What else is decidable about integer arrays?
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Abstract. We introduce a new decidable logic for reasoning about itefimirays
of integers. The logic is in the&*v* first-order fragment and allows (1) Presburger
constraints on existentially quantified variables, (2)ed&nce constraints as well
as periodicity constraints on universally quantified irdicand (3) difference
constraints on values. In particular, using our logic, oae express constraints
on consecutive elements of arrays (&ig.0 <i < n— afi+1] = afi] — 1) as well
as periodic facts (e.g/i . i =2 0 — a[i] = 0). The decision procedure follows the
automata-theoretic approach: we translate formulae isfmeaial class of Bchi
counter automata such that any model of a formula corresptman accepting
run of the automaton, and vice versa. The emptiness probderthis class of
counter automata is shown to be decidable, as a consequiszadier results on
counter automata with a flat control structure and transitivased on difference
constraints. We show interesting program properties esvke in our logic, and
give an example of invariant verification for programs thandile integer arrays.

1 Introduction

Arrays are a fundamental data structure in computer scifiiey are used in all mod-
ern imperative programming languages. To verify softwanetvmanipulates arrays, it
is essential to have a sufficiently powerful logic, which eapress meaningful program
properties, arising as verification conditions within,.eigductive invariant checking,
or verification of pre- and post-conditions. In order to hameautomatic decision pro-
cedure for the program verification problems, one needs idalgle logic.

In this paper, we develop a logic of arrays indexed by integenbers, and having
integers as values. To be as general as possible, and alsmiddaving to deal explic-
itly with expressions containing out-of-bounds array ases, we interpret formulae
over both-ways infinite arrays. Bounded arrays can then heeroently expressed in
the logic by restricting indices to be within given bounds.

Properties that are typically expressed about arrays imgram are (existentially
guantified) boolean combinations of formulae of the foriG — V, whereG is a
guard expressiogontaining constraints over the universally quantifieceidariables
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i (which often range in between some existentially quantifiednds), an¥ is avalue
expressiorcontaining constraints over array values. Based on examnpie identified
two types of array properties which seem to appear quite afterograms: (1) proper-
ties relating consecutive elements of an array,¥d.gl; <i <l, — afi+ 1] = afi] — 1,
which states the fact that each valueaobetween two boundl andl; is less than
its predecessor by one, (2) properties stating periodisfacg.vi . i =, 0— afi] =0,
stating that all even elements of ar@gre equal to O.

In the absence of specific syntactic restrictions, a logithwsuch an expressive
power can be easily shown to be undecidable, as one can etimtiestories of a 2-
counter machine [12] as models of a formula over arrays. Rhosreduction, one can
derive two restrictions leading to decidability. The firsstriction forbids references to
afi] andali + 1] in the same formula, which is considered in the work of Bradiéanna,
and Sipma [5]. The second restriction, considered in thiepaallows only array for-
mulaeVi.G — V in whichV does not contain disjunctions. We have chosen the second
option, mainly to retain the possibility of relating conaéee arrays elements, i.qli
anda(i + 1], which appears to be important for expressing propertiggagrams.

We introduce a new logitIA (Logic on Integer Arrays) in thel*v* first-order
fragment. The logidIA is essentially the set of existentially quantified booleam¢
binations of (1) array formulae of the forii . ¢(k,i) — w(k,i,a), wherei is a set of
index variablesa (respk) is a set of existentially quantified array (resjpray-bound
variables;p is a formula on index variables with difference as well asquécity con-
straints on variableiswrt. the array-boundk, andy is a difference constraint on array
terms, and (2) Presburger Arithmetic formulae on arrayrAdowariables. We give an ex-
ample program showing the usefulness of this logic to exgvesfication conditions.

In this paper, we prove the decidability of the lodiid using the classical idea of
the connection between logic and automata [17]: from a ftarhof the logic, we build
an automator,, such thatp is satisfiable if and only if\, is not empty. Decidability
of the logic follows from the decidability of the emptines®plem for the class of au-
tomata that is deployed. To this end, we define a new classuritenautomata, called
FBCA (bi-infinite Flat Bichi Counter Automata). These are counter automata running
to the infinity in both left and right directions, equippediwa Blichi acceptance condi-
tion. For an arbitrary formulég of LIA , we give the construction of an FBC&y whose
runs correspond to models ¢f the value of the counteg at a given point in an exe-
cution of Ay corresponds to the value afi] in a model of¢. We prove the decidability
of LIA by showing that the emptiness problem for FBCA is decidaplextending
known results [6, 4] on flat counter automata with differehoend constraints.

Related work. In the seminal paper [11], the read and write functions ftorafrays
and their logical axioms were introduced. A decision pracedor the quantifier-free
fragment of the theory of arrays was presented in [9]. Sihea,tvarious decidable
logics on arrays have been considered—e.g., [16, 10, 8, Th, These logics include
working with various predicates (reasoning about sortesligermutations, etc.) and in
terms of various arithmetic (usually Presburger) constsaon array indices and/or val-
ues of array entries. However, unlike our logic, most of ¢hesrks consider quantifier
free formulae. In these cases, nested array readsa(iki]) are allowed, which is not
the case in our logic.



In [5], an interesting logic, within the*v* fragment, is developed. Unlike our deci-
sion procedure based on automata theory, the decisionqueef [5] is based on the
fact that the universal quantification can be replaced byit faonjunction. The result
is parameterised in the sense of allowing an arbitrary @et@ocedure to be used for
the data stored in arrays. However, compared to our regbjtdpes not allow modulo
constraints (allowing to speak about periodicity in thegvalues), general difference
constraints omniversallyquantified indices (only— j < 0 is allowed), nor reasoning
about array entries at a fixed distance (i.e. reasoning aljowtnda]i + k| for a con-
stantk and a universally quantified indax The authors of [5] give also interesting
undecidability results for extensions of their logic. Feample, they show that relating
adjacent array values({] andali + 1]), or having nested reads, leads to undecidability.

A restricted form of universal quantification withifiv* formulae is also allowed in
[2], where decidability is obtained based on a small modeperty. Unlike [5] and our
work, [2] allows a hierarchy-restricted form of array nagtiHowever, similar to the
restrictions presented above, neither modulo constramisdices nor reasoning about
array entries at a fixed distance are allowed. A similar ieg&in not allowing to express
properties of consecutive elements of arrays then appésosira[3] where a quite
generaB*v* logic on multisets of elements with associated data vakiesmnsidered.

2 Counter Automata

Given a formulad, we denote byFV () the set of its free variables. If we denote a
formula asp(xq, ..., Xn), we assum&V (¢) C {xi,...,xn}. Ford(x), we denote by|t /X|
the formula in which each occurrence %is replaced by a terh Given a formula
¢, we denote by= ¢ the fact thatp is logically valid, i.e. it holds in every structure
corresponding to its signature. Ry: Z — Z, a(n) = n+ 1, we denote the successor
function on integers. In the following, we work with two setsarithmetic formulae:
difference bound matrices (DBM) and Presburger Arithm@Rix).

A difference bound matriYDBM) formula is a conjunction of inequalities of the
formx—y<c,x<c, orx>c, wherec € Z is a constant. If there is no constraint between
x andy, we may explicitly writex—y < . In the following,Z® denotesZ U {«}. Let
z={z,...,z,} be a designated set of variables, cafadametersA parametric DBM
formula is a conjunction of a DBM formula with atomic propisns of the forms< <
f(z) orx > f(z), wheref is a linear combination of parameters, ife= ag+ ¥ ; aiz
forsomeg; € Z,0<i <n.

A Presburger arithmetiqPA) formula is a disjunction of conjunctions of either
linear constraints of the forrfi{_; aix +b > 0 or modulo constraint§{_; ajx +b=c
modd, wherea;,b,c,d € Z, ¢ > 0 andd > 0, are constants. It is well-known that every
formula of the arithmetic of integers with additidé, >, +,0,1) can be written in this
form, by quantifier elimination [14]. Clearly, every DBM fmula is also in PA.

A counter automatoiis a tupleA = (x,Q,—), wherex is a finite set of counters,

ranging overZ, Q a finite set of control states, and the transition relation, given by

rulesq LN q, where¢ is an arithmetic formula relating current values of cousiter
X to their future valuex’. A configurationof a counter automatoA is a pair(q,v)



whereq € Q is a control state, and : x — Z is a valuation of the counters i For
a configuratiorc = (g,v), we designate byal(c) = v the valuation of the counters in
c. A configuration(d/,Vv’) is animmediate successaf (q,v) if and only if A has a

transition ruleq ), g such that= ¢ (v(x),V'(X’)). A configurationc is asuccessor

of another configuration’ if and only if there exists a sequence of configurations
CoC1...Ch = € such that, for all 6X i < n, ¢i;1 is an immediate successor@f Given
two control states, g’ € Q, a run ofAfrom qto ¢ is a finite sequence of configurations
CoC1 - .- Cn With co = (q,V), ¢ = (d, V') for some valuations, Vv’ : x — Z, andc;, 1 is an
immediate successor of, for all 0 <i < n.

Let Sbe a set. Abi-infinite sequencef Sis a functionp : Z — S* We denote by
“3® the set of all bi-infinite sequences oM&rA bi-infinite Bichi counter automatois
atupleA= (x,Q,L,R,—), wherex is a finite set of counter§) is a finite set of control

states],R C Q are the left-accepting and right-accepting states,-and a transition

relation, defined in the same way as for counter automata.

A run of a bi-infinite Blichi automatorf\ is a bi-infinite sequence of configurations
...C_2C_1CoC1Cz. .. such that, for alli € Z, ¢j,1 is an immediate successor qf A
runr is left-acceptingff there exists a statg € L and an infinite decreasing sequence
of integers... < i < iy < 0 such that for allj € N, we haver(ij) = (qg,vj) for some
valuationsv; of the counters oA. Symmetrically, a run isight-acceptingiff there ex-
ists a state] € R and an infinite increasing sequence of integetsig < iy <iz < ...
such that for allj € N, we haver(ij;) = (q,v;), for some valuations; of the coun-
ters of A. A run is acceptingiff it is both left- and right-accepting. The set of all
accepting runs ofA is denoted a (A). If r € £ (A) is a run of A, we define by
val(r) = ...val(r(—=21))val(r(0))val(r(1))... the bi-infinite sequence of valuations in
r,and? (A) ={val(r) | re 2 (A)}.

Lemma 1. For any FBCA A, we have& % (A) ifand only if roo € & (A).

Proof. Let A= (x,Q,L,R,—). “=" r is left-accepting iff there exists an infinite de-

creasing sequence.iz < i2 < i1 < 0 of positions inr, visiting a control state from
L. This implies thatiz — 1 < i, — 1 < i1 — 1 < 0 visits the same control state, hence
r osis left-acceptingr is right-accepting iff there exists an infinite increasieggence
0< j1< j2 <3< ...of positions inr, which visits a control state frorR. But this
implies that O< jo — 1 < jgs— 1 < ... visits the same state froR hencer o sis right-
accepting. ¥=” This direction follows a similar argument. a0

A control pathin a counter automatoA is a finite sequenceod; . .. g, of control
states such that, for all @ i < n, there exists a transition rutg — g 1. A cycleis

a control path starting and ending in the same control sfateelementary cyclés a
cycle in which each state, except the first one, appears owg.d counter automaton
is said to bdlat iff each control state belongs to at most one elementarnecycl

41n the early literature [13], a bi-infinite sequence is dedires the equivalence class of all
compositiongoc" oo™ for arbitraryn,me N. This is because a bi-infinite sequence remains
the same if shifted left or right. For simplicity reasonsréneve formally distinguish the bi-
infinite sequenceB, Boa", andBoao™".



