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Abstract

We introduce the Danos-Régnier categ@rR(M) of a linear inverse monoid, as

a categorical description of geometries of interaction (G@spired from the weight
algebra. The natural setting for GOI is that of a so-calledkiyge Cantorian linear in-
verse monoid, in which casBR(M) is a kind of symmetrized version of the classical
Abramsky-Haghverdi-Scott construction of a weak lineaegary from a GOI situa-
tion. It is well-known that GOI is perfectly suited to dedmithe multiplicative frag-
ment of linear logic, and indeeBR(M) will be a «-autonomous category in this case.
It is also well-known that the categorical interpretatidrttee other linear connectives
conflicts with GOl interpretations. We make this precisel ahow thatDR(M) has no
terminal object, no cartesian product of any two objectd,rmmexponential—whatever
M is, unlesM is trivial. However, a form of coherence completion®R (M) a la Hu-
Joyal (which for additives resembles a layered approachHulzhes-van Glabbeek),
provides a model of full classical linear logic, as soorivag weakly Cantorian. One
finally notes that Girard’s notion afoherencés pervasive, and instrumental in every
aspect of this work.
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1. Introduction

There are by now several families of models for (classidakdr logic. One is
the category otoherence spacd47]. Another is given by game models, e.g. [4].
Contrarily to what one might expect, geometry of interactio whatever form [14, 15,
16, 19] does not yield models of linear logic. Nowimypdelof linear logic we are rather
demanding, and mean a denotational, in facategoricalmodel. The definition of
categorical models of linear logic took some time to emeagel, is certainly posterior
to geometry of interaction. We shall consider linear catego[7], LNL categories

partially supported by ACI NIM “GeoCal” (geometry of comptibn).

Preprint submitted to Elsevier September 18, 2009



[6], Lafont and new-Lafont categories [27]. It is remarkalhat coherence spaces
form a model in all these senses, but most proposals basedmasgor geometry of
interaction do not. The point is subtle: e.g., Bailigtal. [4] show that AJM games
are a model of MELL proof nets (i.e., without the additivesthout box erasure steps.
Some more recent game semantics, such as Mellies’ asyrmisggames [28], do
provide a categorical model of linear logic.

In a sense, there are categorical models of a domain-thestgle, but only a few
coming from the interaction world, and none from the geosnefrinteraction. This
paper bridges the gap. Our main contribution is a categanoael of full classical lin-
ear logic, including multiplicative, exponential and dilagi connectives, based on ideas
from geometry of interaction—specifically from Danos an@yRiér [11, 10]—and also
using the notion ofoherence completid1]. So we import from both interaction and
domain theoryCoherenceplays a fundamental role in both.

A word on the organization of this paper. First, we feel thmahe intuition about the
roots of this work should be brought forward, and we devot&iSe 2 to it. We intro-
duce the concept of lanear inverse semigroup Nh Section 3, and show in Section 4
how any suchM gives rise to a categorPR(M), which we call theDanos-Régnier
categoryof M. We shall also see that, providéd is weakly Cantorian DR(M) is
compact-closed. In particular, it is a model of the multiptive fragment MLL of lin-
ear logic. The purpose of Section 5 is to compare this coatstmito theG construction
of Abramskyet al. [1], a.k.a. Joyakt al’s Int construction [23], the most prominent
categorical interpretation of geometry of interaction. @ way to get a categorical
model of the whole of linear logic, we shall then trip on a ees dificulty: we shall
show in Section 6 and Section 7 that there is no way to integargform of additive or
exponential connective iDR(M), whateverM. l.e., changing the languages of paths
won't help. Nonetheless, we show in Section 8 that a slightlification of Hu and
Joyal'scoherence completiof21] builds a Lafont category out of amyautonomous
category, i.e., a model of full classical linear logic outofy model of just MLL. .. and
this is exactly whatOR(M) provides, no less, no more.

Another word on related work. We shall heavily discuss edatork throughout
the paper, notably the construction of compact-closedyoaies from traced monoidal
categories [1, 23] in Section 5, and coherence completidthfip Section 8. The
idea of considering inverse monoids is credited to Yves ardgérard by Danos and
Régnier [11]. As far as the impossibility results mentionedections 6 and 7 are
concerned, it is well-known that trying to add specific newatipns between geom-
etry of interaction tokens, aimed at enforcing some caiegbidentities, resulted in
inconsistencies. Our impossibility results are much gjesnwe show thaho change
in the underlying inverse monoill can result in the creation @ny instance of any
missing categorical feature (additive, exponential).

2. Motivation

| came to study inverse monoids following Daretsal. [10], where weights from
the so-called dynamic algebra arise from an inverse mondldseme added structure
(the bar, which captures the reduction process). However, my aatitaé! goal was
to try and understand how one may describe Bohm-like treestefms up tgs- or



Bn-equivalence, not as trees, but as collections of pathsigiirthese trees. (A goal |
have not reached yet.)

Let us see what this means on trees. By tree we mean some fanfinite first
order term: each nodss labeled by a function symbdlof some arityn € N, and has
n successorsg, ..., t,; we then agree to writeas f(ty, ..., t,). We callX the given
signature, i.e., the set of all function symbols, togethith their respective arities. We
write f/n € X to state thaf is in X, with arity n. With each suct /nin X, we associate
n distinct lettersfy, ..., f,. (We need to adjust this when= 0, in all rigor.) This
yields the path alphabéd| = J¢,nes{f1.. .., fa}. Its elements are the path letters, and
apathis any finite sequence of path letters. Traveling down a ti@sgeany route from
the root yields a path in the obvious way. E.g., the tF€g 11, t2), t3) has (at least) the
pathse (the empty path)fi, f1g1, fi02, fa.

Going from a tree to its set of paths is easy. Recovering aftaee a given set
of paths is harder. First, not every set of paths arises fromestree, e.g.{f1, 01}
The key point to enable this reconstruction processoiserence This was invented
under a diferent name by Harrison and Havel [20]. Define an equivalealegion=
on the path alphabet by = g; iff f = g. Now let_ be the relation on paths such that
w Z w iff, for any strict common prefixg of w andw’, writing w aswpaw, andw’
aswpa'w; with a,a’ € |A|, thena = &'; _ is reflexive and symetric, though in general
not transitive. Whernw ~— w/, we say thatv andw’ arecoherent and acliqueis any
set of pairwise coherent paths. Clearly, any set of paths gifen tree is a clique.
In general, a spack = (|X|, ) where_ is a reflexive and symmetric relation ¢
is acoherence spacg7]. So there is a coherence space of patbhd;,(C); this was
explored by Reddy [31, Section 5.2]. Coherence spaces foenbasis of an elegant
semantics of tha-calculus, and in fact of all of linear logic [17].

Let us refine. Lets be the prefix ordering on paths. Then< w andw _
w’ impliesw Z w”: (JAl", <,2) is a bit more than a coherence space, it issaant
structure i.e., a spac&X = (|X|, <, Z) where< is a partial ordering ang is a reflexive
and symmetric relation ofX| such thatv < w’ andw’ — w” impliesw _ w”. Then the
set of paths in a tree isdown-closectlique, and conversely any down-closed clique
is the set of paths of a unique tree (except that functibfsmay have less than
subtrees).

Event structures are a fundamental model of concurrencly {#2ere, instead of
using _, a binary irreflexive and symmetric relation # callednflict is used, such
thatw < w andw#w” impliesw#w”. (We have also ignored the axiom of so-called
finite causes here.) This is equivalent: take coherenas negation of conflict #.
The relationship between orderand coherenceg is explained, and generalized to
so-called bistructures, by Curien al. [9].

In the case oft-terms, as opposed to infinite first-order terms, there isxdrae
difficulty in identifying terms with certain cliques of patha:terms reduce to other
A-terms, and we would like to define a notion of paths throiglrms that isnvariant
undergn-equivalence. The result will be a way to compute paths tiinathe B6hm
tree oft by just computing paths throughtself—without reducingt. This is exactly
what geometry of interaction is about. Girard’s executiomrfula aims at being such
an invariant. Our view is that such an invariant should bersotiional (categorical)
model ofA-calculus, and in fact of linear logic proofs.



3. Linear Inverse Semigroups

Such a calculus of paths for MLL terms is lurking around in,[1Q], based on the
notion of a (bar) inverse monoid. The quantity that remaiwaiiant through reduction
is the set of all weights of paths through a proof net. But taisnot be defined in a
modular way: if you know the weights of all paths in (the proet of) ai-termM and
also that for al-termN, you cannot infer the weights of paths througiN. The reason
is that not all paths can be considered: we must only conglidse paths that ategal
andstraight The latter condition in particular cannot be defined on \Wsicalone;
the paths themselves have to be taken into account. Our aerahe in Section 4 is
to define a semantics of MLL proof nets (which we do by buildang-autonomous
category) in terms of weights, eliminating the pollutionpgzths, which only reflect
some form of syntax. The key is to collect, not sets,lbast upper boundsf cliques
in the inverse monoid of weights.

Recall that arinverse semigroufs a triple (M, -,_*) where (M, -) is a semigroup
(i.e.,- is associative) and*_is a unary operation that satisfiest" = u, (uv)* = v*u*,
uu'u = u, anduu‘vv* = wuu* for all u,v € M; we abbreviates - v asuv. An inverse
monoid also has a unit 1. A typical example is the §#{E) of partial injections
on a setE, i.e., of (graphs of) bijections between two subsets d&, the domain
{x | Ay-(xy) € u} and thecodomain{y | Ix- (x,y) € u} of u. PI(E) is an inverse
monoid with 1 the identity orfe, composition as multiplication, and star as inversion:
ut = {(y, X)I(x.y) € u}.

Following [10], write{uy = uu*. In PI(E), this is the identity on the codomain of
which we identify with the codomain af. Similarly, we think of(u*) as the domain
of u. It always helps to look at the cadé = PI(E). This is all the more justified as, by
the Preston-Wagner Theorem, every inverse semigdugmbeds into some inverse
monoid of the formPI(E), namelyPI(M).

