Poset Properties of Complex Traces*Paul GASTINAntoine PETITUniversit� PARIS 6Universit� PARIS SUDLITP, Institut Blaise PascalLRI, URA CNRS 4104, place JussieuB�t. 49075 252 PARIS CEDEX 0591 405 ORSAY CEDEXFRANCEFRANCEgastin@litp.ibp.frpetit@lri.lri.frAbstract: A. Mazurkiewicz introduced the monoid of traces to provide a very naturalsemantics for concurrent processes. In order to describe the behaviours of non sequentialprocesses which never terminate, the notion of infinite traces was needed. The monoid C| ofcomplex traces has been introduced by V. Diekert as a quotient of the monoid G| of infinitedependence graphs by a suitable congruence. In the monoid C|, the subset IR of real traces (i.e.the set of infinite dependence graphs where all vertices have a finite past) is of firstimportance. The PoSet properties of the set IR of real traces have already been studied: IR is acoherently complete Scott-Domain and is Prime Algebraic. Moreover the compact and theprime traces in IR have been characterized. The aim of this paper is to study generalizations ofall these results to the set of complex traces˚C| and to the set of dependence graphs G|. Weshow that a subset of G| admits a least upper bound if and only if this set is coherent andcountable, and we prove that the least upper bound is in fact the union of the elements of theset. Finally G| is not a CPO but is simply bounded complete. The compact and the primegraphs in G| are characterized and we prove that each graph is the least upper bound of itscompact (resp. its prime) lower bounds. Therefore, up to the restriction to countable sets, G| isa coherently complete Scott-Domain and is Prime Algebraic. We define very naturally twoorders on C|: the product order and the prefix order. We show that C| with each order iscoherently complete (in particular C| is a CPO with the empty trace as least element) and wecharacterize the least upper bound (the greatest lower bound resp.) of a subset of C| when itexists. But contrary to the case of IR, we prove that in general a complex trace is not the leastupper bound of its compact (its prime resp.) lower bounds.1. IntroductionThe concept of traces has been introduced by A. Mazurkiewicz [Maz77] as a suitablesemantics for non-sequential processes. There are two equivalent ways to see a trace. Atrace can be considered as the set of all possible sequential observations of a concurrentprocess. The semantics of each sequential observation is given, in a classical way, by afinite word. Hence, a trace is an equivalence class of words. An equivalent point of view isto see a trace as a finite labelled acyclic graph where edges represent dependence of actions.Such a graph is called a dependence graph and the semantics is that an execution has torespect the induced partial order. Whatever the chosen approach, the definition of theconcatenation of two traces is easy and natural and traces form a monoid. This monoid hasindependently been introduced and studied by combinatorists [CF69] for other purposes.But it has particularly been studied as a model for concurrent systems since the pioneerwork of Mazurkiewicz. Let us refer, for instance, surveys [Maz86, AR88, Per89] or themonograph [Die90] where also extensive bibliographies on the subject are given.In order to describe the behaviours of non sequential processes which never terminate, thenotion of infinite traces has been introduced. Finite dependence graphs admit a convenient

* This work has been partly supported by the ESPRIT Basic Research Actions N� 3166 (ASMICS) and N�3148 (DEMON) and by the PRC C3 and Math-Info.

2generalization to infinite dependence graphs where a natural concatenation can be defined.Unfortunately, these graphs are not abstract enough for the required purpose. V. Diekerthas defined the monoid C| of complex traces as the quotient of the monoid G| of infinitedependence graphs by a suitable congruence. The monoid C| satisfies many nice properties[Die91]: it reduces to the free infinitary monoid (the free commutative infinitary monoidresp.) when the dependence relation is �full� (�empty� resp.); furthermore, for a naturalultrametric, C| is a compact space and is the completion of the monoid of finite traces.In this monoid, the subset IR of real traces is of first importance. Intuitively, a real trace isan infinite dependence graph where all actions can be performed within a finite time (i.e. allactions have a finite past). Previously to the definition of C|, real traces where alreadyintroduced and intensively studied. Topological properties, links with event structures andrecognizable and rational languages have in particular been investigated [BMP89, Gas90,GPZ91, GR91].In this paper we focus on the PoSet properties of the sets IR, G| and C|.The PoSet properties of the set IR of real traces have already been studied. It is the naturalorder completion of the PoSet IM of finite traces [Kwi90,Kwi91]. In IR, the prefix relationturns out to be an order relation. With this relation any coherent subset of IR (any pair ofelements of the subset admits an upper bound in IR) admits a least upper bound. In otherwords the PoSet IR of real traces is coherently complete and thus, in particular, a CPO[GR91]. In a CPO the compact and primes elements play an essential role. In the PoSet IR,the compact elements are exactly the finite traces whereas the prime elements are the finitetraces with one maximal vertex only. Moreover any real trace is the least upper bound of itscompact (prime resp.) lower bounds. In other words the CPO IR is a Scott-Domain (isPrime Algebraic resp.).The aim of this paper is to study generalizations of all these results to the set of complextraces˚C| and to the set of dependence graphs G|.First we show that a subset of G| admits a least upper bound if and only if this set iscoherent and countable. In this case we prove that the least upper bound is in fact the unionof the graphs of the subset. Due to this restriction to countable sets, G| is neither a CPO norcoherently complete but G| is simply bounded complete. Then we characterize the compact(prime resp.) elements of G| by showing that a dependence graph is compact (prime resp.) ifand only if it is the past of some finite set of vertices (the past of one vertex resp.). At last, adependence graph is the least upper bound of its compact lower bounds (its prime lowerbounds resp.). Therefore, up to the restriction to countable sets, G| is a coherently completeScott-Domain and is Prime Algebraic. Note that we prove these results on G| usingextensions of the methods used in [GR91]. As a by-product we obtain of course the resultson IR.It turns out that a complex trace is simply a real trace together with an alphabetic information[Die91]. Hence C| can be seen as a subset of IR¢P(X). Then we introduce very naturallythe product order on C|. We use it intensively to derive properties of the prefix order on C|.We show that C| with each order is coherently complete (in particular C| is a CPO with theempty trace as least element) and we characterize the least upper bound (the greatest lowerbound resp.) of a subset of C| when it exists. Contrary to the case of IR, we prove that ingeneral a complex trace is not the least upper bound of its compact (prime resp.) lowerbounds. More precisely, for the product order, the compacts are exactly the finite traces.Hence an upper bound of compacts is always a real trace. For the prefix order there existcompact infinite traces but, in general, there exist complex traces which are strictly greaterthan the least upper bound of their compact lower bounds.