Decidability and Closure Properties of FBCA We consider in the following the class
of bi-infinite Blchi counter automata which are flat, and whose elementafgsare
labelled with parametric DBM formulae. We call this class@Bin the following. We
prove that the emptiness problem for FBCA is decidable,gustsults of [4], and their
extensions, that can be found in Appendix A.

Lemma 2. The emptiness problem is decidable for the class of FBCA.

Proof. The proof uses the results of Appendix A, namely Lemmas 10landetA =
(x,Q,L,R,—) be a FBCA. W.l.o.g. we can assume that any control siatel UR

belongs to exactly one elementary cycle. Fog does not belong to a cycle, it cannot
occur infinitely often on a run. Moreover,dfbelongs to two or more elementary cycles,
thenA is not flat, in contradiction with the definition of FBCA. Léte L andr € R
be fixed for the rest of this proof. We construct a Presburgandila ®; , which is
satisfiable if and only if there exists a bi-infinite run th#its | infinitely often on the
left andr infinitely often on the right.

Let y be the elementary cycle to whid¢tbelongs, and7 be the cycle obtained by
reversing each transitioqﬂ g into d — q, where¢’ is obtained fromp by inter-
changing the occurrences of the counters iwith X', and vice versa. Lett V(X) be
the Presburger formula defining the set of valuatiofsr which there exists an infinite
computation alon& starting in(l,v).

Let 3 be the elementary cycle to whighbelongs, and, 5(x) be the Presburger
formula defining the set of valuationsfor which there exists an infinite computation
alongd starting in(r,v). The formula encoding the existence of a bi-infinite run that
visits | infinitely often on the left and infinitely often on the right, is the following:

Py I3 V(X) A Ry (X)) A les(x)
The proof thatd; , is satisfiable if and only ik (A) # 0 comes as an immediate conse-
quence of the meaning of t"'|eV’ R andl; 5 formulae. O

The FBCA class is also effectively closed under the opemataf union and inter-
section. However, before proceeding, we need to elucitiateneaning of these opera-
tions for counter automata. #fC x is a subset of the countersinletv |, denote the re-
striction ofv to the domaire. For some subsetc x of the counters o, andse 7 (A),
we define the restriction operator on sequerggs=...val(s(—1)) |, val(s(0)) |,
val(s(1)) |z ..., and ¥ (A) |,= {s], | s€ ¥ (A)}. Symmetrically, forz > x, we de-
fine the extension operator on sequeneés) 1,= {ve Yz Z)® | v]xe ¥ (A)}.

A class of counter automata is said to ddlesedunder union and intersection if
there exist operations and® such that, for any two FBCA = (xi, Q;,Li, R, —i),

i =1,2, we have that’ (At A2) = ¥ (A1) Txyux, U Y (A2) Txqux, and ¥ (A1 @ Az) =
V(A1) Txuux, N Y (A2) Tx,ux, respectively. The class is said to efectivelyclosed
under union and intersection if these operators are effdgtcomputable.

Proposition 1. Let A= (x,Q,L,R,—) be a FBCA. Let A= (x,Q,L°% R°,—) be the
FBCA such that (1) for all ¢ L and d € Q, d belongs to the same elementary cycle as



qiffq €L® (2) forallge Rand g€ Q, d belongs to the same elementary cycle as q
iff g’ € R°. Then we have that (A) = % (A°).

Proof. The direction® (A) C % (A®) is trivial, sinceL C L® andR C R®. To prove the
fact that® (A) 2 & (A®), letr be an accepting run @&°. Then there exists a statec L°
that repeats infinitely often on the left m There are two situations: eithgre L, in
which case is directly left-accepting foA, or there exists a statg € L which belongs
to the same elementary cycle @sn A. By the flatness of\, this means thag/ will
be visited infinitely often on the left as well. Analogoustye proves that is a right-
accepting run oA. O

Assuming w.l.0.g. tha®; N Qy # 0, the union is defined a& WA, = (X1 UX2, Q1 U
Q2,L1 ULz, R URy, —1 U —32). The product is defined a&; @ Ay = (X1 UX2,Q1 X

Qo,L§ x L§, R x R, —), where— is as follows:(q, ;) LR ZN (O2,9p) iff a1 LZN gz is

atransition rule of; andd; LZR g, is a transition rule ofy. HereLf andR?, denote the

extended left-accepting and right-accepting set&; ofrom Proposition 1, for =1, 2.
Lemma 3. The class of FBCA is effectively closed under union and setion.

Proof. The proof for closure under union is trivial. We will give tpeoof for closure
under intersection in the following.

Let A = (x;,Qi,Li,R,—i), i = 1,2 be two FBCA, andA = (x,Q,L,R —) be their
product, i.e A= A; ® Ay.

1. We first prove tha® belongs to the class FBCA. For this we need to show that
each control state ok belongs to at most one elementary cycle. For an arbitratg sta
(9,9) € Q1 x Q2, let pri((g,d)) = g, pr2((9,q)) = ¢ and for an arbitrary cyclg in
A, let pri(y) denote the corresponding cyclesAn obtained by projection of theth
control statei = 1,2. Suppose that there is a control statey) € Q; x Q, that belongs
to (at least) two different elementary cyclgsand d. Thenq belongs topri(y) and
pr1(d) in A1, andg’ belongs topra(y) and pr2(d) in A. Since, by the hypothesis;
andA; are flat, therpr;(y) andpr;(8) must be (possibly trivial) unfoldings of the same
elementary cycle; in A;, for i = 1,2, respectively. In other wordgri(y) = k; - & and
pri(d) =Ili-g, fori =1,2 andk;,l; € N.

Let m be the least common multiple ¢f;| and|g;|, andn; = ﬁ fori=1,2. Let
o be the cycle imA obtained by the composition of the two cycles obtained waiteg
€1 np times, ande, ny times, respectively, i.epri(a) = n; - €, i = 1,2. Sinceg; are
elementary cycles o, it follows thata is the smallest cycle oA with the property
that pri(a) is an unfolding of;. Hencey andd, must both be eithex or unfoldings of
a, contradicting the assumption that they were differentneletary cycles oA.

To prove that the elementary cyclesAfare labelled with (parametric) DBM for-
mulae only, notice that any cycle éfis a composition of two (unfoldings of) cycles
in Az andAy. Since both component cycles are labelled with DBM formuéaed the



label of the transitions oA is the conjunction of the labels of the transitionsti A,
it follows that the resulting cycle is labelled with DBM foutae as well.

2. Second, we prove that(A) = ¥ (A1) Tx;ux, N YV (A2) Txguxs-

Letse 7 (A1) Txux, NV (A2) Tx,ux, D€ @ bi-infinite sequence of counter valuations.
From the definition of/’ (.), there exist1 € ® (A1) andr, € % (Az) such thaval(ry) =
Slx, andval(rz) =s|y,.

Leti € Z be an arbitrary position, amd (i) = (01,v1), r1(i+1) = (gy,V7), r2(i) =
(G,V2), r5(i +1) = (0, V5) be successive configurations af andry, respectively,
wherevy,V] : X1 — Z andvy,V, : X — Z are valuations oki, Xo. Then there exist

(X2,%

transition rulesy; M q; in Aq, andop u d, in Az, such that1(v1(x1), V(X))

anddz(va(x2),V5(x5)) are both valid. Hence, by constructionAfthere exists a tran-
sition rule (qz,qp) LN (01,95), such thatds A ¢2 is satisfied by(viUV]) Tx;ux,

N(v2UV5) Tx,ux,- I this way, one can build a bi-infinite rurof A, such thaval(r) =s.
It remains to be proven that this run is an accepting ruf.of
Sincer; is an accepting run of\, then by Proposition 1, it is also an accepting

run of A?, for i = 1,2. By the flatness oA, and, implicitly of A], there exist a se-
quenceo; of states fromL] that repeats infinitely often to the left of, i.e. there
exists a positiork; € Z, such that the restriction af; to (—oo,k;] is of the form
...01071. Analogously, there exists a sequermeof states fromLS, and a position
ko € Z such that the restriction af; to (—,kp] is of the form...o020,. Then, the
restriction ofr to (—co,min(ky, ky)] is of the form...oo, whereo is a sequence of
pairs(q,q) € LS x LS. Hence there exists such a pair repeating infinitely oftethéo
left in r, i.e. r is left-accepting. Analogously, one proves thais right-accepting.
We have proved that’ (A) 2 7 (A1) Txaux, N Y (A2) Tx,ux,- The direction? (A) C
V(A1) Txqux, NV (A2) Txyux, IS Proved using a similar argument. m|

3 A Logic for Integer Arrays

In this section we define the Logic of Integer ArraydA ) that we use to specify
properties of programs handling arrays of integers.

3.1 Syntax

We consider three types of variables. Tameay-bound variablegk,|) appear within
the so-called array-bound terms. These terms can be usegfite dhe intervals of
the indices, and also as static references inside arragsan@bx (i, j) andarray (a,b)
variablesare used to build array terms. Fig. 1 shows the syntax of tjie ldA . We use
the T symbol to denote the boolean valege. In the following, we will usef <i <g
instead off <i A i<g,i< finstead ofi < f—1, andi = f instead off <i < f.
Intuitively, our logic is the set of existentially quantifid®oolean combinations of:

1. Array formulae of the fornvi . ¢(k,i) — W(k,i,a), wherek is a set of array-
bound variablesj is a set of index variables is a set of array variableg is



nmst...c€ Z constantg0 <t < s)
kl,... € BVar array-bound variables
i, € IVar index variables

a,b,.. € AVar array variables

B =n|k|B+B|B-B array-bound terms

I =1i|l+n index terms

A =all] | aB] array terms

G =B<I|I<B|l-1<n|l=st|GVG]|GAG guard expressions

\Y =A<B|B<A|A-A<n|VAV value expressions

C :=B<n|B=st array-bound constraints
P =T—-=V|G=V|Vi.P array properties

u =P|C|-U|UVU|UAU universal formulae

F =P|3k.F|3a.F LIA formulae

Fig. 1. Syntax of the logid.IA

an arithmetic formula on index variables, aipds an arithmetic formula on array
terms. In particulan) is a DBM formula, and is composed of atomic propositions
of the form eitherf <i,i < f,i— ] <n,i=st, wheref is a linear combination of
array-bound variables, € Z, and 0<t < s. Bothk anda variables are free in the
array formulae, but they can be existentially quantifiedhattbp-most level.

2. PA formulae on array-bound variables.

3.2 Examples

To accustom the reader with the logic, we consider severgdeties of interest that
can be stated about arrays. For instance, a strictly inogasdering ofa up to a
certain bound is defined ak vi . 0 <i < k — afi] —afi + 1] < —1. The fact that
the firstk elements of array are below the first elements of arrap at distance 5

is defined aslk,| Vi,j .0<i<k A 0<j<I| — afi]—b[j] <-5. Equality of two
arrays up to a certain bound can be expressethds. 0 <i < n— afi] = b|i]. The use

of modulo constraints as guards for indices allows one taesgperiodic facts, e.g.
Vi,j.i=20 A j=21— ali] < a]j], meaning that any value at some even position is
less than or equal to any value at some odd positian ithe following section shows
that to prove the correctness of an array merging prograoh, groperties are needed.

Verification Conditions for an Array Merging Example Consider the following pro-
gram that takes two arragsandb, and merges their first elements by alternating el-
ements froma with elements fronb. Suppose, moreover, that the firstlements of
are less than or equal to the firstlements ob. The resulting array will have all its first
n elements on even positions less than or equal to thenfements on odd positions.



