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Next, I feel honored to have Damian Niwińksi and Colin Stirling as reviewers of this thesis. I
thank them for reviewing this thesis within the short given time.

I want to thank the members of the graduation commitee Manfred Droste, Martin Bogdan, Ger-
hard Brewka, Dietrich Kuske and Martin Middendorf for a fastprocedure.

I yield a lot of thanks to the Deutsche Forschungsgemeinschaft (DFG) for support through the
project GELO over the years.

I want to thank my co-authors Carsten Lutz and Dirk Nowotka for the interesting discussions
we had. I hope that the collaboration will continue.

I want to thank all my former colleagues of the Department of Theoretical Computer Science
in Stuttgart Volker Diekert, Ulrich Hertrampf, Benjamin Hoffmann, Manfred Kufleitner, Nicole
Ondrusch, Holger Petersen, Heike Photien and Horst Prote for a really nice time. Moreover, I
am grateful to my friends and former colleagues from the Computer Science faculty at the Uni-
versity of Stuttgart for the numerous creative ways of distracting ourselves from working hard.

I thank my colleagues at the University of Leipzig for a really nice time. Especially, I would like
to thank Niko Haubold, Daniel Kirsten, Dietrich Kuske, Christian Mathissen, and Ingmar Mei-
necke for always having an open ear and Andrea Hesse and KarinQuaas for enjoyable coffee
sessions.

Finally I thank my family and my friends for their love and support.

i



ii



To my parents and my brother



iv



Contents

Acknowledgments i

1 Introduction 1

2 Preliminaries 9
2.1 General notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 9
2.2 Complexity theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .10
2.3 Propositional Dynamic Logic (PDL) . . . . . . . . . . . . . . . . . .. . . . . 12
2.4 PDL extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.5 Infinite state systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 27

3 ICPDL with fixed points and nominals 31
3.1 ICPDL with fixed points and nominals:µ-ICPDLNom . . . . . . . . . . . . . . 32
3.2 Models of bounded tree width suffice . . . . . . . . . . . . . . . . . .. . . . . 39
3.3 Translation toω-regular tree satisfiability . . . . . . . . . . . . . . . . . . . . 44
3.4 An upper bound forω-regular tree satisfiability . . . . . . . . . . . . . . . . . 51

3.4.1 Fromµ-ICPDLNom to automata . . . . . . . . . . . . . . . . . . . . . . 53
3.4.2 Automata size . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.4.3 The upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

3.5 Satisfiability inµ-ICPDLNom is 2EXP-complete . . . . . . . . . . . . . . . . . 63
3.6 Infinite state model checking ofµ-ICPDLNom . . . . . . . . . . . . . . . . . . . 64

3.6.1 Upper bounds: Reduction toω-regular tree satisfiability . . . . . . . . 64
3.6.2 Lower bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

3.7 High undecidability of IPDL with atomic program negation . . . . . . . . . . . 74
3.8 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4 Dynamic Logics of Permission 81
4.1 DLP+

dyn and its fragments DLPdyn and DLP . . . . . . . . . . . . . . . . . . . 82

4.2 Difficulties of DLP+
dyn reasoning . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.3 A translation from DLP+dyn to PDL⊕[A] . . . . . . . . . . . . . . . . . . . . . 87
4.4 PDL⊕[A] is in EXP . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
4.5 PDL⊕ is 2EXP-complete . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.6 A 2EXP-hard variant of DLP+dyn . . . . . . . . . . . . . . . . . . . . . . . . . 109
4.7 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

v



Contents

5 Infinite state model checking of PDL and fragments 113
5.1 Undecidability of test-free PDL over communication-free nets . . . . . . . . . 114
5.2 EXP-hardness of reachability on prefix-recognizable graphs . .. . . . . . . . 116
5.3 Infinite state model checking test-free PDL . . . . . . . . . . .. . . . . . . . 121
5.4 Model-checking full PDL . . . . . . . . . . . . . . . . . . . . . . . . . . .. . 123
5.5 Open problem: EF model checking over one-counter systems . . . . . . . . . . 125

6 Conclusion and open problems 131

vi



1
Introduction

First-order Dynamic Logic (DL), originally introduced by Pratt [91] and carried on by Harel
et al. [54], is a formal system that allows to reason about programs. Unlike first-order logic,
where free variables are statically evaluated, there are special constructs in DL that allow to
describe the dynamic change of valuations of variables, namely programs. In DL each formula
defines a set of valuations of variables (over some domain of computation as for example the
natural numbers). Programs, on the other hand, define a binary relation on the set of valuations:
Intuitively a programπ relates valuationf with valuationg wheneverg can be reached after
execution of the programπ underf . Thus, DL allows to model the input-output behaviour of
programs. Several extensions of DL that comprise more complex data structures than the mere
usage of variables, as for example stacks, have been introduced. Some of them increase the
expressive power of DL, some do not; see [53] for an intensivetreatment.

Propositional Dynamic Logic (PDL), introduced by Fischer and Ladner [36], can be seen to
relate to DL as propositional logic relates to first-order logic. More precisely, primitive PDL
formulas (resp. programs) are abstracted and simply range over a countable set ofatomic propo-
sitionsp, q, . . . (resp.atomic programsa, b, . . .). Complex formulas and programs are mutually
defined from atomic propositions and programs. Formulas canbe build using the boolean con-
nectives and the diamond modality, i.e.〈π〉ϕ is a formula wheneverπ is program andϕ is
a formula. Programs can be seen as a regular language over atomic programs and test pro-
gramsϕ? (whereϕ is a formula) and are represented using the operators union,composition,
and Kleene star. As indicated above, since the domain of computation is abstracted in PDL,
we no longer speak of valuations. Instead, formulas and programs are interpreted on state and
edge labeled transition systems, also known asKripke structures. Although being strictly less
expressive than DL, there are fundamental properties of computation which are expressible in
PDL.

An important algorithmic problem of a logic is satisfiability. Thesatisfiability problemasks,
given some formulaϕ as input, whether there exists a Kripke structureK such thatϕ holds
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1 Introduction

in some state ofK. In contrast to the high undecidability status of DL, satisfiability in PDL
is decidable and complete for deterministic exponential time [36, 94]. The reason that PDL
behaves well in a complexity theoretical sense is its quite simple model theory. It is well-
known that PDL is bisimulation-invariant. This implies that PDL has the tree model property,
i.e. every satisfiable PDL formula has a model that is a tree. Furthermore PDL has the finite
model property, i.e. every satisfiable PDL formula has a finite model [36].

In the early days of PDL, researchers mainly concentrated onsatisfiability and axiomatization
of PDL and its variants. With the emergence of automatic verification, also model checking
problems for modal logics became a central research topic. Themodel checking problemasks,
given some formulaϕ, some Kripke structureK and some statex of K, whetherϕ holds in
x. Model checking is the prime reasoning problem in program verification [20], and has tradi-
tionally been studied for finite Kripke structures. Lange studies this original problem in a PDL
context in [71], provingP-completeness for PDL and various extensions of it.

In this thesis, we study the computational complexity of thesatisfiability problem and of the
infinite statemodel checking problem of PDL and some of its extensions. As expected, in the
infinite state model checking problem the input Kripke structures can be infinite but there is some
formalism for finitely representing them. In recent years, verification of infinite state systems
became a major topic in the model checking community. We believe that model checking of
PDL and its variants over infinite state systems is not only a natural topic, but also a useful and
applicable research direction in verification. PDL allows directly to express regular reachability
properties, which were studied e.g. in [77, 85, 129, 128] in the context of infinite state systems.
For instance, consider the property that a process can reacha state, where a conditionϕ holds,
via a path on which the action sequencea1a2 · · · an is repeated cyclically. Clearly, this can be
expressed in Kozen’sµ-calculus [65] (ifϕ can be expressed in the modalµ-calculus), but clearly
the PDL formula〈(a1; a2; · · · ; an)

∗〉ϕ is a more readable specification; consult the textbook
[5] for a thorough treatment of the modalµ-calculus. Secondly, and more important, IPDL (i.e.
the extension of PDL with the intersection on programs) allows to formulate natural system
properties that cannot be expressed in the modalµ-calculus (since they are not bisimulation
invariant), like for instance that a system can be reset to the current state (Example 2.23) or that
two forking pushdown processes may synchronize in the future (Example 2.35). When model
checking infinite state systems, we need a formalism for finitely representing them. A number
of different formalisms are available, which vary considerably in expressive power and give
rise to different versions of the infinite state model checking problem, see [111] for a survey.
In the rest of this discussion, we follow Mayr’s uniform classification in terms of parallel and
sequential composition [85]. When parallel composition isadmitted to describe infinite state
systems, model checking is undecidable already for test-free PDL as we will show. Because
of this negative result, we concentrate on sequential composition. Mayr’s classification thus
leads us to pushdown systems (PDSs) and basic process algebras (BPAs). Pushdown systems
were used to model the state space of programs with nested procedure calls [31], and model
checking PDSs was studied for various temporal logics such as LTL, CTL, and the modalµ-
calculus [3, 31, 68, 124, 125]. For a thorough study of temporal logics we refer to [104, 20].
BPAs are a special case of pushdown systems, namely those with a single internal state and were
studied e.g. in [83, 50, 102]. In addition to pushdown systems and basic process algebras, we
consider prefix-recognizable systems. Prefix-recognizable systems were introduced by Caucal
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[18] and strictly extend pushdown systems. There exist numerous natural characterizations of
prefix-recognizable systems, as e.g. the class of graphs (i.e. systems) that are MSO-interpretable
in the complete binary tree [18], see also [73] for a comprehensive study.

Since its invention, PDL has become a classic of logic in computer science [53], and many
extensions and variations have been proposed. PDL extensions are often inspired by the original
application of reasoning about programs, while others aim at the numerous novel applications
that PDL has found since its invention. Notable examples of such applications include reasoning
about agent-based systems [86], regular path constraints for querying semi-structured data [2],
and XML-querying [1, 110, 109]. In artifical intelligence, PDL received attention due to its
close relationship to description logics [40] and epistemic logics [116, 118]. In the following,
we survey different PDL extensions and summarize to what extend this thesis contributes to
them.

Succinct representations:Since each PDL program can be seen as a regular language over the
set of atomic programs and test programs, it is natural to askwhether the complexities of rea-
soning problems increase when programs are represented succinctly. A result of Mayer and
Stockmeyer [81] states that adding interleaving (also known as shuffle) on programs leads to
a PDL extension for which satisfiability is complete for deterministic doubly exponential time.
Another (maybe more natural) way to gain succinctness wouldbe, instead of representing pro-
grams by regular expressions, to use nondeterministic finite automata, yielding APDL. Despite
the fact that nondeterministic finite automata are exponentially more succinct than regular ex-
pressions [27], satisfiability in APDL is still decidable indetermininistic exponential time [53].

Extensions by program operators:A further prominent way to obtain extensions of PDL is to
admit additional program operators besides union, composition and Kleene star. Some of the
resulting logics are well-behaved in the sense that they do not alter the model theory and com-
putational complexity of PDL in a dramatic way. For example,PDL extended with the converse
program operator (CPDL) inherits the (two-way) tree model property from PDL; moreover, the
above mentioned classical result of Fischer/Ladner and Pratt, stating that satisfiability in PDL is
complete forEXP (deterministic exponential time) [36, 94], extends to CPDL[120]. Noteworthy
in [35] it has been shown that several logics of knowledge canbe interpreted in CPDL.

Other extensions are more challenging. For instance, it is well-known that satisfiability of
PDL with negation of programs (NPDL) is complete forΣ1

1, the first level of the analytic hier-
archy [96]. However, restricting NPDL by allowing program negation only in front of atomic
programs, yields anEXP-complete logic that has interesting applications in description logics
and allows to express nice properties such as the universal modality or the window operator [80].
A maybe more prominent fragment of NPDL is IPDL, i.e. PDL extended with the intersection
on programs1, first introduced in [57]. IPDL has an intricate model theorythat involves the loss
of the tree model property and of the finite model property. Asa consequence, it is not possible
to easily transfer the standard decision procedures for PDLto IPDL, e.g. by using automata on
infinite trees [122] or a translation into the alternation-free fragment of the modalµ-calculus.