An idempotentin M is anyu such thatuu = u. In any inverse semigroup, the
idempotents are the terms of the fofm), and every idempotent satisfiesu = (u) =
u* = (u*). The defining equationu‘vv: = v uu', i.e.,{uy(v) = (v)(u), states that
idempotents commute. Thatural ordering< on M corresponds to inclusion between
graphs of relations in the case PKE). Equivalent ways are to define< v iff vu* =
uu*, or uv* = uuf, or{uyv = u, orv(u*y = u, oru*v = u*u, orvu = u*u. Then<is
a partial ordering, and multiplication and inverse are ntoni. This is well-known,
see [30, 26].

The main import of this Section is that every inverse semigralso has aoher-
encerelation. Intuitively, ifu, v € PI(E) and there is an elemertwhich is mapped by
andv to different elements, either forward (for some y’, (x,y) € uand ,y’) € v) or
backward, them andv should be in conflict. Recall that is the negation of conflict.
Algebraically:

Definition 3.1 (Coherence).Let M be an inverse semigroup. The relationg _, and
Z onM are defined byu Z, viff u(v*) = v(u*); u Z, vift (wyu = (uyv; andu _ viff
uZgyvanduZ, v.

We can show that _ viff u* Z v, and more importantly:



Lemma 3.2 (Event Structure). Let M be an inverse semigroup. Th@, <, Z) is an
event structure: if &K v and v_ w, then u_ w.

Proor. We claim that: ifu < vandv Z, w, thenu Z, w. By applying *, we will
deduce thati < vandv Z; wimply u Z; w. So assume < v, v _, w. Sinceu < v,
v(Uu*) = uandv*u = (U*), so: @) (V") (U*) = v'u = (U*). Sincev Z, W, V(W*) = W(V*).
Sinceu < v, V{U*) = U, SOU(W") = V{U*) (W*) = V(W ) (U") = WV (U™ = w(u*) by
(a), whenceu Z, w. m]

In particular,u < vimpliesu _ v, and any two elements that have an upper bourid in
are coherent. This is as in all event structures. Additignatultiplication preserves

coherenceup — Vo andu; Z vy imply ugu; = vovi. As can be expected from the
intuitive description of_, if u Z vin M, thenu andv have an greatest lower bound
UAV, andu A vV = uv) = v{Uu*) = (V)u = (UuyV.

Definition 3.3 (Linear Inverse Semigroup). An inverse semigrougM is linear iff:
(1) every clique ¢;);, has a least upper boun., u;, and (2) multiplication distributes
over least upper bounds of cliques, i.e., for every cliqug, for every element,

(Ziat W)V = Zier UiV

PI(E) is always a linear inverse semigroup. Thenotation for least upper bounds of
cligues is justified by the distributivity property (2). Omey show that (2) implies that
u _ viff uandv have a common upper bound; in other wordsgoincides with the
standard coherence relation ©f Distributivity is equivalent tor (3, Ui) = Y VU
(take inverses, observing that and inverse commute). The empty clique has a least
upper bound, which we write 0 (the empty relatiorP{E)), and distributivity implies
that Qv = v.0 = 0. Moreover, the set of all idempotents is a clique, and astieipper
bound 1 is a unit. So any linear inverse semigroup is an ieversnoid.

The construction of the Preston-Wagner Theorem estalslibtag any inverse semi-
group M actually embeds into sonimear inverse monoidPI(M) itself. The embed-
dingiy mapsu € M to the partial injectior{(v, uv)lv € M,v = (u*) v}. This preserves
products, inverses, unit (if any), and preserves and refleter. Coherence is also
preserved: indeed coherence is defined by equations, wregbraserved by the em-
bedding. At least two linear inverse semigroups have beed pgeviously in the lit-
erature. Danos and Régnier uBKN) at the end of [11] as an example. Girard [16]
uses sets ofudimentary clauseaup to deletion of subsumed clauses and tautologies
(see [18, Section 2.4.1] for details). Rudimentary clawegairs of first-order terms
s « t with the same free variables. Multiplying two such clauses t ands « t’
yields their resolvenso « t’o-, whereo is the mgu ot ands’ if it exists, or the empty
set otherwise. Inversion is given by & t)* = (t « 9).

We end this section by noting that linear inverse monoittsrd us a nice graphical
notation for elements, which we callutomata These are oriented graphs with an
initial stateq,; and a final statgr, where each statg is labeled with an idempote,

and each transitior,]’*iw;’B satisfiegu*y < Aand(u) < B. (We sometimes drop the
superscript, and in fact also the state name, replacingatier by symbols such as

oro.) The patr‘qoim,l& ... qn,liqn denotes the produck, . .. upu;. (We reverse



products, as in [11].) We then read the automa#fioas the sup of all paths from to
qr-
For this to make sense, the paths should formDivergence Convergence

a clique. It is enough to require thatu;, = 0O for g 91 q1_ oy,
anydivergenceforward determinacy andu;u; = 0 ~ q
for any convergencégbackward determinagy such u\ /u7
bideterminacy conditionare to be expected [12, 2]. 202 g2 7

Then product is concatenation, and inversiérexchanges initial and final states and

replaces each transitioqﬁ#q’B by q’BLqA. In PI(E), forward determinacy says
that no element oE can be both in the domains of and ofu,. Think of elements of
E as tokens that wait at some staig®, and can travel along the trans,itiql‘\—u>q’B

if nis in the domain ofu, arriving at statey’® with the new valueu(n). Forward
determinacy means that tokens travel along one path at miokéns may also travel
backwards, and backward determinacy imposes determimabpckwards paths, too.
Bideterminacy is sflicient for automata to make sense:uifu; = uju; = 0, then
u; _ Up. Butitisnotnecessary; in particular, we allow foon-straightpaths. E.qg., the
pathqéi)qlBL)qgi)qlBl)qE denotingw(v*) uis not straight: we go from? to q§
and back through the same edge. If this path exists at aﬁ,cmeu—»q?LqE denoting
wuis here, too. These two contributei+ w (v*) u to the value of the whole automaton
(assuming tha?' is initial andqy final). But(v*) < 1, sow(v)u < wu. Since+ is
least upper boundyu+ w(v*) u = wu: we don’t have to forbid non-straight paths as in
[11, 10]. Keep them: their value will just not count. Similaillegal paths, i.e., those
of value 0, do not count, since 0 is the least elemem of

Finally, distributivity (2) allows us to graft Vo
entire automata in place of single transitions and
preserve the reading of the automaton. This will Vi
be essential. E.ggi — "> g1 —°% g2 " g¢ " w
reads asv(%/5 vi) u. This is the same reading as I o 1 9F
the automaton shown on the right, i.E;.5 wvu. \/
(Remember an automaton reads as the sup of its Vi

paths, i.e., of aliwiu, i € N, here.)

4. The Danos-Régnier Category of a Linear Inverse Monoid

The most standard construction of a category from an inverseoid M is the
inductive groupoidiG(M). Its objects are the idempotents g, and its morphisms

A—=B are the elements € M such thatu*) = A and(u) = B. There is a rich
theory of inductive groupoids, see e.g. Steinberg [32]. Wadlde more interested in
the following novel construction: ThBanos-Régnier categorR(M) of M has all
idempotentsA of M as objects; its morphisms fromto B are all triples 8, a,y) € M3
such that:



a. aA=Ba=a,fA=AB8=38,yB=By=v; AT T GA

b. B =8,v" = al Ta*

c.33=0,ya=0; oB oB
~

We represent such morphisms as automata of the form shown to
the right, with four distinguished states (tws, twoos).

To guide intuition, imagine thatl = PI(E), B, a, v are partial injections, an4,
B are sets. Conditioa states that the domain afis contained inA, its codomain is
contained inB, the domain and the codomain @fare contained irA, and similarly
for y andB: this is a typing condition. Conditioh is a symmetry condition. Under
Conditionb, Conditionc expresses forward determinacy on the upper left state and
backward determinacy on the upper right state, and alsonsckdeterminacy on the
lower left state and forward determinacy on the lower rightes

0
—

.A OA
Theidentity morphismdp, at objectA is AJ/ TA . (In the sequel, we shall
OA OA
hra
not draw those arrows labeled 0.)
Composition is by vertical pasting, a.k.a., stacking. Faliy B
B B AT A
.B — .B .A — .A \L T
g B . a , a*
the composition ofa,l Ta,* with Ta* is shown ! _F !
oC oC oB oB \7/
~— ~~— , -
. : J T
on the right, where the middBs no longer label any distinguished - c
o o
states. ~—

To ease reading, think of it as a condensed representatiﬁmobutgmata: top
left to bottom left, top left to top right, bottom right to ot left, and bottom right to
top right. This is well-defined: Conditiomensures that the midd states have only
forward and backward deterministic transitions. A nicetdea of the above diagram
is that it displays clearly why composition is associati¥plicit formulae are less
readable, e.g., the top left to bottom left automaton denpigy &' (y8')"a (“go down
a, loop as many times as you wish through ## loop, then go dowm’). Still, such
sums are interesting, as they incarnate Girard’s execttionula [14, 11].



There is also dualizing functor * : DR(M) — B y

DR(M)P, defined byA: = A, and, on mor- oA A BT TeB
phisms, by rotating them 180 degrees: ) _

DR(M) is a nice category in some respects 2 Ta* a*l Ta
E.g.,DR(M) has an epi-mono factorization sys- B oB oA oA
tem, all epis and all monos are split, and ev- v ~5

ery morphism that is both epi and mono is iso.

Concretely, 8,a,vy) is epi fromA to B iff (@) = B andy = 0, while it is mono ff
(@) = Aandg = 0. (l.e, ifeis epi, then (((ay,0) o e = idg o g, so(ay = B. By
Conditionsa andc, y = 0. Converselye = (B, a,0) with (a) = B is split epi since
eo e = idg.) Moreover, the isos irDR(M) are exactly the morphisms of the form

oA oA

al Ta* with (a*) = A and(a) = B, meaning that the groupoid @R(M) is

B B

[e]
exactly the inductive groupoi@iG(M) [18, Section 5.1.3]: these morphisms are indeed

just the morphismsA —— B of J§(M), drawn twice and vertically.
To get a model of MLL, we define:

o

Definition 4.1 (Weakly Cantorian). A linear inverse monoidM is weakly Cantorian
iff it contains two elements andq with p*g = 0,({p*) = (") = 1.

