I such that (w, x) ∈ rb, and for all c ∈ M_0(b), rc ⊆ R^′c. For all c ∈ M_0(A), we define

R^{′′}c = ⋃ {r^{(w,x,}b^) c^′ : ∃w ∈ U^′, ∃b ∈ M(A), ∃c^′ ∈ M^0(b), ∃Y ∈ {|u|_{w,}b : u ∈ R^′b(w)}, x repr. elt. of Y, and R^′c′ (w) ⊆ R^′c(w)} For all w ∈ U^′, there exists a linear order Λ ∈ lo(L) such that M_0(A) = {c_1, . . ., c_n}, c_1 Λ . . . Λ c_n and for all i ∈ {1, . . ., n − 1}, R^′c_i (w) ⊆ R^′c_{i+1} (w). By construction, for all 1 ≤ i < j ≤ n, R^{′′}c_i (w) ⊆ R^{′′}c_j (w). For all c ∈ M_0, we fix R^{′′}c(w) = R^{′′}c_n (w). In the construction of the model M^∗ = (U^∗, {R^∗a : a ∈ M}, V^∗), U^∗ is defined as in Section 6 and

• for all c ∈ M_0, R^∗c = C(c)(U^∗)(R^{′′}c ∩ U^∗ × U^∗) , • for all ⊕ ∈ OM (arity n), a_1, . . ., a_n ∈ M, R^∗_{⊕(}a_{1,...,}a_{n)} = I(⊕)(U^∗)(R^∗a_1 , . . ., R^∗a_n ), • for all p ∈ F_0, V^∗(p) = V^′(p) ∩ U^∗.

M^∗ is indeed a model for L. The only condition that requires some work is the restricted local agreement condition. By definition, there exists Λ_v ∈ lo(L) such that for all c, c^′ ∈ M_0, if c Λ_v c^′ then Rc(v) ⊆ Rc′ (v). Hence if c Λ_v c^′ then R^{′′}c = R^{′′}c′ , C(c) ⊆ C(c^′) and therefore R^∗c ⊆ R^∗c′ . So for all u ∈ U^∗, for all c, c^′ ∈ M_0, if c Λ_v c^′ then R^∗c(u) ⊆ R^∗c′ (u). As in Proposition 6.1, if there is C ∈ F3L such that t_{nnf} (C) = A then for all i ∈ {0, . . ., m}, for all w ∈ U^∗_i , for all B ∈ (LS_i ∪ P_i ∪ M_i), if M^′, w |= B then M^∗, w |= B.

Corollary 7.1. Let L be an LaFiRe-logic satisfying (⋆) of Proposition 6.3. Then, L has the finite model property with respect to F3L and the validity problem restricted to F2L is decidable.

8 Concluding remarks

In the paper we have defined classes of multi-modal logics that contain numerous logics from the literature. They are characterized by closure relation operations, monotonous closure relation operations and finitely reducible relation operations. The classes contain knowledge logics, dynamic logics and also various information logics (see for instance [12]).

For each logic of the classes we have proved the finite model property with respect to the class of 3-formulae using a substantial variant of Cerrato’s filtration technique. Although the class of 3-formulae plays a special role in modal logic theory, it is an open problem whether, for instance, every FiRe-logic such that all the relation operations involved in the semantics are first-order definable closure relation operations, has a decidable satisfiability problem. Moreover, there is at least one FiRe-logic without the finite model property: PDL with intersection, converse but without the test operator ’?’.

Acknowledgments The authors thank the referee for many valuable suggestions and corrections about the previous version of the paper.

References

[1] Hajnal Andréka, Johan van Benthem, and Istvan Németi. Back and forth between modal logic and classical logic. Journal of the Interest Group in Propositional Logics, 3(5):685–720, 1995.

[2] Dimitry Archangelsky and Mikhail Taitslin. A logic for data description.

In A. Meyer and Mikhail Taitslin, editors, Symposium on Logic Foundations of Computer Science, Pereslavl-Zalessky, pages 2–11. Springer- Verlag, LNCS 363, July 1989.