32. Preliminaries2.1. Dependence Graphs and TracesIn this subsection, we recall definitions and results on traces which are relevant in thispaper. For more detailed discussions, the reader is referred to [Maz86, AR88, Per89,Die90] as concerns finite traces, to [Gas90, Kwi90, Kwi91, GR91] as concerns real tracesand to [Die91, DGP91] for complex traces.In the following (X,D) denotes a finite dependent alphabet, i.e. X is a finite alphabettogether with a reflexive and symmetric dependence relation D ˝ X¢X. We denote by I =X¢X \ D the independence relation which is the complement of D.A dependence graph over (X,D) is (an isomorphism class of) a labelled acyclic graph[V,E,l] where V is the (at most) countable set of vertices, E ˝ V¢V is the set of arcs,l:˚V˚fi˚X is the labelling and which satisfies:i)the induced partial order (V,E*) is well-founded: there does not exist an infinitedescending chain i.e. an infinite sequence (xi) such that (xi+1, xi) ˛ E for all i.ii)edges are between dependent vertices:" x,y ˛ V,(l(x),l(y)) ˛ D � x = y or (x,y) ˛ E or (y,x) ˛ EThen, for any a in X, the restriction to the set of vertices with label a is well-ordered. Thisallows to think of dependence graphs by standard representations where the vertices arepairs (a,i) with a ˛ X and i is a countable ordinal. The set of dependence graphs is denotedby G|(X,D) or simply by G| when there is no confusion. It is a monoid for the operation[V1,E1,l1]Æ[V2,E2,l2] = [V,E,l] where [V,E,l] is the disjoint union of [V1,E1,l1] and[V2,E2,l2] together with new arcs (p1,p2) for all vertices p1 ˛ V1, p2 ˛ V2 such that(l 1(p1),l 2(p2)) ˛ D (see Figure 2.1). The neutral element is the empty graph1˚=˚[fl,fl,fl].

abif (a,b) ˛ D[V1,E1,l1][V2,E2,l2]Figure 2.1.The concatenation is generalized to an infinite product as follows. Let (gi) be any sequenceof dependence graphs. Then g = g1g2�gi� ˛ G| is defined as the disjoint union of the giwith the obvious new arcs from gi to gj for i<j between vertices have dependent labels. Notethat concatenation and infinite product are associative operations.Using these operations, we relate words and dependence graphs. We define the mappingj:˚X¥ fi G| by j(a) = [{p},fl,p�a] for all a in X and j(a1a2�) = j(a1)j(a2)� for allfinite or infinite word a1a2� in X¥. Note that j is not injective, for instance j(ab) = j(ba)iff (a,b) ˛ I. We define an equivalence ~ on X¥ by u˚~˚v if j(u)˚=˚j(v). It turns out thatj is a surjective morphism from the free monoid X* onto the monoid IFG|(X,D) of finitedependence graphs. The monoid of finite traces introduced by A.˚Mazurkiewicz [Maz77] isprecisely X*/~˚=˚IFG|(X,D) which is denoted by IM(X,D) or simply by IM throughout.In a similar way, we will define the monoid of infinite traces from the monoid G|. But itturns out that j : X¥ fi G| is neither surjective nor a morphism. The set j(X¥) = X¥/~ ofdependence graphs which can be represented by words is denoted by IR(X,D) or simply

4by˚IR. Its elements are called real dependence graphs or real traces. IR is characterized asfollows: a dependence graph [V,E,l] is a real one iff the past flp˚=˚{q ˛ V / (q,p) ˛ E*} isfinite for every vertex p of V. For instance, the dependence graph of Figure 2.2 is not a realdependence graph. Note however that it can be obtained as the concatenation of two realdependence graphs, namely j(acbccaw) and j(abw).acbaaaa¥¥¥c abbb