{n>0AVij.0<i,j<n—ali] <b[j]}}
for (k=0, I=0; k< n; k++, 1+=2)
{An>0Ak<nAl=2kA
Vij . 0<i,j <2k Ai=0Aj=21—cfi]<c[j]A
Vi,j.0<ij<n—al]<bf]}}
{ cl] = alk];
ol + 1] = b[K]; }
ANn>0AVi,j.0<i,j<2n Ai=0Aj=1—cfi]<c[j]}}

The pre-, post-condition, and loop invariant needed forgieof of this program are
annotated directly into the program text using double cbrigces. We show in the
following that the verification conditions to be checked toye the correctness of the
program fall into our logic, and so they are decidable.

We need to check three verification conditions correspanttirihe initialisation of
the loop, the loop body, and the finalisation of the loop.

Theinitialisation consists of the two unconditional assignment statemeriisakrel
I=0. We need to check that the following formula is logicallglid (we use primed
names of variables to distinguish the current and futureesbf the variables):

vaad, b b,c.cd nn kk,II.
n>0A (Vi,j.0<i,j<n—afi]<b[j) AK=0A1"=0AN=nA
(vi.d[i]=ali]) A (Vi.W[i]=Db[i]) A (Vi.c[i]=c]])
.
N"n>0AK<nAlI'=2kA
(Vi,j.0<i,j<2K Ai=p0 A j=p1—ci]<C[j]) A
(Vi,j.0<i,j<n—=a[i] <bj])

However, checking the validity of the above formula is egoathecking that its nega-
tion, which clearly fits our logic, is unsatisfiable:

Jad,b,t/,c,c,nn kK,II.
nN>0A (Vi,j.0<i,j<n—ai]<b[j) AK=0A1I"=0AN=nA
(vi.d[ij=ali]) A (Vi.W[i]=Db[i]) A (Vi.c[i]=c]i])
A
(M<ovK>nvlI<ak vI'>2Kv
(3i,j. 0<i,j<2k Ai=20A j=21 A C[i]>C[j])V
(3i,j.0<i,j<nAd[i]>D][j])

To see this, note that the existentially quantified indexal@es in the last two lines of
the above formula can be given unique names and the appeqtiantifiers moved to
the prefix of the formula.

To check the effect of thvop body i.e. the assignments c[l] = a[k], c[l+1] = b[K],
k++, and 1+=2 which are executed provided thatrk we have to prove that the follow-
ing holds:

Vaad, b b,c.cd nn kK,II.



N>0AKk<nAIl=2kA

(Vi,j.0<i,j<2k Ai=p0 A j=p1—cli] <c[j]) A
(Vi,j.0<i,j <n—alfi] <bj]) A
k<nAK=k+lAal=1+2AN=nA
(Vi.ad[ij=ali]) A (Vi.0[i]=Db[i]) A
(Vi.i<l—=Cci]=cli]) A Vi.i>l+1-=C][i]=cli]) A
cd[l]=alk] A [l +1] =blK]

n>0AK<n Al'=2A

(Vi,j.0<i,j<2k ANi=0A j=21-Ci]<C[j]) A
(Vi,j.0<i,j<n—dli]<bl[j])

Again, checking the validity of the above formula is equathecking that its negation,
is unsatisfiable:

Jad,b,b,c,cd,nn kK,II.
n>0Ak<nAl=2kA
(Vi,j.0<i,j<2k ANi=20A j=21—cli] <Cc[j]) A
(Vi,j.0<i,j<n—ali]<b[j]) A
k<nAK=Kk+1AlI=I+2ANM=nA
(Vi.dfi]=ali]) A (Vi.b[i]=Dh[i]) A
(Vi.i<l—=Ccli]=cfi]) A (Vi.i>l+1-=Ci]=c[i]) A
cd[l]=alk] A c/[l +1] =b[K]
A

(M<ovK>nvI<2k vI'>2Kv
i,j.0<i,j<2k ANi=0A j=21ACLi|>C]]])V
i,j.0<i,j<nAd[i]>b][j])

Finally, in order to check th&énalisation of the loogi.e. the exit of the loop when k
n), one has to check the validity of the following formula:

Vaad, b b,c.c nn kKk,II.
N>0AKk<nAIl=2kA
(Vi,j.0<i,j<2k ANi=20A j=21—cli] <c[j]) A
(Vi,.0<i,j <n—ali] <bj]) A
k>nAK=kAl'=IAn=nA
(Vi.ad[ij=ali]) A (Vi.D[i]=b[i]) A (Vi.c[i]=c]i]) A
.

W>0A (Vi,j.0<i,j<2n Ai=20A j=1—c]i]<c][j])

Like in the previous cases, checking the validity of the abfmvmula is equal to check-
ing that its negation is unsatisfiable:

Jad,b,b/,c,c,nn kK,II.
N>0AK<nAI=2kA

10



(Mi,j.0<i,j<2k ANi=20A j=21—c[i] <C[]]) A

(Vi,j.0<i,j <n—ali] <b[j]) A

k>nAK=kAl'=l An=nA

(vi . afif =ali]) A (vi . b[i] =bli]) A (¥i.c/[i]=c[i]) A

A

(MW<0v (3i,j.0<ij<2n ANi=20A j=21 A C[i]>C]j])

3.3 Semantics

The logicLIA is interpreted orboth-ways infinite arraysThis allows to conveniently
deal with out-of-bound reference situations quite comnmgorograms handling arrays.
One can prevent and/or check for out-of-bound referencésttyducing explicit exis-
tentially quantified array-bound variables for array vaiés. Letd (k,a) be any formula
of LIA . A valuationis a pair of partial functiors(1, ), with 1 : BVaruIVar — Z,
associating an integer value with every free integer végiamdu : AVar — “Z%, asso-
ciating a bi-infinite sequence of integers with every arnayisol a € a. The valuation

L is extended in the standard way to array-bound temt®)) and index termsi(l)).
By 1, u(A), we denote the value of the array tefgiven by the valuatiori, ). The
semantics of a formulé is defined in terms of the forcing relatiéa as follows:

(LWFEA<B <+ I )Sl( B)
np@l]) = u@i(l) LHEA-ASN = Lp(Ar) = Iip(Ae) <
Lu(@B]) =u@1(B) (LWEYI.G=V < VneZ.(lli—n ],u)):G—>V

(LWEZa. g — 3Bz, (Lua—B) y

For space reasons, we do not give here a full definition. Hewelre missing rules are
standard in first-order arithmetic. modelof ¢(k,a) is a valuation(t, ) such that the
formula obtained by interpreting each variakle k asi(k), and each array variable

ac aasy(a) is logically valid: (1,) = ¢. We define[[¢]] = {(1,1) | (I,KW) = ¢}. A
formula issatisfiablef and only if [§] # .

3.4 An Undecidability Result

The reason behind the restriction that array terms may nmirowgithin disjunctions
in value expressions (cf. Fig. 1) is that, without it, theitogecomes undecidable. The
essence of the proof is that an array formdildG — Vi Vv ... V V,, forn> 1, corre-
sponds ta nested loops in a counter automaton. Undecidability is shtmyweduction
from the halting problem for 2-counter machines [12].

Lemma 4. The logic obtained by extendilgA with disjunctions within the value
expressions is undecidable.

5 The symbolL is used to denote that a partial function is undefined at angieént.
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Proof. This can be proven by a reduction from the halting problen2faounter au-
tomata [12]. A 2-counter machine with non-negative cowstgrc, is a sequential pro-
gram:

0:insg;l:insq;---;n: insp;

wherei nsy, is ahal t instruction and ns; with i = 0,1,---,n are instructions of the
following two types, for 0< k, kg, ko < n,and 1< j < 2:

1. ¢cj=cj+1;goto k;
2. if cj=0then gotd, else(cj; = cj —1; gotoky);

We give a formulap such that the machine halts iff the formula is satisfialple.
uses three arraya, a; andas. a; (resp.az) contains values of counter 1 (resp. 2) and
az contains the control location. Each instructibninsg is translated into a formula
¢« (i) having a parametér We give the translation for instructions concerning ceunt
c1. Instructions concerning counter are encoded in a similar way. Instructions of the
formk:c; =c;+1;goto K are translated into:

ok(i) :agli] = kAagfi+1] = afi] + Laagfi+ 1) = agfi] Aagli+1] =K

Instructions of the fornk:i f ¢; =0 then gotdk; else(c; = ¢j —1; gotoky) are trans-
lated into:

ok(i) : (agli] =knaifi] =0Aayfi+1] = aqfi| Aagfi + 1] = azfi] Aagli+ 1] = kg)
V(agli] =kAagfi] > 0nai+ 1] =afi] —1Aafi+ 1] = afi| Aagli+ 1] = ka)

Now the formulad is given as

Jday,a2,a33MVi.((0<i <m-1) — (a3[0] = 0/\n\_/l¢j(i) Aag[m| =n))
j=0

The models of the formula are exactly the halting runs of tienter machine in
m steps.ai] (resp.azli]) is the value of counter; (resp.cy) afteri steps andsli] is
the corresponding control locatioay[0] = 0 andag[m| = n make sure that the machine
starts at the initial control location 0 and goes to the hgltocationn and ;‘;3¢ i)
insures that counter values and control locations storégiénconsecutive positions (
andi+1) in the arraysy, a» andag correspond to values in a run of the machine. Then
it is clear, that the machine halts fis satisfiable.

Note that one can easily give a formula using just one arrhig iE done by inter-
leaving the three arrays and using the modulo constrairasdess the counter values
and the control locations. d

Note that having more than one nested loop is a necessanjticon@r undecid-

ability of 2-counter machines since a flat 2-counter machioeld trivially fall into the
class of decidable counter machines from [6, 4].
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4 Decidability of the Satisfiability Problem

The idea behind our method for deciding the satisfiabiliplyem forLIA is that, for
any formula ofLIA , there exists an FBC#A, such thathp has a model if and only if
Ay has an accepting run. More precisely, each array variatpehias a corresponding
counter inAy, and given any model @f that associates integer values to all array entries,
Ay has a run such that the values of the counters at differentgof the run match the
values of the array entries at corresponding indices in tbéai Since, by Lemma 2,
the emptiness problem is decidable for FBCA, this leads tidability of LIA .

In order to build automata fromlA formulae, we first normalize them into existen-
tially quantified positive boolean combinations of simpteag property formulae (cf.
Fig. 1). Second, each such array property formula is tréegiato an FBCA. The final
automatordy is defined recursively on the structure of the normalizechidae, with
thew and® operators being the counterparts for theandA connectives, respectively.

4.1 Normalization of Formulae

The goal of this step is to transform any formula written gsiihe syntax of Figure 1
into a formula of the following normal form.

k3a. \/ (Aewa@k)) A8y(k) (NF)
q

p
wherea s a set of array variablek,is a set of integer variables, and

— Bp is a conjunction of terms of the forms: @k) > 0, or (ii) g(k) =st, with g
being a linear combination of the variableskinand 0<t < s,
— (pq is a formula of the following forms, for somae N, 0<t <s, 0<v<u, and
peZ,qeZ”:
L

K
Vio Afc<in Ni<g Ai=st—ali]~hk) (F1)
k=1 =1

The (F1) formulae bind all values afin some interval by some linear combination
h of variables ink.

K L
Vii Afk<i A Ni<a Ai=st—afi]—bli+p/~q (F2)
k=1 I=1
The (F2) formulae relate all values afandb in the same interval such that the
distance between the indicesa&ndb, respectively, is constant.

NG RSTANDT <SG A NS RSTANZ TSN g
i—j<pAi=stAj=yv—ali]-Db[jl~q

The (F3) formulae relate all values afwith all values ofb within two (possi-
bly equal) intervals. The case whgn= c corresponds to the situation when no
constraint — j < pwith p € Z is used.
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Lemma 5. A formula ofLIA can be equivalently written into the form (NF).