1Note that, as for negation, the semantics of intersection isdefined to be the intersection of the binary relations
defined by the programs rather than intersection on a language level.
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1 Introduction

The history of this family of extensions of PDL started in 1984, when Danecki proved an upper
bound of2EXP (deterministic doubly exponential time) for satisfiability in IPDL using an intri-
cate reduction to the non-emptiness problem of automata on infinite trees [22]. Alas, Danecki’s
proof is rather difficult and many details have been omitted in the published version. More than
20 years later, the lower bound for IPDL was improved toEXPSPACE-hardness [70] and finally
tightened to2EXP-hardness by Lange and Lutz [72]. PDL with intersection alsohas its appli-
cations in the context of XML querying. The XML query language XPath 2.0 allows to specify
queries using an intersection operator on path expressions. In [110] the complexity of the query
containment problem of (variants of) XPath 2.0 has been studied.

When adding both intersection and converse to PDL one obtains the logic ICPDL with a num-
ber of interesting applications in computer science. For example, the information logic DAL
(for Data Analysis Logic) [33] and a number of epistemic logics for reasoning about distributed
knowledge (which corresponds to program intersection [32]) can be embedded into ICPDL. This
enables the transfer of results such as decidability and upper complexity bounds. Since programs
in DAL are interpreted as equivalence relations, the presence of converse is important for embed-
ding in this context – see [78] for more details. ICPDL also provides an important background
theory for description logics with role intersection [6]. In a recent paper of Lutz satisfiability in
ICPDL has been shown to be decidable using a reduction to the monadic second order theory
of the infinite binary tree [78]. However, this only yields a non-elementary algorithm that does
not match the2EXP lower bound that ICPDL inherits from IPDL. In [45, 46], Lohrey, Lutz, and
the author proved that ICPDL is in2EXP, thus determining the precise complexity of ICPDL as
2EXP-complete. Is is worth observing that from Danecki’s paper [22], in which it was shown
that satisfiability in IPDL is in2EXP, it is not at all clear how his techniques can be used to
show that satisfiability in ICPDL is in2EXP. Proving ICPDL’s membership in2EXP is also
content of this thesis but we prove a more general result by extending ICPDL by allowing unary
fixed point operators and additionally the usage of nominals. Nominals are atomic propositions
that are true in precisely one state of Kripke structures andcan hence be thought of as con-
stants. We call the resulting logicµ-ICPDLNom; it extends both the modalµ-calculus and ICPDL
and allows nominals. With respect to expressiveness, our logic µ-ICPDLNom is incomparable
to guarded least fixed point logic from [49]. Enrichedµ-calculi and PDL with (some of) the
operators converse, graded modalities and nominals have been investigated in [98, 67, 17, 38].
Graded modalities allow to express the existence of at leastk (resp. at mostk) successors satis-
fying some property. Numerous description logics, standardized as the ontology language OWL,
demand for the above extensions and can be embedded into correspondingly enrichedµ-calculi.
Adding all of the operators converse, graded modalities andnominals, yields the fully enriched
µ-calculus. It has been shown that satisfiability of the fullyenrichedµ-calculus is undecidabile
[13]. Carrying on the work on enrichedµ-calculi from [98, 67, 17, 38], Bonatti et al. [12] estab-
lishedEXP-completeness of the satisfiability problem for strict fragments of the fully enriched
µ-calculus (i.e. fragments that are obtained by dropping at least one of the operators converse,
graded modalities, or nominals) via the automata-theoretic approach. Although satisfiability of
µ-ICPDLNom will turn out to be2EXP-complete, we gain a better complexity upper bound when
imposing a syntactic restriction on nestings of the intersection operator by a notion that we
call intersection width. Despite its high expressiveness, satisfiability ofµ-ICPDLNom formulas
of constant intersection width isEXP-complete. It is interesting to remark that adding graded
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modalities already to IPDL leads to a highly undecidabile logic due to the result that deciding if
a given IPDL formula has adeterministicmodel isΣ1

1-complete [53].

Reasoning about dynamic policies:Numerous applications contain a set of policies that describe
what is prohibited and what is permitted. Policies arise in many contexts. For one, they can
comprise control policies, thus specifying which agents are permitted to access resources. They
can as well be legal policies, describing actions that are legally permitted. In the course of
time, the policies of an application may change e.g. due to interaction between the application
and its user(s). When changing policies, the system has to guarantee that unintentional side-
effects do not occur. Furthermore, it is often not straightforward to decide whether to modify
the current policy set or not, not to mention the duty of creating it. Various examples of such
typical practical scenarios are given in [95]. In order to allow comparison of different policies
and reasoning about them, a variety of languages have been introduced, an overview is given in
[126]. Van der Meyden’s Dynamic Logic of Permission (DLP) isan example of an expressive
logic that allows to reason about dynamic policies. Formally, it extends test-free PDL and allows
to reason about a fixed policy set that describes the set of allpermitted transitions of a system,
which is in turn modeled as a Kripke structure. In addition totest-free PDL, the logic DLP allows
to ask queries of the kind ‘does there exist a sequence of solely permitted transitions to some
state where the propertyϕ holds’ and ‘does every sequence of transitions to states satisfying
ϕ solely consist of permitted transitions’. Extending DLP, the logic DLPdyn of Pucella and
Weissman [95] additionally allows to update the policy set by removing and adding transitions.
These removed or added transitions are defined as the direct product of two sets of states, each
specified by boolean combinations of atomic propositions. In [95], several applications are
stated that demand for the possibility to update the policy set within the logic. The even more
general logic DLP+dyn , introduced by Demri [24], allows to update the policy set byadding (via
thegrant-operator) and removing (via therevoke-operator) a direct product of state sets, but
each specified by anarbitrary formula of the logic itself. Concerning the complexity of the
satisfiability problem, gaps both for DLP+

dyn and its fragment DLPdyn existed. Satisfiability in

DLPdyn was known to lie inNEXP, whereas for DLP+dyn a2EXP upper bound was known; both

DLPdyn and DLP+dyn areEXP-hard due toEXP-hardness of PDL [36]. In this thesis, we close

these complexity gaps by showing that already satisfiability in DLP+
dyn can be decided inEXP,

hence positively answering an open problem formulated in [24].

Non-regular extensions:A further way to gain expressiveness is to enrich PDL programs by al-
lowing non-regular programs to appear in modalities of formulas. A simple but elegant argument
that any non-regular extension leads to a logic that is strictly more expressive than PDL is due
to Harel and Singerman [59]. In a general result of Harel and Raz [58] it was shown that extend-
ing PDL with programs that are defined bysimple-minded pushdown automataleads to a logic
with a decidable satisfiability problem. Even more general,Löding, Lutz and Serre [75] recently
proved that satisfiability inrecursive PDL, i.e. PDL extended by visibly pushdown languages,
introduced in [4], is decidable and complete for deterministic doubly exponential time. The de-
cisive property that is exploited for proving decidabilityof satisfiability in recursive PDL, is that
visibly pushdown automata are determinizable and that the class of visibly pushdown languages
has effective closure properties. Recursive PDL allows to express interesting behaviours of pro-
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1 Introduction

grams such as the set of executions of a recursive program [53]. Decidability of recursive PDL
can be seen rather surprising when bearing in mind that PDL extended with the singleton deter-
ministic context-free language{anban | n ≥ 0} is highly undecidable [56]. Other extensions
considered non-regular PDL extensions over a singleton alphabet [59, 55, 34, 56]. To mention
a few results, it was shown that PDL extended with the non-regular language{a2n

| n ≥ 0}
is undecidable [55], the extension{an

2
| n ≥ 0} is decidable [34], whereas decidability of

PDL with {an
3
| n ≥ 0} is open so far. Note however that the latter extension allowsto define

properties that are equivalent to long-standing open problems in number theory, as for instance
the question whether every integer greater than105 is the sum of five cubes. One can expect that
proving decidability of this PDL extension is at least as hard as proving the mentioned number-
theoretic open problem. Summarizing, the search for the precise borderline between decidable
and undecidable non-regular PDL extensions has been going for quite some time and still is a
very challenging research topic.

For further PDL extensions, the author refers to the textbook of Harel, Kozen, and Tiuryn [53].

Structure and main results of the thesis

In what follows, we summarize the content of each of the chapter of the thesis. Furthermore, the
main results, according to the author, are emphasized.

Chapter 2 begins with recalling basic notions from computational complexity. Then, we for-
mally introduce the syntax and semantics of Propositional Dynamic Logic. Thereafter we dis-
cuss several PDL extensions and prove some minor new contributions. Concerning these PDL
extensions, we glance at some model theoretic aspects, but mainly concentrate on the complexity
of satisfiability and model checking. Finally, infinite state systems are introduced.

In Chapter 3 we introduce the logicµ-ICPDLNom. This logic can thought of as the extension of
PDL with intersection and converse that additionally allows the usage of fixed point constructs
(à la modalµ-calculus [5]) and the usage of nominals, i.e. atomic propositions that hold in pre-
cisely one state of each Kripke structure. We define an operator on pointed Kripke structures
that preservesµ-ICPDLNom theories and results in Kripke structures of bounded tree width, a
widespread notion from graph theory [26]. Next, we introduce a reasoning problem calledω-
regular tree satisfiability inµ-ICPDLNom. Theω-regular tree satisfiability problemasks, given
a two-way alternating parity tree automatonT over infinite trees and someµ-ICPDLNom for-
mula ϕ that is interpreted over infinite trees, whether there exists a tree accepted byT that
satisfiesϕ in its root. We prove thatω-regular tree satisfiability inµ-ICPDLNom is complete
for 2EXP. This leads to two applications. Concerningµ-ICPDLNom, we give reductions both
from the satisfiability problem and from the model checking of prefix-recognizable systems to
ω-regular tree satisfiability. Hence, we obtain that both satisfiability and model checking prefix-
recognizable systems inµ-ICPDLNom is in 2EXP. Next, we fully investigate the complexity of
infinite state model checkingµ-ICPDLNom and certain fragments thereof. We provide two lower
bound proofs. The first one shows the data complexity of modelchecking both loop-PDL and
test-free IPDL over basic process algebras is hard forEXP. This is rather surprising since the
data complexity of the modalµ-calculus over basic process algebras is inP [125]. Our second
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lower bound shows that already over some fixed basic process algebra model checking test-free
IPDL is hard for2EXP. Since satisfiability in PDL with atomic program negation isdecidable
andEXP-complete [80], we ask if the extension ofµ-ICPDLNom with negation of atomic pro-
grams is decidable. The latter question is answered negatively: We prove that already IPDL with
atomic program negation is complete forΣ1

1. Finally, we conclude with open problems.
The main results of Chapter 3 can be summarized as follows:

• Every satisfiable formula ofµ-ICPDLNom that uses at mostk different nominals has a
countable model of tree width at mostk + 2 (Corollary 3.6).

• Satisfiability inµ-ICPDLNom is 2EXP-complete (Theorem 3.28) and satisfiability ofµ-
ICPDLNom formulas of constant intersection width isEXP-complete (Corollary 3.29).

• Infinite state model checking ofµ-ICPDLNom is in 2EXP on prefix-recognizable systems
(Theorem 3.31) and is already2EXP-hard over some fixed basic process algebra (Theorem
3.35).

The results of Chapter 3 are based on joint work with Markus Lohrey and Carsten Lutz. With
µ-ICPDLNom replaced by ICPDL, Chapter 3 has been published in [43, 45, 46].

