A Polynomial ˘-Bisimilar Normalization for Reset Petri Nets^�

Catherine Dufourd^y Alain Finkel^y

Abstract

Reset Petri nets extend Petri nets by allowing transitions to empty places, in addition with the usual adding of removing of constants. A Reset Petri net is normalized if the flow function over the Petri arcs (labeled with integers) and the initial state are valuated into f0, 1g. In this paper, we give an efficient method to turn a general Reset Petri net into a λ-bisimilar normalized Reset Petri net. Our normalization preserves the main usually studied properties : Boundedness, Reachability, t-Liveness and Language (through a λ-labeling function). The main contribution is the improvement of the complexity : our algorithm takes a time in O(size(N)^2), for a Reset Petri net N, while other known normalizations require an exponential space and are presented for Petri nets only.

Key words: Concurrency, Verification, Petri Nets, Equivalences.

1 Introduction

Petri nets constitute one of the most powerful models among the analyzable models of parallel systems [Pet81, EN94]. General Petri nets allow transitions to remove from places, or to add to places, non negative integer constant numbers of tokens. Reset Petri nets [AK77, DFS98] are more powerful than Petri nets. They allow a transition either to remove/add constant numbers of tokens (this is performed with Petri arcs), or to empty some of the places (this is performed with Reset arcs). Normalized Reset Petri nets allow to remove/add at most one token by the Petri arcs.

Normalizations found in the literature are presented for Petri nets only and are not efficient. In fact, for a valuation v, Ω(v) items are created and this is exponential on the size, log v, of v. The following list is not exhaustive and refer to Petri nets only. All of these normalizations preserve boundedness, reachability and language (most of the time through a λ-labeling function). Let V (p) be the maximum among the initial value of the place p and the constants to be added to p or removed from p. In the normalization in [Pet81], each place p is transformed into a ring of V (p) places and each valuation v of a transition is transformed into v arcs 1-valuated. Tokens are free to move all around the ring. In [nc94], [KM82] and [Sch85], the main idea is to create v levels of places and transitions for a valuation v. Levels are activated sequentially in order to achieve the adding/removing of the v tokens. In [Sif79], a queue of V (p) tokens is managed for each place p. When v tokens are required, they are dequeued in parallel (one arc by token). In [KM82] the idea is to divide valuations over of the arcs and the initial marking by 2, until normalization. However, at each step, arcs have to be duplicated because cases “even” and “odd” appear. In [Pel92], the normalization preserves the language of the original Petri net without λ-transitions. Each place p is replaced with a set of V (p) places. Valuation v is managed through all the possibilities to touch v over V (p).

The motivation of our study is to give an efficient normalization (polynomial in time) that will be extendable to Reset Petri nets. The main idea is simple and, surprisingly, has not been exploited before. We use the binary encoding of a valuation v, instead of v itself. We then manipulate a linear number of items. In the previous approaches, firability is managed in a “hard-ware” fashion with an exponential

�Presented to the 8th International Conference on Automata and Formal Languages, July 1996, Salgótarján, Hungary. yENS de Cachan, Laboratoire Spécification et Vérification, CNRS URA 2236, 61 avenue du Président Wilson, 94235 Cedex Cachan, France. E.mail : Catherine.Dufourd@lsv.ens-cachan.fr, Alain.Finkel@lsv.ens-cachan.fr

number of transitions and places. Here, the power of calculus of the net is used to compute the firability of a transition. This leads to a normalization which has a time complexity in O(size(N )^2). A general net and its associated normalized net are λ-bisimilar and thus language is preserved through a λ-labeling function; boundedness, reachability and t-liveness are also preserved.

2 Reset Petri nets, definitions and complexities

Let IN be the set of nonnegative integers, IN^k (k ≥ 1) be the set of k-dimensional column vectors of elements in IN. For a vector X ∈ IN^k, X(i) (1 ≤ i ≤ k) is the i^{th} component of X. Let Σ be a finite alphabet and Σ^∗ be the set of all words over Σ. The length of a word σ ∈ Σ^∗ is denoted by |σ|. The empty word is denoted by λ and |λ| = 0. The cardinal of a finite set S is denoted by |S|. The function

max : IN × IN → IN returns the maximum between two integers.