Proof. We show how a formula, written in the syntax of Figure 1, cartrrbasformed
into an equivalent formula of the form (NF), by applying theps below:

1. Put the left-hand sides of the subformutae ¢ (i) — (i) into disjunctive normal
form, and then split both the left-hand and right-hand sioespplying exhaus-
tively the following equivalence preserving transforroas:

Vi.drVoo =Y <= Vi.p1 > P AVIi.d2— Y
Viid—=Pi1AYr <= Vi.d—=Y1 AVi.d— s

The resulting formula will have only conjunctions of atonfiicmulae on the left-
hand side of the implications and only atomic formulae onrtget hand side of
the implications.

2. Putthe entire formula into disjunctive normal form, treg the implications/i . ¢ (i) —
Y as atomic propositions, and distribute the existentiafipte each disjunctive
clause.

3. Eliminate negated implications using the equivaleﬁ@é o — L|J) <~ Jk.pA
(T — —Wlk/i]). Notice that, because of the previous st¢ps an atomic DBM
formula involving array terms, hene&p can be written equivalently without nega-
tion. We move the existential quantifier to the prefix of exidial quantifiers of
the formula, renaming the index variablieby some fresh array-bound variables
k. We maked a part of6,. The newly introduced implication is not preceded by a
universal quantifier (as expected by the normal form we ume)this will be taken
care of by the next step.

4. For each implication of the forivi . ¢ (k,i) — Ww(ak,i), such thatp contains an
array terma[f (k)] where f(k) is a linear combination of array-bound variables,
introduce a fresh universally quantified index varialpleand rewrite the whole
implication asviu{j} . ¢ A j = f(k) — W[j/f(k)]. This step ensures that array
terms are indexed only by universally quantified index Ja&a.

5. Normalise all DBM subformulae of the premigesf the array subformulaé . ¢ —

Y. This step computes also the transitive closure of the DBWeking explicit all
dependencies between indices. For each pair of constraints nandj—i < —m
occurring in a conjunction within the premise of an implioatof the formvi . ¢ —

Y, either itis the case that-m< 0, in which case replace the whole implication by
true, or elsen—m=> 0, in which case replace both constraints\Qy i — j = 1
and eliminatd from the implication subformula, by replacing each occoceof

i by j+1. This step ensures that no constraints of the farm i — j < n are left
within the formula.

6. Rename the universally quantified index variables suatetfich array constraint of
the form (i)ali +n] ~ g(k), (ii) ali+n] —b[i +m| ~ p, or (iii) ai +n] —b[j+m] ~ p,
n,m,p € Z, uses index variables that are distinct from the other. énfttlowing,
we distinguish three cases:

6By Viejap @) we denote the disjunctiop(a) v ¢(a+1) V...V (b).
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(i) For subformulae of the forra[i +n| ~ g(k), replace with i —n throughout the
formula. In particular, the array terna§ + n] are substituted witl[i].

(i) For subformulae of the forna[i +n] — b[i +m| ~ p, suppose that < m, the
other case being symmetric. We replaeéth i — n throughout the formula. In
particular, the array terma]i 4+ n| are substituted witla[i], andali + m| with
ali + m—n|, respectively.

(iii) For subformulae of the forna[i + n] — b[j + m| ~ p, replace with i —nand]j
with j —m. In particular, the array termggi + n] andb[j + m| are substituted
with a[i] andb[j], respectively.

This step ensures that the only constraints involving ateays are of the form

afi] ~ g, afi] — bli +n] ~ mandali] — b[j] ~ m, whereg is a linear polynomial in

bound variables;-€ {<,>},ne Nandme Z.

7. Normalise the atomic propositions in all the premisesefinplications/i . ¢ —
by applying the following substitutions:

(@) f~i+nwith f —n~ifor~ec {<,>},

(b) i—j+n<pwithi—j<p-—n,

(c) i+n=stwithi=st', where 0<t' <t andt’' =st+n.

It can be easily checked that the formula obtained afteryampthe normalisation steps
is in the form (NF), and that is equivalent to the initial farka, since every transforma-
tion preserves logical equivalence. ad

In the following, we refer to thenatrix of ¢ as to the formula obtained by forgetting
the existential quantifier prefix from the (NF) form d¢of

4.2 Formulae and Constraint Graphs

In [6, 4], the set of runs of a flat counter automaton is repregkby an unbounded
constraint graph. Here, we view the models of a formula asrstcaint graph both
left- and right-infinite. These constraint graphs are thegnsas executions of FBCA,
relating in this way models of formulae to runs of automata.

Let ¢(k,a) be a formula of type (F1)-(F3), and k — Z a valuation of its array-
bound variable&. For the rest of this section, we fix the valuatigmnd we denote by
¢, the formula obtained fronp by replacing each occurrencelof k by the valua (k).

The formulag, can be thus represented by a weighted directed g&aphin which
each nod€a, n) represents the array en@jn|, for somea € a andn € Z, and there is
a path of weightv between node&, n) and (b, m) iff the constrainta[n] — b[m] < w s
implied by ¢,. In the next section, we will show that these graphs are ineatorone
correspondence with the accepting runs of an FBCA.

In order to build the constraint graph of a formula, one ndedsay attention to
the following issue. Consider, e.g., the formigj.i— j <3AT=0Aj=21—
afi] — b[j] < 5. The constraint graph of this formula needs to have a pathedjht
5 between, e.ga[0] andb[1], a]0] andbi3], a[0] andb[5], etc. As one can easily no-
tice, the span of such paths is potentially unbounded. Sircavould like this graph
to represent a computation of a flat counter automaton, itsermial to define it as a
sequence composed of (a possibly unbounded number of)tiepebf a finite number
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of (finite) sub-graphs (see, e.g., Fig. 5 or Fig. 6). To thid,eme introduce interme-
diary nodes which are connected between themselves withsach that, for each
non-local constraint of the form[n] — b[m| < w where|n—m| can be arbitrarily large,
there exists exactly one path of weighthrough these nodes. E.g., in Fig. 5, there is a

path(a,0) 3, (ty,—3) 5.2 (ty,1) 5 (b, 1) for the constraina[0] —b[1] <5, another

path(a,0) 3, (ty,—3) 5.2 (ty,3) 5 (b, 3) for the constraina[0] — b[3] < 5, etc.

Formally, the constraint graph df is G, 4 = (V,E) with the set of vertice¥ =
(aUT U{{}) xZ, wherea = {a,b} are the array symbols iy, 7 = {ty} are the
auxiliary symbols (tracks), anlis a special symbol (zero track). The set of edges
defined based on the type ®f i.e. (F1)-(F3). In general, for all types of formulae, we
have:

ES{(GR) 2 @ k+1) [keZ} U {(Gk+1) > (k) [ke Z}

i.e., the value of the zero track stays constant.

Constraint graphs for (F1) formulae Let¢ be the formula

K L
Viio A fk<i A Ni<a Ai=st—ali] ~h(k)
k=1 =1

)

where 0<t <s.Let?,={neZ| = a@[n/i]}.
The set of edgeR is defined by the following case split:

1. If the right hand side of the implication#i] < h(k), we have (cf. Figure 2):
h(k
Eo{(ak M gk [ken)

a e [ ) o [
h(k) h(k) Ih(k) |
Lo ey ey meg meT e~y e

10) (u)

Fig. 2. Constraint graph fovi . | <i <u A i =20— a]i] <h(k)

2. Otherwise, if the right hand side of the implicatiorajg > h(k), we have:

E> {2k . (ak) [ke )

Nothing else is irE.
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Constraint graphs for (F2) formulae Let¢ be the formula:

K L
Vi./\fkgi/\/\igq/\izst—>a[i]—b[i+p]~q
k=1 =1

¢

where 0<s<t, peN,andge Z. Lete, ={neZ | = @[n/i]}.
The set of edgeE is defined by the following case split:

1. If the right hand side of the implication &i] — b[i + p] < g, we have (cf. Fig. 3):
ES{(ak) > (bk+p) [ken}

. .
b ® ° ° ° ° ° o ° °
10 I(L‘J

Fig. 3. Constraint graph fovi.l <i <uAi=;0—afi]—b[i+3] <5

2. If the right hand side of the implication &i] — b[i + p] > g, then (cf. Figure 4):
E D {(bk+p) — (ak) |ken}

a ® ° ™ ° ° °
| -5 -5 ~_ -5
b @ § ° ° ° ° § ° °

(1) H(u)

Fig. 4. Constraint graph fovi.l <i <uAi=;0—afi]—b[i+3]>5

Nothing else is irE.

Constraint graphs for (F3) formulae Let ¢ be the formula below, whereQ s < t,
O0<u<v,peZ” andgeZ:

Vi i  Af<in Nicg Aiz=t A AR<IAAi<@ A i=v Al—] < p— ali]—b[j] ~q
=1

1 k=1 1=1

o ¥
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Let @*(i,k) and@?(j,k) be the subformulae defining the ranges and j, respec-
tively, and?! = {n€ Z | = @ [n/i]}, 22 ={nec Z| = ¢ [n/j]}, be these ranges
under the valuation. Let T< = {(ty,k) 2 (tp,k+1) | Ine 2l Ime 22 . n—m< p}

andT- = {(ty.k) > (ty,k—1) | Ine 2! Ime 22 . n—m > p}. Note thaT- andT-
are empty is the precondition ¢fis not satisfiable. The set of edgeéss defined by the
following case split:
1. If p < 0, we consider two cases, based on the directica]ipf- b[j] ~ q:
(a) forali] —b[j] < g, we have (Fig. 5):
E > {(@k % (tg.k—p) ke 21} U {(ty.k) > (b,K) [ ke 22U T

t(l1)
a ©® () ® ] ) °
5 : 5 ‘ 5 :
h &5 "0y e e, ) o %0
| 0 0 1 0
b @ ) ® ° ) ) ® o
1(I2) 1(uz)
Fig.5. Constraint graph foli, j.I1 <i <ui Al < j<uAi—j<3Ni=0AN]j=21—
afi] —b[j] <5

(b) forali]—bl[j] > g, we have:
E D {(b,k) = (to,k+p) | ke 22} U {(ty,k) 2 (ak) | ker}u T
2. If p= o, we consider again two cases, based on the directiafiof b[j] ~ q:
(a) forafi] —b[j] < q, we have (Fig. 6):
E>{(ak) > (ty,k) | ke 21} U {(ty,k) > (bk) [kE22} UTc U To
(b) forafi] —b[j] > q, we have:
E S {(bk) = (ty.k) | ke 22} U {(ty,k) 2 (a k) |[kerl} UT- U T

Nothing else is irE.

Relating constraint graphs and models of formulaelLet us point out the correspon-
dence between constraint graphs and models of formulaedbtims (F1)-(F3), i.e. if
the vertices of a constraint graph for a form¢glaan be labelled in a consistent way,
then from the labelling one can extract a modeldoand vice versa. This proves the
correctness of the construction for constraint graphsguisie additional tracks.
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a ® ® ° ® ®
5 5 |

b €5 eg 0 0 0o ~®o "®
| o o

be e e e o o

Fig. 6. Constraint graph fovi, j.I1 <i <ui Al < j<upAi=20Aj=21—afi|-b[j]<5

Let ¢ (k,a) be a formula of the forms (F1)-(F3); k — Z a valuation of the array-
bound variables i, andG, ¢ = (V, E) its corresponding constraint graphlabelling

Lab:V — Z of G, 4 is calledconsistenif and only if (1) for all edges LY Vo € E, we
havelLab(vi) — Lab(vz) < kand (2)Lab((¢,n)) =0 foralln e Z.