In PI(N), think of p as{(n, 2n)|n € N}, andq as{(n,2n + 1)n € N}. In the rudi-
mentary clause setting, think pfas the clausX « p(X) andqasX « q(X), where
p andq are two distinct function symbols. Weak Cantorian struesuallow us to de-
fine atensor product A® A, of objectsA;, A; aspAip* + gAq'. (In PI(N), reading
idempotents as sety; ® A, = {2nn € A} U {2n + 1|n € Ay} is the disjoint sum

PB1P" +GB20"
.A]_®A2 .A1®A2
of Ay andA;.) On morphisms, lef; ® f, = palp*anQq* pa;p*ﬁqa;q* whenever
v |
oB1®8B2 oB1®B,
-
Py1p*+ay2q"
B B2
oA oA o2 o™
fo = alj, Ta; fo= azl Ta; . The tensor unit is 0. One checks easily
0Bt oB1 obB2 oB2
~— ~—
71 Y2

that these mak®R(M) a symmetric monoidal category [18, Section 5.2.1].

Categorical models of (intuitionistic) MLL arsymmetric monoidal closechte-
gories, i.e., those havinglmear applicationmorphismapp,g : (A — B)® A — B
(the counit of the adjunction), andiaear abstractiomperator/liB such thaniB(f) :
C — (A — B) for eachf : C® A — B, satisfying:

e B-equivalenceapppg o (AiB(f) ®Qg) =fo(dc®g): C®D — Bforevery
f:C®A—-Bandg:D — A



)>

A\

\(L
o(A—B)®A (A—B)®Ao

5
AN

A—B=qAd +pBP  appap = A

p //q XQ}K
oC®A - CeAq
C |
P IEY ta | =
OBW BO \_/ ¢
Y y Y \
Bp*
oA—B A—B,

Figure 1: Linear implication, application, abstraction

* n-equivalenceyz®(appag) = ida s;

o substitution: 15 g(f) 0 g = AR(f o (g®ida)) for every f : C® A — B and
g:D-C.

While this axiomatization is non-standard, it has the n@ritisplaying the underlying
linear A-calculus at work, in a style resembling categorical coratwrs [8]. These are
given forDR(M) in Figure 1.

Let us give some intuition. Recall that the idea behind A X
DR(M) is to describe, as morphisms, the set of paths in M/
linear A-terms. Represent a lineasterm in normal form
as a portion of the infinite binary tree, with axiom links
between leaves. A-abstractiomx- M is then represented
as on the right, where the left son is the root to the bibldy
of the 1-abstraction, and the right son points to the unique
occurrence ok in the unique head applicatiofl; ... Ng in M. (For now, imagine the
right triangle consists just of one link connectirgo its use in the left triangle.) The
paths from the root aix- M are as follows. First, go down lefp{, or ratherB p*), then
enterM (the inner square in the definition of thieabstraction). We may then either
exit M at the root ofM, and go up right§, more preciselypB); or exit M through the
variablex; this means selectingfrom the bunch of variables free M (the curvedy*
starting fromC ® A), then going up left to the root ofx - M (gA); or exit M through
some other variablg, this means selecting the set of those free variabléd tiat are
not x (theCp* transition). We can similarly explore the other pathait M, and thus
justify the definition oft-abstraction given above.




With these constructions, one checks th&(M) is symmetrical monoidal closed,
i.e., a model of intuitionistic MLL. LetL be the O object, and define intuitionistic
negation~ A asA — L. Itis easy to see that A is isomorphic toA* = A

oA o~~A

The morphisnCa = A¢2J, TQZA is inverse to1?, | (appa, © Ca~a), Where

of of

Ca.h = QAP +PAC" : A1®A; — A®A; is the commutativity natural transformation.
Cais a morphism from- ~ Ato A, and acts as a linear form of Felleisetal’s control
operatorC [13]. It is easy to see thak — B is isomorphic toA* ® B, and that these
constructs turdDR(M) into acompact-closedategory. Recall that-autonomougat-
egories are symmetric monoidal closed categories with #izilug objectL, i.e., one
such that/l/jA,L(appAyl o Ca~a) IS iSO; such categories are models of classical MLL
[5]. Compact-closed categories [24] ar@utonomous categories such that there is a
natural iso betweeA ® B and A9B, whereAgB =~ (~ A® ~ B). Summing up [18,
Theorem 5.2.7]:

Theorem 4.2. Let M be a weakly Cantorian linear inverse monoid. THER(M) is a
compact-closed category, i.e., a categorical model ofsitad MLL.

5. Retracing Some Paths ifDR(M)

Every compact-closed category has a canortieade [23]. The prototypical ex-
ample of a compact-closed category is the category whosesbareR", n € N, and
whose morphisms are linear maps, i.e., morphisms fidhto R" aren x m matrices.
The notion of trace in a category then generalizes the usat@dmof trace in linear
algebra. One may compute the canonical trace of the conghasxtd categorfPR(M)
[18, Proposition 5.2.8]:

Proposition 5.1. The canonical trace on the compact-closed categaR(M) is given

oA Ao

ARX T AsX B /
« 3 . rk* ARX T AeX AP
by Trag a\L 1\3 = ) .
oBeX BRX axq a\L ?a axd
BeX

~ BeX
Bp*/ - pB
Y \

oB Bo

Consider the subcategao$ylit(M) of DR(M) whose morphisms are of the form @) 0).

In JG(M)-like notation, the morphisms ar& —— B with (a*) < Aand(a) < B. (In
JG(M), we would requirg@*) = A, (a) = B.) In other wordsg8plit(M) is exactly the
Karoubi envelop®f the monoidM, i.e., the category whose objects are idempotents of
M, and whose morphisms frosto B are elementa of M such thaBaA= a.
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The trace operator oBPR(M) then induces one afiplit(M) (not onIG(M)—trace
axeo

: a PA, & an _, BP
does not preserve isos), bijri\fB( AX——BeX)= A>-A®X>B®X—=>B.
This exhibits the familiar feedback loop typical of severate operators.

The formula for trace i plit(M) can also be obtained directly from the standard
trace of Haghverdi and Scott [19, Proposition 6], obsenthag Split(M) is aunique
decomposition categorin the sense of Haghverdi. Such categories are symmetric
monoidal categories, whose homsets are enrichedXweonoids, and having certain
guasi-injection and quasi-projection operators. Enriehtrmeans that we may take
sums of certain countable families of morphisms betweendbjects, so that sums
distribute over composition on both sides, that any parti((xi)ie,j)jEJ of a summable

family (x)ie, is summable an@jc; Yic, X = Xia X, and that one-element families
are summable, with the obvious sum. The latter two propedie ensured here by
the fact that the summable families are the cliques, the doqnoperty is due to our
requirement of distributivity (Definition 3.3). The quasjectionA — A® Bis pA, the
quasi-injectionB - A® B is qB, and the quasi-projections are their inverdgs and
Bo.

Itis then interesting to compa@R(M) to the construction
of a compact-closed categof(C) from any traced symmet- —, A
rical monoidal categong [1, 23]. While the latter is moti- f
vated by geometry of interaction interpretations of muiltig-
tive linear logic, one should however be aware that it is notBL
the gist of Girard’s original geometry of interaction. Soae
pects of compact-closed categories, such as duatityr typ-
ing, have no equivalent in Girard’s geometry of interaction
Conversely, Hilbert spaces, as initially put forward by &8,
play no role in theG construction. DR(M) will appear as a B+ g
sort of middle ground: although the construction arose from
reverse-engineering Danos and Régnier's presentatioheof t C- C+
weight algebra [11, 10], we shall see tHAR(M) has much Figure 2: Composition in
to do with the§ construction. 5(@).

The objects ofg(C) are pairs A*, A7) of objects ofC. A
morphismf : (A*,A”) — (B*,B7) in §(C) is a morphismf : A* @ B~ - A~ @ B*
in €. The identity on A", A7) is the commutativityca: o-. Composition is given by
symmetric feedbackGivenf : (A*,A”) - (B*,B") andg: (B",B") — (C*,C7)in
5(€),ie.,f:A"®B - A ®@B*andg: B*®C~ —» B~ ® C" in C, the composition
go fin G(C) is the traceT rg.28. , _.(= o (f ® g) o =), where= denotes obvious isos
built from associativity and commutativity. An elegant boatation due to Kelly and
Laplaza [24] makes this more readable. Further notatiooratentions [1] allow one to

B_

A+ A- B+ B-
define the composition of f and 9 as in Figure 2.

B- B+ C- C+
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Let us expand the definitions f&x(Split(M)). Each morphismf : (A*, A7) —
(B*,B7) in §(8plit(M)), i.e., each morphismA* @ B~ L A~ B* in 8plit(M)

gives rise to four morphisma* $B+ , Af oA , B” g , and B~ LN

Split(M). On the one handf** = B*q" fpA*, f*~ = A" p*fpA*, f~* = B'q*fgB-,

f—= = A p*fgB". By imitation with DR(M), we may organize the latter in a square
f+-

oA T oA
such asfHJ/ Tf__ , Obeying just Conditiom: f**A* = B*f** = f*+ f*~A* =
OBJr 087

~
f+

Aft-=f f"B =Af~=f",f*B =B*f* = f~*. Conditionsb andc or
similar conditions are not required here.

However, one should note that there is in general no way tovexcf from the
four-tuple f**, f*=, f=*, =7, unless the following Condition’ holds: f** Z, f*7,
f=r 2o 7, ¥~ Z, f—7,andf™ Z; f**. Indeed, then the sumB* f**A*p* +
pA f*~A*p* + gB"f~*B~q* + pA f~~B~g* makes sense and equdlsConditionc’
is clearly entailed by andc, and is both necessary to recovefrom the above four-
tuple, and to make sense of composition as juxtapositiontmiaata, as iDR(M).