Definition 1 [AK77]

- A Reset Petri net is a tuple N =< P, T, F, m_0 > where P is a finite set of places, T is a finite set of transitions, T ∩ P = ∅, F is a flow function such that : F : æ_{(P × T ) −→ IN ∪ P} (T × P ) −→ IN and m_0 ∈ IN^{|P |} is the initial marking.

- A Reset Petri net is normalized if m_0 ∈ {0, 1}^{|P |} and F : æ_{(P × T ) −→ {0, 1} ∪ P} (T × P ) −→ {0, 1} - A Petri net is a Reset Petri net such that F : (P × T ) ∪ (T × P ) −→ IN.

Remark 1 normalized nets may be unbounded and they should not be mistaken for 1-safe nets, for which any reachable marking is in {0, 1}^{|P |}.

Let N be a Reset Petri net. A transition t ∈ T is firable from a marking m ∈ IN^{|P |}, written m^t→, if for any place p ∈ P, F (p, t) ∈ IN ⇒ m(p) ≥ F (p, t). Firing transition t from m leads to the marking m^′,

this is written m^t→ m^′, such that for any place p ∈ P : æ_{F (p, t) ∈ P ⇒ m′(p) = F (t, p)} F (p, t) ∈ IN ⇒ m^′(p) = m(p) − F (p, t) + F (t, p) Firability is classically extended to sequences σ ∈ T^∗. The language L(N ) is the set of all the sequences firable from the initial marking. A marking m^′ is reachable from m if there exists a sequence σ ∈ T^∗ such that m^σ→ m^′. The reachability set RS(N, m) contains all the markings reachable from m.

A transition t is quasi-live if it is firable from a marking in RS(N, m_0). A transition t ∈ T is live if it is quasi-live from any marking in RS(N, m_0). The General Boundedness Problem (GBP) is to determine whether RS(N, m_0) is finite or not. The Reachability Problem (RP) is to determine whether m ∈ RS(N, m_0). The t-Liveness Problem (t-LP) is to determine whether the transition t is live. The General Liveness Problem (GLP) is to determine whether all the transitions are live.

The problems above are decidable for Petri nets, but unfortunately require exponential space (see [EN94]). Reset Petri nets are strictly more powerful than Petri nets and can simulate counters machines [AK77, Duf98]. A consequence is that reachability [AK77] and boundedness [DFS98] are undecidable for Reset Petri nets.

Definition 2 Let^•p = {t | F (p, t) ≠ 0} and p^• = {t | F (t, p) ≠ 0}.

Let p ∈ P , V (p) = max{ m_0(p), max_{t∈T,F (p,t)∈}IN F (p, t), max_{t∈T} F (t, p) } and V = max_{p∈P} V (p).

Size of N . We encode N with two integer matrices |P |×|T | (one for F (p, t) ∈ IN and the other for F (t, p)), one matrix |P |×|T | of booleans (for the Reset arcs) and one vector in IN^{|P |} (for the initial marking). Any valuations inside the two integer matrices and the integer vector are upper-bounded by V and coded over Θ(log V ) bits. The size |N | of a Reset Petri net N belongs to Θ(2|P |.|T |. logV + |P |.|T | + |P |. log V ) = Θ(|P |.|T |. log V ). λ-bisimilarity and fusion : we use the λ-bisimilarity [GW89] notion to compare N and its associated normalized net, and to show that the two nets have a very similar behavior.

Definition 3

- A labeled Reset Petri net (N, Σ, l) is a triplet such that N is a Reset Petri net, Σ is a finite alphabet and l : T^∗ → Σ^∗ is a labeling function.

- Two labeled Reset Petri nets (N_1, Σ_1, l_1) and (N_2, Σ_2, l_2) are λ-bisimilar if there exists a relation R ⊆ IN^{|P1|} × IN^{|P2|} such that the following conditions hold :

1. m_{01} R m_{02} .

2. For any markings m_1 ∈ IN^{|P1 |}, m_2 ∈ IN^{|P2|} such that m_1 R m_2 :

• For any sequence s_1 ∈ T^∗_1 such that m_1^{s1}→ m^′_1, there exists a sequence s_2 ∈ T^∗_2 such that m_2^{s2}→ m^′_2, l_1(s_1) = l_2(s_2) and m^′_1 R m^′_2.

• For any sequence s_2 ∈ T^∗_2 such that m_2^{s2}→ m^′_2, there exists a sequence s_1 ∈ T^∗_1 such that m_1^{s1}→ m^′_1, l_2(s_2) = l_1(s_1) and m^′_1 R m^′_2.