Lemma 6. Let §(k,a) be a formula of the form (F1)-(F3). Then, for all valuations
Il : k—Zandp: a— “Z% we have thatl,) = ¢ if and only if there exists a
consistent labelling Lab of G such that |ia,i) = Lab((a,i)), forallac aand ie Z.

Proof. We carry out the proof separately frbeing of type (F1)-(F3).
(FL)¢:Vi. A fi<i A ALji<g Ai=st—ali]~h(k)where 0<t <s

“=" By the construction o5, = (V,E), we haveV = {a,{} x Z. DefineLab:V — Z
asLab((a,n)) = p(a,n) andLab((Z,n)) = 0 for alln € Z. To show that.abis consistent,
let ~ be <, the other case being symmetric. Let us consider any edge EoFor
edges linking nodes frorg x Z, we have triviallyLab((Z,n)) — Lab((,n+1)) < 0
andLab(({,n+ 1)) —Lab((Z,n)) < 0. The only other edges iG, 4 are of the form

h(k . . . . :
(a,n) LN (¢,n) with n € », where 2, is the set given in the construction G .

Any n € 2, satisfies the precondition d@f. Since(1,) is a model of, we have that
H(a,n) —0 < h(k), which impliesLab((a,n)) — Lab((Z,n)) < h(k).
“«<" This direction follows from a similar argument.

(F2)d:Vi. A fc<i A ALji<g Ai=st—ali]—bli+p] ~qwhere 0<s<t,
peN,qeZ.

“=" By the construction ofG, ¢ = (V,E), we haveV = {a,b,{} x Z. DefineLab:
V — Z asLab((a,n)) = p(a,n), Lab((b,n)) = p(b,n), andLab(({,n)) =0 for alln e
Z. To show thatLab is consistent, letv be <, the other case being symmetric. Let
us consider any edge frof. For edges linking nodes frohx Z, we have trivially
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Lab((¢,n)) —Lab((¢,n+1)) < 0andLab(({,n+ 1)) —Lab((¢,n)) < 0. The only other
edges inG, ¢ are of the form(a, n) 3 (b,n+ p) with n € 2, where#, is the set given

in the construction of5, 4. Since(1,u) is a model of¢, then for alln € #,, we have
H(a,n) —p(b,n+ p) < g, which impliesLab((a,n)) — Lab((b,n+ p)) < q.

“«<" This direction follows from a similar argument.

pAi=stAj=ygv—ai]—b[j]~qwhere0<s<t,0<u<v,peZ” andqe Z.
Let us assume first that < oo and that~ is <, the other cases being very similar.
Let the sete ! and2?2 be defined as in the construction of the constraint g@gh

(F)d: Vi, AR FE<i A AT <aE A NG RR<TIANZI<E Ai—j<

“=" By the construction oG, y = (V,E), we haveV = {a,b,{,ty } x Z. First of all, we
defineLab:V — Z asLab((a,n)) = u(a,n), Lab((b,n)) = p(b,n), andLab((Z,n)) =0
for all n € Z. It remains to defindéab for ty x Z.

Let us consider first the case wheFe = 0. Then, there do not exist€ #! and
| € 22 such thakk— | < p. This allows us to defineab((ty,n)) = W(a,n+ p) —q for
n+pe 2l Lab((ty,n)) = u(b,n) for n € 22 andLab((ty,n)) = O for all othern € Z.
As there is na such than+ p € 2! andn € 22 and as there are no arcs linking nodes
of ty x Z, it can be easily checked that the labelling is consistent.

Second, we consider the case whEre# 0. In such a case, there exkéte 2! and
| € 2 such thak’ — 1 < p. Thus,?? is not empty, and by definition it is finite, hence it
has a maximum element.

Then, we defingab((ty, n)) as follows: Fon < max22), Lab((ty,n)) = min{p(b,i) |i €
22 andi > n}. Forn > max#?), we define the labelling inductively as follows:nf+
pe 2l thenLab((ty,n)) = maxLab((ty,n—1)), (@ n+ p) —q), otherwise.ab( (ty, n)) =
Lab((ty,n— 1)). It remains to show thahin{p(b,i) | i € #2 andi > n} exists and that
Labis consistent.

Sincep is a model, we have(a, k') — u(b, j) < qfor all j € 2 with K — j < p.
This implies that the sefu(b,i) | i € 2 andi > n} is bounded from below. Therefore
min{u(b,i) | i € #2 andi > n} exists.

To show that.abis consistent, we consider all edgesG.

For edges linking nodes fro x Z, we have triviallyLab(({,n)) — Lab(({,n+
1)) < 0 andLab(({,n+1)) —Lab(({,n)) < 0.

For edges o<, we have by definition of the labelling &f x Z thatLab((ty,n)) <
Lab((ty,n+1)) for alln€ Z. Indeed, fon < max2?2), we setab(ty,n) = min{pu(b,i) | i €
T,Z andi > n}. Notice that, forn; < n, we havelab(ty,n;) < Lab(ty,nz). Forn >
max?2), we setLab(ty,n) = Lab(ty,n— 1).

For edges in{(a,k) 9, (tp,k—p) | k € 21}, we consider two cases. K— p >

max#?), then by definition of the labelling, we have tHadb((a,k)) = u(a,k) and
Lab((ty,k—p)) =maxLab((ty,n—1)),u(a,k) —q). ThereforeLab((a,k)) — Lab((ty,k—
p)) <q.If k— p < max?), then by definition of the labelling, we have thaih((a,k)) =
H(a k) andLab((ty,k — p)) = min{u(b,i) | i € 2 andi > k— p}. Letm e »2 be such
thatp(b, m) = Lab((ty,k— p)). Sincep is a model, we havg(a, k) — p(b,m) < g. This
impliesLab((a,k)) — Lab((ty,k—p)) <q.
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Finally, for edges i (ty, k) 5 (b,k) | k€ 22}, we have by definition of the labelling
thatLab((te,k)) — Lab((b,k)) < 0.

“<" Let Lab be a consistent labelling @& ¢ andp a valuation such that(a,i) =
Lab((a,i)) forallac aandi € Z. Leti, j such thap\ (X, f} <i A A0 < gt A A2, F2<
i A /\l"jlj < g|2 Ni—j<pAi=st A j=yV. By the construction o, y, there are

edges(a,i) % (tg,i— p). (tg.1) = (tg.i +1).eee (tg. ] = 1) > (. ]) andty, j) > (b, ).
By the fact that.abis consistent, we haveab((a,i)) — Lab((b, j)) < g which implies
that“(aa I) - I"l(bv J) < a. d

4.3 From Formulae to Counter Automata

In this section, we describe the construction of an FBgAorresponding to a formula
¢ such that (1) each run @ corresponds to a model ¢f and (2) for each model df,
Ay has at least one corresponding run. In this way, we effdgtieeluce the satisfiability
problem forLIA to the emptiness problem for FBCA.

The construction of FBCA is by induction on the structurehaf formulae. For the
rest of this section, lep be a formulak the set of array-bound variables ¢n and
a the set of array variables i, i.e. FV(¢) = kUa. Suppose thap is the matrix of
a formula in the normal form (NF), i.e : Vic 6i(k) A Ajey Wij (k,a), where®; are
PA constraints angyj; are formulae of types (F1)-(F3). The automa#fgnis defined as
Wic1 Ag; © Qjcy Ay, Wherew and® are the union and intersection operators on FBCA.
The construction of counter automatg, for the formulae;j of type (F1)-(F3) relies
on the definition of the constraint graphs in Section 4.2. Blgneach accepting run of
Ay; gives a consistent valuation of the constraint graptipf

Counter Automata Templates. To simplify the definition of counter automata, we
note that each constraint graph for the basic formulae o {(fi)-(F3) is composed
of horizontal vertical, anddiagonaledges, which are defined in roughly the same way
for all types of formulae (cf. Section 4.2). We take advastafjthis fact, and we start
by defining three types of counter automtgmplateswhich are subsequently used to
define the counter automata for the basic formdlaore precisely, the automata for
(F1)-(F3) formulae will be defined as-products of particular instances of the automata
templates for the horizontal, vertical, and diagonal edifeéke appropriate constraint
graphs. In the following definitions, we assume the existenita special counter;
(tick), incremented by each transition rule, i.e. we supybat the constraing = x; + 1

is implicitly in conjunction with each formula labelling eansition rule. Intuitively, the
role of thex; counter is to synchronism all automata composed byztigroduct on a
common current position.

The template for the horizontal edgdstabe an array symbotlir € {1eft,right,bi}
be adirectionparameter, ang be a formula on array-bound variables. kgtbe the set
{X | ke FV(@)}. We define the templatd (a,dir,p) = (x,Q,L,R,—), where:

7 By templatewe mean a class of counter automata which all share the sancéusé.
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— X= {Xa} UXk. These counters will have the same names in all instandds of
— Q={aL,ar, P, Pr}. The control states are required to have fresh names in every
instance oH. L = {q., p.} andR= {qr, pr}-

— QL i dL, Or i ar, 0L M gr, PL L PL, PrR L PR, andpL M Pr-

In the aboveg(x) is the formula obtained by replacing each occurrence of eayar
bound variablé € FV (@) by its corresponding counteg. The formulag (Xa, X5) is Xa —
X, < 0if dir = right, X, — X4 < 0 if dir = left, andx, = X, if dir =bi. Moreover, for
each transition rule, we assume the conjuncfiQpry ) X = X« to be added implicitly
to the labelling formula, i.e. the value of agpcounter stays constant throughout a run.
Thexy parameters are used within guards of the fafm f(xx), where~c {<,>} and
f is a linear combination afy, in order to mark the position of the array boundaries,
during the run of the automata.

If, for a given valuation of the parametexs, the formulag holds, then any accept-
ing run of (any instance ofjl visits g infinitely often on the left, andg infinitely often
on the right. Otherwise, if for the given valuation xf, ¢ does not hold, the instance
automata have a run that goes infinitely often thropglon the left, and througpg on
the right. In this case, the automata do not impose any @nttronxs.

The template for the diagonal edgeket a,b be array symbolsg € Z, p,s € N*,

t € [0,s— 1], anddir € {left,right} be a direction parameter. In the following, we
refer to the set& = {l4,...,Ik} andU = {us,...,u_} of lower, and respectively upper
bounds, wherg andu; are linear combinations of array-bound variables, anddet
{4 | ke UL FV (i) U U5y FV(uj)}. Further, we assume thatu U # 0 — we deal
with the case of. UU = 0 later on. We define the templai¥a, b, p,q,s,t,L,U,dir) =
(x,Q,L,R —), where:

— X={Xa, X} Uxx U{X | 1 <i < p}. The counterss, Xy, andxy will have the same
names in all instances @. On the other hand, the countegs 1 < i < p, will
have fresh names in every instancelnf The x; counters are used for splitting
diagonal edges that span over more than one position, iriess# diagonal edges
connecting only adjacent positio?\s.

- Q={q,R}U{g |0<i<stu{g |0<j<s j+1<i< j+p}. The control
states are required to have fresh names in every instanBe bét L = {q_} U
{g|0<i<s}andR={gr}U{q |0<i<s}.

_— L L OR L qr, anday (3 Aeni=l(xe) A Ageyi<u(xi) A i=st) G

NeL x>l (k) =1 A (VieL =l (xk)—1) A x+1=si

g, forall0<i<s.

T_l u T i 5 .
— g AreL =1 (%) A Aue Xe<u(x) A & [Xa/Xo.Xp/Xp] Qi+1) mods fOrall 0< i <s.