Chapter 4 investigates the complexity of satisfiability in DLP+
dyn . Via a natural satisfiability

preserving translation to PDL, Demri proved that satisfiability in DLP+
dyn is in 2EXP [24]. For

DLP+
dyn’s fragment DLPdyn of Pucella and Weissman, the best known upper bound wasNEXP

[95]. We close this complexity gap by showing that satisfiability in DLP+
dyn is complete for

EXP. The starting point for proving ourEXP upper bound is a proposal by Demri from [24]
that suggests to translate DLP+

dyn to an extension of PDL, called PDL⊕, that allows a certain

operator⊕ on programs. Hence, for proving anEXP upper bound for DLP+dyn , the hope would
be to prove anEXP upper bound for PDL⊕. We show that this approach may not be successful
by providing a2EXP lower bound for satisfiability in PDL⊕. However, we syntactically restrict
the⊕ operator, which leads to the logic that we call PDL⊕[A]. It is worth mentioning that
Demri’s translation from DLP+dyn to PDL⊕ does not yield formulas of PDL⊕[A]. Summarizing,

we proveEXP membership of satisfiability in DLP+dyn in two steps. In a first step, we give a

satisfiability preserving translation from DLP+
dyn to PDL⊕[A]. In a second step, we prove that

satisfiability in PDL⊕[A] is in EXP. We continue with a discussion of a2EXP-hard variant of
DLP+

dyn .
The main result of Chapter 4 can be stated as follows:

• Satisfiability in DLP+dyn is EXP-complete (Theorem 4.5).

The results of chapter 4 have been published in [41].

In Chapter 5 we systematically determine the complexity of infinite state model checking of
PDL and fragments of it. As indicated above, aside from prefix-recognizable systems, we follow
Mayr’s classification of infinite state systems. Recall thatthe reason for blinding out systems
of Mayr’s process rewrite systems [85] that involve parallel composition is that already model
checking test-free PDL over basic parallel processes (alsoknown as communication-free nets) is
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1 Introduction

undecidable. We show the latter via a reduction from the undecidable model checking problem
of CTL’s fragment EF over Petri nets [29, 30].

Following Vardi [119], we distinguish three ways of measuring the complexity of the model
checking problem: Data complexity (the formula is fixed, thesystem is the input), expression
complexity (the system is fixed, the formula is the input) andcombined complexity (both the
formula and the system are part of the input). We prove that over prefix-recognizable systems
already reachability isEXP-hard and thus matches theEXP upper bound that is known for even
solving parity games [15]. OurEXP lower bound is somewhat surprising, since the complex-
ity of alternating reachability over prefix-recognizable systems isEXP-complete accompanied
by the fact that for most graph classes there is a complexity jump from the reachability prob-
lem to the alternating reachability problem. FurthermoreEXP-completeness of reachability on
prefix-recognizable systems stands in contrast to the rather low complexity (P-completeness)
of reachability on pushdown systems [14]. For the sake of completeness, we investigate the
complexity of infinite state model checking of test-free andfull PDL via reductions from known
results of infinite state model checking of EF, CTL and the modal µ-calculus respectively. We
conclude Chapter 5 with a discussion of the open problem of model checking EF and PDL over
one-counter systems.

The described results appeared as a technical report [44] and were published in [43, 42]. The
main result of Chapter 5 can be stated as follows:

• Reachability on prefix-recognizable systems isEXP-complete (Theorem 5.5).

Chapter 5 is based on joint work with Markus Lohrey.

We give a conclusion inChapter 6.

The author recommends to read Chapter 2 first, since basic notions are introduced there. Chapter
3, 4, and 5 can be read independently expect that Section 4.4 uses the notion of two-way alter-
nating parity tree automata on infinite trees, which are introduced in Definition 3.10 of Section
3.3. Except for Chapter 2, we discuss open problems at the endof each chapter.
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2
Preliminaries

2.1 General notation

Let A andB be sets. If additionallyA ∩ B = ∅, thenA ⊎ B denotesA ∪ B and recalls the
fact thatA andB are disjoint. ByA = {a | a ∈ A} we denote adisjoint copy ofA. Let
f : A → B be a function. Then for every subsetC ⊆ A we definef(C) = {f(c) | c ∈ C}.
For everyb ∈ B let f−1(b) = {a ∈ A | f(a) = b}. For each partial functionf : A → B,
let dom(f) = {a ∈ A | ∃b ∈ B : f(a) = b} denote thedomainof f . By B+(A) denote
set of positive boolean formulaswith variables overA. FormallyB+(A) is the smallest set
that satisfies the following conditions: (i)true, false ∈ B+(A), (ii) a ∈ B+(A) for each
a ∈ A, (iii) if ϕ1, ϕ2 ∈ B

+(A), thenϕ1 ∨ ϕ2 ∈ B
+(A), and (iv) if ϕ1, ϕ2 ∈ B

+(A), then
ϕ1 ∧ ϕ2 ∈ B

+(A). We say a subsetC ⊆ A satisfiesa positive boolean formulaϕ ∈ B+(A) if
the characteristic functionf : A → {true, false} that corresponds toC is a satisfying truth
assignment ofϕ.

By N = {0, 1, . . .} we denote thenatural numbersand byN+ = N \ {0} thepositive natural
numbers. For eachi, j ∈ N let [i, j] = {i, i + 1, . . . , j} denote the interval betweeni andj and
let [j] = [1, j] denote the firstj positive natural numbers. For a functionf : N→ N let

poly(f) = {g : N→ N | ∃ polynomialp : N→ N ∀n ∈ N : g(n) ≤ p(f(n)}

denote the class of functions that grow at most polynomiallyin f and let

exp(f) = {g : N→ N | ∃ polynomialp : N→ N ∀n ∈ N : g(n) ≤ 2p(f(n))}

denote the class of functions that grow at most exponentially in f .

A nondeterministic finite automaton (NFA)is a tupleA = (Q,Σ, q0, δ, F ), whereQ is a finite
set ofstates, Σ is a finitealphabet, q0 ∈ Q is an initial state, δ : Q × Σ → 2Q is a transition
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2 Preliminaries

function, andF ⊆ Q is a set offinal states. Let us inductively define
w
−→A⊆ Q × Q for each

word w ∈ Σ∗ as the smallest relation such that for allq ∈ Q we haveq
ε
→A q and for all

q, q′, q′′ ∈ Q, all w ∈ Σ∗, and alla ∈ Σ we have: ifq
w
→A q

′ andq′′ ∈ δ(q′, a), thenq
wa
−−→A q

′′.
By L(A) = {w ∈ Σ∗ | ∃q ∈ F : q0

w
−→A q} we denote thelanguageof A. For each state

q ∈ Q we denote byAq = (Q,Σ, q, δ, F ) the same NFA asA but with initial stateq. Thesize
of A is defined as|A| = |Q| + |Σ|+

∑
q∈Q,a∈Σ |δ(q, a)|. If the NFAA is not explicitly given

then we denote byQ(A) its state set, byΣ(A) its alphabet, byq0(A) its initial state, byδ(A) its
transition function, and byF (A) its set of final states. For a wordw = a1 · · · an ∈ Σ∗, where
ai ∈ Σ for eachi ∈ [n], we denote by←−w = an · · · a1 thereversalof w.

2.2 Complexity theory

In this section we recall notions from complexity theory. Weassume the reader has some basic
background. For a more detailed treatment, we refer to the textbook of Papadimitriou [90].

The following complexity classes are relevant in this thesis:

• L: The class of languages that can be accepted by some logarithmically space bounded
deterministic Turing machine.

• NL: The class of languages that can be accepted by some logarithmically space bounded
nondeterministic Turing machine.

• P: The class of languages that can be accepted by some polynomially time bounded de-
terministic Turing machine.

• NP: The class of languages that can be accepted by some polynomially time bounded
nondeterministic Turing machineM, i.e. there exists some polynomialp(n) such thatM
halts on every input of lengthn after at mostp(n) steps.

• PSPACE: The class of languages that can be accepted by some polynomially space
bounded deterministic Turing machine.1

• EXP: The class of languages that can be accepted by some exponentially time bounded
deterministic Turing machineM, i.e. there exists some polynomialp(n) such thatM
halts on every input of lengthn after at most2p(n) steps.

• NEXP: The class of languages that can be accepted by some exponentially time bounded
nondeterministic Turing machine.

• EXPSPACE: The class of languages that can be accepted by some exponentially space
bounded deterministic Turing machine.1

• 2EXP: The class of languages that can be accepted by some doubly exponentially time
bounded deterministic Turing machineM, i.e. there exists some polynomialp(n) such
thatM halts on every input of lengthn after at most22p(n)

steps.

1From Savitch’s theorem [99] it directly follows thatPSPACE (resp. EXPSPACE) equals the class of languages
accepted by some polynomially (resp. exponentially) spaceboundednondeterministicTuring machine.
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2.2 Complexity theory

• mEXP: The class of languages that can be accepted by somem-fold exponentially time
bounded deterministic Turing machineM, i.e. there exists some polynomialp(n) such
thatM halts on every input of lengthn after at most TOWER(m) steps, where
TOWER(0) = p(n) and TOWER(k) = 2TOWER(k−1) for eachk ≥ 1.

Let C andD be complexity classes. ByCD we denote the class of all problems that can be
decided by some Turing machine of the same sort and resource bound as fromC that additionally
has access to an oracle fromD. Note thatPPSPACE = PSPACE.

Let Li be a language over some alphabetΣi for eachi ∈ {1, 2}. We say thatL1 is logspace
reducible(resp. polytime reducible) to L2 whenever there exists functionf : Σ∗1 → Σ∗2 that
can be computed by a logarithmically space bounded (resp. polynomially time bounded) Turing
machine such that additionally for eachw ∈ Σ∗1 we havew ∈ L1 if and only if f(w) ∈ L2.
Let C be a complexity class andL a language. We say thatL is C-hard with respect to logspace
reductions (resp. polytime reductions)whenever each language fromC is logspace reducible
(resp. polytime reducible) toL. A languageL is C-completewheneverL is in C andL is C-hard.
Whenever we do not explictly name the reduction type, we meanpolytime reductions.

Beyond decidability, we denote byΣ1
1 the class of languages definable by some existential

second-order formula of arithmetic over the naturals, see also [96].

Alternation

For proving lower bounds alternating Turing machines will turn out to be useful. Analternating
Turing machine (ATM)is a tupleM = (Q,Γ,Σ, q0, δ,2), where

• Q = Q∀ ⊎ Q∃ is a finite set ofstates, which is partitioned intouniversal statesQ∀ and
existential statesQ∃,

• Γ is a finitetape alphabet,

• Σ ⊆ Γ is a finiteinput alphabet,

• q0 ∈ Q is theinitial state,

• the functionδ : Q × Γ → (Moves× Moves) ⊎ {⊥} with Moves = Q × Γ × {←,→}
assigns to every pair(q, a) ∈ Q× Γ either a pair ofmovesor⊥, and

• 2 ∈ Γ \ Σ is a distinguishedblank symbol.

Configurationsof M are elements fromΓ∗QΓ+. Hence, each configurationwqaw′ (with
w,w′ ∈ Γ∗, q ∈ Q, anda ∈ Γ) either has two successor configurations (wheneverδ(q, a) ∈
Moves×Moves) or none (wheneverδ(q, a) = ⊥).

Definition 2.1 A computation treeT of a configurationu ofM that is in current stateq ∈ Q
and scans a symbola ∈ Γ is a tree, where each node is labeled with a configuration ofM, such
that the root is labeled withu and exactly one of the following three conditions holds:

(CT a) δ(q, a) = ⊥ andT is a singleton, i.e.T consists of the root only.
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2 Preliminaries

(CT b) q ∈ Q∀, δ(q, a) 6= ⊥, i.e. u has two successor configurationsu1 andu2, andT con-
sists of the rootu together with two subtreesT1 andT2, whereT1 (resp. T2) is some
computation tree ofu1 (resp.u2).