At last, the operator of fusion by transitions of two nets is used as a tool in the description of our method. The fusion by transitions merges two Reset Petri nets N_1 and N_2 into a new one N_3 over a couple of transitions, let us say t_1 and t_2, as illustrated in figure 1. Fusion is denoted by (N_1^{||}_{(t1,t2)} N_2); it may be easily extended to a set a couples of transitions and to labeled nets.

t1 t2

N1 N2 N3

t(t1,t2)

Figure 1: Fusion of two Reset Petri nets over t_1 and t_2 : (N_1^{||}_{(t1,t2)} N_2) = N_3

3 A O(jN j^2) algorithm for normalization

For sake of simplicity, we first build a net admitting 0, 1 and 2 as valuations. The main idea is to use the binary encoding of an integer v which requires O(log v) bits. Valuations found in the net to be normalized are translated into their binary coding and a constant number of places, transitions and/or arcs is associated to each significant bit.

3.1 From v-valuations to 2-valuations

Definition 4 Let N =< P, T, F, m_0 > be a Reset Petri net. K(p) is the length of the maximum of valuations relative to a place p : K(p) = ⌊V (p)⌋ + 1. The function B_k(n), for k ∈ IN, takes an integer n

3

6

4

0 � 2^1 1 � 2^0 1 =

2 2 2

2 2

1 � 2^2 0 � 2^1 1 � 2^0

1 � 2^1

1 � 2^2 3 = 5 =

p2 p1 p01 p1 p21 p12 p02

p12 p02

p23 p13 p03

0 � 2^2

2 2

2 2

2 p2

t1 t2 A(N, p1)

A(N, p3)

A(N, p2 )

p3 t2 t1

Figure 2: from v-valuations to 2-valuations

such that (⌊log n⌋ ≤ k − 1) in input and returns a vector of bits of dimension k which is the binary coding of n, with leading 0 if needed.

We index the vector output of B_k(n) from right to left starting from 0 (which means from k−1 downto 0 ). For instance, 23 = 10111_2 and thus B_7(23) = (0, 0, 1, 0, 1, 1, 1) = B with B(0) = 1, ..., B(6) = 0.

Informal description of the construction (see figure 2). In input, we have a Reset Petri net N =< P, T, F, m_0 >. Note that the arc from place p_2 to transition t_2 is a Reset arc, labeled with p_2. In output, we obtain a 2-valuated labeled net N^′ =< P^′, T^′, F^′, m^′_0, T, l^′ > with l^′ : T^{′∗} → T^∗.

1. Building of nets associated to places of N : we associate a net A(N, p_j ) (“A” stands for “associated net”) to each place p_j ∈ P . In our example, associated nets are framed with dashed lines. An associated net A(N, p_j ) has K(p_j) places, 2.(K(p_j) − 1) local λ-transitions (unlabeled on the figure), |^•p_j| + |p^•_j | non λ-transitions and at most (|^•p_j| + |p^•_j |).K(p_j) arcs.

(a) K(p_j ) is calculated in first. For instance, K(p_1) = 3 since M ax(p_1) = max(m_0(p_1), F (p_1, t_1), F (p_1, t_2)) = max(5, 4, 3) = 5 and ⌊log 5⌋ + 1 = 3.

(b) Places of A(N, p_j ) are labeled from p^0_j to p^{K(p)−1}_j (and drawn from right to left).

(c) Initial marking of A(N, p_j ) is B_{K(pj )}(m_0(p_j)). We read a marking from p^{(K(pj )−1)}_j downto p^0_j . For instance, the initial marking of A(N, p_3) is (0, 0, 1) since m_0(p_3) = 1, K(p_3) = 3 and B_3(1) = (0, 0, 1).

(d) λ-transitions of A(N, p_j ) are of two kinds. The spreading transitions, remove two tokens from a place p^i_j and adds one token into the place p^{i+1}_j at its left (0 ≤ i ≤ k(p_j ) − 2). The grouping transitions, perform the reverse operation (by default, unlabeled arcs of the figure are labeled with 1 by F ).