8 For instance, the constraiafi] — bli +3] < 5 can be split ta@[i] — xy[i +1] < 5, x1[i + 1] —
Xo[i+2] <0, andxo[i + 2] — b[i+ 3] < 0. The constraints for array values of neighboring indices
can then be conveniently expressed by using the currentutncefvalues of the appropriate
counters (e.g., for our example constraiat-x; < 5,x; — X, < 0, andxp —x;, < 0, which of
course appear on subsequent transitions of the appropBaid.).
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— g Vet Xe=U(Xx) A Xe=si A &i[Xa/X0:Xp/Xp] qEH’ forall0<i<s.

—q Vueu Xe=u(Xk) A Xt=si A &[Xa/X0.Xp/Xp] gr, forall 0<i <s, if p= 1.

_ qij &i[Xa/%0,X0/Xp]

¢, forallo<j<sj<i<j+p-1

- q}-&-p—l MqR, forall0< j<s,if p> 1.

In the abovel (xx) andu(xk ) denote the expressiohandu in which each occurrence of
an array-bound variablkeis replaced by its corresponding paramegerAs before, for
each transition rule, we assume the conjuncfiQpey (g X = X« to be added implicitly
to the labelling formula, i.e. we require that the value ofxartounter stays constant
throughout the run. The formuldg are defined as follows:

— if dir = right, & = Agek, Xk — X1 < Ak, for Ky ={k | 0 <k < p, i =sk+t},
0o =qgandog =0,k > 0,

— if dir = left, & = Ak X1 — X < Ok, Ki = {k[ 1 < k< p, k+i=st}, a1 =q
andog=0,k> 1.

Finally, for the casd. = U = 0, we define any instance @f(a,b, p,q,s,t,0,0,dir) to
beA; ® Ay, whereA; is an instance db(a,b, p,q,s,t,0,{0},dir) andA; is an instance
of D(a,b, p,q,s,t,{0},0,dir).

Xt > 11 —3AX <u;—3
AXg — X1 §5/\x/27x(¢ <0

xI:u173/\ x’afx1§5
f—————— f—
X; —X2 < 0AX =2 Ax’zfx% <0

ﬂ(ﬂi.'lﬁiful/\iégo)

Fig. 7. The FBCA for the diagonal edges in the formglavi, j.I1 <i <uiAla < j<upAi—j <
3Ni=20A ] =»1— afi] —b[j] <5 from Fig. 5 obtained aB(a,ty,3,5,2,0—3,{l1 — 3}, {u1 —
3},1left). To understand the formulg on the transition frongp to g, note that the constraint
i =sk+t in the definition of the sefg instantiates to 6, k— 3, and henc&p = {1,3}. A similar
reasoning applies for the other transitions.

The construction can be understood by considering an dangeph of (any instance
of) D. Let us consider the case in which there exists a vialubetween the bounds that
satisfies also the modulo constraint. If this is not the césze will be an accepting run
(3 NeLiZl (k) A Aweni<u(xg) A i=st

that takes the transitiog. ) Or exactly once.
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Since the run is accepting, it must visit a state fliomfinitely often on the left, and
a state fronRinfinitely often on the right. There are three casesi(3) 0 andU £ 0, (2)
IL=0andU # 0, and (3)L # 0 andU = 0. In the case (1), a bi-infinite run will visd_
infinitely often on the left, andg, infinitely often on the right. Notice that the run cannot
visit the loopgo — ... — gs_1 infinitely often, due to the presence of both lower and

upper bounds or;. In the case (2), the run cannot take any of the transitipns: g,

0 <i < s, due to the emptiness &f, which makes the guard unsatisfiable. Hence the
only possibility for an accepting bi-infinite run is to vighe statesjp — ... — gs_1

infinitely often on the left. Due to the presence of the upmaridl onx, the run cannot
stay forever inside this loop, and must exit via one of ¢he- g;; (or ¢ — g for
p = 1) transitions, getting trapped ingg on the right. Case (3) is symmetric to (2).
Note that, in all cases, due to the modulo testgdn the entry and exit of the main
loopgo — ... — gs—1 ON @any accepting run, whenever a sigt® < i < s, is visited, the

value of thex; counter must equalmodulos. Note also that the role of thg states is
to describe constraints corresponding to edges that s&dle the given interval bounds
and lead above its upper bound (or vice versa). The numberobfedges is bounded.
We do not use the same construction at the beginning of teevalf as the templates
are applied such that none of the edges represented goesthelwer bounds.

Template for the vertical edged.et a,b be array symbolsg € Z, p,se€ N*, andt €
[0,s—1]. We again refer to the sefs= {l4,...,Ik} andU = {uy,...,u_} of lower,
and respectively upper bounds, whgrandu; are linear combinations of array-bound
variables. Also, lek = {xc | k€ UL FV(Ii) U Uj_1FV(uj)}. Further, we assume
thatL UU # 0 — we deal with the case @ U U = 0 later on. We define the template
V(a,b,p,q,5t,L,U) = (x,Q,L,R,—), where:

— X={Xa,Xp} UXk. The countersa, Xy, Xk have the same names in all instance¥ of

— Q={aL,gr}U{qi | 0<i < s}. The control states are required to have fresh names
in every instance of. L={q .} U{qg |0<i<s}andR={gr}U{q | 0<i <s}.

_— L oL OR L R anqu (3 Aeni=l(xe) A Ageyi<u(xi) A i=gt)

NeL X=Xk ) =1 A Ve X +1=1(Xk) A X +1=si

g,0<i<s.

> el Xt —Xp< . .
=G Prt e 210 N AuetXestide) 1 X< d(i+1) modss 0<1< sandi =gt.

-G Ner, X > (%k) A Aye Xe<u(Xk) q(i+]_) odss 0<i < sandi §ést.

Xr=U(Xk) A Xr=sl A Xa—Xp< . .
— g Ve Xt=U(X) 1=sl N\ Xa—Xp=Q QR,0§|<SandlEst.

Vuyeu Xe=U(Xk) A X=si

— G Or, 0<i < sandi #st.

In the abovel (xx) andu(xk ) denote the expressiohandu in which each occurrence of
an array-bound variableis replaced by the parameter As before, for each transition
rule, we assume the conjunctidfcry () X« = X« to be added implicitly to the labelling
formula, i.e. the value of aw, counter stays constant throughout the run. Finally, if
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L = U = 0, we define any instance ®f(a,b, p,q,s,t,0,0) asA; ® Ay, whereA; is an
instance oWV (a,b, p,q,s,t,0,{0}) andA is an instance o¥ (a,b, p,q,s,t,{0},0). The
intuition behind the construction &f is similar to the one ob.

ﬂ(ﬂi.'zﬁiﬁUgAiEzl)

Fig. 8. The FBCA for the vertical edges in the formdla Vi, j.I1 <i <ui Al < j<upAi—j <
3AI=20Aj=21— afi]—b[j] <5 from Fig. 5 obtained ag(ty,b, 2,1, {I2}, {uz}).

4.4 Counter Automata for Basic Formulae

We are now ready to define the construction of FBCA for thedBwimulae. This is
done by composing instances of templates, usingstt@perator for intersection (cf.
Section 2).

Formulae of type (F1) Let ¢ be
K L
Yi. /\ fu <i A /\i <g Ai=st—ali] ~h(k)
k=1 I=1

where 0<t <s. LetL = {fy,...,fx} andU = {g1,...,0.}. Then we definedy =
A1 ® Ay, whereA; andA; are instantiated according to Table 1(a).

Formulae of type (F2) Let ¢ be the formula :

K L
Yi. /\ fk <A /\i§g| Ni=st—ali]—bli+p~q
k=1 =1
where 0< s< t. As previously, we denote = {fi,..., fx } andU = {g1,...,q.}. The
instantiation oy is done according to the value pind~ as described in Table 1(B).
Given a set of integerSand an integep we use the notatioB+ p for {s+ p|sc S}.

9 Note that in the last two lines of Table 1(b), we shift the i bounds appearing in the
formula in order to be able to re-use the prepared templatsdb not explicitly deal with
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(@) (b)

= AL | A~ | e[~ Ap I
<|V(a,{,hst,L,U) [H(bi,T) 0 [<[V(ab,q,st,L,U)
>|V(a,{,—h,st,L,U)[H(Zbi, T) 0 |>[V(ba —qg,st,L,U)

> 0| <| D(a,b, p,q,s,t,L,U,right)

> 0| >| D(b,a, p,—q,s,t,L,U,left)

< 0| <|D(a,b,—p,q,s,t+ p,L+ p,U+ p,left)

< 0| >| D(b,a,—p,—q,s,t+ p,L+ p,U+ p,right)

Table 1. The instantiation table for (F1) and (F2) formulae

Formulae of type(F3) Let ¢ be the (F3)-type formula:

LK L1 Ko L2 . .
Vijj. Afb<in Ai<gtn ARR<in Ni<@d rni-i< Ai=stAj=wv—ai]—b[j]~q
k=1 =1 k=1 =1

)

where 0<s<tand 0<u<v. LetLi = {f],..., fk } andU; = {g,...,g }, fori=1,2,
respectively. Byp we denote the precondition @f. The automatordy, is defined as
Ap = AL ® A ® Az, whereAq, Ay, Az are instantiated according to Table 2.

Lp[~] Au | Az | A3 I
o | <|V(aty,q,s,t,L1,Uy) H(ty,bi,Ji, |.) V(ty,b,0,u,v, Lo, Up)
o | >|V(bty,—0q,u,v, Lo, Up) H(ty,bi, i, j.Q) V(ty,a,0,s,t,L1,Uz)
0 | <|V(aty,q,st,L1,Ug) H(ty,right,3i, j.@)| V(ty,0b,0,u,v, Lo, Us)
0 |>|V(bty,—0,u,v,Ly,Us) H(tp,left,di, j.@) | V(ty,a,0,st,L1,Uy)
> 0| <| D(a,ty,p,q,8,t—p,L1— p,Us — p,1left) H(ty,right,3i, j.@)| V(ty,0b,0,u,v, Lo, Us)
> 0| >| D(b,ty, p,—q,u,V,Lp,Up, right) H(ty,left,3i,j.q) | V(ty,a 0,5t L1, Uyp)
< 0| <| D(a,ty,— pq,s,t,]Ll,IUl,rlght) H(ty,right,3i, j.@)| V(tp,b,0,u,v, Lo, Up)
< 0| >| D(b,ty, —p,—0,u, v+ p, Lo+ p,Us + p,left)| H(typ,left,Ji, j.¢) | V(ty,a,0,st,L1,Us)

Table 2. The instantiation table for (F3) formulae. Note that in sdines, we shift the original
bounds appearing in the formula in order to be able to refus@tepared templates that do not
explicitly deal with edges leaving from within the given mals and going below the lower bound.
Due to the way the templates are constructed, the shiftieggpves the semantics of the formula
— instead of edges going below the lower bound of a certaérvat, we obtain the same edges
just going above the upper bound of the shifted interval cwhiur templates are prepared for.
Given a set of integerSand an integep, we use the notatio8+ p for {s+ p|sec S}

edges leaving from within the given bounds and going bel@taiver bound. Due to the way
the templates are constructed, the shifting preservestharstics of the formula — instead of
edges going below the lower bound of a certain interval, waiolihe same edges just going
above the upper bound of the shifted interval, which our tetep are prepared for.
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Counter Automata for Array-Bound Constraints. The FBCAAg for a Presburger
constraint® on array-bound variables 8 = (xx,Q,L,R —), wherexy is the set

0
(x| ke FV(8)}, Q= {qu.ar}, L = {q.}, R= {ar}, and —= {q. = qu,q. ¥,

Or,OR LR gr}, andB(xx) denotes the formul@ in which each occurrence of an array-
bound variablé& € FV(8) is replaced by its corresponding parameger

4.5 From Formulae to Counter Automata

Given a formulap(k,a) which is a positive boolean combination of formulae of types
(F1)-(F3) and PA constraints on the array-bound variakldst Ay be the automaton
defined inductively on the structure ¢fas follows:

— if ¢ is of type (F1)-(F3), or a PA constraint énthenAy is as in Section 4.4,
— if & = Y1 AW, thenAy = Ay, @ Ay,,
— if ¢ =1V 2, thenAy = Ay, B Ay,.