(CT c) q ∈ Q∃, δ(q, a) 6= ⊥ andT consists of the rootu together with one subtreeT ′, where
T ′ is a computation tree of one of the two successor configurations ofu.

Theheighth(T ) ∈ N ∪ {∞} of a computation treeT is the supremum of all distances from
leaves ofT to the root ofT . 2

An acceptance treeis a finite computation tree where every leaf is labeled by some universal
configuration. We call a configuration ofM acceptingif it has an acceptance tree. Thelanguage
ofM is defined as

L(M) = {w ∈ Σ∗ | the initial configuration ofM onw is accepting}.

For a functionf : N→ N we say thatM is f -time bounded(resp.f -space bounded) if for every
w ∈ Σ∗ and every computation treeT onM’s initial configuration onw we haveh(T ) ≤ f(|w|)
(resp.|u| ≤ f(|w|) for every configurationu that appears inT ).

Let AL, AP, APSPACE, AEXP, andAEXPSPACE be the alternating analogs of the com-
plexity classesL, P, PSPACE, EXP, andEXPSPACE respectively, i.e.AL denotes the class of
languages that can be accepted by some logarithmically space bounded ATM, and so on. By
[19] it is well-known that the following equalities hold,

• AL = P,

• AP = PSPACE,

• APSPACE = EXP,

• AEXP = EXPSPACE, and

• AEXPSPACE = 2EXP.

2.3 Propositional Dynamic Logic (PDL)

In this section we introduce Propositional Dynamic Logic (PDL) of Fischer and Ladner [36].
After defining the syntax and semantics of PDL, we restate some well-known results concerning
the model theory and the complexity of problems related to PDL.

Syntax

In the rest of this thesis, let us fix a countable set ofatomic propositionsP and a countable set of
atomic programsA.

Definition 2.2 Propositional Dynamic Logic (PDL)consists of two syntactic entities that are
mutually connected: The set offormulasF and the set ofprogramsP of PDL are defined to be
the smallest sets that satisfy the following conditions:

12



2.3 Propositional Dynamic Logic (PDL)

(1) P ⊆ F ,

(2) A ⊆ P,

(3) if ϕ ∈ F , then¬ϕ ∈ F ,

(4) if ϕ1, ϕ2 ∈ F , thenϕ1 ∨ ϕ2 ∈ F ,

(5) if π ∈ P andϕ ∈ F , then〈π〉ϕ ∈ F ,

(6) if ϕ ∈ F , thenϕ? ∈ P,

(7) if π1, π2 ∈ P, thenπ1 ∪ π2 ∈ P,

(8) if π1, π2 ∈ P, thenπ1 ◦ π2 ∈ P, 2 and

(9) if π ∈ P, thenπ∗ ∈ P. 2

We introduce the following abbreviations,

true = p ∨ ¬p for somep ∈ P,

false = ¬true,

ϕ1 ∧ ϕ2 = ¬(¬ϕ1 ∨ ¬ϕ2),

ϕ1 → ϕ2 = ¬ϕ1 ∨ ϕ2,

ϕ1 ↔ ϕ2 = (ϕ1 → ϕ2) ∧ (ϕ2 → ϕ1),

[π]ϕ = ¬〈π〉¬ϕ,

〈A〉ϕ =
⋃

a∈A

a for any finiteA ⊆ A,

π+ = π ◦ π∗, and

©n
i=1πi = π1 ◦ · · · ◦ πn for programsπ1, . . . , πn.

Formulas of the kind〈π〉ϕ are calleddiamond formulas, whereas formulas of the kind[π]ϕ are
calledbox formulas. Test programsare programs of the kindϕ?, whereϕ ∈ F is a formula.
Test-free PDLis the fragment of PDL that disallows rule (6) of Definition 2.2. Modal logic is
the fragment of PDL that disallows rules (6) to (9) of Definition 2.2.

Semantics

Formulas and programs are interpreted on Kripke structures, which we introduce next. AKripke
structureis a tupleK = (W, {→a| a ∈ A}, {Wp | p ∈ P}), where

• W is a set ofworlds, 3

2Originally, the composition operator was denoted by “;”. Instead we use the symbol “◦” since it bears its actual
semantics in mind, namely the composition of relations.

3Worlds of Kripke structures are also known asstatesbut we do not use this notion in order to avoid confusion with
states of automata.
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2 Preliminaries

• →a ⊆W ×W is atransition relationfor eacha ∈ A, and

• Wp ⊆W is a set of worlds for eachp ∈ P.

We callK deterministicif additionally→a is a partial function for eacha ∈ A, i.e.x→a y and
x→a y

′ impliesy = y′ for eachx, y, y′ ∈W and for eacha ∈ A. We callK a tree if

• W ⊆ S∗ is a non-empty prefix-closed subset of some setS,

•
⋃
a∈A
→a= {(x, xs) ∈W ×W | x ∈ S

∗, s ∈ S},

• →a ∩ →b= ∅ for eacha, b ∈ A with a 6= b.

We often write Kripke structures as tuples(W, {→a| a ∈ A}, {Wp | p ∈ P}), whereA ⊆ A and
P ⊆ P are finite subsets, with the meaning that→a= ∅ for eacha ∈ A \A andWp = ∅ for each
p ∈ P \ P.

For each PDL formulaϕ ∈ F and each PDL programπ ∈ P, we inductively define the
semantics[[ϕ]]K ⊆W and[[π]]K ⊆W ×W as follows,

[[p]]K = Wp for eachp ∈ P,

[[a]]K = →a for eacha ∈ A,

[[¬ϕ]]K = W \ [[ϕ]]K ,

[[ϕ1 ∨ ϕ2]]K = [[ϕ1]]K ∪ [[ϕ2]]K ,

[[〈π〉ϕ]]K = {x ∈W | ∃y ∈ [[ϕ]]K : (x, y) ∈ [[π]]K},

[[ϕ?]]K = {(x, x) | x ∈ [[ϕ]]K},

[[π1 ∪ π2]]K = [[π1]]K ∪ [[π2]]K ,

[[π1 ◦ π2]]K = [[π1]]K ◦ [[π2]]K , and

[[π∗]]K = [[π]]∗K .

Example 2.3 The following equalities hold for all PDL formulasϕ,ϕ1, ϕ2, all PDL programs
π, π1, π2, and all Kripke structuresK,

[[ϕ1 ∧ ϕ2]]K = [[〈ϕ1?〉ϕ2]]K ,

[[〈π1 ∪ π2〉ϕ]]K = [[〈π1〉ϕ ∨ 〈π2〉ϕ]]K , and

[[[π∗]ϕ]]K = [[ϕ ∧ [π+]ϕ]]K . 2

Since we study the computational complexity of problems related to PDL, we have to define the
size of formulas and programs.

Definition 2.4 Thesize|ϕ| of each formulaϕ and the size|π| of each programπ is inductively
defined as follows,

• |p| = |a| = 1 for eachp ∈ P and eacha ∈ A,
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2.3 Propositional Dynamic Logic (PDL)

• |¬ϕ| = |ϕ|+ 1,

• |ϕ1 ∨ ϕ2| = |ϕ1|+ |ϕ2|+ 1,

• |〈π〉ϕ| = |π|+ |ϕ|+ 1,

• |ϕ?| = |ϕ| + 1,

• |π1 ∪ π2| = |π1 ◦ π2| = |π1|+ |π2|+ 1, and

• |π∗| = |π|+ 1. 2

Satisfiability and model checking

We say that a Kripke structureK with world setW is amodelof a formulaϕ, if x ∈ [[ϕ]]K for
somex ∈W . A formula issatisfiableif it has a model. The following two algorithmic problems
are discussed in this thesis.

• Thesatisfiability problemis the question, given a formulaϕ, whetherϕ is satisfiable.

• Themodel checking problemis the question, given a Kripke structureK, some worldx of
K, and a formulaϕ, whetherx ∈ [[ϕ]]K .

Concerning the model checking problem, we have to be precisehow to measure the size of
the Kripke structure. If we do not comment on the representation of the Kripke structure, we
assume that the Kripke structure is finite and given explicitly, say by an adjacency matrix.

Our investigation of the complexity of the model checking problem follows Vardi’s method-
ology from [119]. For a class of (finitely presented but potentially infinite) Kripke structuresC,
we distinguish three different ways of measuring the complexity of the model checking problem
for C:

(1) One may fix a formulaϕ and consider the complexity of verifying for a given Kripke struc-
tureK ∈ C and some worldx of K whetherx ∈ [[ϕ]]K ; thus, only the Kripke structure and
the world belong to the input (data complexity).

(2) One may fix a Kripke structureK ∈ C and a worldx of K and consider the complexity of
verifying for a given formulaϕ, whetherx ∈ [[ϕ]]K holds; thus, only the formula belongs to
the input (expression complexity).

(3) The Kripke structure, the world, and the formula all belong to the input (combined complex-
ity).

Let us recall some well-known results on the model theory of PDL and the complexity of the
satisfiability and the model checking problem of PDL.

Using filtration, Fischer and Ladner were able to prove the following theorem.

Theorem 2.5 ([36]) Every satisfiable PDL formula has a finite model. 2
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2 Preliminaries

Furthermore, it is well-known that every satisfiable PDL formula has a tree model since every
Kripke structure is bisimilar to itstree unravelingand PDL cannot distinguish bisimilar Kripke
structures. However, note that the formula[a∗]〈a〉true does not have afinite tree model but,
among others, the following two models:

• and • • • • · · ·a a aa

a

The upper bound of the following theorem is due to Pratt and the lower bound due to Fischer
and Ladner.

Theorem 2.6 ([36, 92])Satisfiability in PDL isEXP-complete. 2

The following is known about the complexity of the model checking problem of PDL.

Theorem 2.7 ([71]) The combined complexity of the model checking problem of PDLis P-
complete. 2

Note that in [71], Lange proved membership inP of the model checking problem for numerous
extensions of PDL such as converse, complementation, context-free programs and many more.
Several of these extensions are discussed in the next section.

2.4 PDL extensions

The aim of this section is to acquaint the reader with different extensions of Propositional Dy-
namic Logic. We give a résumé on different PDL extensions,discuss their model theory and
investigate the complexity of the satisfiability and the model checking problem.

Succinct representations

Note that each PDL programπ can be seen as a regular languageL(π) when interpretingπ as
a regular expression over the finite set{a ∈ A | a occurs inπ} ∪ {ϕ? | ϕ? occurs inπ} . The
corresponding PDL semantics[[π]]K is defined as follows:(x, y) ∈ [[π]]K if and only if there
exists some wordw = a1 · · · an ∈ L(π) and worldsz0, z1, . . . , zn such thatz0 = x, zn = y,
and the following holds for eachi ∈ [n],

• if ai = ψ?, thenzi−1 = zi andzi ∈ [[ψ]]K , and

• if ai ∈ A, thenzi−1 →ai
zi.

In APDL, each program is given by a nondeterministic finite automaton (NFA). Since NFAs
are exponentially more succinct than regular expressions [27] the complexity of satisfiability in
APDL may increase. However, the following theorem states that the latter is not the case.

Theorem 2.8 ([93]) Satisfiability in APDL isEXP-complete. 2
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2.4 PDL extensions

Another means of extending PDL is by adding to∪, ◦ and∗, the interleaving operator| (also
known asshuffle product) on regular expressions, where the languageL(π1|π2) is defined as

L(π1|π2) = {v1w1 · · · vnwn | v1 · · · vn ∈ L(π1) ∧w1 · · ·wn ∈ L(π2)}.

Mayer and Stockmeyer investigatedPDL with interleaving (PDL|), i.e. where programs are
succinctly represented by regular expressions with the interleaving operator.