¥¥¥¥¥¥c

Figure 2.2.More generally, each element g = [V,E,l] ˛ G| splits into its real part Re(g) and itstransfinite part Tr(g) which are the restrictions of the dependence graph g to {p ˛ V / flp isfinite} and {p˚˛ V / flp˚is˚infinite} respectively. Obviously, Re(g) and Tr(g) aredependence graphs and, in G|, the equation g = Re(g)ÆTr(g) holds. In fact, IR is the set ofdependence graphs with an empty transfinite part.Two dependence graphs g,h ˛˚G| are said to be practically distinguishable if there exists a(finite) real trace s such that gÆs and hÆs have different real parts, i.e., if Re(gÆs) „ Re(hÆs).In particular, two traces with different real parts are practically distinguishable. It turns out[Die91] that practical-undistinguishability is the coarsest congruence of G| which respectsreal parts. The quotient of G|(X,D) by this congruence yields the monoid of complextraces˚C|(X,D) (denoted also by C| when there is no confusion).In order to give an explicit characterization of the congruence "practical-undistinguish-ability", we introduce the following notations. For a subset A ˝ X, define D(A) = {a ˛ X /(a,b) ˛ D for some b ˛ A} and I(A) = X \ D(A). For g = [V,E,l] ˛ G|, let alph(g) = l(V)be the alphabet of g and let alphinf(g) = {a ˛ X / |l-1(a)| is infinite} ¨ alph(Tr(g)) be thealphabet at infinity of g. Finally, let Im(g) = D(alphinf(g)) be the imaginary part of g.Two dependence graphs g,h ˛ G| are practically undistinguishable if and only ifRe(g)˚=˚Re(h) and Im(g) = Im(h) [Die91]. Hence a complex trace is a pair (Re(g),Im(g)) =(r,D(A)) for some g ˛ G|.Remark that two real traces are practically undistinguishable if and only if they are equal.Thus, IR is embedded in C|. More precisely, a real trace r ˛ IR is identified with its image(r,Im(r)) in C|.Even if the concatenation in C| is of course defined through the practical-undistinguishabilitycongruence, it will be convenient to have a direct formula of the concatenation of twocomplex traces (r,D(A)) and (s,D(B)). To this purpose we extract from the real part s, themaximal real prefix mA(s) of s containing letters from I(A) only. Formally, for any real traces = [V,E,l], mA(s) =˚{p ˛ V˚/˚alph(flp)˚˝˚I(A)}. Since IR is left-cancellative, there is aunique real trace suffA(s) such that s = mA(s)ÆsuffA(s). With these notations, theconcatenation in C| is simply given by [Die91]:(r,D(A))(s,D(B))˚=˚(rmA(s),D(A ¨ B ¨ alph(suffA(s)))).2.2 PoSets.In this subsection, we recall the definitions concerning Partial Order Sets (PoSets) whichwill be used in this paper. We are mainly concerned by completeness of the PoSet, that is

5sufficient conditions ensuring the existence of least upper bounds. We will also study thealgebraicity of the PoSet which states that each member of the PoSet can be approximated,by means of least upper bounds, using �simple� (compact or prime) elements of the PoSet.For more details concerning continuous order, the reader is referred to [COMP, Law88].Let (Z,†) be a PoSet and let Y be a subset of Z. Y is (upper-)bounded if there exists z ˛ Zsuch that y † z for all y ˛ Y. Y is directed if each pair {x,y} ˝ Y admits an upper-boundin˚Y. Y is coherent if each pair {x,y} ˝ Y admits an upper-bound in Z. The PoSet (Z,†)is bounded-complete (a complete partial order (CPO), coherently complete resp.) if anybounded subset (directed subset, coherent subset resp.) of Z admits a least upper bound.Frequently, the existence of a least element is also required for a CPO. The coherentcompleteness is clearly the strongest property since any bounded set (directed set resp.) iscoherent.Whenever it exists, the least upper bound (the greatest lower bound resp.) of a subset Y ˝Z is denoted by …Y (»Y resp.).Let (Z,†) be a PoSet. An element x ˛ Z is compact (prime resp.) if for any directed subset(any subset resp.) Y of Z which admits a least upper-bound and such that x † …Y, thereexists y ˛ Y such that x † y. For x ˛ Z, we denote by C(x) (P(x) resp.) the set of compact(prime resp.) elements lower than x. A PoSet (Z,†) is algebraic (prime algebraic resp.) ifx˚= …C(x) (x = …P(x) resp.) for all x ˛ Z. An algebraic CPO is called a (Scott-)Domain.Frequently, one restricts oneself to domains with a countable set of compacts.3. The PoSet of (Real) Dependence GraphsIn this section, we study some properties of the PoSets G| and IR. We show that some ofthe results obtained in [GR91] on real traces can easily be extended to the whole set ofdependence graphs.Since the induced partial order of a dependence graph is well-founded, for any a in X, therestriction to the set of vertices with label a is well-ordered. Hence, for a dependence graphg, we will use the standard representation [Vg,Eg,l] where the vertices are pairs (a,i) witha˚˛ X and i is a countable ordinal and the labelling is defined by l((a,i)) = a. For anycountable ordinal a, we denote by G|a the subset of G| which consists of graphs g such that,(a,i) ˛ Vg � i £ a, for all letter a ˛ X.Let us consider the prefix relation † in G| defined by f † h if fÆg = h for some g in G|.Since G| is left-cancellative, fÆg = h and hÆg’ = f implies gÆg’ = 1 and thereforeg˚=˚g’˚=˚1, whence f˚=˚h. Hence the prefix relation in G| is anti-symmetric and since it isclearly reflexive and transitive, is a partial order relation.The following lemma is easy to prove but allows a good understanding of the prefix orderrelation. It will be used several times in the sequel of this section. Recall that a subgraph ofa graph [V,E,l] is a graph [V’,E’,l] such that V’ ˝ V and E’ = E ˙ ( V’¢V’).Lemma 3.1. Let f, h be two dependence graphs in G|. Then f † h if and only if f is adownward closed subgraph of h, i.e."y ˛ Vf, (x,y) ˛ Eh � (x ˛Vf and (x,y) ˛ Ef)(1)Proof. If f † h, there exists an element g in G| such that fÆg = h. By definition of theconcatenation in G|, f is obviously a subgraph of h which verifies (1).Conversely, suppose that f is a subgraph of h which verifies (1). Let g be the subgraph of hdefined by Vg = Vh \ Vf and Eg = Eh ˙ (Vg¢Vg). By the condition (1) on f, there is noedge (x,y) in h with x ˛ Vg and y ˛ Vf. Hence we get fÆg˚= h and the lemma is proved.�

6We now consider a coherent subset G of G| and we will investigate the existence of the leastupper bound of G. Let us first define the labelled graph h = [V,E,l] = ¨g˛G˚g byV˚=˚¨g˛G˚Vg, E = ¨g˛G˚Eg and for all (a,i) in V, l((a,i)) = a. We will prove that h is adependence graph which is precisely the least upper bound of G. We first need a technicallemma on the paths in h and G.Lemma 3.2. Let x0`x1`�`xn be a finite path in˚h = ¨g˛G˚g and let g be an elementof G such that xn ˛ Vg. Then x0`x1`�`xn is a finite path in g.Proof. We prove this lemma by induction on the length n of the path. If n = 0, the result isobvious. Suppose now that the lemma is proved for paths of length n and letx0`x1`�`xn`xn+1 be a path in h and xn+1 ˛ Vg. Since (xn,xn+1) ˛ E, there existssome g’ in G such that (xn,xn+1) ˛ Eg’. Since G is coherent, there exists an element g" inG| such that g † g" and g’ † g". Hence we have (xn,xn+1)˚˛˚Eg", xn+1 ˛ Vg and g † g".By Lemma 3.1, we deduce xn ˛ Vg and (xn,xn+1)˚˛ Eg. Now, by induction hypothesis,x0`x1`�`xn is a finite path in g. Therefore x0`x1`�`xn`xn+1 is also a finitepath in g and the lemma is proved.�Proposition 3.3. Let a be a countable ordinal and let G be a coherent subset of G|a. ThenG admits˚¨g˛G˚g as least upper bound. (In particular G|a is a coherently complete CPO).Proof. We will first show that h =˚¨g˛G˚g is a dependence graph.Since G is included in G|a, the set V is a subset of X¢a and thus is countable.Suppose that x0`x1`�`xn = x0 is a cycle in h. Let g be in G such that xn ˛ Vg. ByLemma 3.2, x0`x1`�`xn = x0 is a cycle in g which is in contradiction with g ˛ G|.Hence h is acyclic.Let x, y be two distinct vertices in V such that (l(x),l(y)) ˛ D. Let g, g’ be in G such thatx˚˛˚Vg and y ˚˛˚Vg’. Since G is coherent, g † g" and g’ † g" for some g" in G|. Sinceg" is a dependence graph, we get either (x,y)˚˛˚Eg" or (y,x)˚˛˚Eg". By Lemma 3.1, wededuce that either x˚˛˚Vg’ and (x,y)˚˛˚Eg’ or y˚˛˚Vg and (y,x)˚˛˚Eg. Hence we haveeither (x,y)˚˛˚E or (y,x)˚˛˚E. Conversely let x, y be in V such that (x,y)˚˛˚E. Thereexists some g in G such that (x,y)˚˛˚Eg and thus (l(x),l(y)) ˛ D.Assume that �xn`xn-1`�`x0 is a decreasing sequence in h. There exists g in G| suchthat x0 ˛ g, then by Lemma 3.2, �xn`xn-1`�`x0 is also a decreasing sequence in g.Since g is a dependence graph, such a sequence must be finite. Hence there is no infinitedecreasing sequence in h.Hence we have proved that h is a dependence graph.Let now g be in G. By construction, g is a subgraph of h, moreover, from Lemma 3.2, gverifes the condition (1) of Lemma 3.1. Hence g † h and h is an upper bound of G.Finally, from Lemma 3.1, any upper bound h’ of G must contain any element g of G as asubgraph. Then h’ must contain h as a subgraph. From Lemma 3.1 and 3.2, we deduce thath is in fact a prefix of h’. Therefore h is the least upper bound of G.�Note that, by construction if G is a coherent subset of G|a, the least upper bound …G =¨g˛G˚g is also an element of G|a. On the other hand, let G be a coherent subset of IR ˝ G|wand let x be a vertex of h = ¨g˛G˚g. We have x ˛ g for some g in G. By Lemma 3.2, thepast of x in h is also the past of x in g. Since g ˛ IR, this past is finite, therefore we obtain:Theorem 3.4. [GR91]. The PoSet IR of real traces is coherently complete.