One may check that identities and tensor product are defm&dkRi(M) exactly as
in §(8Split(M)). Composition ing(Split(M)) also coincides with th@©R(M) defini-
tion by juxtaposition of automata, but only for morphism&isfging Conditionc’. In
general, composition ig(Split(M)) is more complex.

Note finally that the symmetry Condition of DR(M) is not necessary at all
to define composition: we only require Conditieh In particular, four-tuples as
above obeying Conditiorssandc’ would define a larger compact-closed category than
DR(M), with all operations defined similarly. However, Conditib is natural from
our intended interpretation of paths.aterms, where e.g., for any weigitof a path
from the input to the outputy* is the weight of the converse path, from output to input
[11, 10].

We can then define weak GOI situations [19] &plit(M), and the construction
of a weak linear category from it, i.e., of a categorical ndde linear combinatory
algebra, carries over thR(M). We only need to make sutd comes with a linear
inverse semigroup endomorphism M — M, and elements, ¢, 0 verifying certain
equations [18, Section 6.3]. A typical example is whHdn= PI(N), (_,_) is any
injection fromN? to N, ¢k, ny = (k, f(n)), 9(ka, (ka, ) = (K1, ka), Ny, e(n) = (1, n),
ando = rp* + sq, wherer(k,ny = (2k, ny, sk, n) = (2k + 1, n). We shall not pursue
this, since this is well-known, and our goal here is to fine#n not just weak linear
categories.

6. DR(M) Contains No Additive

Surprisingly, there is no way to haZ@R(M) containany additive connective, in a
very strong sense, as we now show. One might have hoped thetiag M with new
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constantgy, d as in [25] for example, or as in [16] (whel is a linear inverse monoid
of rudimentary clauses) would provide a solution. And irdlgedoes, provided we
are ready to forego some natural proof conversion ruleselfve not, there is no way.
First, we cannot interpret any of the additive uriitéwhich would be a terminal object)
andoO (an initial object):

Proposition 6.1. The following statements are equivalent: @R(M) has a terminal
object; (2)0is terminal inDR(M); (3) DR(M) has an initial object; (40 is initial in
DR(M); (5) M = {0}.

Proor. (1) and (3), (2) and (4) are equivalent through duality (1) = (2): Let T be
a terminal object irDR(M) (i.e., for every object, there is a unique morphism from

.0 .O
Ato T). So there is a unique morphism from 0to Here are two, and
ol ol
.0 .0
. By uniquenessT = 0. (2)= (5): Let A be any idempotent df1, i.e., an
OT OT
~—

OA /&OA
object of DR(M). There is a unique morphism frokto 0. Here are two:
OO OO
.A .A
and . S0A = 0. For eactu € M, takeA = (u), thenu=(Wu=0-u=0.0O
00 O0

Additive units are usually not considered in most modelsluding game models, of
linear logic. However, there is no additive conjunctign(productx) or disjunctiond
(coproduct+) either:

Proposition 6.2. Let A and B be any two objects DfR(M). The following conditions
are equivalent: (1) A B exists; (2) A+ B exists; (3) M= {0}.

Proor. Write mr; andrr;, for the two projections from\x B, and(fj, f,) : C - AxBthe
pairing of f; : C —» Aandf, : C — B. We first show that (1) implies (3). Note that the

B
—
o~*B o~*B
projections are epi, so we may writg : AxB — C as all Ta; , andm, : Ax
OA OA
B2 B B
—
oAXB o~xB oC~ oC oC oC
B — Bas azl a - Considerf; = , o= . Letus
OB OB OA OA OB OB
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then we try to satisfy

B B
— X\
C C C C
° ° 8, ° ° 8,
—\ —\
a a* OC .C a a OC OC
B B2
AxB T T AxB AxB T T AxB 1)
-~ ~
Y Y
a1 a oA oA a a oB oB
o o oB oB

Recall that, since we assumex B is a product, these equations should have a unique
solution ina, 8, v, whateve3; andg;, and also whatevet.

Wheng; = g, = C, we may takgg = C, a = 0, and we show that even then, the
solutions are not unigue unless the only idempofenrit A x B such thatD(a;*) = 0
andD(a;*) = 0is 0. Takingd = C anda = 0 allows us to reduce equations (1) to

Bi

AxB ™ AxB

~—

finding y such that: aj/ 4 Ta; = O foriequalto 1l andto 2. Taking = 0

B B

[e] [e]
is one solution. In general, takingas being any idempotem < A x B such that
D(a*) = 0 (i = 1,2) gives us a solution. Indeed, recall ttegs; = 0 andg’ = i
(Conditionsb andc), sogia’ = (a5)" = (aB;)" = 0, sinceD < Ax B, it follows
thatgiDa < Bi(Ax B)a’ = gia’ = 0; so the left-hand side of the equation above is
Yien &(DBi)"Da = aDa’ + Yy &(DB)"DBiDaf = a;Da;. Now use the fact that
D(a*) = 0: aDa’ = aD(a*)a" = 0. Since the solutions to (1) must be unique,
it must be the case that the only idempoténtc A x B such thatD (a;*) = 0 and
D(ay*) =0is 0.

It follows that: (a) (81") (82") = 0. Indeed, recall thagia; = 0, sS0(5;") (&™)
Let D = (B1") (B2"). ThenD((ar") + (@2")) = (B2") (B1") (&™) + (B1") (B2") (@2")
soD (a*) < D({a1*) + (a2*)) = 0 for eachi, soD = 0 by the above.

0.
0;

We claim that this entails(b) for every self-inverse element B
B (i.e., withp™ = B’) such that®’y < C, thenp’ < C. In- 4~ oC
deed, fix any two self-inverse elemegtsandg;, with <,8’l> <C, B )
ﬁ’2> < C, and consider any solution of equations (1). @&y aJ, Ta
BBy = B1 (") (B2") B = 0, hence by Conditiob, 8;3, = 0. So  AxB AxB
the automaton shown next is bideterministic. This implieest t Y
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B B

the two elements L. and . are
B B2

AxB AXB AxB T AxB
-~ ~
y y

coherent, since they are both less than or equal to the lattbe natural ordering:.

But these are precisef;, andg,. We have shown that any two self-inverse elements
B} andg;, such that(ﬁ'l> < C, (,8’2> < C, are coherent. Taking, = C itself, and

B; = B, we obtain that any self-inverse elemghtsuch thats’) < C is such that

B Z C. By definition of Z, B/ (C*) = C(8'"), i.e.,,f’C = C(8'"). Since(s’) < C,

B =B B Y=pP)<PC=C{E")<C.

Next, (b) entails that every self-inverse elemanis idempotent: for any self-
inverse element, takep’ = u, C = (u) (recall thatC was arbitrary, too), so that
u < (uy by (b). Sincev < wiff (v) w = v, we obtain(uy (U = u, henceu is idempotent.
This allows us to simplify the equations (1) considerabhydded 1, 82, 87, 85, B, ¥
must now all be idempotent. In particular the loogg andyB, are idempotent, so
(yB", (yB2)" < Ax Bfor anyn € N. No turn through these loops then counts in the
corresponding sums. E.g., the left equation of (1) states)Xh.y a:1(yB1)"a = 0 (left
arrow, top left to bottom left). All terms of the sum are leban or equal to the first,
13, S0 ey &1(yB1)"a = 0 iff a;a = 0. The argument is similar for all other equalities
in (1). So they simplify tos; = g + a'Bia, ayya; = 0, andaa =0, fori = 1,2.

Wheng; = g, = 0, any tripleg = 0, a = 0, andy (with y idempotent) such that
vy < Ax Bandy(a;*) = y(ax*) = 0 is a solution. Since solutions are uniqye) the
only idempotenD with D (a;*) = D(a,*) = 0is 0.

Now fix arbitrary values fop; andp),, and take any solutiof, a, y. LetD =
(a) B1, a product of two idempotents, hence an idempotent. We Baae*) = 0 since
Bi{ar”) = piaia = 0, by Conditionb. We also haveb (a,*) = 0, sinceD (ay") =
(@) (a2*) B1 (B1 is idempotent, and idempotents commutepaa,azf; = 0. Indeed,
aa = 0 sinceg, a, y is a solution. By(c) it follows thatD = 0, i.e.,(a)B81 = 0.
Soa'pia = a*(aypia = 0. Sinceg, a, y is a solutions; = g+ a’Bia = 5. Hence
necessarilys = ;. In a symmetric wayg = f,, sog; = 8,. Now g; andg, were
arbitrary idempotents less than or equalioTakes’ = 0,5, = C, thenC = 0. Since
Cis arbitrary, every idempotent is 0. We have already nottbatlthis entailed = {0}
in Proposition 6.1. We conclude, since 1 and 2 are equivilgduality, and 3 clearly
implies both. a

This is pretty definitive: ifM # {0}, there is no product, and no coproductii®R(M)
at all, whatever the constructg, d, etc.) we may invent itM.
7. DR(M) Has No Exponential

Additives are not a great loss. To interpret thealculus, we only need to interpret
MELL, the multiplicative-exponential fragment of linearic.

The key to our next impossibility result is the notion of (co)nmutative comonoid
in a symmetric monoidal catego@; The central role of such objects is made explicit
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in Melliés [27]. A comonoidin € is any triple @, da, ea) whereA is an objectd, :
A — A® A (comultiplicatior) andea : A — | (counif) are morphisms i satisfying:
(coassociativitylxaaa © (da ® ida) o da = (ida® dp) 0 da : A > A® (A® A), where
aasc : (A®B)®C — A®(B®C) is associativity; (left counit)ga®ida)oda : A = I®A
is the obvious iso; and (right counit) @icbea) oda : A — A®I is the obvious iso again.
It is cocommutativeéff cap cda = da: A > A® A wherecag : AQB - B® Ais
commutativity. Note that (cocommutative) comonoidssat®?, the opposite category
of Set, are exactly the (commutative) monoids.