Theorem 2.9 ([82]) Satisfiability in PDL| is 2EXP-complete. 2

Remarkably,2EXP-hardness already holds for PDL| formulas where each occurring program
has the formπ1 | · · · | πk for programsπi that each only contain the operators union, com-
position and Kleene star. Recall that by Theorem 2.7 the combined complexity of the model
checking problem for numerous PDL extensions was proven to be in P. In contrast to these
tractable PDL extensions, the following proposition states that model checking PDL| is harder,
namely complete forPSPACE.

Proposition 2.10 The combined complexity of PDL| model checking isPSPACE-complete. 2

PROOF For the upper bound, letϕ be a PDL| formula over the atomic programsA and over the
atomic propositionsP and letK = (W, {→a| a ∈ A}, {Wp | p ∈ P}) be a Kripke structure.
Recall thatPSPACE = PPSPACE. We give aPPSPACE procedure that computes in a bottom-up
manner

(1) for each subformulaψ of ϕ the set[[ψ]]K ⊆W and

(2) for each programπ such that〈π〉ψ is a subformula ofϕ the set[[π]]K ⊆W ×W .

Point (1): Computing[[ψ]]K can be done efficiently when we have inductively already computed
[[θ]]K for each subformulaθ of ψ and, in caseψ = 〈π〉θ is a diamond formula, the set[[π]]K .

Point (2): Inductively, we have already computed[[θ]]K for each test programθ? that appears
in π. Computing[[π]]K boils down to deciding(x1, x2) ∈ [[π]]K in PSPACE for eachx1, x2 ∈
W . Firstly, we can associate with each regular expression with interleavingρ the NFAA(ρ)
inductively by the syntactic structure ofρ as follows: If the outermost operator ofρ is ∪, ◦, or
∗, thenA(ρ) is defined by the standard automata-theoretic constructionfor union, composition
or Kleene star, respectively; ifρ = ρ1|ρ2, thenA(ρ) is theasynchronousproduct automaton
of A(ρ1) andA(ρ2). Let A(π) = (Q,Σ, q0, δ, F ) be the NFA forπ whenπ is treated as a
regular expression with interleaving over the alphabetΣ = A ∪ {θ? | θ? occurs inπ}. Without
loss of generality let us assume thatF = {qf} is a singleton. Next, observe that we have
(x1, x2) ∈ [[π]]K if and only if there exists a path from(q0, x1) to (qf , x2) in the directed graph
G = (V,E) with vertex setV and edge setE, whereV = Q×W and

E = {((q, y), (p, z)) ∈ (Q×W )2 | ∃b ∈ Σ : p ∈ δ(q, b) ∧ (y, z) ∈ [[b]]K}.

Note that the size ofA(π) may be exponential in the size ofπ; consequently the size ofG may
be exponential in the size ofπ. However, since we only need space linear in|π| + |W | for
representing each node ofG, we can decide reachability inG in space quadratic in|π| + |W |.
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2 Preliminaries

Thus, we can decide(x1, x2) ∈ [[π]]K for eachx1, x2 ∈ W in PSPACE and hence compute
[[π]]K in PPSPACE.

Let us prove thePSPACE lower bound. In [64], the following problem was proven to be com-
plete forPSPACE:

INPUT: Regular expressions without interleaving(ρi)i∈[n] over the alphabet{0, 1} for n ≥ 1.

QUESTION:
⋂

i∈[n]

L(ρi) 6= ∅?

We give a polytime reduction from the latter problem to the model checking problem for PDL|.
Let (ρi)i∈[n] be regular expressions. Define the homomorphismh : {0, 1} → {0, 1,#}∗ as
h(a) = an+1#n+1 for eacha ∈ {0, 1}. Defineh(ρi) to be the regular expression that is obtained
from ρi by replacing each occurrence of a lettera ∈ {0, 1} in ρi by h(a) for eachi ∈ [n]. By
Point (4) of Lemma 7.2 in [82] the following equivalence holds for eachw ∈ {0, 1}∗,

w ∈
⋂

i∈[n]

L(ρi) ⇔ h(w) ∈ L

(
h(ρ1) | h(ρ2) | · · · | h(ρn)

)
.

LetK be the following Kripke structure, where only the worldx satisfies the atomic proposition
p0:

•
p0

x · · ·

· · ·

· · ·

· · ·

︸ ︷︷ ︸
lengthn+1

︸ ︷︷ ︸
lengthn+1

••

••

••

••

••

1

#

1

##

0

#

0

##

To complete our reduction, it directly follows

⋂

i∈[n]

L(ρi) 6= ∅ ⇔ x ∈ [[ 〈h(ρ1) | h(ρ2) | · · · | h(ρn)〉p0 ]]K .

�

Converse

The logic CPDL extends PDL by additionally allowing the converseπ of programsπ. The
semantics is defined as

[[π]]K = {(y, x) | (x, y) ∈ [[π]]K}.

Vakarelov proved via filtration that CPDL has the finite modelproperty.

Theorem 2.11 ([113])Every satisfiable CPDL formula has a finite model. 2

But one the other hand, when we restrict ourselves to deterministic models, one can enforce
infinite models in CPDL.
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2.4 PDL extensions

Proposition 2.12 There exists a CPDL formula that has a deterministic model but not any de-
terministic model that is finite. 2

PROOF Every deterministic model of the formula

¬〈a〉true ∧ [a∗]〈a〉true

contains an infinite backward ray:

• • • • · · ·a a aa

�

Using automata-theoretic techniques, Vardi identified thecomplexity of satisfiability in CPDL.

Theorem 2.13 ([120])Satisfiability in CPDL isEXP-complete. 2

The previous theorem also follows from a natural translation from CPDL to PDL found by De
Giacomo.

Theorem 2.14 ([39]) There exists a satisfiability preserving translation from CPDL to PDL
computable in polynomial time. 2

Negation and Intersection

The logicNPDL extends PDL by allowing programs of the kind¬π. The semantics is defined
as

[[¬π]]K = W ×W \ [[π]]K .

Recall thatΣ1
1 denotes the class of languages definable by some existentialsecond-order formula

of arithmetic over the naturals.

Theorem 2.15 ([53]) Satisfiability in NPDL isΣ1
1-complete. 2

Restricting NPDL by allowing only negation ofatomic programsyields PDL(¬). The following
is known about the complexity of satisfiability in PDL(¬).

Theorem 2.16 ([80]) Satisfiability in PDL(¬) is EXP-complete. 2

Since adding full negation of programs leads to undecidability, one can consider the fragment
IPDL of NPDL that allows the intersection of programs, i.e. IPDL extends PDL by allowing
programs of the kindπ1 ∩ π2, where

[[π1 ∩ π2]]K = [[π1]]K ∩ [[π2]]K .

The following two propositions show that the model theory ofIPDL is more involved.

Proposition 2.17 ([53]) There exists a satisfiable IPDL formula that does not have a finite
model. 2
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Figure 2.1: The infinite grid over deterministic programsx andy.

PROOF Every model of the formula

[a∗]
(
〈a〉true ∧ ¬〈a+ ∩ true?〉true

)
.

contains the infinite ray:

• • • • · · ·a a aa

�

The following proposition is taken from [78].

Proposition 2.18 ([78]) There exists a satisfiable IPDL formula that does not have a tree model.2

PROOF The formula
¬p ∧ ¬〈b〉true ∧ 〈(a ◦ p? ◦ a) ∩ b∗〉true

enforces a cycle of length2:

¬p• p•
a

a

�

Via a reduction from the recurring tiling problem, Harel proved the following theorem.

Theorem 2.19 ([52]) It is Σ1
1-complete to decide whether a given IPDL formula has a deter-

ministic model. 2

Note that restriction to deterministic Kripke structures is decisive for the high undecidability
status of IPDL: Over any two atomic deterministic programsx andy the formula

[(x ∪ y)∗]

(
¬(〈(x ∪ y)+ ∩ true?〉true) ∧ ¬〈x ∩ y〉true ∧ 〈x ◦ y ∩ y ◦ x〉true

)

enforces the infinite grid as substructure, see also Figure 2.1. Hence it can be seen how to encode
computations of a Turing machine with an undecidable membership problem.

However, when we do not restrict ourselves to deterministicKripke structures, the following
upper bound for satisfiability in IPDL was proven by Danecki.
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Theorem 2.20 ([22]) Satisfiability in IPDL is in2EXP. 2

A matching lower bound for IPDL was found over twenty years later by Lange and Lutz.

Theorem 2.21 ([72]) Satisfiability in IPDL is2EXP-hard. Moreover, deciding whether an IPDL
formula has a tree model is2EXP-hard. 2

Although Danecki’s paper contains admireable ideas [22], one must admit that the proofs in his
conference version are rather hard to verify fully and numerous details are missing. Moreover it
is unclear how to extend his techniques toICPDL, the extension of IPDL with the converse of
programs. For ICPDL, the following upper bound was known so far.

Theorem 2.22 ([78]) Satisfiability in ICPDL is decidable. 2

Theorem 2.22 is shown in [78] via a reduction to the monadic second order theory of the
infinte binary tree and hence yields a non-elementary complexity upper bound. In Chapter 3 we
prove that satisfiability ofµ-ICPDLNom is 2EXP-complete (Theorem 3.28) . Besides intersection
and converse, the logicµ-ICPDLNom allows the usage of fixed points and nominals. Nominals
are distinguished atomic propositions that hold in exactlyone world of a Kripke structure. Thus,
µ-ICPDLNom is the extension of ICPDL and the modalµ-calculus that additionally allows the
usage of nominals. The model theory that we employ for proving a 2EXP upper bound for
satisfiability inµ-ICPDLNom is that every satisfiableµ-ICPDLNom formula that usesk different
nominals has a countable model oftree widthat mostk + 2 (Corollary 3.6). Tree width is an
established measure from graph theory [26] that roughly describes how tree-like a graph is.

The logicloop-PDL (resp.loop-CPDL) is the extension of PDL (resp. CPDL) that allows the
usage of formulas of the kindloop(π), whereπ is a program, with the semantics

[[loop(π)]]K = {x ∈W | (x, x) ∈ [[π]]K}.

Example 2.23 Let A ⊆ A be a finite set of atomic programs and letP ⊆ P be a finite set of
atomic propositions. Moreover, letK = (W, {→a| a ∈ A}, {Wp | p ∈ P}) be adeterministic
Kripke structure, i.e.→a is a partial function for eacha ∈ A.

We call a worldx ∈ W a recovery world inK if for eachy ∈ W that is reachable from
x we have thatx is also reachable fromy. Formally, we require that(x, y) ∈ [[A]]∗K implies
(y, x) ∈ [[A]]∗K for all y ∈ W . In program verification, the existence of a recovery world can
express that the program can always return to the initial state.

The set of recovery worlds can be defined inloop-PDL. More precisely,x ∈ W is a recovery
world inK if and only ifx ∈ [[ϕ]]K , where

ϕ = [A∗]
∧

a∈A

(
〈a〉true → loop(a ◦ A

∗)
)
.

PROOF “only-if”: Assume x is a recovery world. Let→K=
⋃
a∈A →a. We show that every

world y ∈W , with x→∗K y, satisfies the formula

∧

a∈A

(
〈a〉true → loop(a ◦ A

∗)
)
.
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Assumex →∗K y andy ∈ [[〈a〉true]]K for somea ∈ A. This impliesy →a z for some world
z ∈ W . Sincex is a recovery world andx →∗K z, we havez →∗K x. Altogether we have
y →a z →

∗
K x→∗K y, hencey ∈ [[loop(a ◦ A∗)]]K .