Letr € ® (Ap) be an accepting run &y andd(r) = val(r(0))(x) be the value of
the x; (tick) counter at position 0 on. We denote byn(r) = roo9") the centered
run obtained fromr by shifting it such that the value of at position 0 is also 0. By
Lemma 1y is an accepting run oy if and only if n(r) is. Notice thatr induces the
following valuations ork anda, respectivelyi, (k) = val(n(r)(0))(x), for all k € k,
andpy (a,i) = val(n(r)(i))(xa), for allac aandi € Z.

For an arbitrary valuation € ¥ (Ay), there exists € ® (Ay) such thatv = val(r).
LetMy(v) = (11, lr) be the valuation of the free variablesfirthat correspond to. One
can see now tha¥ly defines a functioMy : v (Ay) — (k — Z) x (ar— “Z).10

To proof the main theorem relating a formula with its cor@sing automaton we
give first several lemmas. The following two lemmas relagedbntrol states visited by
an accepting run ofy, with its positions.

Lemma?. Let A= (x,Q,L,R,—), where Q= {q.,qr} U{qi |0<i < s} U {qij |0<

j<s, j+1<i< j+p}beaninstance of the diagonal templatéel®, p, q,s,t,1L, U, dir),
and ry be any normalised accepting run of A. Supposing thatU # 0, for all k € Z,
we have that, if eitherg(k) = (g/,v) or ro(k) = (q,v) for some valuatiorv of the
counters in A, them(k) =si.

Proof. Follows easily from (1) the fact that to enter and to leavestaes{q; | 0 <
i < s} a guard checking the modulo constraint has to be satisfie@ride fact that if
LUU # 0, then an accepting run has to either enter or leave the qigtéd <i < s}
due to the presence of guards in the transitions. d

10 By definition, for eachv € ¥ (Ay) there exist valuations andpy, soMy is defined for all

VEV(Ay). Letry,ro € % (Ap) be two runs such thatal(ry) = val(ro) = v. We haved(ry) =
o(r2), thereforen(r1) = n(rz), which leads tay, =1y, andpy, = l,.
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Lemma 8. Let A= (x,Q,L,R,—), where Q= {q.,0r} U{qi | 0<i < s} be an instance

of the vertical template ¥&,b, p,q,s,t,L,U), and p be any normalised accepting run
of A. Supposing that UTU # 0 for all k € Z, we have that, if¢(k) = (qi,v) for some
valuationv, thenv(k) =si.

Proof. Like the proof of Lemma 7. ad
The following lemma is the basis of theorem 1.

Lemma 9. Let$(k,a) be a formula of the form (F1)-(F3) andyAhe corresponding
automaton, as defined in Section 4.4. Thep(M(Ay)) = [[¢].

Proof. We only give the proof for the most difficult case, i.e. foriaelof the form
(F3). For the other formulae, it is similar. Let us have a folap : Vi, j . /\l'fil fkl <
AN <G A AN RS ANZISEAI—j<pAi=st A j=yv—ali]-

b[j] ~ qwhere 0< s<tand O<u<v. LetLi = {f},..., fy } andUi = {gy,..., 9, }

for i = 1,2, respectively. Letp=3i,j . AxL fE <i A AL i <gt A A2 T2 <

i A /\}‘ilj <@ Ai—j<pAi=st A j=yV. Wegive the proof fop > 0 and~=<.
The other cases are very similar. 1&gt be the automaton correspondingftoVe have

Ay = A1 ®A>® Az whereA; is an instance dD(a,ty, p,d,S,t — p,L1— p, U1 — p,left),

A is an instance off (ty, right, @), andAgz is an instance o¥ (ty,b,0,u,v,L>,Us). We
suppose thdt; UTU; # 0 andlL, UU, # 0. The other cases are treated in a similar way.

“C” We first show thatVly (7 (Ay)) € [¢]. Letr be an accepting run @ty andro be
the normalised run correspondingrtoLet i, : k — Z and, : {a,b} x Z — Z be the
valuations of the free variables ¢fcorresponding to the run. LetG,, ¢ = (V,E) be
the constraint graph correspondinggtdor the valuation of the bound variables We
show below that starting from the rug, we can define a consistent labellihgb of
Gi, - Thanks to Lemma 6 which implies that the labellirap corresponds to a model,
this is enough to prove thddy (7 (Ay))  [¢].

By construction, the rury of the automatory, = Ay ® A, @ Az corresponds to runs
rhinthe automata (i € {1,2,3}). We haveval(ro) (Xa) = val(r§) (Xa) andval(ro) (x,) =
val(rd)(x) as well asval(ro) (%, ) = val(rd) (x,) = val(rd)(x,) = val(rd) (x,).

The labellingLab s defined as followd.ab((a,i)) = p (a,i), Lab((b,i)) = pr (b, i),
andLab((ty,i)) = val(ro(i))(x,) for all i € Z. We show in the following thatab is
consistent. Leti,, = max{i(f}) | 1 <k <K} anduj,, =min{i,(g)) | 1 <1 <L}
fori=1,2. Letpy,, ={k| £1,, <k < w1, A k=st}andry,, ={k| L2, <k<
Uy, N k=, V}. We have to consider several cases depending on the leftigimd r
accepting states visited by the rujsLetA; = (x1,Q,L,R,—), Ao = (X2, Q,L',R,—’

), andAg = (x3,Q",L",R’,—"). We haveQ = {q_,qr} U{q | 0<i < s}u{qij |0<
j<s j+1<i<j+phL={a}u{g|0<i<s}andR={gr}U{q |0<i<s},
Q ={09..9r P, Pr} andQ” = {q/, gz} U{q | 0 <i < s}.

1. The rurrcl) is left-accepting using. and right-accepting usingg and goes through
the stateqq; | 0 <i < s}. We now show thatabis consistent.
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(a) Letus consider an edga, k) 4, (ty,k— p) for somek € 21,,. We have to show

that Lab((a,k)) — Lab((ty,k— p)) < g. Due to the structure of the automaton
A1, we have for eack € 7y, thatré(k— p) = (g,v) for somei. Furthermore,
i =st — p due to Lemma 7. Then, the construction of the automaton é@ssur
that in any run, thep transitions followingg; are such thaval(r3(k))(xa) —
val(ri(k— P))(X,) < 0. This holds due to the roles of the additional counters
{xi | 1 <i < p} from the definition ofD. This implies directlyLab((a,k)) —
Labi((ty.k—p)) < q.

(b) Let us consider an edggy, k) 5 (b,k) for somek € »5,,. We have to show

that Lab((ty,k)) — Lab((b,k)) < 0. If 5, is not empty, then the rurg must
go through the statelsy’ | 0 <i < s} but it cannot stay there all the time. We
have for eaclk € 2,,, thatr3(k) = (q;,v) with i =, v due to Lemma 8. Then,
the transition followingg; of the automaton ensures thml(rg(k))(xtq,) -
val(r3(k))(xo) < 0. This implies directlyLab((ty,k)) — Lab((b,k)) < 0.

(c) Let us consider the edgés. The accepting runé either goes through and
gr Or p_ andpi. In the latter case, this means that the gugisinot satisfied.
Therefore, by definitionT< is empty. In the former case, we haxg— x{¢ <0
for each transition of;. This givesval(rg(k))(x,) — val(rj(k+1))(x,) < 0
for all k € Z, which impliesLab((ty, k)) — Lab((ty,k+1)) <O for allk € Z.

. The runré is left-accepting using the statg and right-accepting using the state

gr and does not go througfy; | 0 <i < s}. In this case, the run goes through

(3 AleniZHx) A Ageri<u(Xe) A i=st

the transitiong, ) Or. This means thaty,, is

empty and diagonal edges are trivially consistent. Theratiges are shown to be
consistent as in the cases 1(b) and 1(c).

. The runr} is left-accepting using a state g | 0 <i < s} and right-accepting
usinggr. In this case, Lemmas 7 and 8 can still be applied in a simitar i@ the
first case to show that the labelling is consistent.

. The runré is left-accepting using the statg and right-accepting usinfg; | 0 <

i < s}. Symmetric to the previous case.

. The rurr} is left-accepting using a state{i; | 0 <i < s} and right-accepting using
{gi | 0 <i < s}. This is impossible becaudg UTU; # 0 implies that an accepting
run must either enter or leave the stafes | 0 < i < s} due to the presence of
guards in the transitions.

“ 2" Now, we show thaf{$]] € My (7 (Ag)). This is, given a model af, we have to show
that the counter automat@y, has a corresponding accepting run. tief) be a model
of ¢. Because of Lemma 6, there exists a consistent labellaigof the constraint
graphG, ¢ with p(a,i) = Lab((a,i)) andp(b,i) = Lab((b,i)) for all i € Z. It remains to
show thatAy has a run corresponding to the labellinagp. It is enough to show that the
three automatd, Ay, andAz have runs corresponding to the same labelling. That
is, there are rung} of Aq, r3 of Ay, r3 of A such thawal(rd(i))(xa) = Lab((a,i)) and
val(rd(i)) (%) = Lab((b,i)) for all i € Z as well asval(r(i))(x,) = val(r§(i)) (x,) =
val(rg(i))(xtq,) = Lab((ty,i)) for alli € Z.
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We define a bi-infinite sequenge Z — ({Xa, Xo, X, } U{x|ke k}U{xj|j € {1,...,p—
1}} — Z) of valuations of the counters @§ such that :

— vk e ki € ZV(i) (%) = 1(K)
— Vi € Zv(i)(xa) = L((a,i)) andv(i)(x) = L((b,i))
~ Vi € Z.v(i) (%) = L((t.1)

—Vje{l,...p—1Vi € ZV(i)(x) = L((ai+])) —q

Now, asv corresponds in the needed wayltab, it remains to show that each au-
tomatonAq, Ao, Az has runs corresponding to(taking into account the relevant coun-
ters only). Letzi, = max{1(f}) | 1 <k <K} and i, = min{i(g)) | 1< | < Lj} for
i=12 Letel={k| 1, <k<uy Ak=st}ande?={k| Ly <k< sz Ak=yV}.

— The runré of the automator®\; is composed of three parts. The “left-accepting
part’, the “middle part”’, and the “right-accepting” parthdre are two cases to
consider depending on the emptiness or non-emptiness eétirg.

e If 2! is empty, then the run is constructed in the following wayeTaft-

accepting part goes through the transit'up_nL q., then the middle part is

(3 Ajeni=l(Xk) A Ageyi<u(xi) A i=st)

the transitiong. gr taken at an arbitrary

point. The right-accepting part goes through the transqiol Or. Since there

are no constraints (up to choosing the values of the parasietethe run can
be trivially chosen to correspond to

e If 21is not empty, then the left-accepting part goes throughréresttiong, R

q until one of the guards of the outgoing transitions is s&ikfivhich happens
whenx; reaches the value;, — 1 — p. The run then continues to one of te
states, namely the one for whigh+ 1 =5 i. The middle part of the run then
goes through the statds; | 0 <i < s} till x; reaches the valueiy, — p—
1. Subsequently, the run continues through the st#teee gr Where it loops
forever. Within the run, the constraints that are to be Batisvhen taking a
transition from ag; state include:
1. X, —x3 < g, which can be satisfied as in the sequenaé valuations that
the run needs to follow, the value ®f equalsx; — q,
2. %1 —x < 0for 1< k< p, which can be satisfied as in the sequence of
valuationsv to be followed, all;_; andx, have the same value, and
3. x’p_1 — X < 0. This last kind of constraints is tested at the moments when
the value ofx; corresponds to an inddxwhen a diagonal arc arrives to
ty. At that moment, in the sequenueof valuations that we try to follow,
X1 has the value of((a,| + p)) — g, and from the fact that the labelling
is consistent (and hends(a,l + p)) — L((ty,1)) < 0), it is clear that the
last kind of constraints can be satisfied too.
Hence, there is an accepting run corresponding to the ii@fequence of
valuations. A similar reasoning applies when passing tiindhe stateqi'.
— The runs'g of A; andrg of Ag are constructed in a similar way.
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Theorem 1. Let¢(k,a) be a positive boolean combination of formulae of types (F1)-
(F3) and PA constraints on the array-bound variablesand A be the automaton
defined in the previous. Thengy’ (Ay)) = [¢].