It is well-known that there is a categocgMon(C) of cocommutative comonoids,
whose morphismg : (A,da, ea) — (B, dg, eg) are morphismd : A — Bin € that
preserve comultiplicatiod and counitee. Moreover,coMon(C) always has all finite
products [27].

A particularly nice notion of model of (classical) lineagic developed by Melliés
[27], that of new-Lafont categoryis defined as axf)autonomous categoiy, with a
full sub-monoidal categorim of caMon(C), such that the obvious forgetful functor
U : M — @€ has a right adjoinF : ¢ —» M. We now show thaDR(M) is never
a new-Lafont category, unleds is trivial. To this end, we characterize comonoids in
DR(M). Say that two idempotents, andA, of M form apartition of Aiff Ap+Aq = A
andApAq = 0.

Theorem 7.1. Let M be weakly Cantoriar{A, da, €a) be a triple verifying the left and
right counit laws (e.g., a comonoid @1R(M)). Then there is a partition A Ay of A

Bo+By
oA Ag AT A,
such thatd = PApiqu App*f”*qq* and e = wherep, is an iso
oARA  ggpt+  ARAL o0 0,
T

between pand Ay, i.e.,{Bo") = Ap and(By) = Aq. Conversely, if d and & are as
above, therfA, da, €a) is a comonoid ifDR(M).

Proor. Let (A, da, €a) be a comonoid iDR(M). The left counit law i€a o (Ea®ida) o
da = ida, Wherela : | ® A — Als the left unit of®. This entails thatl, is mono, hence

.A A.
of the form aJ, /Pa* with (a*) = A. Sinceea : A — | andl = 0, e, is of the
oARA ARA 4
=~
B

AT A, o02A 02A4
form . Now €5 = Aqw %A, so the left counit law simplifies to

OO OO OA AO
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the equation below left.

oA A. oA A.
A A
pBp* a* [ ] Ba a* [ ]
AiA \L ?A AiA \L ?A (2
A \L /PqA of of AP \L ’P pA of of
OA OA

Similarly, the right counit law yields the equation abovght.

Before we start, let us explain how the proof works. To thid,essumé is of the
form PI(E) for some seE. (By the Preston-Wagner Theorem, this would be enough to
establish all equations. Unfortunately, fieembedding oM into PI(M) used in the
Preston-Wagner Theorem does not preserve 0, which intaefidhis approach.) Recall
that any element of is atoken and that a tokem at B travelsto a(n) at C along a

transitionB—-C iff n is in the domain of. Otherwise we say that is thrown away
by the transition. We explain this along with the formal pgragsing square brackets
[--]

Let Ay = a'gAq'a, A, = a*pAp'a. [Look at the top lefta transition going down-

wards in (2, left). The targeA ® Ais the disjoint sum opAp" andgAd'; Aq is the set
of tokensn that travel along to the right summandAdg’, A, is the set of tokena that
travel alonga to the left summangAp. SoA, andA are disjoint, that isApAq = 0.
By (2, left), every tokem at the top leftA of the right-hand side of the equation travels
to itself at the bottom leff of the right-hand side, so the same happens on the left-hand
side of the equation. In particular, no token at the top Aefé thrown away by the
transition, soA = Ay + Aq.] Aq is idempotent, sincéy = (a‘qA); similarly, A, is
idempotent sincéy, = (&' pA). ThenApAq = a'pApaa’qAda < a'pAp'gAdga =0
(becaus@a’ < 1), SOApAq = 0. And A, + Aq = a'(PAP + gAd)a = a'(A®A)a = a‘a
(since A® A)a = a) = (a") = A. SOA,, Aqis a partition ofA.

LetBo bepA,. We have to show@) a = pA,+qAy, (b) B = Bo+p5, (C) (Bo™) = Ap,

(d) (Bo) = Aq, and(e) y = gB,p" + PBod”

[We are starting to show thé) a = pA,+gA,. Consider a token from the top left
A If nisin Ay, it will travel to a(n) in the right summandAd" of A® A. This is thrown
away by thepBp* transition. Since it must eventually travel along someditaon to
exit asn at the bottom lefA—because this is what it does on the right-hand side of the
equationa(n) must travel along thé&qg* transition, andAqg'(a(n)) = n, soa(n) = q(n).
Similarly, if nis in Ay, a(n) = p(n), using (2, right) instead. This describass the
function mapping everm € A, to p(n) and everyn € Aq to g(n), i.e., aspAp + qAq.]

Consider the path from the top lefitto the bottom leftA on either side of (2, left):
since they are equal;ney AJ'(ypBP*)"a = A. Multiply by Aq = a*gAd‘a on the right,
then Yoy AG (YpBP*)" (a) gAGa = AAg. SinceA, + Aq = A Aq < A, SOAA; = A,
Also, the termsAg (ypBp*)" (a) gAg‘a with n > 1 are zero, since they are less than or
equal toAq' (yp8p*)"gAda = Ag (ypsp*)" typBp gAga = 0. So only the term with
n = 0 remains, and the equation simplifiesXq’ (a) gAG'a = Aq, i.e.,(i) Ag'ahy = Aq.
The similar path in (2, right) multiplied b, yields(ii) Ap'aA, = Ap._By multiplying
(i) by a'q on the left,a’qAqa’, = a‘qAy, i.e., (i) Aq = a‘qAq. Similarly, (iv)
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Ap = a'pAy. Summing(iii), (iv), Ap + Aq = a*(pAp + gAy). SinceAp + A = Aand
aA = a, we obtaina = aA = aa'(pAy, + 9A) < pA, + 9A,.

Conversely, using) and(ii), pA,+0Ay = pAF-aA,+gAgady < pApaA+gAdgaA
(sinceAp, Aq < A) = pApa+gAga(sinceaA=a) = (PApP +gAd)a= (A®A)a=a.
Together witha < pA, + gA, we obtain(a).

[If ne A, travels from the top leff of (2, left), it must go through tha transition
to a(n) in the left summanpAp of A® A. Sincea = pA; + Ay, a(n) = p(n). Now
a(n) = p(n) cannot travel down along th&q" transition, so it must go throughBp* to
p(B(n)). Thenp(B(n)) cannot travel up along th& transition, otherwis@ would have
traveled toa*(p(B(n))) from the top leftA to the top rightA on the right-hand side of
(2, left), too. The domain dd* is pA,p* + qAd" = Ap® Ag; sincep(B(n)) is not in this
domain B(n) is not inA,, thereforgd(n) is in Aq. Sincenis an arbitrary element oy,
B mapsA, to Aq. Moreover, since every token at the top léfeventually reaches the
bottom leftA, non € A, is thrown away bys. Recall thajgy = BA,, the restriction of
Bto A,. We have just shown thg@h was total, i.e., the domain @ is A,. This is(c).
Similar reasoning on (2, right) shows that the restrictiég ¢o A, is total, too. Since
B* =B, Bis an involution, so the restriction gfto A is necessaril;. The equations
(b) and(d) follow readily.]

Look again at the path from the top I&ftto the bottom leftA on either side of (2,
left): A = Ynen AD'(yPBP)"a. By (), A = Znew AT (yPBP")"(PAp + QA) = Ag +
Yns1 AT (ypBP* )"ty pBA,. This time, multiply byA, on the right. SinceédqAp = 0
andAA, = Ay, and sincgy = SAp, (V) Ap = X1 AT (YpBP*)™ Ly pBo. Multiplying by
(Bo*y on the right,Ap (B0*) = Y o1 AQ'(¥PBP*)" 1 YPBo (Bo™) = Zn=1 AT (yPBP)™ 1y
PBo (asuu®) = ufor everyu) = A,. We have just showA, (Bo") = Ap, SOA, (Bo*) =
ALAp, sinceA Ay = Ap. Recall that < viff u'v = u"u. S0Ap < (Bo"). On the other
hand,(8o") = ApB*BAp < Ay sinces’s < 1. So(c) (Bo™) = Ap.

Similarly to (v), using (2, right), and multiplying by\;, we get(vi) Aq = X1 AP
(yaBa*)"1yqBAy. Let us now look at the path from the top leftto the top rightA
on either side of (2, left)Y .y 2 (PBP*y)"pBP*a = 0. By (a) and simplifying, (vii)
Sinen ApP (PBP™Y)"PBA, = 0. Then = 0 term must then cancel, too, #9BA, = 0.
Sinceg = A3 andA = Ay + Aq, Bo = ABA, = (Ap + Ag)BA, = AgBA,. Similarly, using
(2, right), AyBAG = 0, s080 = AgBAp = AgBAp + AgBAG = AgB(Ap + Ag) = AgB. Taking
converses, and singe = g, (viii) B, = BAq.

Letu; = Bo, Uz = . Using the definition oBy for u;, and propertyviii) for uy,
we obtainuiu; = BAAGB" = 0 (forward determinacy) sinc&,Aq = 0. Also, uju; =
Uau; = BAGAB" = 0 (backward determinacy). We have seen that the bideteayina
conditionu;u; = upu; = 0 impliedu; Z W, thatis,Bo Z B;. So it makes sense to
considergy + B;. Sincefy = BA, by definition ands, = BAq by (viii), Bo + 85 =
B(A, + Aq) = BA = 8, whence(b).

By (vi) and(viii), Aq = Y1 Ap*(ycﬂq*)”‘lyaﬂg. Multiplying by (Bo) on the right,
Aq(Bo) = Tro1 AP (yaBa)"yaB; (Bo) = =1 AP (yGBA)" Y08, = Ag, SOAG <
(Bo). Since(Bo) = AgB"BAq by (Viil), (Bo) < Aq, so(d) (Bo) = Aq.

[Consider again an arbitrary tokene A, traveling from the top lefiA of (2, left).
It travels down alon@to A® A asp(n), then rightwards alonggp* to p(Bo(n)). Since
the range of3g is Aq andn is arbitrary inA,, p(Bo(n)) is arbitrary inpAqp*. Since
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every such eventually exits at the bottom left, p(8o(n)) cannot be thrown away by
v, s0 the domain of containspA.p*. Similarly, using (2, right), the domain gfalso
containsgAxq”. No element in the domain gfcan be inpAyp* orin gAyq*, otherwise

it would also be in the domain @, and would travel up at this point. So the domain
of y is exactlypAgp* + A" = Aq® Ap. Sincey™ =y, pAP" + A0 is also the
range ofy.]