(e) Non λ-transitions of A(N, p_j) correspond to original transitions of N and have the same name via l^′. For each transition t that resets p_j, we put in the 2-valuated net K(p_j ) arcs < p^i_j , t > labeled with p^i_j (0 ≤ i ≤ K(p_j ) − 1). For instance F (p_2, t_2) gives two arcs in A(N, p_2) : < p^1_2, t_2 > that resets P^1_2 and < p^0_2, t_2 > that resets p^0_2.

For each transition t in input of a place p ∈ P such that F (p_j, t) ∈ IN, we evaluate B = B_{K(pj )}(F (t, p_j)). New arcs < p^i_j, t > valuated with 1 are added in N^′ if and only if B(i) = 1 (0 ≤ i ≤ K(p_j ) − 1). For instance F (t_2, p_3) is turned into 2 arcs in N^′, i.e. < t_2, p^2_3 > and < t_2, p^1_3 >, since B_{K(p3 )}(F (t_2, p_3)) = B_3(6) = (1, 1, 0).

For each transition t output of p_j in N , we evaluate B = B_{K(pj )}(F (p_j, t)). New arcs < t, p^i_j > valuated with 1 are added in N^′ if and only if B(i) = 1 (0 ≤ i ≤ K(p_j) − 1). For instance, F (p_1, t_2) is turned into 2 arcs in N^′ i.e. < p^0_1, t_2 > and < p^1, t_2 > since B_{K(p1 )}(F (p_1, t_2)) = B_3(3) = (0, 1, 1).

2. Fusion of associated nets: the final net is obtained by fusion of all the A(N, p) over the visible transitions : N^′ = A(N, p_1)^{||}_t2_T A(N, p_2)^{||}_t2_T ...^{||}_t2_T A(N, p_{|P |}).

Firing a λ-transition of an A(N, p) net modifies the marking of A(N, p) only. Firing a non λ-transition may modify the whole marking of the normalized net.

There exists a narrow relation between the reachability set of a general net and the reachability set of its associated normalized net. This relation is given by the function φ_k. Let k ≥ 1, φ_k : IN^k → IN is defined by : φ_k(m) = P^k_{i=1} 2^{i−1}.m(i) where m ∈ IN^k. There are two major points to underline. Firstly, for any net A(N, p) and any marking m, the value of φ_{K(p)}(m) is preserved with the firing of λ-transitions and moreover, any marking m^′ such as φ_{K(p)}(m^′) = φ_{K(p)}(m) is reachable from m. This last characteristic is necessary to well-place the tokens in order to fire a non λ-transition.

Example (figure 2): in N , t_2 is firable since p_1 contains at least 3 tokens (and Reset arcs are not constraining). In N^′ the transition labeled with t_2 is not immediately firable since p^1 has no token. However the grouping transition from p^2_1 to p^1 is firable and has for consequence to add 2 tokens in p^1, allowing thus the firing of t_2.

Secondly, the function φ_k is such that for all m, m^′ ∈ IN^K , φ_k(m + m^′) = φ_k(m) + φ_k (m^′) and m ≥ m^′ ⇒ φ_k(m − m^′) = φ_k(m) − φ_k(m^′). This means that coherence between N and N^′ is preserved when a non λ-transition (associated to a transition of T ) is fired in N^′.

Let us now work with the whole 2-valuated net. To each marking reachable in N , we can associate a set of markings reachable in N^′.

Definition 5 Let N be a Reset Petri net, N^′ its 2-valuated net, m ∈ IN^{|P |} and m^′ ∈ IN^{|P}

0_| . The function Sub(m^′, p) returns the submarking of m^′ that corresponds to A(N, p). The relation R is defined as : m R m^′ ⇔ ∀p ∈ P, m(p) = φ_{K(p)}(Sub(m^′, p)) Example (figure 2): the initial marking of N^′ is m^′_0 = (1, 0, 1, 1, 1, 0, 0, 1) with Sub(m^′_0, p_1) = (1, 0, 1), Sub(m^′_0, p_2) = (1, 1) and Sub(m^′_0, p_3) = (0, 0, 1). We have (5, 3, 1) R m^′_0, where (5, 3, 1) = m_0, since φ_{K(p1)}((1, 0, 1)) = 5, φ_{K(p2)}((1, 1)) = 3 and φ_{K(p3)}((0, 0, 1)) = 1. Now, in N we have (5, 3, 1)^{t2}→ (2, 0, 7). In N^′ the associated sequence of firing is :

(1, 0, 1, 1, 1, 0, 0, 1)^λ→ (0, 2, 1, 1, 1, 0, 0, 1)^{t2}→ (0, 1, 0, 0, 0, 1, 1, 1)

and one may verify that (2, 0, 7) R (0, 1, 0, 0, 0, 1, 1, 1).