7Since the coherent completeness is the strongest completeness property, we deduceimmediately that IR is bounded complete and is a CPO with the empty trace as least element.From classical results of PoSet theory, we also get that every non empty subset of IR admitsa greatest lower bound.Since a countable union of countable sets remains countable, every countable subset of G| isincluded in G|a for some countable ordinal a. Hence we get from Proposition 3.3.Corollary 3.5. Any countable coherent subset G of G| admits ¨g˛G˚g as least upperbound.Every dependence graph g = [V,E,l] admits a countable number of prefixes f in G|. Indeed,let a be a countable ordinal such that g ˛ G|a. Let us consider an application m from X intoa, there is at most one prefix f = [Vf,Ef,l] of g such that (a,i) ˛ Vf � i £ m(a) for all lettera in X. Hence the number of prefix of g is bounded by the number of applications from Xinto a and is therefore countable. Therefore any bounded subset of G| is countable (andindeed coherent). Thus from Corollary 3.5, we claim:Proposition 3.6. i) The set G| of dependence graphs is bounded complete.ii) A subset G of G| admits a least upper bound if and only if it is coherent and countable.This least upper bound is then˚¨g˛G˚g.Hence, similarly to the case of subsets of IR, every non empty subset of G| admits a greatestlower bound. Note that, since the set {ai / i is a countable ordinal} is directed but obviouslynot bounded in G|, the set G| is not a CPO.The two following results characterize the compact and the prime elements of G|. Theyextend results on IR presented in [GR91]. Recall that for g = [V,E,l] ˛ G| and P ˝ V, wedenote by flP ˛ G| the prefix of g which is the restriction of g to the past of P: {q ˛ V /(q,p) ˛ E* for some p ˛ P}.Proposition 3.7. Let a be a countable ordinal and let f = [V,E,l] be a dependence graphof G|a. Then f is compact in G|a if and only if f = flP for some finite subset P of V.Proof. First, suppose that f = flP for some finite subset P of V. Let G be a directed subsetof G|a such that f † …G = ¨g˛G˚g (Proposition 3.3). Since P is finite and G is directed,there exists some g in G such that P ˝ Vg. Since f and g are both bounded by …G, wededuce from Lemma 3.1 that the past of P in f equals the past of P in …G, equals the past ofP in g. Using again Lemma 3.1, we obtain f = flP †˚g.Conversely, suppose that f = [V,E,l] is compact. The set Y = {flP / P is a finite subset ofV} is clearly directed since …{flP,flP’} = fl(P ¨ P’). From Proposition 3.6, Y admits f asleast upper bound. Since f is compact, we deduce that f † flP for some P ˝ V and thusf˚=˚fl P . �Proposition 3.8. Let f = [V,E,l] be a dependence graph in G|. Then f is prime if andonly if f = flp for some p in V.Proof. First, suppose that f = flp for some p in V. Let G be a subset of G| such that …Gexists. By Proposition 3.6, …G = ¨g˛G˚g. Hence if f †…G, p˚˛˚Vg for some g in G.Since f and g are both bounded by …G, we deduce from Lemma 3.1 that the past of p in fequals the past of p in …G, equals the past of p in g. Using again Lemma 3.1, we obtain f =flp †˚g.

8Conversely, suppose that f = [V,E,l] is prime. From Proposition 3.6, the set {flp / p ˛ V}admits clearly f as least upper bound. Since f is prime, we obtain f † flp for some p ˛ Vand thus f = flp.�The following proposition asserts that any dependence graph g can be reconstructed fromthe compact (prime resp.) elements which are lower than it. Note that for any dependencegraph g, C(g) (P(g) resp.) is bounded by g and then admits a least upper bound(Proposition˚3.6).Proposition 3.9. Let g be a dependence graph of G|. Then g = …C(g) = …P(g).Proof. Let g = [V,E,l]. Since P(g) ˝ C(g), we have obviously …P(g) † …C(g) † g.Conversely, let p ˛ V, from Proposition 3.8, flp ˛ P(g). Hence g = ¨p˛V˚flp † …P(g).�In particular, a real trace is compact if and only if it is finite. Moreover this finite trace isprime if and only if it admits a unique maximal vertex. Hence, the set of compact real tracesand the set of prime real traces are countable. Thus, from Propositions 3.7 and 3.8, wededuce immediately.Corollary 3.10 [GR91]. The PoSet IR of real traces is a Scott Domain and is PrimeAlgebraic with a countable set of compact (prime resp.) elements.4. The PoSet of Complex TracesAs for real traces and dependence graphs, the partial order that will be considered on C| isthe prefix relation defined for all x,y ˛ C| by:x † y if y = xÆz for some z ˛ C|.In the previous section, we have shown that the prefix relation on G| is a partial order usingtwo properties of the monoid G|: the left-cancellativity and the fact that xÆy = 1 � x = y = 1.Since C| is not left-cancellative (awÆa = awÆ1) we cannot use the same arguments. To provethat the prefix relation on C| is a partial order (and many other properties in this section) weuse an auxiliary partial order on C|. Since C| ˝ IR ¢ P(X), we naturally consider the partialorder on C| induced by the product order on IR ¢ P(X). More precisely, the product orderon C| is defined for all x,y ˛ C| by:x † y if Re(x) † Re(y) and Im(x) ˝ Im(y).Since the prefix order on IR and the subset order on P(X) are well-founded partial orders,we deduce easily that the product order on C| is a well-founded partial order as well.As in any monoid, the prefix relation on C| is reflexive and transitive. Now, from thedefinition of the concatenation in C|, it follows directly that the prefix relation on C| is coarserthan the product order : " x,y ˛ C|, x † y � x † y (note that, in general, the converseimplication does not hold). Hence, the prefix relation on C| is also a well-founded partialorder.In this section, the least upper bound of a coherent subset Y of C| will be defined as amember of IR ¢ P(X) and then will be proved to be a complex trace. Hence, we need acharacterization of the members of IR ¢ P(X) which are complex traces. To this purpose,we introduce the notion of consistent couples. A couple (A,B) of subsets of X is consistentif there exists a complex trace x such that Im(x) = D(B) and alphinf(Re(x)) = A. Thefollowing two lemmas state some useful properties of consistent couples.Lemma 4.1. Let A,B be two subsets of X. The following conditions are equivalent:

9i)(A,B) is consistent.ii)There exists a finite sequence of letters a1,�,ak ˛ X such that for all 1 £ i £ k,ai˚˛˚D(A ¨ {a1,�,ai-1}) and D(B) = D(A ¨ {a1,�,ak}).iii)(r,D(B)) is a complex trace for any real trace r such that alphinf(r) = A.Proof. i) � ii) Let x be a complex trace such that Im(x) = D(B) and alphinf(Re(x)) = A.Let g be a dependence graph representing x. Let h be the subgraph of Tr(g) which consistsof the first occurrence of each letter of Tr(g). It is easy to verify that g and Re(g)Æh arepractically undistinguishable, hence f = Re(g)Æh represents x as well. Let h = a1�ak be alinearization of h. Since Tr(f) = h we obtain ai ˛ D(A ¨ {a1,�,ai-1}) for all 1 £ i £ k andsince f represents x we deduce D(B) = Im(x) = D(A ¨ {a1,�,ak}).ii) � iii) Let r be a real trace such that alphinf(r) = A. Since mA(a1�ak) = 1, by definition ofthe concatenation in C| we obtain (r,D(A))Æ(a1�ak,fl) = (r,D(A ¨ {a1,�,ak})) = (r,D(B))which is therefore a complex trace.iii) � i) Clear.�Lemma 4.2. Let (A,B) and (A’,B’) be two consistent couples. Then the couple(A˚¨˚A’,˚B˚¨˚B’) is consistent as well.Proof. Let a1,�,ak and a’1,�,a’k’ be the sequences of letters defined in Lemma 4.1 forthe couples (A,B) and (A’,B’) respectively. Clearly, the sequence a1,�,ak, a’1,�,a’k’satisfies the conditions of Lemma 4.1 ii) for the couple (A ¨ A’,˚B ¨ B’) which istherefore consistent.�As for real traces, we will prove that the PoSet (C|,†) of complex traces satisfies thestrongest completeness property. But first, we establish the same property for the productorder.Proposition 4.3. (C|,†) is coherently complete.Proof. We first introduce some notations. For any complex trace y, let Ay = alphinf(y) andBy be such that Im(y) = D(By).Let Y ˝ C| be †-coherent. Clearly, Re(Y) is a coherent subset of IR. By Theorem 3.4,Re(Y) admits a least upper bound s. Let A = alphinf(s) and B = A ¨ (¨y˛Y˚By). We willprove that z˚=˚(s,D(B)) is the least upper bound of Y.First, we show that z is a complex trace, that is, (A,B) is consistent. Let F be a finite subsetof˚Y such that ¨y˛F By = ¨y˛Y By. Clearly ¨y˛Y Ay ˝ A, then (A,B) = (A ¨ (¨y˛F˚Ay),A ¨ (¨y˛F˚By)). Hence, by Lemma˚4.2, we infer that (A,B) is consistent.Clearly, z is an upper bound of Y. Conversely, let z’ be an upper bound of Y. By definitionof˚†, we obtain …Re(Y) † Re(z’) and ¨y˛Y˚Im(y) ˝ Im(z’). Hence, Re(z) † Re(z’) andIm(z)˚= Im(Re(z)) ¨ (¨y˛Y˚Im(y)) ˝ Im(Re(z’)) ¨ Im(z’) = Im(z’), that is z † z’.�The following remark, very often used in the sequel, allows to generalize this result to theprefix order. Let r, s be two real traces. Then, r †s (in C| or in G|) if and only if s = rÆt forsome real trace t such that alph(t) ˝ I(alphinf(r)).Theorem 4.4. (C|,†) is coherently complete.Proof. Let Y ˝ C| be †-coherent. Since the prefix order is coarser than the product order,Y is also †-coherent and by Proposition 4.3 it admits a least upper bound z˚=˚(s,D(B)) for

10the product order. We will prove that z is also the least upper bound for the prefix order.We use the notations introduced in the proof of Proposition 4.3.First, we show that z = (s,D(B)) is an †-upper bound of Y. Let y ˛ Y, since y † z wehave Re(y) † s and thus there exists t ˛ IR such that s = Re(y)Æt and alph(t) ˝ I(Ay).We claim that alph(t) ˝ I(By). Let a ˛ alph(t) and let r = flp where p is the (|Re(y)|a + 1)-thvertex of s = Re(y)Æt with label˚a. Since r is prime (Proposition 3.8) and r † …Re(Y),there exists x ˛ Y such that r˚† Re(x). Now Y is †-coherent, hence there exists an upperbound for x and y, that is xÆx’ = yÆy’ for some x’,y’ ˛ C|. Hence we have Re(xÆx’) =Re(x)ÆmBx(Re(x’)) = Re(yÆy’) = Re(y)ÆmBy(Re(y’)). Since |r|a > |Re(y)|a and r † Re(x) weobtain a ˛ alph(mBy(Re(y’))). Therefore a ˛ I(By) which proves the claim.Let Ay = {a1,�,ak} and let t’ = (a1�ak)w. Since alphinf(tÆt’) = alphinf(s), (tÆt’,D(B)) is acomplex trace and we have yÆ(tÆt’,D(B)) = (Re(y)Æt, D(By) ¨ D(t’) ¨ D(B)) = (s,D(B)).Therefore, y † (s,D(B)) = z.Second, we show that z is the least †-upper bound of Y. Let z’ be an †-upper boundof˚Y. Since the prefix order is coarser than the product order, z’ is also an †-upper boundof Y and by Proposition 4.3 we have z † z’. Hence Re(z’) = sÆt for some t ˛ IR such thatalph(t)˚˝˚I(A).We claim that alph(t) ˝ I(B). For all y ˛ Y, there exists y’ ˛ C| such that z’ = yÆy’. Hence,Re(z’) = Re(y)ÆmBy(Re(y’)) = sÆt. Since Re(y) † s and IR is left-cancellative, we obtainmBy(Re(y’)) = s’Æt for some suffix s’ of s. Then, alph(t) ˝ I(By) for all y ˛ Y which provesthe claim since B˚=˚A ¨ ¨y˛Y˚By.As above, let A = {a1,�,ak} and let t’ = (a1�ak)w. Since alphinf(tÆt’) = alphinf(Re(z’)),(tÆt’,Im(z’)) is a complex trace and zÆ(tÆt’,Im(z’)) = (sÆt, D(B) ¨ D(t’) ¨ Im(z’)) = z’.Therefore, z † z’.�From the proofs of Proposition 4.3 and Theorem 4.4, we obtain a characterization of theleast upper bound of a coherent subset of C|. Such a characterization is indeed basic whenwe deal with least upper bounds.Corollary 4.5. Let Y ˝ C| be †-coherent (†-coherent resp.). Then,Re(…Y) = …Re(Y)˚˚˚˚and˚˚˚˚Im(…Y) = Im(…Re(Y)) ¨ (¨y˛Y˚Im(y)).Since the coherent completeness is the strongest completeness property, we deduceimmediately from Proposition 4.3 and Theorem 4.4 theCorollary 4.6.i)(C|,†) and (C|,†) are bounded complete.ii)(C|,†) and (C|,†) are CPO with the empty trace as least element.In any bounded complete PoSet, every non empty set admits a greatest lower bound. Butthis general existence result does not provide us with any characterization of the greatestlower bound. Indeed, such a characterization may be useful to deal with greatest lowerbounds. It is the object of the next proposition.Proposition 4.7. Every non empty subset Z of C| admits a greatest lower bound »Z forboth partial order † and †. Moreover,Re(»Z) = »Re(Z) = s˚˚˚˚andIm(»Z) = D(B) where B is the greatest subset of X consistent with A = alphinf(s)such that D(B) ˝ Im(z) \ alph(s-1ÆRe(z)) for all z ˛ Z.