Proof. Let us first introduce some notation. bebe an arbitrary set of variables, inter-
preted over some domaid, andr C x — D be a set of valuations. For some superset
y D x of the set of variables, we definely= {1 :y — D | 1 [xe 1}. If X1,y1 andxz,y>
are sets of variables interpreted over dom&@psindD,, respectivelyx; C y1, X2 C Yo,
andrgp C x1 — D1 x X2 — D> is a set of pairs of valuations, lefo Ty, y,= {(l1,12) | 11:
y1— D1, 12:y2 = D2, (11]x,,12]x,) € I12}. The proof is by induction on the structure
of ¢. Lemma 9 takes care about the caseg dieing of type (F1)-(F3). Ith is a PA
constraint ork, the proof is immediate.

For the inductive casé = 1 A W, let kj anda;, be the sets of array-bound and
array variables ofy;, fori = 1, 2, respectively. We have by Lemma 3, that:

V(A @A) =V (Ag) g, N Y (Agg) Txaueg

wherex; are the counters &y, andx; are the counters dy,. Applying My to this
equality, we obtain:

M¢(V(A¢1 ®A¢2)) = M¢(‘V(A¢l) Txluxz) N M¢((V(A¢2) Txluxz)

sinceMy is defined point wise on sets of runs. By the induction hypsitheve have

My, (7 (Ag)) = [[Wi], fori =1,2. Itis easy to see tha¥ly (7 (Ay;) Txyux) = (Wil Tkyuko,a U2,
fori=1,2. Hence, we have:

Mo (7 (Ay; © Ay,)) = [Wall Tkyukp.agua, N [Wall Tkyuky ag0a,= [W1 A W]
The proof for the cas¢ = Y3 Vv Y, follows a similar argument. ad
The main result of the paper is the following:
Corollary 1. The logicLIA is decidable.

The proof of Corollary 1 uses the normalization step (cf. beab) to rewrite any
formula ofLIA into the form (NF), and applies Theorem 1 to the matrix of trerfula
(i.e. the formula obtained by skipping the existential difeem prefix).

5 Conclusions and Future Work

We present a new decidable logic for reasoning about priegest programs handling
integer arrays. This logic allows to relate adjacent arayes, as well as to express pe-
riodic facts relating all values situated at equidistarsifions. We establish decidability
of this logic following the automata-theoretic approach.this end, we define a new
class of Richi automata with counters, for which emptiness is dedgand translate
each formula into a corresponding automaton.

Future work will include the study of the complexity of ouraigon procedure and
its implementation. We furthermore plan to develop invatrigeneration methods in
order to give automatic correctness proofs for programis imteger arrays.
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A Extensions of Flat Counter Automata

The purpose of this appendix is to motivate the extensiontefresult in [6, 4], on
flat counter automata. Given a flat counter automaten (x,Q,—), and a loopy on

a control statey € Q, labelled with DBM formulae only, one can effectively buid
PA formulaWq (Y, X,x") which is satisfied by all tripleén,v,V’), where there exists an
execution corresponding toloop iterations, in which the initial values of the counters
arev and the final values aré. Based on this result, we prove two important lemmas.

Lemma 10. If any control loop of A is labelled by a parametric DBM forrauthen for
any two control states,g € Q, one can effectively build a PA formulg R(x,x’) such
that, for any two configurationg,v) and(d,v’), (¢/,V’) is a successor dfg,v) if and

only if = Ry ¢ (V(X),V'(X)).

Proof. First, we eliminate the atomic propositions of the form f (k) wherek are the
parameters oh and~¢c {<, >} from all control loops ofA. This is done by introducing
an extra parametet;, Then we chang& ~ f into x ~ x¢ AX; = x; for all transition
rules of A. Consequently, all loops & will be labelled only with DBM formulae. Let
Q be the conjunction of all formulaes = f(k), for all linear combinationd that are
eliminated in this way from the transition rules Af

If Ais flat, any control path betweepandd is of the form

Yo Vi Vi Oy
T[:qZQO_O)C]O&Ql—l”hi---Qk—lg(Jk—lLQk—l:q/

for k > 1, wherey; are elementary loops ara are control paths in which each state
appears only once, ford i <k. Sinceg; are finite, one can build PA formulag(x,x’),

by composing the PA formulae on the transitionsopfin other words, ifo; : q; LN

o b2, 03...0n 1 Bnt, On then@ : Ixo3X1 ... IxXn . X =Xo AX' = Xn A AZG i (Xi, Xi41)-

The needed formula is the conjunction @f with the disjunction over all path
schemegt, of formulae of the form:

O : IXy... Ixok—13NpINg ... Ik 1 . X =X  AX = Xok1 A
k
/\ Wa i (Ni, X211, X2i) A @ (X2i, X2i1.1)
i=1

O
The next result concerns the termination of one control |daipelled with DBM
formulae. Since DBM formulae are closed under compositi@can consider w.l.0.g.

only one self-loop of the forng M g. We first instrument the DBM formula, by

replacing each constraint of the fos< k by x—{ < kAL = andx>kby{ —x <
—kA T =, where( is a fresh counter, initially set to zero. From now on, we réde
the setx as to the set of all counters, includiggs well.
In general, a DBM formul@(x,x’) can be represented as a directed weighted graph
whose set of vertices is the set of variables x’, and there is an edge with weight
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Fig. 9. Constraint Graph and Automaton for the DB&#-x < —1AU > 0AU —x < 0.

k from x to y if and only if there is an explicit constrailt—y < k in ¢. An n-step
execution of the loop is represented by a constraint gG{phjeﬁned as the minimal

graph whose set of vertices|if_,x', wherex' = {x' |x € x} and, for all 0< i < n, there
is an edge labellekt

— fromx toy, if there is a constraint—y < kin ¢.

— fromx+1 toy't1, if there is a constraint —y < kin ¢.
— from X toy' 1, if there is a constraint—y < kin ¢.

— fromx*1toy!, if there is a constraint —y < kin ¢.

We define the infinite grapBg = Unzo Gg. For instance, Figure 9 (a) shows the con-
straint graplGg corresponding to the DBM formutd —x < —1Au > 0AU —x < 0.

ok
If 1m0 x =5 .

., o, yl,0<i,j <nis apath inGy, let w(m) denote the sum of all
labels along the path, i.e(1) = T, k;. Clearly, we haved —yl < w(1). We define
min{x — yi} = min{w(r) | Tt: X <& ... 57, yi}. By convention, if there are no paths
in G3, betweenx' andy!, we take mifx — yJ} = c. On the other hand, if the set of

paths betweer andx! does not have a minimal element, we take frin- yl } = —oo
Notice that this can only be the case3f has a cycle whose weight is negative. With
this notation, we have' —y! < min{X' — y'}. Moreover, this is the strongest relation
involving the values ok andy at the execution timeisand j, respectively. Notice that
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the satisfiability of all constraints betweghandy! is equivalent with the absence of
negative cycles involving the node&sany! from Gy . For example, the thick edges in
Figure 9 (a) show a cycle iGy;.

The essence of the proof in [4] is to encode paths in the ainstgraphGy by
words of lengtm. Intuitively, a wordw of lengthn represents a pathbetween, say®
andy", with x,y € x, as follows: thew; symbol representsimultaneouslyll edges of
Ttthat involve only nodes from' Ux*1, 0 < i < n. Note that, for a path fron to y",
coded by a wordv, the number of times th&; symbol is traversed by the path is odd,
whereas for a path frond to y°, or fromx” to y", this number is even. In particular, if
the path is cyclic, we are in the second case. We definavéhightof a symbol as the
sum of the weights of all the edges in it. The weight of a finiwravis the sum of the
weights of all symbols occurring in the word.

Given a DBM relationp(x,x’), theeven alphabeof ¢, denoted ag§, is the set of
all graphs satisfying the following conditions, for ea@he Zg:

1. the set of nodes @ is xUX/,

2. for anyx,y € xUx/, there is an edge with labkifrom x to y, only if the constraint
x—y<koccurs ind,

3. the in-degree and out-degree of each node are at most one,

4. the number of edges frorto X’ equals the number of edges frofnto x.

Starting from this encoding, it is possible to define a finiwighted automatomel,, in
which each transition is labelled with a subgraprCgf and the weight of a transition
is the weight of the subgraph. Moreover, the constructi@ueh that all paths between
certain pairs of control states are encodings of all cyatethé constraint grapls;.
Hence, frormqe), it is possible to give a PA formula stating the absence (esg@nce) of
paths of negative weight iA?I,, and hence of negative cycles@y. For example, the
automaton in Figure 9 (b) accepts the word encoding of thieégd=igure 9 (a).

The following lemma is a consequence of the constructionritesd above. Namely,
we are interested by a formula that characterises all intiues of the counters from
which there exists an infinite computation along the looptidéothat termination is a
universal problem: we are interested in the set of all states which there is a termi-
nating (or, vice versa, non-terminating) run of the loop.

Lemma 11. Given a control loopy labelled by a parametric DBM formula, and a con-
trol state g ony, one can effectively build a PA formulgy(x), such that, for any con-
figuration (q,v), there exists an infinite computation alopgstarting with(q,v) if and

only if = lqy(V(X)).

Proof. Let q LN g be a self-loop, wheré(x,x’) is a parametric DBM formula, and let

Gg be the corresponding infinite constraint graph. xgt= {Xo | x € x} be the set of
initial values of the counters.

Leto™ : IxO3xL...3x" . x =xOAX = x" A AL (X, x 1) be the formula corre-
sponding to the-th iteration of the loop, and lefi"(xg, X, X") = ¢"(X,X') A Ayex X = Xo
be the formula corresponding to theh iteration of the loop starting fromy.

Notice that the constraint grags{, corresponding ta"(xo,x,x’) can be obtained

from Gg by adding edges labelled wity between® andZ®, and with—xq betweer(®
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andx?, for all x € x. Based on the encoding of unbounded constraint graphs alsywvoe
define a weighted automaton recognizing all cycle@ﬂn Notice that this automaton
has edges labelled with linear combinations of th@arameters, and that these edges
do not occur within cycles.

Using the method described in [4], one can effectively baildA formulad(y, xo)
that is satisfied by all tupleén,v), such that there exists a negative cycle of span
when the parameters are assigned to. Hence the formulaly . 8(y,xo) defines all
values ofxg for which there exists a negative cycle@@, and for which the loop has a
finite computation. The needed formula#g. —6(y, Xp). O

For example, the PA formula defining the values for which taetion of the loop
labelled with the DBM formulad —x < —1AU > 0A U —x < 0, started withx = Xo,
terminates im steps can be derived from the automaton in Figurgg9: n—1 < 0.
Then, one can establish that the loop terminates for anglinilue ofx by verifying
the validity of the PA formula’xpdn. xp—n—1<0.
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