Theorem 1 Let N be a Reset Petri net and N^′ its associated 2-valuated net, N and N^′ are λ-bisimilar through R.

The proof is straightforward from the construction of the associated nets. From Theorem 1 and the properties of R, we can state that L(N ) = l^′(L(N^′)); N bounded ⇔ N^′ bounded; m ∈ RS(N, m_0) ⇔ ∃m^′ ∈ RS(N^′, m^′_0) such that R(m, m^′); t live in N ⇔ t live in N^′.

3.2 From 2-valuations to normalization and complexity

Figure 3 gives an informal presentation of the final step which leads to the normalization preserving the properties given above. The complexity of the normalization is computed as follows : let

p01 p1 p21 2 2 2 2

A(p1) t_2 t_1 t_2 t_1

Figure 3: from 2-valuations to the normalized net

N^{′′} =< P^{′′}, T^{′′}, F^{′′}, m^{′′}_0 > be the final normalized net obtained from N . The size of the original net is in Θ(|P |.|T |. logV ). For each p ∈ P , A(N, p) contains 2.K(p) places and less than 4.K(p) λ-transitions. Then we have |P^{′′}| ∈ O(|P |. logV ) and |T^{′′}| ∈ O(|P |. logV + |T |). As F^{′′} is normalized, its size is in O(|P^{′′}|.|T^{′′}|) leading to a final size for N^{′′} in O(|N |^2). Now, for didactic reasons, we have chosen to present the algorithm via the fusion of associated nets, but the construction may be done directly. In this case, the time of construction is linear in |N^{′′}| and is thus in O((|P |. log V ).(|P |. log V + |T |)).

Remark 2 Suppose that in the original net we have O(|P |) = O(|T |/ log V ), then for some constant C_1 the size of N^{′′} is less than : C_1.(|P |. logV ).(|T | + |T |) ∈ O(|N |). Suppose now that O(|P |) = O(|T |) then |N^{′′}| ∈ log V.|N |. Theorem 2

- Let N be a Reset petri net and N^{′′} its associated normalized Reset Petri net, N and N^{′′} are λ-bisimilar.

- The time-complexity of the normalization of a Reset Petri net N is O(|N |^2).

References

[AK77] T. Araki and T. Kasami. Some decision problems related to the reachability problem for Petri nets.

Theoretical Computer Science, 3(1):85–104, 1977.

[DFS98] C. Dufourd, A. Finkel, and Ph. Schnoebelen. Reset nets between decidability and undecidability. In icalp98, volume 1443 of LNCS, pages 103–115. Springer-Verlag, 1998.

[Duf98] C. Dufourd. Réseaux de Petri avec Reset/Transfert : Décidabilité et Indécidabilité. PhD thesis, LSV, École Normale Supérieure de Cachan, France, October 1998.

[EN94] J. Esparza and M. Nielsen. Decidability issues on Petri nets – a survey. Bulletin of the EATCS, 52:254– 262, 1994.

[GW89] R. J. van Glabbeek and W. P. Weijland. Branching time and abstraction in bisimulation semantics (extended abstract). Research Report CS-R8911, CWI, April 1989.

[KM82] T. Kasai and R.E. Miller. Homomorphism between models of parallel computation. Journal of Computer Science, 25, 1982.

[nc94] G. W. Brams (nom collectif). Réseaux de Petri : théorie et pratique. Masson, 1994. Volumes 1 et 2. [Pel92] E. Pelz. Normalization of place/transition-systems preserves net behavior. Theoretical Informatics and Applications, RAIRO, 26(1), 1992.

[Pet81] J. L. Peterson. Petri Net Theory and the Modeling of Systems. Prentice Hall Int., 1981. [Sch85] S. Schwer. Décidabilité de l’algébricité des langages associés aux réseaux de Petri. PhD thesis, Université Paris VII, 1985. Thèse 3ième cycle.

[Sif79] J. Sifakis. Le contrôle des systèmes asynchrones : concepts, propriétés, analyse statique. PhD thesis, U.S.M. Grenoble, 1979. Thèse 3ième cycle.