[As we have seen abovp(Bo(n)) (at the rightmosA® A of the left-hand side) can-
not travel up alon@*, so it must travel leftwards alongto y(p(Bo(n))). If y(p(Bo(N)))
was inpAqp’, i.e., if it was of the formp(m) with m € Ag, then it would travel again
rightwards alongBp*, to p(3;(m)) € pAyp*, then upwards along® to S;(m), which
is impossible. Say(p(Bo(N))) is in A", i.e., it is of the formg(m) with m € A,,
and exits agn at the bottom leftA. But it can only exit as, som = n, and therefore
v(p(Bo(n))) = q(n). Sincefy is total from A, to Aq, p(Bo(N)) is arbitrary in pAyp*,
thereforey maps everym € pAp* to q(By(p*(M))). Sincey = y*, y also maps every
m e gAg" to p(Bo(g(m))). In short,y = gB5p" + PBog, i.€.,(e) holds.]

By Conditionc of the definition of morphisms iDR(M), ya = 0, so by(a) ypAy +
vqA; = 0, whenceypA, = 0 andygA, = 0. SinceA = A, + Ay, we getA® A = pAp' +
OAd = PAP"+PAIP"+0AT" +0A". Sincey = ¥(A®A), (IX) ¥ = Y(PAGP" +0AT").
Qua idempotentpAyp* + gAq" is less than 1, s(x) (y*) < pAyp* + dAQ".

Note that, since the codomaifio*) of g is A, by (c), (ypﬂ3> = yp{Bo*) p'y* =
YPAPY" = y(PAP" + AA)PAP"Y" = 0, sinceAqA, = 0; soypB; = 0. In
particular,ypsp* = yp(Bo + B5)P* = yPBop*, using(b). The domain ofyp3p* is then
PBoP™Y Y PBoP” < PBoP"(PAGP™ + AA)PBop™ (bY (X)) = PByAGBoP™ = PByBoR” (DY
(d)) = p(Bo") p*; by (c), it follows that(xi) ((ypBP*)") < pAxp". Similarly, ygBo = 0,
Y98a" = yaByd", so(xii) ((yaB8q")") < qAqd".

Compute ¢pBp*)yp. First, ((ypBR")yR)") = P ¥ ((yPBPR") ) ¥P < Py PAP*
yp by (xi), andy*pA, = ypA, sincey is self-inverse. BuypA, = 0, as we have
noticed above (or usingx)), so{((ypBp*)yp)*) = 0. So ¢pBp*)yp = 0. It follows
that (v) Ay = Y1 AG (ypBp")"typBo simplifies to(v) A, = Ad'ypBo, since all
summands vanish except for= 1. Similarly, using(xii) we obtain {g3q*)yq = 0,

S0 (Vi) Ag = nat AP (yaBq')™ LyapA, simplifies toAq = Ap'ydsAq = Ap'yaB; (by
(viii)); that is, (Vi) Ay = Ap'yQB;.

Multiply (v') by gzp* on the right andgA, on the left. Using(d), qAyS;p*
A YP(Bo) P* = dA yPAP™. BY (C), ApBy = (Bo") By = By o (V") aByp”
dAcd"ypAp. Taking inverses, and singe =y, (Vi") pBod” = PAGP yYdAT"

Look at then = 1 summand in(vii): Ay8p*ypBA, = 0. SinceBy = BA,, and
ApB = A" = (BAp)" = B, we obtaingyp*ypBo = 0. Multiplying by pgo on the
left, by g5p* on the right, and usingd), (V") pAqp*ypAGP* = 0. Similarly, looking
at then = 1 summand in the path from the top I&tto the top rightA in (2, right),
we get(vi™) qA0"yaAg" = 0. By (ix) andy” =y, v = (PAP" + 9A0")y, SO by
(ix) again,y = (PAGP" + A" )¥(PAGP" + GALT") = PAP YPAGP™ + PAP YA +
quq*yp/*q P*+aA YAALD" = 0+ pBoq” + By p* + 0 by (V™) , (Vi) , (V') , (vi™) : ()
obtains.
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Conversely, assume tha,, P Aq

A, form a partitition of A, and  pa,+qa, J, Do) 1\ App"+Aqq"A oA

that(a)~(e) hold. The left counit e TA

Iz_iw 2, I_eft) is_then shown on the A‘W W %A

right. Itis straightforward to check A oA oA
[} [©]

this equality. In particular, thé
down arrow is obtained from the left-hand side as #ggoing straight down, plus one
A, obtained by going once through the loop; no contributiosesifrom looping twice
or more.

The verification of the right counit laws proceeds by simitagans. It remains to
establish coassociativity. On the one hand, @dla) o da equals:

A A

[ ] (]
PAp*'qu\L TAp p*+Aqq" oA Ae
! A
ARA AgA = PAAY PppAqd
‘ | L GBaP - Podt A , oAB(ARA) w AR(ARA)
pAp‘+qpﬁV>q*+q Aqa PAP +0ApP*q" +0A "

\ +QB5P " +APBoq "
ohelsA)  _ As(reA),
9285 p"a* -+ pBod”?
where we have usefl,Ay = 0, BoAq = 0, BoAp = Bo, ApBo = 0, ABo = Bo several

times to simplify the sums on arrows; whil@ a a o (da®ida) o da equals the following
morphism:

.A A.
PAp+quJ/ TAp p+Aqq"
AgA AsA
‘ gB: P +PBod* ¢
P*Ap P*+PC\1VAq PHQAq PAP 2+ pA‘qQ* P*+aAd

(A2A)RA (A2A)RA
-

Py P 2+p?Bog” p*
PApZ+q PAL P +GPAd pzAp*HJqA‘p“q"+qu*2
SAS(ARA) AB(ADA)

It is easy to check that this simplifies to the same value gu$ia same equations.C

Curiously, note that coassociativity is for free onéeda, ex) obeys the left and the
right counit laws. Cocommutativity is an entirelyfidirent matter:

Theorem 7.2. Let M be weakly Cantorian. The only cocommutative comonoid i
DR(M) is (I, £72,id,), or explicitly (0, do, &), where @ : 0 - 0®0and g : 0 — O are
the all zero morphisms.
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A A

[ [ )
Proor. Let (A, da, €4) be some co- | A oA Ae
commutative comonoid iDR(M), PAey aadias A
written as in Theorem 7.1can © A'?A LFopr AR = pAtaky pA“TqA”
da is given by the morphism shown PAGaap P5d" pagtoap SABA pgog+ ABA,
on the right. While the bottom ar-  oAA ABA, oo

row always coincides with that of
da, the vertical arrows only coin-
cide provided thapAq+0A, = pAy;+gAy. Multiply by A, on the right: sincégA, = 0,
Ay = pA,. Multiply by Ag on the right:pA; = gAq. SOQA = q(Ap+Aq) = QA+0AG =
PA, + pA; = p(Ap + Ag) = pA Multiply by p* on the left:p*gA = 0, while p*pA= A,
SoOA=0. ]

Corollary 7.3 (DR(M) Is Not New-Lafont). DR(M) is (theC component of) a new-
Lafont categoryff M is the trivial semigrougdO}.

Proor. AssumeDR(M) is new-Lafont. Sinc&J -+ F, for any objectA of DR(M),
there is a bijection between morphisms fromdg &) to F(A) in M and morphisms
from U(0, do, &) = 0 to Ain DR(M). But there is only one morphism of the first kind,
namely O : (Qdo, &) — (0, do, &), by Theorem 7.2. So there is exactly one morphism
from 0 toAin DR(M). As in Proposition 6.1, this implie& = 0 for every idempotent
A, soM is trivial. ]

We won't recall the definitions of linear category [7] or thaftan LNL category
[6]. The deep connections between these and new-Laforgadts [27] then allow
us to conclude thabR(M) is a linear category, resp. an LNL categorfy, M = {0}
[18, Theorem 6.2.15, Theorem 6.2.16]. Again, this is defiaitif M is non-trivial,
thenDR(M) cannotbe a categorical model of linear logic. This includes angratit
to invent boxes, dereliction, weakening and promotion tamts inM. In particular,
there is no way to turn the constructions of e.g. [11, 10, B5jrito categorical models
of linear logic, of any kind.

8. Coherence Completions

However, we can build a categooy topof DR(M), preserving the existing multi-
plicative structured, 1), while adding all exponentials and additives.

Following Mellies [27, Definition 7], let a (classicdlafont categonbe a &-) au-
tonomous category with finite products where for each objeittere is a free cocom-
mutative comonoid @, d,,e,). Lafont categories are probably the strongest form of
categorical model of linear logic: any Lafont category isvAeafont, linear, and LNL
in particular. An important example is the categ@agh of coherence spaces. This has
coherence spaces as objects (Section 2),liaedr maps f: X — Y as morphisms.
Letting X = (X, Zy) andY = (JY], Zy), this is a binary relation between theebs|X]|
and|Y|, such that whenevex(y), (xX',y’) € f andx Zy X' thenly Z, Yy, andy =y
implies x = x]. (Brackets added for precisionQohis Lafont, provided we take the
multiclique interpretation ofA, not the clique interpretation used e.g. in [17].
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The main construction we use now is tbeherence completioBOH(C) of a x-
autonomous categor§, due to Hu and Joyal [21]. Interestingly, this is the second
place in this work where coherence plays a crucial role rdfte definition of linear
inverse semigroups. While the original notion of coherecmapletion only preserves
existing exponentials, we show that a simple modificatiothefconstructiorcreates
them. To obtain a comonad, & §) on COH(C) giving meaning to the exponential
connectives, Hu and Joyal assume a comonaa{! 6¢) so that for each objed of
G, leAis a cocommutative comonoid ang(A x B) =l A®!B. (Hu and Joyal assume
finite products inC at this point.) IfC = DR(M), we will have none of that. ..in a very
strong sense, as we have seen. Instead, we justdakebe thedentitycomonad.