11In order to illustrate the characterization of the imaginary part of a greatest lower bound,which is somewhat intricate, we give an example before the proof of this result. Let(X,D)˚=˚a�b�c�d�e�f and let Z˚=˚{(bnc(bf)w,X) / n ˛ IN}. We have s = Re(»Z) =»Re(Z) = fw and for all z ˛ Z, Im(z)˚\˚alph(s-1ÆRe(z)) = X \ {b,c} = {a,d,e,f}. Thegreatest subset B of X consistent with alphinf(s) = {f} and such that D(B) ˝ {a,d,e,f} is{e,f}. Hence, »Z = (fw,D({e,f})).Proof. We give the proof for the prefix order only. The proof is even simpler for theproduct order. Let Z be a non empty subset of C| and let Y = {y ˛ C| / y † z for all z ˛ Z}.Since Y is bounded by any member of Z, it admits a least upper bound …Y = (s,D(B))which is precisely the greatest lower bound of Z.First, we claim that Re(Y) is the set of lower bounds of Re(Z) in IR. Clearly, each memberof Re(Y) is a lower bound of Re(Z). Conversely, let r be a lower bound of Re(Z) in IR, wewill prove that (r,Im(r)) is a lower bound of Z in C|. Let z ˛ Z, we have Re(z) = rÆt forsome real trace t such that alph(t) ˙ Im(r) = fl. Let t’ = (a1�ak)w where alphinf(r) ={a1,�,ak}. Then (tÆt’,Im(z)) is a complex trace since alphinf(tÆt’) = alphinf(Re(z)).Therefore, we have (r,Im(r))Æ(tÆt’,Im(z)) = (rÆt, Im(r) ¨ D(t’) ¨ Im(z)) = z which provesthe claim.Using this claim we obtain s = Re(»Z) = Re(…Y) = …Re(Y) = »Re(Z).Let B be the greatest subset of X consistent with A = alphinf(s) and such that for all z ˛ Z,D(B) ˝ Im(z) \ alph(s-1ÆRe(z)). We show that (s,D(B)) is a lower bound of Z. Lett’˚=˚(a1�ak)w where A = {a1,�,ak} and let z ˛ Z. We have Re(z) = sÆt for some realtrace t such that alph(t) ˝ I(A). We have alphinf(tÆt’) = alphinf(Re(z)), hence (tÆt’,Im(z)) isa complex trace. Since D(B) ˙ alph(t) = fl we deduce (s,D(B))Æ(tÆt’,Im(z)) = z whence(s,D(B)) † z.Let »Z = x = (s,D(C)), since x is a complex trace, (A,C) is consistent. Now for all z ˛ Zwe have x † z which implies D(C)˚˝ Im(z) and Re(z)˚= sÆt for some real trace t such thatalph(t) ˙ D(C) = fl. Therefore, D(C) ˝ Im(z) \ alph(s-1ÆRe(z)) for all z ˛ Z.By Lemma 4.2, the union of two subsets consistent with A is consistent with A as well.Hence we deduce that C ˝ B. Since x = (s,D(C)) is the greatest lower bound of Z, weobtain (s,D(B)) † (s,D(C)). Therefore »Z = (s,D(C)) = (s,D(B)) which concludes theproof.�We saw that (C|,†) satisfies the strongest completeness property. Unfortunately, ingeneral, neither (C|,†) nor (C|,†) is a Scott-Domain. As concerns the product order, it is aconsequence of the following fact.Lemma 4.8. A complex trace is †-compact if and only if it is finite.Proof. Let x = (s,D(B)) be an infinite trace, let A = alphinf(s) and let s’ = (a1�ak)w whereI(A) = {a1,�,ak}. Let (sn)n‡0 be an increasing sequence of finite traces such thats˚=˚…{sn˚/˚n ‡ 0} and alph(s0-1Æs) = A. For all n ‡ 0, there exists a real trace tn such thatsn+1 = snÆtn and alph(tn) ˝ A. Since alph(s’)¢alph(tn) ˝ I, we have sn+1Æs’ = snÆs’Ætnwhence (snÆs’)n‡0 is an increasing sequence of real traces. Using Corollary 4.5 we obtain…{snÆs’ / n ‡ 0} = sÆs’. From Im(sÆs’) = D(A) ¨ D(I(A)) = X, we obtain x † sÆs’. Hencex is not compact since for all n ‡ 0, x †/ snÆs’.Conversely, let x be a finite trace such that x † …Y where Y is a †-directed subset of C|.Clearly, Re(Y) is a directed subset of IR and x † …Re(Y). From Proposition 3.7,x˚†˚Re(y) for some y ˛ Y. Therefore, x † y which proves that x is †-compact.�

12For x ˛ C|, we set C†(x) = {y † x / y is †-compact}. From Corollary 4.5 and Lemma 4.8we deduce that for all x ˛ C|, …C†(x) is a real trace. Therefore, non-real traces cannot be†-approximated with †-compact traces, that is, (C|,†) is not a Scott-Domain if there existsome non real traces. Note that such non real traces exist if and only if the dependencerelation D is not transitive.The situation is different for the prefix order. There may exist †-compact traces and†-prime traces which are not real traces and therefore are not finite. For instance, let(X,D)˚= a�b�c and let x˚= (aw,D(a,b)) = (aw,X). We show that x is †-prime. Let Y bea subset of C| such that x˚†˚…Y. Since Im(x) = X, x is †-maximal in C|, whence x = …Y.Now, from Corollary 4.5, since c ˛ Im(x) \ Im(Re(x)), we deduce that there exists y ˛ Ysuch that c ˛ Im(y). Using Corollary 4.5 and Im(y) „ fl, we obtain Re(y) = aw. Therefore,Im(y) ˚ D(a) ¨ {c} = X and y˚= (aw,X) = x which proves that x is prime.Nevertheless, the following example shows that (C|,†) is not a Scott-Domain in general.Let (X,D)˚= a�b�c�d and let x = (aw,D({a,b})). We show that x is not †-compact. Forall n˚‡ 0, let yn = (andw,D(c,d)). Clearly, yn+1 = ynÆa for all n ‡ 0. Hence, (yn)n‡0 is an†-increasing sequence and by Corollary 4.5, y = …{yn / n ‡ 0} = ((ad)w,X). We havey˚=˚xÆdw whence x † y. But for all n ‡ 0, x is not a prefix of yn since yn has finitelymany˚a’s. Therefore, x is not compact. Now the set of prefixes of x is {an / n ‡ 0} ¨{aw,˚x}. For each n ‡ 0, the trace an is †-prime. The trace aw is not †-compact since aw =…{an / n ‡ 0}. Hence the set of †-compact traces lower than x is C†(x) = {an / n ‡ 0}.Therefore …C†(x) = aw „ x which proves that (C|,†) is not a Scott-Domain.Acknowledgement: We thank P.S. Thiagarajan for fruitful discussions.5. References.[AR88]I.J. AALBERSBERG and G. ROZENBERG, �Theory of traces�, TheoreticalComputer Science 60, p. 1-82, 1988.[BMP89]P. BONIZZONI, G. MAURI and G. PIGHIZZINI, �About infinite traces�,Proceedings of the ASMICS Workshop on Partially Commutative Monoids,Tech. Rep. TUM-I 9002, Technische Universit�t M�nchen, 1989.[CF69]P. CARTIER and D. FOATA, �Probl�mes combinatoires de commutation etr�arrangements�, Lecture Notes in Math. 85, 1969.[COMP]G. GIERZ, K. H. HOFMANN, K. KEIMEL, J. D. LAWSON, M. MISLOVEand D. SCOTT, �A compendium of continuous lattices�, Springer-Verlag,1980.[Die90]V. DIEKERT, �Combinatorics on Traces�, Lecture Notes in Computer Science454, 1990.[Die91]V. DIEKERT, �On the concatenation of infinite traces�, STACS�91, LectureNotes in Computer Science 480, p. 105-117, 1991.[DGP91]V. DIEKERT, P. GASTIN, A. PETIT, �Recognizable complex tracelanguages�, MFCS�91, Lecture Notes in Computer Science 520, p. 131-140,1991.[FR85]M.P. FLE and G. ROUCAIROL, �Maximal serializability of iteratedtransactions�, Theoretical Computer Science 38, p. 1-16, 1985.[Gas90]P. GASTIN, �Infinite traces�, Proceedings of the Spring School of TheoreticalComputer Science on �Semantics of concurrency�, Lecture Notes in ComputerScience 469, p. 277-308, 1990.[GP91]P. GASTIN and A. PETIT, �A survey on recognizable languages of infinitetraces�, Technical report , LITP, Universit� Paris 6, France, 1991.

13[GR91]P. GASTIN and B.ROZOY, �The Poset of infinitary traces�, to appear inTheoretical Computer Science, Tech. Rep. 91-07, LITP, Universit� Paris 6,France, 1991.[GPZ91]P. GASTIN, A. PETIT, W. ZIELONKA, �A Kleene theorem for infinite tracelanguages�, ICALP�91, Lecture Notes in Computer Science 510, p. 254-266,1991.[Kwi90]M.Z. KWIATKOWSKA, �A metric for traces�, Information and ProcessingLetters˚35, p. 129-135, 1990.[Kwi91]M.Z. KWIATKOWSKA, �On the domain of traces and sequentialcomposition�, CAAP’91, Lecture Notes in Computer Science 493, p. 42-56,1991.[Law88]J.D. LAWSON, �The versatile continuous order�, Lecture Notes in ComputerScience 298, p. 134-160, 1988.[Maz77]A. MAZURKIEWICZ, �Concurrent program Schemes and theirinterpretations�, Aarhus University, DAIMI Rep. PB 78, 1977.[Maz86]A. MAZURKIEWICZ, �Trace theory�, Advanced Course on Petri Nets,Lecture Notes in Computer Science 255, p. 279-324, 1986.[Per89]D. PERRIN, �Partial commutations�, ICALP�89, Lecture Notes in ComputerScience 372, p. 637-651, 1989.