“if”: Assume x ∈ [[[A∗]
∧
a∈A (〈a〉true → loop(a ◦ A∗))]]K . We prove thaty →∗K x holds

for eachy ∈ W for which x →∗K y. We prove thaty →∗K x holds by induction on the
minimal n ∈ N such thatx →n

K y. The casen = 0 is trivial. Now assume thatn > 0 and let
x →n−1

K z →a y be an arbitrary path fromx to y of minimal lengthn for some intermediate
world z ∈ W and somea ∈ A. Sincez ∈ [[loop(a ◦ A∗)]]K andK is deterministic we have
y →∗K z. By induction hypothesis we havez →∗K x, hencey →∗K z →∗K x. �

Note thatloop-PDL (resp.loop-CPDL) is a fragment of IPDL (resp. ICPDL) sinceloop(π)
is semantically equivalent to〈π ∩ true?〉true. We will prove that the recovery world property
from Example 2.23 is not even expressible inµ-ICPDLNom (Proposition 3.38) assuming that we
do not impose any restrictions on the underlying Kripke structures such as e.g. determinism.

Danecki investigated that every satisfiableloop-PDL formula has a so calledcactusmodel.
Via a suitable encoding of cactus models into anω-regular tree language, he established the
following complexity result for satisfiability inloop-PDL.

Theorem 2.24 ([23]) Satisfiability inloop-PDL isEXP-complete. 2

Recall thatloop-PDL is a fragment of IPDL and hence ofµ-ICPDLNom. In Chapter 3, we gen-
eralize Theorem 2.24 in such a way that we introduce a syntactic measure of nestings of the
intersection operator forµ-ICPDLNom formulas – that we callintersection width– and prove that
satisfiability ofµ-ICPDLNom formulas of constant intersection width is inEXP (Corollary 3.29).
Since each loop-PDL (resp. loop-CPDL) formula can easily betranslated to some equivalent
IPDL (resp. ICPDL) formula of intersection width at most two, it follows anEXP upper bound
for satisfiability in loop-PDL (resp. loop-CPDL), see also Corollary 3.30.

Since satisfiability in PDL(¬) (the extension of PDL with negation of atomic programs) isEXP-
complete and satisfiability inµ-ICPDLNom is 2EXP-complete, the natural question arises how
hard satisfiability inµ-ICPDLNom with negation of atomic programs is. However, via a reduction
from the recurring tiling problem, we prove that already satisfiability in IPDL with negation of
atomic programs is hard forΣ1

1 (Theorem 3.37).

Extensions by model manipulation

Another mode of extension is model manipulation: Whether a formulaϕ holds in a world of a
Kripke structureK can depend on whether some modified Kripke structureK ′ satisfies a certain
subformula ofϕ. We state two such extensions that are related to PDL. A prominent example
of such a logic is van Benthem’s Sabotage Modal Logic (SML) [115]. Recall that modal logic
is the fragment of PDL where programs are restricted to be atomic, i.e. by dropping rules (6)
to (9) of Definition 2.2. SML extends modal logic by adding a sabotage operator〈−〉a via the
following formula building rule

if ϕ is an SML formula, then〈−〉aϕ is an SML formula for eacha ∈ A.
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For each Kripke structureK = (W, {→a| a ∈ A}, {Wp | p ∈ P}), the semantics of〈−〉aϕ is
defined as

[[〈−〉aϕ]]K = {x ∈W | ∃t ∈→a such thatx ∈ [[ϕ]]K\(t,a)},

where for eacha ∈ A and eacht ∈→a the Kripke structureK \ (t, a) is obtained fromK by
removing the transitiont from→a.

Lemma 6 in [76] states that SML does not have the tree model property. Moreover in [76]
it is shown that SML does not have the finite model property. Satisfiability in modal logic is
PSPACE-complete, but adding sabotage modalities makes the satisfiability problem dramati-
cally harder.

Theorem 2.25 ([76]) Satisfiability in SML is undecidable. 2

It is well-known that the combined complexity of model checking in Modal Logic isP-complete,
whereas for SML it jumps toPSPACE-completeness.

Theorem 2.26 ([76]) The combined complexity of model checking in SML isPSPACE-complete.
However, both expression complexity and data complexity ofSML model checking is inP. 2

For a comprehensive investigation of sabotage modal logics, we refer to [97].

Let us introduce Demri’s DLP+dyn – an extension of PDL that allows model manipulation. Syn-

tactically, formulas of DLP+dyn are obtained by adding to Definition 2.2 the following two for-
mula building rules:

(10) if π ∈ P andϕ ∈ F , thenperm(π)ϕ, fperm(π)ϕ ∈ F and

(11) if ϕ1, ϕ2, ϕ3 ∈ F , thengrant(ϕ1, ϕ2)ϕ3, revoke(ϕ1, ϕ2)ϕ3 ∈ F .

The semantics of DLP+dyn is defined over extended Kripke structures. Anextended Kripke
structureis a tupleK = (W, {→a| a ∈ A}, {Wp | p ∈ P}, P ) such that the first three compo-
nents ofK yield a Kripke structure andP ⊆W ×W is a binary relation that we callpolicy set.

For sets of transitionsA,B ⊆W ×W and each operationop ∈ {∪, \}, we define

K↾ (A,B, op) = (W, {→a| a ∈ A}, {Wp | p ∈ P}, P op (A×B)).

The semantics forgrant andrevoke formulas is defined as follows:

[[grant(ϕ1, ϕ2)ϕ3]]K = [[ϕ3]]K↾([[ϕ1]]K ,[[ϕ2]]K ,∪)

[[revoke(ϕ1, ϕ2)ϕ3]]K = [[ϕ3]]K↾([[ϕ1]]K ,[[ϕ2]]K ,\)

Hencegrant (resp.revoke) “modifies” the current policy set by adding (resp. removing) a set
of transitions that is specified as the direct product of setsthat are definable in DLP+dyn itself.
It remains to define the semantics ofperm andfperm formulas. We do this informally.

• A world x ∈W satisfies the formulaperm(π)ϕwhenever for some wordw in the regular
language defined byπ there exists aw-labeled path fromx to some worldy ∈ [[ϕ]]K such
that eachA-labeled transition on this path is in the policy setP .
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• A world x ∈W satisfies the formulafperm(π)ϕ whenever each path labeled with some
word from the regular language defined byπ from x to worldsy ∈ [[ϕ]]K has the property
that allA-labeled transitions on this path are in the policy setP .

Recall that in sabotage formulas of SML the transition that is removed is not specified at all. In
DLP+

dyn , on the other hand, the model modificationshave to bedefined in the logic itself. It will

turn out that precisely this fact makes DLP+
dyn more manageable with respect to satisfiability.

Only until recently, the following complexity upper bound was known for DLP+dyn .

Theorem 2.27 ([24]) Satisfiability in DLP+dyn is in 2EXP. 2

We will close the complexity gap betweenEXP-hardness that DLP+dyn inherits from PDL and
its membership in2EXP from the previous theorem. We prove in Chapter 4 that satisfiability in
DLP+

dyn is EXP-complete (Theorem 4.5).

Non-regular extensions

In contrast to extending PDL programs by operators whose semantics is defined via the underly-
ing relations, the classical viewpoint is that PDL programsare seen as regular languages over a
finite set of test programs and atomic programs. Consequently, a natural way of extending PDL
is to take a class of languagesL subsuming the regular languages and consider PDL+L, which
we define next.

Definition 2.28 LetA ⊆ A be finite and letL be a class of languages overA. The logic PDL+L
extends PDL (Definition 2.2) with the following formula building rule:

(11) ifL ∈ L andϕ ∈ F , then〈L〉ϕ ∈ F . 2

Clearly, as we are interested in the complexity/decidability status of the satisfiability or model
checking problem of PDL+L, we have to come up with a finite representation for each of the
languages fromL. However, in the following, the concrete representations are not important and
details are left to the reader.

A result from Harel and Singermann states that PDL+L is strictly more expressive than PDL
already for an arbitrary singleton language classL = {L} providedL is non-regular.

Theorem 2.29 ([59]) LetL be an arbitrary non-regular language over a finite subset ofA. Then
there exists a PDL+{L} formulaϕ such that there is no PDL formulaψ with [[ϕ]]K = [[ψ]]K for
all Kripke structuresK. 2

It is remarkable that undecidability of the satisfiability problem of PDL+L can be obtained
already for a very simple language classL consisting of one language only.

Theorem 2.30 ([56]) Let a#ba# denote the non-regular language{anban | n ≥ 0}. Satisfia-
bility in PDL+{a#ba#} is Σ1

1-complete. 2
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In [4] Alur and Madhusudan proposed the class ofvisibly pushdown languages (VPL). A vis-
ibly pushdown language is a language accepted by some visibly pushdown automaton (VPA),
which is anε-free pushdown automaton, where the input alphabet is partitioned into three types
of symbols:Calls, returnsand internal symbols. When reading an input symbol its type deter-
mines whether a push, a pop, or an internal action has to be performed. Moreover, VPAs may
push or pop at most one stack symbol at a time. Inter alia, it isshown in [4] that VPL is closed
under all boolean operations and that universality and inclusion isEXP-complete. A very gen-
eral result on non-regular PDL extensions is the following one, due to Löding, Lutz, and Serre.

Theorem 2.31 ([75]) Satisfiability in PDL+VPL is2EXP-complete. 2

Note however, that for the latter theorem to hold it is important that each of the occurring visibly
pushdown languages that occur in formulas is defined over some common partition of the input
alphabet.

Open problem 29 of Demri’s habilitation thesis [25] asks what the complexity of satisfiabil-
ity in PDL+VPL with the converse operator (let us denote it byCPDL+VPL) is. Let us de-
scribe CPDL+VPL in more detail. To each CPDL+VPL formulaϕ one can assign some visibly
pushdown partitioñΣ of A ∪ A, whereA is some finite alphabet andA = {a | a ∈ A} is a
disjoint copy ofA; moreover every language that occurs inϕ is accepted by some visibly push-
down automaton over̃Σ. Such formulasϕ are meant to be interpreted over Kripke structures
K = (W, {→a| a ∈ A}, {Wp | p ∈ P}) such that for eacha ∈ A we have

[[a]]K = {(y, x) | (x, y) ∈ [[a]]K}.

Let us sketch an undecidability proof of satisfiability in CPDL+VPL by using techniques from
[56].

Proposition 2.32 Satisfiability in CPDL+VPL is undecidable. 2

PROOF (SKETCH) Fix the alphabetA = {a, b} and the following partitioñΣ of Σ = A ∪ A:

• Calls: {a}

• Returns:{a}

• Internal symbols:{b, b}

Consider the following three formulas:

• ϕ1 = ¬〈a〉true ∧ 〈ab〉true

• ϕ2 = [Σ∗b]

(
〈b〉true ∧ (〈a+〉¬〈a〉true)

)

• ϕ3 = [Σ∗]

(
¬〈a〉true→

(
¬
〈
{aibaj | j ≥ i+ 2}

〉
true

∧ ¬
〈
{aibaj | j ≤ i}

〉
¬〈a〉true

))
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Figure 2.2: A substructure of any model ofϕ1 ∧ ϕ2 ∧ ϕ3.