Concrete Coherence SpacesTo alleviate a slight ambiguity in Hu and Joyal's
original construction, we consider a subcatege@0H of COH, the full subcategory
of so-calledconcretecoherence spaces. LBgqn be the signaturgl/0,{_, )/2,i1/1,
io/1,nil/0,::/2}. Write (s, t) for (_, ) applied tos andt, s::t for :: applied tos andt,
and [s;, S, ..., Sy for spii(si. .. (sqxnil) .. ). Fix, once and for all, a total ordering
on ground terms built oBeop.

A concrete coherence space=X(|X|, _y) is any coherence space whose wWe{ds
a set of ground terms ov&ieoh. Let CCOJH be the full subcategory afOJ consisting
of concrete coherence spac€€0X is a Lafont category, and all structures are inher-
ited from COXH [18, Section 6.4.1]. Its only purpose is to endpdwith a canonical
total ordering for allX, inherited from=. This is needed to define ! unambiguously in
CCOH(C) below.

Paraphrasing definitions fd2OJ, the morphisms fromX = (IX,Zy) to Y =
(1Y, Zy) in CCOH are linear maps. ldentity oK is {(x,X) | x € |X|}, composition
is relation compositiongo f = {(x,2) | Ay - (X, y) € f,(y,2 € g}. The tensor unit
isI = ({1}, Z;) whereZ; relatesl to itself. Tensor product oK = (|X|,Zy) and
Y = (Y, 2y) IS X®Y = (IX®YI, Zxgy), WhereXe®Y| = [XIx|Y| = {¢i, j) [i € X], j € Y]},
and coherence oM ® Y is given by(i, j) Cygy (', J) iff i Ty i"andj Zy j’. The as-
sociativity axyz is {({i, ), K), (i, (J, k) | i € IXl,j € [YLke |Z]} : X®Y)®Z —
X® (Y ® Z), the commutativitycx y is {(¢i, J), (J, i) [T € X, j €Y} : X®Y = Y® X,
the left neutral istx = {({L,i),i) | i € X} : I® X — X, and the right neutral is
rx = {((i,1),i) |i € |X]}: X®I — X. Given this symmetric monoidal structu@QOH
is autonomous: the linear function spaXe— Y of X = (IX|, Zy) andY = (|Y|, Zy) is
given by|X — Y| = [X| x |Y], and coherence o — Y is given by, j) Zx_oy (', |
iff, wheni Zy i”then[j Zy j’, andifj = j’ theni = i’]. Next, CCOI is x-autonomous:
the dual, a.k.a. the linear negationXt (IX|, Zy) is X* = (IX|, =), wherei =, i’ iff,
wheni Z, i’ theni = i’; equivalently, ifi Z, i’ ori = i’. The natural transformation
Cx :~ ~ X — X (linear control operator), where X = X —o 1L = X* is the linear
trace{(((i, 1),1),i) | i € |X]}. CCOH also has finite products and coproducts. The
terminal objectT is (0, Z,) where_ ; is the empty relation. This is also the initial
object. The binary producX x Y of X = (IX|,Zy) andY = (|Y|,Zy) is defined as
(X X Y], Zxyy), Where|X x Y| = {i1(i) | i € IX]} U {i2(j) | j € IYl}, and coherence
is given by:iy(i) Cy,y i2(i") ifand only ifi Ty i, i2(]) Cyy i2()) iff j Zy J’, and
i1(1) Cxxy i2(j) for everyi, j. The first projectionigry : XxXY — X = {(i1(i),i) | i € [X[},
the second projectionis : XxY — Y = {(i2(]), j) | j € |Y|}, and pairing off : Z —» X
andg:Z - Yis(f,g): Z - XxY = {(ki1(i)) | (k,1) € f}U{(ki2())) | (k ]) € g}.
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Binary coproducts are defined through duality.

There are several choices here for the ! functor, but onlytbaemakes our version
of concrete coherence completion work: tgke to be the set of all multicliques of
X, where amulticliqueis a finite multiset of pairwise coherent elements. In cotecre
coherence spaces, multicliques will be encoded as sostsdolf pairwise coherent el-
ements. So, let aoncrete multicliquef X = (|X|, Z ) be any sorted listi{, io, .. ., ],
where by sorted we medn < iy < ... < iy, andiy,ip,...,ix form a clique in|X|.
We shall abuse notation: &is a concrete multicliquei{, i, ..., ix], we shall under-
stande ambiguously as the multis@t, i», . . ., i}; we retrieve the concrete multiclique
from the multiset by sorting. In particular, multiset unienmakes sense on con-
crete multicliques. The functor ! dECOH mapsX = (IX|, Zx) to X = (I'X], Z %),
where|!X| is the set of concrete multicliques of ande Z,, € iff ew € is again
a concrete multiclique. Given any morphisim: X — Y, whereX = (|X|, Zy) and
Y = (IYl,Zy), and two multicliquese = [iq,ip,...,ik] in X and€ = [ji, jo,..., k]
in Y, of the samdength k let an f-matchingof e with € be any permutatiomr of
{1,2,...,K} such thati(, j) € f foreveryl, 1 < £ < k. Thenf :IX —=!Y is defined
by 'f = {(e &) € |'X| x|'Y| | there is anf-matching ofe ande’}. Such anf-matching
m need not be unique, but the multigej f{e’} defined ad(i¢, j=¢n) | 1 < € < Kl is
independent of, and only depends ofy eande’. This is by linearity off.

We get a comonad @, €) by lettingdx !X —!1 X be the linear tracé(e, {ey, .. .,
e) | ee'X,e=ew...wey}, andex :IX - Xbe{({x,Xx) | x € [X]}. And we
get a cocommutative comonoidX(d, ., e,) by lettingd, :IX —!X®&!X be the linear
trace{(e, ¥ e, (e1,&)) | e, & € [!X, &1 Z x &)}, ande, !X — I be the linear trace
{(L D). (*X dy. ey) is the free cocommutative comonoid overas shown by van de
Wiele [27]. That is, the functod mapping each cocommutative comonaidd, €) to
Xin CCOXH has a right adjoint. The non-trivial part of the proof is inilding the unit
n of the adjunction: for any cocommutative comonoX dx, ex) in CCOX, nx is the
set of all pairs &, {as, ...,a.) € [X| x ['X|, for everyn € N such that 4, (ay, (ay, ...,
(an, 1)...))) € df, wheren-fold comultiplication § : X - X®(X®...® (X®I)...)
is defined byd = ex, dy"* = (idx ® d}) o dx.

The Concrete Coherence Completion of2. For . moo N s
ol

any categorg, theconcrete coherence completi6BOH(C)
has as objects all pairX((A)icx) where thebase Xis

a concrete coherence spaXe= ([X|, Zy), and thefiber "
(A)igx 1s a family of objects of2, indexed, by the welX|. An obJect *, (A,),Em) is
conveniently seen as on the picture shown next.

The morphisms fromX, (A)i¢x,)
to (Y, (Bj)jem) are all pairs
(. (@) jyes) Wheref is a P\ .«
linear map fromXto Y, and " =

a;j is a morphism fromA; ——
to B; in €. The identity on \\
(X, (Aieix) is (idx;, (idA)(i,i)eidX)- —

The composition of {, (aij)-(i’j)ef) © (X (Aigx) 7:(7\(,(Bj)j€m) with (g, (a-jk)(j’k)eg) :
(Y. (Bi)iqy) = (Z (Cikeiz)) is (@ o £, (Cik)i kyegot), Whereci = bk o &; with j such that

23



(X (Aigx) — (Y, (Bj)je|Y|) = X—oY(A — BJ')<i,j)e\XwY|)

AP (M) (UBY) = (@PPxy- (@PPA ) 5y 1) € BPPXY)
(X(Aiex) . _ X A -
A4y 2@ i Wpager) = Wiz(1) (g 6, i k) 00 1))

L=(L,(1) Coxmrax) = Cxs (CA) i ivecy)

Figure 3:«-Autonomous structure oBCOXH(C)

(i, j) € fand (, k) € g—j is unique by linearity off andg, and this is the crucial point
[21].

ThenCCOH(C) is (x-)autonomous as soon &ss. In detail, tensor unit isI((1))
(where () denotes the family of just one objet), and tensor product (A)i¢x) ®
(Y. (Bj)qy,) defined asX®Y, (Ai ® Bj); ;) xay))- AsSociativity, commutativity, neutrals
are deléined in the obvious way. Theutonomous structure is given in Figure 3. Also,
CCOH(C) has all finite products and coproduatsateverC is. E.g., the binary product
(“With”) ( X, (Ai)ie|X\) X (Ys (Bj)jgm) is (X XY, (Ai)il(i)e\XxY| U (Bj)i2 j)€|x><y|): whereXx Y|
is the disjoint sum ofX| and|Y|. The first projection, fromX, éAi)idX,) X (Y. (Bj)igv)
to (X, (Aieix)s 1 (ra, (ida )i,y iyer,)» Whererry denotes first projection iBCOJ. Note
that morphisms in the fibers are just identitieg 4gthis is why we don’t need any
structure fromC for products to exist itCOH(C), a fortunate state wheti= DR(M)
indeed.

The ! comonad is slightly more complex. Recall thatd@OH all webs|X| are
totally ordered byx, so we can represent any multicligee: {i4, . .., ik} as a sorted list
[i1,...,ik]. We may then defin&d)._ A asA;, ® (A, ®...(A, ®1)...). For any object

(X, (A)igx) of CCOH(C), let (X, (Aieix) = (!X’(®ieeA‘)ee|!X| . For any morphism
(f, @) per) + X (Aiex) = (N (Bj)iay), define I, (aij)g per) X (Aiex) —
(Y. (B}) ) as(! £ (g perentien aij)(el ez)e”). Note that this again assumes no ex-

tra structure fromC, contrarily to [21]. Then ! is an endofunctor GCOH(C). Turn
it into a comonad by letting comultiplicatiofx ), ) (% (Aiex) ="K (Aigx)

®i1€el A ®..® (X)ine% A, ®Tto ®iee1u..wen A, defined from associativity, commu-
tativity and the neutrals of the tensor prodactand counitex a)...) (X (Aiex) —
(X, (A)ie) as(ex (ra)igx ). Wherera © Ar®@ | — A is right neutral inC.