[3] L. Bolc and Andrzej Szalas (eds.). Time and Logic. A Computational Approach. UCL Press, 1995.

[4] Laurent Catach. Les logiques multimodales. PhD thesis, Université Pierre et Marie Curie (Paris 6), March 1989.

[5] Claudio Cerrato. Decidability by filtrations for graded normal logics (graded modalities V). Studia Logica, 53(1):61–73, 1994.

[6] C. Chang and H. Keisler. Model Theory. North-Holland Publishing Company, 1973.

[7] Ryszard Danecki. Nondeterministic propositional dynamic logic with intersection is decidable. In Andrzej Skowron, editor, Computation Theory, 5th Symposium, Zaborów, Poland, pages 34–53. LNCS 208, Springer- Verlag, 1984.

[8] Stéphane Demri. A class of information logics with a decidable validity problem. In Wojciech Penczek and Andrzej Szalas, editors, 21st Symposium on Mathematical Foundations of Computer Sciences (MFCS’96), Krakow, pages 291–302. LNCS 1113, Springer-Verlag, 1996.

[9] Stéphane Demri and Ewa Orłowska. Every finitely reducible logic has the finite model property with respect to the class of ⋄-formulae. Technical Report ICS-10-96, Warsaw University of Technology, Institute of Computer Science, April 1996.

[10] Stéphane Demri and Ewa Orłowska. A class of modal logics with a finite model property with respect to the set of <>-formulae. Bulletin of the Section of Logic, University of Lodz., 26(1):39–49, 1997.

[11] Allen Emerson. Temporal and modal logic. In J. van Leeuwen, editor, Handbook of Theoretical Computer Science, pages 996–1072. Elsevier Science Publishers B.V., 1990.

[12] Luis Fariñas del Cerro and Ewa Orłowska. DAL - A logic for data analysis.

Theoretical Computer Science, 36:251–264, 1985. Corrigendum: ibidem 47, p. 345, 1986.

[13] Michael Fischer and Richard Ladner. Propositional dynamic logic of regular programs. Journal of Computer and System Sciences, 18:194– 211, 1979.

[14] Melvin Fitting. Logics with several modal operators. Theoria, pages 259–266, 1969.

[15] George Gargov. Two completeness theorems in the logic for data analysis.

Technical Report 581, Institute of Computer Science, Polish Academy of Sciences, Warsaw, 1986.

[16] Joseph Halpern and Yoram Moses. A guide to completeness and complexity for modal logics of knowledge and belief. Artificial Intelligence, 54:319–379, 1992.

[17] David Harel. Dynamic logic. In Dov Gabbay and F. Guenthner, editors, Handbook of Philosophical Logic, Volume II, pages 497–604. Reidel, Dordrecht, 1984.

[18] Grazyna Mirkowska. Multimodal logics. Technical report, Warsaw University, 1979.

[19] Akira Nakamura. On a logic based on fuzzy modalities. In 22nd International Symposium on Multiple-Valued Logic, Sendai, pages 460–466. IEEE Computer Society Press, May 1992.

[20] Vaughan Pratt. Applications of modal logic to programming. Studia Logica, 39:257–274, 1980.

[21] Krister Segerberg. A completeness theorem in the modal logic of programs. In T. Traczyk, editor, Universal algebra and applications, pages 31–46. Banach Center Publications, Volume 9 PWN - Polish Scientific Publishers, Warsaw, 1982.

[22] Heikki Tuominen. Dynamic logic as a uniform framework for theorem proving in intensional logic. In M. E. Stickel, editor, CADE-10, pages 514–527. LNCS 449, Springer-Verlag, July 1990.

[23] Dimiter Vakarelov. Information systems, similarity relations and modal logics. In E. Orłowska, editor, Incomplete Information: Rough Set Analysis, pages 492-550. Physica Verlag, Berlin, 1997.

Stéphane Demri Laboratoire LEIBNIZ - C.N.R.S.

46 Avenue Félix Viallet 38031 Grenoble, France

demri@imag.fr

Ewa Orłowska Institute of Telecommunications Szachowa 1 04-894 Warsaw, Poland

orlowska@itl.waw.pl