Observe that each of the languages that occur inϕ1, ϕ2, andϕ3 can be accepted by some visibly
pushdown automaton over̃Σ. It is not hard to see that in any model ofϕ1 ∧ ϕ2 there exists
an infinite sequence ofb-transitions such that on every world on this sequence therebegins a
non-empty finite sequence of inverteda-transitions. The formulaϕ3 requires that for every
(reachable) worldx that has noa-predecessor we have that each path labeled byaibaj , that
begins inx and that ends in some world that also does not have ana-predecessor, satisfies
j = i + 1. Thus, any model ofϕ1 ∧ ϕ2 ∧ ϕ3 contains the Kripke structure depicted in Figure
2.2. The arrangement of the worlds of Figure 2.2 is not chosenwithout reason. Think of worlds
that arenot situated on the lower most path as points of an infinite grid. It requires standard
arguments to reduce the tiling problem of the first quadrant of the plane (which is undecidable
by [7]) to satisfiability in CPDL+VPL. Tile types are represented by atomic propositions and it
has to be guaranteed that each (reachable) “grid world” satisfies exactly one of these. Checking
that the tile type of each grid world and its horizontal successor (resp. vertical successor) match
the horizontal (resp. vertical) matching relation can easily be accomplished by programs defined
by the VPL language{aibai | i ≥ 1} (resp.{aibai+1 | i ≥ 1}) overΣ̃. �

Recently,k-phase multi-stack visibly pushdown automata (k-MVPAs), a natural extension of
VPAs, have been introduced in [112]. Ak-MVPA is an automaton equipped with multiple stacks
where, again, the action on each stack is determined by the input; more precisely, every input
symbol specifies on which stack a push or pop operation or whether an internal operation is done.
Moreover, ak-MVPA is restricted to accept only words that can be obtainedby concatenating at
mostk phases, where a phase is a sequence of input symbols that invoke pop actions from at most
one stack. Note thatk-MVPAs with one stack coincide with VPAs. The language classk-MVPL
that is described byk-MVPAs has various effective closure properties and a decidable non-
emptiness problem. Therefore it is an interesting questionto ask if the corresponding extension
of PDL is still decidable. This question was raised in [112] and answered negatively by Nowotka
and the author.
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Theorem 2.33 ([47]) Satisfiability in PDL+k-MVPL is Σ1
1-complete and alreadyΣ1

1-hard for
k = 2. 2

2.5 Infinite state systems

In this section, we introduce basic process algebras (BPAs), pushdown systems (PDSs) and
prefix-recognizable systems (PRSs)4 as formalisms for finitely representing infinite Kripke struc-
tures and, based on this, the infinite state model checking problem of (extensions of) PDL. Be-
sides prefix-recognizable systems, we follow Mayr’s classification of infinite state systems in
terms of process rewrite systems [84]. The reason that we do not include infinite state systems
from [84] that are obtained from rewriting of processes thatcontain parallel composition is that
already model checking test-free PDL over basic parallel processes is undecidable (Corollary
5.2).

Due to technical simplicity, in the context of infinite statemodel checking, we generally con-
sider Kripke structures without atomic propositions, i.e.Kripke structures are no longer triples
but a pairs. Moreover, the only atomic formulas we consider are true andfalse. This simpli-
fies notation and can be done without loss of generality sincean atomic propositionp can easily
be simulated by introducing a reflexive loop via a new atomic programap at precisely those
worlds that satisfyp. Additionally, we modify any input formula by replacing each occurrence
of an atomic propositionp by the formula〈ap〉true. In the followingA ⊆ A always denotes a
finite set of atomic programs.

Basic process algebras

A basic process algebra (BPA)is a pairX = (Γ, {
a
−→X | a ∈ A}), whereΓ is a finite stack

alphabetand
a
−→X ⊆ (Γ ∪ {ε}) × Γ∗ is a finite set ofrewriting rulesfor eacha ∈ A. For better

readability, we writeb
a
−→X v rather than(b, v) ∈

a
−→X . The worlds of the Kripke structure

defined byX are the set of words overΓ. For eacha ∈ A there is ana-labeled transition from
a worldw to a worldw′ whenever the rule→a contains a pair(b, v) such thatw begins withb
andw′ is obtained fromw by replacing thisb by v. Formally, the Kripke structure defined by a
BPAX isK(X ) = (Γ∗, {→a| a ∈ A}), where

→a = {(bw, vw) | w ∈ Γ∗, b
a
−→X v} for eacha ∈ A.

Thesizeof a BPAX is |X | = |Γ|+
∑

a∈A

∑
b

a
−→X v

|bv|.

Example 2.34 For a finite alphabetΓ = {a1, . . . , an} the completeΓ-tree with backward edges
is given by the BPAX = (Γ, {

a
−→X | a ∈ A}) over A = Γ ∪ Γ, where

a
−→X= {(ε, a)} and

a
−→X= {(a, ε)} for eacha ∈ Γ. Figure 2.3 showsK(X ).

4PRS, i.e. prefix-recognizable systems, should not be confused with Mayr’s process rewrite systems hierarchy
from [84].
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Figure 2.3: The complete{a1, . . . , an}-tree with backward edges.

Pushdown systems

A pushdown system (PDS)is a tupleY = (Q,Γ, {
a
−→Y | a ∈ A}) whereQ is a finite set ofstates,

Γ is a finitestack alphabet, and
a
−→Y⊆ Q × (Γ ∪ {ε}) × Q × Γ∗ is a finite set ofrewriting

rules for eacha ∈ A. Again, instead of writing(q, b, q′, v) ∈
a
−→Y we use infix notation and

write qb
a
−→Y q′v. Intuitively, a PDS describes a Kripke structure in which each world is a

configurationqv of the system, withq ∈ Q the state andv ∈ Γ∗ the stack content. Inv, the
left-most symbol corresponds to the top of the stack. A rewriting rule qb

a
−→Y q′v says that,

travellinga, we can move from any configurationqbw to q′vw, i.e. replaceb with v on top of
the stack and switch the state fromq to q′. Formally, the Kripke structure defined by a PDSY is
K(Y) = (QΓ∗, {→a| a ∈ A}), where

→a = {(qbw, q′vw) | w ∈ Γ∗, qb
a
−→Y q

′v} for eacha ∈ A.

Thesizeof a PDS is|Y| = |Q|+ |Γ|+
∑

a∈A

∑
qb

a−→Yq′v
|qbq′v|.

It is obvious that every BPAX can be translated into a single-state PDSY such thatK(X )
andK(Y) are isomorphic. Thus, every BPA can be seen as a PDS over a singleton state set.

The following example shows an application of IPDL to the verification of two cooperating
pushdown systems.

Example 2.35 Consider two pushdown systemsY1 andY2 with a common stack alphabetΓ and
letYi = (Qi,Γ, {

a
−→Yi
| a ∈ Ai}) for eachi ∈ {1, 2}. It is possible forY1 andY2 to synchronize

via a common configuration, so we assume thatQ1 ∩Q2 6= ∅. To distinguish actions ofY1 from
those ofY2, we assume thatA1 ∩ A2 = ∅. Finally, letK(Yi) be deterministic fori ∈ {1, 2}.
The two systems can be modeled by a single pushdown system

Y = (Q1 ∪Q2,Γ, {
a
−→Y1 | a ∈ A1} ∪ {

a
−→Y2| a ∈ A2)}).

We want to ensure that, wheneverY1 andY2 are in the same configurationw andYi can reach
fromw a configurationwi by an atomic program (fromAi), for i ∈ {1, 2}, then the two systems
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can again reach a common configuration fromw1 andw2. Interpreted overK(Y) the latter
property can be expressed by the IPDL formula

[A∗1 ∩ A
∗
2]




∧

a∈A1,b∈A2

〈a〉true ∧ 〈b〉true → 〈a ◦ A
∗
1 ∩ b ◦ A

∗
2〉true


 .

Observe that, in the context of model checking PDAs, requiringK(Yi) to be determinstic is not
a restriction. It is always possible to modifyYi such thatK(Yi) is deterministic by introducing
additional atomic programs. 2

Prefix-recognizable systems

Let Γ be a finite alphabet. We callU ⊆ Γ∗ × Γ∗ a prefix-recognizable relationover Γ if
U =

⋃n
i=1Ri for somen ≥ 1 andRi = {(uw, vw) | u ∈ Ui, v ∈ Vi, w ∈ Wi}, where

Ui, Vi,Wi ⊆ Γ∗ are regular languages for eachi ∈ [n] . We briefly writeRi = (Ui×Vi)Wi. Let
PRR(Γ) denote the set of prefix-recognizable relations overΓ. A prefix-recognizable system
(PRS for short)is a tupleZ = (Γ, φ) whereφ : A→ PRR(Γ) assigns to every atomic program
a ∈ A a prefix-recognizable relationφ(a) such thatφ(a) =

⋃na

i=1(L(αai ) × L(βai ))L(γai ) over
Γ which is given by a collection of triples of regular expressions (αai , β

a
i , γ

a
i )i∈[na]. A PRS

Z = (Γ, φ) defines the Kripke structureK(Z) = (Γ∗, {φ(a) | a ∈ A}). Thesize|Z| of a PRS
Z = (Γ, φ) is defined as|Γ| + |A| +

∑
a∈A

∑na

i=1 |α
a
i | + |β

a
i | + |γ

a
i |, where the size of regular

expressions is defined in analogy to the size of PDL programs.

Example 2.36 LetZ = ({0, 1}, φ) over A = {0, 1,�} be the prefix-recognizable system de-
fined asφ(a) = ({ε} × {a}) {0, 1}∗ for eacha ∈ {0, 1} andφ(�) = ({ε} × {0, 1}∗) {0, 1}∗.
The Kripke structureK(Z) is the complete binary tree with the prefix relation�. 2

Note that every PDSY = (Q,Γ, {
a
−→Y | a ∈ A}) can be translated into an equivalent PRS

Z(Y) = (Q ∪ Γ, φ), where

φ(a) =
⋃

qb
a
−→Yq′v

(
{qb} × {q′v}

)
Γ∗ for eacha ∈ A.

Also note that every world of the PRS from Example 2.36 has infinitely many outgoing transi-
tions, whereas every world of every PDS has both finitely manyincoming and outgoing transi-
tions.

Comparison to other definitions Note that our definition of basic process algebras allows
transitions of the formε

a
−→X v and our definition of pushdown systems allows transitions of

the form q
a
−→Y q′v whereq and q′ are states. It is easy to see that our definitions describe

exactly the same class of basic process algebras as defined in[83, 84] and the same class of
pushdown systems as defined in [125, 14, 124, 84]. Moreover, there are logspace translations
between the two formalisms. When defining pushdown systemsY with state setQ, over atomic
programsA and overa set of atomic propositionsP it is well-established to introduce a mapping
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λ : Q → 2P which assings to every stateq ∈ Q a subset ofP. If p ∈ λ(q) for a stateq of Y
andp ∈ P, then all configurations ofY in stateq satisfyp. Given such a mappingλ : Q → 2P

our definition from above can imitate it by introducing freshtransition rules inY which describe
correspondingly labeled self-loops at exactly those worlds of the Kripke structureK(Y) where
the atomic propositions are satisfied. More precisely, we extend the set of atomic programsA by
P (assumingP andA to be disjoint) and introduce for all statesq ∈ Q the transition ruleq

p
−→Y q

if and only if p ∈ λ(q). Similar remarks apply to basic process algebras and prefix-recognizable
systems.

30



3
ICPDL with fixed points and nominals

In this chapter we studyµ-ICPDLNom which extends ICPDL by fixed point operators and nom-
inals. Our main result is that satisfiability inµ-ICPDLNom is 2EXP-complete which matches
the2EXP lower bound for IPDL (Theorem 3.37). For the fragment ICPDL of µ-ICPDLNom the
previously best known upper bound was non-elementary (Theorem 2.22).

Section 3.1 introducesµ-ICPDLNom and an infinitary logic ICPDL∞
Nom

that extends ICPDL by
infinitary disjunction and allows the usage of nominals. It is shown that for each cardinalκ
and eachµ-ICPDLNom formulaϕ there exists an ICPDL∞

Nom
formulaϕκ such thatϕ andϕκ are

equivalent with respect to all Kripke structures of cardinality at mostκ.
In Section 3.2 we show via ICPDL∞

Nom
that every satisfiableµ-ICPDLNom formula that uses at

mostk different nominals has a countable model of tree width at most k+2. To obtain this result
we define for each finite set of nominalsM an operator# = #(M) on pointed Kripke structures
and prove that for any pointed Kripke structure1 K the pointed Kripke structureK# satisfies the
sameµ-ICPDLNom formulas with nominals fromM and moreoverK# has tree width at most
|M |+ 2.