Observe here the role of the total orderingAlthough any choice o would pro-
duce an isomorphic obje®ieeA;, the isomorphism need not be monoidal. Another
way to model the | comonad, withoutaordering, would be to equip the set of indices
with a group action, in such a way that all constructions @oymmute with group
actions. Similar ideas arise elsewhere [3, 28]. In conareteerence completions, we
usex to pick a distinguished element of each orbit instead.

The cocommutative comonoid structure oX,![(A)icx) is as follows. Comultipli-
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cationdy .y *O6 (Aiex) =X (Aiep) (X, (Aieiq) is (QX, (Eelaez)el,ezel!X\,el:!xez)’
where=,, o, denotes the obvious natural iso fro@)ieelwe2 A to ®i€el A® ®iee2 A,
defined from associativity, commutativity and the neutias. Then@(xm)mx‘) :
X (A)igx) — @) is (gx,(id|)), where (id) is the family only containing id :
®ie[] A -l

To show that this defines a Lafont category, we must show tietHe free co-
commutative comonoid comonad @EOH(C). The counit of the adjunction is and
the unitn is defined from the corresponding umitin CCOXH. Precisely, the forget-
ful functorU : caMon(CCOFH(C)) — CCOH(C) maps each cocommutative comonoid
(X (A)ieix))- d, €) to (X, (A)ieix))- Its right adjointF : CCOH(C) — caMon(CCOH(C))
maps each objectX( (A)icx) to ({(X (Ai)i€|x|),g(X’(A‘_)IEIX‘),g(xy(A‘)IE‘XI)), and each mor-
phism (f,(aij)(i,j)ef) (K (A)igx) — (Y,(B,—).Em) to !(f,(aij)(i,j)ef). The counit of
the adjunctiond 4 F is gxay.) X (Ai)iaxd — (X, (Ai)igx))- The unit is the most
challenging construct. For each objecl(,((Ai)iEN),av,é) of coMon(CCOH(C)), let

Mocrnede (6 Aien) 68 = (106 (Aiepa), dix a0 Gcian.) D the mor-

phism(nx, (= where= is the obvious natu-

n
°© ai,ilw-vin)(i,[il ,,,,, inl)EIX\xllX|,(i,(i1,<i2,“.,<in,l)..)))ed;‘()

,,,,,

,,,,,

is defined whenever & k < nand {, (in-ks1, ..., (in, 1)...)) € d¥, by: a? = b;, and
at o= (ida , @& o a;, j for somej such that i (i, j)) € dx and

(s Cinkeds - Cin, 1y ..)) €

Theorem 8.1. Let € be any ¢-)autonomous category. Th&@EOH(C) is a (classical)
Lafont category, hence a (classical) new-Lafont category.

Proor. First, j in the definition ofaf; ; exists and is unique. It exists because we as-
sume {, {ink, {in-ks1s - - -» (in, 1y ...0)) € d€Lin defininga{i*nfk’u_,in, and becausej}"* =
(idx®@d%)ody, so there is g such thati( (in, j)) € dx and (, {in-ks+1, - .. (in, 1) .. ) €

d'§<. If there was another, sgy, then sincely is linear we would haveg — j’, and since

j andj” would be mapped to the same elemenﬂbynecessarilyj =j.

Checking all equations is tedious, and in fact uninformeatiynstead, here is an
intuitive argument. First, think oy : A — Aj ® Ac as some multiplication written
in the reverse direction, where we multiply an item of typeby one of typeA to
get one of typeA;; we can do this whenever, (], k)) is in dx. On the other handy;
is the unit of typeA, when (, 1) € ex. (Thisi is unique, since is linear.) Because
(X, (A)ieix))- d, €) is a cocommutative comonoid, it does not matter in whicreokde
multiply elements fron#, A, . .., A, (one from each), getting one M: zoa{jil """" i
A — ®je[i1,i2,“.,in] A is precisely this multiplication operation.

Naturality of 7 on fibers { is natural on bases, by the structureGFOX) then
means that given any cocommutative comonoid morphi§iei( ) iye¢) from the ob-

ject (X, (Aigx)) 4.8 to (X', (A ), cx)- &', €), i.e., given that the maps, commute
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with multiplication and send units to units, then they alemeute withn-fold multi-
plications of the formz o &, ;. This is clear.

We must check thaf exx (ay,.x) © TF(x(A).x) 1S identity onF(X, (A)igx). Equality
on bases is clear. NoW(X, (A)igx) = (!(X’(A‘)ielxl)’g(x,(/x).axl)’—e(X,(A-).E.x‘))' The fiber
part of Fex (ay..x) © TF(x.(A)x) IS then a collection of morphisms & (which also com-
mute with variouss;j’s andb;’s as above) indexed by,(€) € idix. For each sucle,
(looking at bases) there is a unique multiggt. . ., e} such thaté {e;,...,el) € mx
and (e, ..., e, €) €lex. By definition of ! andex in CCOH, and lettinge = {iy, ..., i},
this multiset must be exactljii}, ..., {in}l. Looking at the fiber abovee(e) (passing
throughfili1}, ..., {inll), we find the composite (from right to left) that does all 1dfo
multiplications fromA;, to A, ..., fromA; to A;,. A 1-fold multiplication is the com-
posite of a binary multiplicationl with a unite on the right, so 1-fold multiplications
are just identities. So the fiber aboved) is ida, ® (idp, ® ... (idp, ®id)).. ), i€,
identity.

We must finally check that the compositi@@((xwiﬂx‘)&@) o U”((X,(A)islx‘),&?@) is the

identity onU((X, (A)ie|x,),aé) = (X, (A)ieix)- The fibers are indexed by thosei) €
idx, passing througli}. The corresponding morphism in this fiber is the composite of
an identity (coming from the part) and a 1-fold multiplication (defined usidge), so
is identity again. ]

Corollary 8.2. Let M be an arbitrary weakly Cantorian linear inverse seroigp.
ThenCCOH(DR(M)) is a classical Lafont category, hence also a classical netfoht
category.

In other words CCOH (DR(M)) is a categorical model of full classical linear logic, in
the strongest known sense.

Discussion.The CCOH construction seems orthogonal®dR, and it is time to ex-
plain how we came to the idea this was the right construciitre key to understanding
Theorem 7.2 and the failure of cocommutativity is to reatlzatda has vertical arrows
of the formpA, + gAq, while caa o da haspA + gA, instead. Intuitively, the only way
DR(M) is able to talk about two occurrences of the same variablea A-term, i.e., to
duplicatex throughda, is to declare there will be p occurrence ok (in Ap) and ag
occurrence ok (in Aq). With more than two occurrences, iterating the processuantso
to numberingall occurrences of the same variable with words dyeq}. The law that
fails, caa o da = dpa, says that exchanging two occurrences of the same vaniible
a term does not change the term; but exchanging the two @swasx, and Xy of x
in Ay, X - yXpXq producesty, X - yxqX,, which is diterent, and the geometry of interac-
tion constructions cannot escape it. Instead, to build egmaical model we used the
fact that theDR construction is able to talk abopartial A-terms, i.e., collections of
paths that do not exhaust all paths of a givieterm, and define the actualterm as
a superpositiorof these partiall-terms, as though they were drawn on tracing paper.
In the example ofly, x - yxx draw (the interpretation iDR(M) of) Ay, X - yx. and of
Ay, X - yoX, which we see as the down-closed clique of (weights of) ptithsdo not
go through the positions shown as The intendedi-term Ay, x - yxxis obtained by
superposing the two—which are coherent in the sense thavmdistinct letters ever
get on top of each other, unless one is the blankhe CCOXH construction does this,
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or at least half of it: what it does not do is check that the tadipl terms are coherent
in the sense just given.

That CCOX really builds superposed sheets of tracing paper (the jiloersvhich
we draw partiall-terms (inC = DR(M)) is probably more visible in the interpretation
of additives. (Note how the idea of layering additive stiataks like Hughes and van
Glabbeek’s idea [22], although the technical developmditter.) Take the example
of two closed MLLA-terms, or proof netd; andt,, interpreted as morphisms,@ y;)
and (Q0, y2) from O to some idempotert in DR(M). In CCOH(DR(M)), these are
interpreted as morphisms frori, (0)) to (I, (A)), namely just one morphism from the
unique fiber 0 ovef to the unique fibeA overl. The additive paikty,to) will then
be just drawn as two morphisms (®v;) and (Q0, y,) again) from {, (0)) to the two
fibers abovel(x L, (A, A)). In the general case, where multiplicatives, additivaes]
exponentials are intermingled, the construction will berencomplex, but coherence
completions help organize the clutter in an elegant way.

9. Conclusion

To conclude, we would like, first, to stress the importanceatferenceboth in the
coherence completion construction, where its role is alwi@nd in geometry of inter-
action, where it is really at the core of tH#R construction. This may have remained
hidden until now. However, the two notions of coherence arapetely independent,
and whether this is needed or whether one could define a refimsshthe construction
where the two coherences would interact, is still a mystery.

Second, we would like to suggest that our results h&(M) has no additive and
no exponential are in fact good news: none of the productepciicts, comonads that
the CCOXH construction creates have a chance of conflicting with amyai preexist-
ing construction inlDR(M)—there just isn’t any. We conjecture that the semantics of
linear logic proofs insid€COH(DR(M)), for suitableM, is both equationally com-
plete (any two proofs that have the same denotation are egpeffully complete. For
this, we need proof nets for full linear logic, where cut éhiation implements all ex-
pected categorical equalities. A candidate is given in Qt@&pter 4], but its theory has
not been worked out yet.
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