In Section 3.3 we introduce a special reasoning problem calledω-regular tree satisfiability
in µ-ICPDLNom. Theω-regular tree satisfiability problem asks, given some two-way alternating
parity tree automatonT over infinite trees (that naturally defines a set of infinite tree Kripke
structures) and someµ-ICPDLNom formulaϕ interpreted on infinite trees, whether there exists
some treeT ∈ L(T ) such thatϕ holds in the root ofT . We reduce general satisfiability in
µ-ICPDLNom toω-regular tree satisfiability inµ-ICPDLNom as follows: For an inputµ-ICPDLNom
formulaϕ over a set of nominalsM , we compute a two-way alternating parity tree automaton
T that accepts encodings of all countable Kripke structures of tree width at most|M | + 2 and
someµ-ICPDLNom formulaϕ′ interpreted on infinite trees such thatϕ is satisfiable if and only if
there exists some treeT ∈ L(T ) such thatϕ′ holds in the root ofT .

1A pointedKripke structure is a Kripke structureK together with some world ofK.
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3 ICPDL with fixed points and nominals

In Section 3.4 we prove thatω-regular tree satisfiability inµ-ICPDLNom is 2EXP-complete.
For the2EXP upper bound we give a reduction to the non-emptiness problemof two-way al-
ternating parity tree automata. Furthermore, we investigate a syntactic measure onµ-ICPDLNom
formulas, namelyintersection width, which the complexity ofω-regular tree satisfiability is dou-
bly exponential in. As a corollary we obtain that bothω-regular tree satisfiability and general
satisfiability inµ-ICPDLNom of formulas of constant intersection width is inEXP.

Alongside2EXP-completeness of general satisfiability inµ-ICPDLNom (Section 3.5) via trans-
lation toω-regular tree satisfiability, we prove thatω-regular tree satisfiability leads to a further
application, namely infinite state model checking. In Section 3.6 it is shown that forµ-ICPDLNom
the model checking problem over prefix-recognizable systems can easily be reduced toω-regular
tree satisfiability. We proceed by proving lower bounds for infinite state model checking (frag-
ments of)µ-ICPDLNom. More precisely, it is shown that the data complexity already both for
loop-PDL and for test-free IPDL over basic processes algebras isEXP-hard. This is rather sur-
prising since the data complexity ofµ-calculus model checking over basic process algebras is
in P [125]. Moreover, we show that there exists a fixed basic process algebra such that model
checking test-free IPDL is hard for2EXP.

Due to decidability ofµ-ICPDLNom on the one hand and decidability of PDL with atomic
program negation on the other, we discuss in Section 3.7 the question whetherµ-ICPDLNom
with atomic program negation is decidable. It turns out thatalready IPDL with atomic program
negation is highly undecidable, namely hard forΣ1

1.

3.1 ICPDL with fixed points and nominals: µ-ICPDLNom

As for PDL, let P be a countable set of atomic propositions and letA be a countable set of
atomic programs. Moreover, letA = {a | a ∈ A} be a disjoint copy ofA. By X we denote a
countable set offixed point variablesand byNom a countable set ofnominals. We assume thatP,
X, andNom are pairwise disjoint. The set ofµ-ICPDLNom formulasΦ and the set ofµ-ICPDLNom
programsΠ are the smallest sets that satisfy the following conditions,

• P ∪ X ∪ Nom ⊆ Φ,

• if ϕ ∈ Φ, then¬ϕ ∈ Φ,

• if π ∈ Π andϕ ∈ Φ, then〈π〉ϕ ∈ Φ,

• if ϕ ∈ Φ, X ∈ X, and every occurrence ofX in ϕ appears within an even number of
negations, thenµX.ϕ ∈ Φ,

• if ϕ ∈ Φ andp ∈ Nom, then@pϕ ∈ Φ,

• A ∪ A ⊆ Π,

• if ϕ ∈ Φ, thenϕ? ∈ Π,

• if π1, π2 ∈ Π, thenπ1 op π2 ∈ Π for eachop ∈ {∪,∩, ◦}, and

• if π ∈ Π, thenπ∗ ∈ Π.
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3.1 ICPDL with fixed points and nominals:µ-ICPDLNom

Thesize|α| of eachµ-ICPDLNom formula or programα is inductively defined as follows,

• |p| = |X| = 1 for eachp ∈ P ∪ Nom and eachX ∈ X,

• |a| = |a| = 1 for eacha ∈ A,

• |¬ϕ| = |ϕ?| = |µX.ϕ| = |@pϕ| = |ϕ| + 1 for eachX ∈ X and eachp ∈ Nom,

• |〈π〉ϕ| = |π|+ |ϕ|+ 1,

• |π1 ∪ π2| = |π1 ∩ π2| = |π1 ◦ π2| = |π1|+ |π2|+ 1, and

• |π∗| = |π|+ 1.

In the following, Kripke structures will have a valuation offixed point variables as an addi-
tional fourth component and each nominal represents a singleton world set. Formally, aKripke
structureis a tupleK = (W, {→a| a ∈ A}, {Wp | p ∈ P ∪ Nom}, ρ), where

• W is a set ofworlds,

• →a⊆W ×W is atransition relationfor eacha ∈ A,

• Wp ⊆W is a subset for eachp ∈ P ∪ Nom and|Wp| = 1 for eachp ∈ Nom, and

• ρ : X→ 2W is avaluation(of fixed point variables).

For each subsetV ⊆ W , each fixed point variableX ∈ X, and each valuationρ, we denote by
ρ[X 7→ V ] the following valuation

ρ[X 7→ V ](Y ) =

{
V if Y = X

ρ(Y ) else
for eachY ∈ X.

Extending the latter notation to Kripke structures, we define

K[X 7→ V ] = (W, {→a| a ∈ A}, {Wp | p ∈ P ∪ Nom}, ρ[X → V ]).

Before defining the semantics ofµ-ICPDLNom, we need the following theorem due to Knaster
and Tarski. Originally and more generally, it was proven formonotone functions on complete
lattices; we state the theorem only for monotone functions on power set lattices.

Theorem 3.1 (Knaster-Tarksi fixed point theorem [108]) Assume thatW is an arbitrary set
and letF : 2W → 2W be a monotone function, i.e. for eachV1, V2 ⊆ W we have that
V1 ⊆ V2 impliesF (V1) ⊆ F (V2). ThenF has a least fixed pointlfp(F ) and a greatest fixed
point gfp(F ) with respect to set inclusion. Moreover these fixed points satisfy the following
equalities:

lfp(F ) =
⋂
{V ⊆W | F (V ) ⊆ V }

gfp(F ) =
⋃
{V ⊆W | F (V ) ⊇ V }
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3 ICPDL with fixed points and nominals

The least fixed pointlfp(F ) equalsF λ for the least ordinalλ with F λ = F λ+1, where

F 0 = ∅,

F λ+1 = F (F λ), and

F λ =
⋃

β<λ

F β for limit ordinalsλ. 2

We are now ready to define the semantics ofµ-ICPDLNom.
Let K = (W, {→a| a ∈ A}, {Wp | p ∈ P ∪ Nom}, ρ) be a Kripke structure. We define for
each formulaϕ ∈ Φ a subset[[ϕ]]K ⊆ W and for each programπ ∈ Π a binary relation
[[π]]K ⊆W ×W as follows,

[[p]]K = Wp for eachp ∈ P ∪ Nom,

[[X]]K = ρ(X) for eachX ∈ X,

[[¬ϕ]]K = W \ [[ϕ]]K ,

[[〈π〉ϕ]]K = {x | ∃y : (x, y) ∈ [[π]]K ∧ y ∈ [[ϕ]]K},

[[µX.ϕ]]K = lfp(U 7→ [[ϕ]]K[X 7→U ]),

[[@pϕ]]K =

{
W if Wp ⊆ [[ϕ]]K ,

∅ else
for eachp ∈ Nom,

[[a]]K = →a for eacha ∈ A,

[[a]]K = {(y, x) | x→a y} for eacha ∈ A,

[[ϕ?]]K = {(x, x) | x ∈ [[ϕ]]K},

[[π∗]]K = [[π]]∗K , and

[[π1 op π2]]K = [[π1]]K op [[π2]]K for eachop ∈ {∪,∩, ◦}.

Note that the functionU 7→ [[ϕ]]K[X 7→U ] can easily proven to be monotone since we required in
formulasµX.ϕ that the fixed point variableX occurs only positively inϕ. Hence, by application
of the Knaster-Tarski fixed point theorem we have

[[µX.ϕ]]K = lfp(U 7→ [[ϕ]]K[X 7→U ]) =
⋂
{U ⊆W | [[ϕ]]K[X 7→U ] ⊆ U}.

Analogously, we introduce greatest fixed point formulasνX.ϕ = ¬µX.¬ψ, whereϕ is obtained
from ψ by replacing each occurrence ofX by¬X. Analogously, we have

[[νX.ϕ]]K = gfp(U 7→ [[ϕ]]K[X→U ]) =
⋃
{U ⊆W | [[ϕ]]K[X→U ] ⊇ U}.

Furthermore, we introduce the usual abbreviationsϕ1∧ϕ2 = 〈ϕ1?〉ϕ2,ϕ1∨ϕ2 = ¬(¬ϕ1∧¬ϕ2),
true = p ∨ ¬p for somep ∈ P, false = ¬true, and[π]ϕ = ¬〈π〉¬ϕ. For aµ-ICPDLNom
formula or programα ∈ Φ ∪Π, let Nom(α) denote the finite set of nominals that occur inα.

We say aµ-ICPDLNom formula or programα is in normal form, if for every variableX ∈ X

occurring inα there exists a unique fixed point subformula ofα that binds every occurrence of
X in α. Hence in formulas in normal form there do not occur free fixedpoint variables. It is
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3.1 ICPDL with fixed points and nominals:µ-ICPDLNom

easy to translate any formula into an equivalent formula in normal form by renaming multiple
bound fixed point variables and by replacing unbound fixed point variables by appropriate atomic
propositions. Note that whether aµ-ICPDLNom formula in normal form holds in a world of a
Kripke structureK does not depend on the fourth component ofK, i.e. for anyµ-ICPDLNom
formulaϕ in normal form, any Kripke structureK = (W, {→a| a ∈ A}, {Wp | p ∈ P∪Nom}, ρ),
and any Kripke structureK ′ that agrees withK on the first three components we have[[ϕ]]K =
[[ϕ]]K ′ .

Example 3.2 Letp0 ∈ Nom be a nominal. Any model of the formula

νX. (¬p0 ∧ 〈a〉X ∧ µY.[a]Y ∧ 〈(b ◦ p0? ◦ c) ∩ true?〉true )

contains the following substructure:

• • • • • • • · · ·

p0
•

a a a a a a

b
c

b
c

bc
c b c

b
c
b

c

b

2

Infinitary ICPDL with nominals: ICPDL ∞
Nom

Next, we define ICPDL∞
Nom

, an infinitary analog of ICPDL that allows the usage of nominals.

Definition 3.3 The set ofICPDL∞
Nom

formulasΦ∞ and the set ofICPDL∞
Nom

programsΠ∞ are
the smallest sets that satisfy the following conditions:

(1) X ⊆ Φ∞,

(2) Nom ⊆ Φ∞,

(3) P ⊆ Φ∞,

(4) if ϕ ∈ Φ∞, then¬ϕ ∈ Φ∞,

(5) if S ⊆ Φ∞, then
∨
S ∈ Φ∞,

(6) if π ∈ Π∞ andϕ ∈ Φ∞, then〈π〉ϕ ∈ Φ∞,

(7) if p ∈ Nom andϕ ∈ Φ∞, then@pϕ ∈ Φ∞,

(8) A ∪ A ⊆ Π∞,

(9) if ϕ ∈ Φ∞, thenϕ? ∈ Π∞,

(10) if π1, π2 ∈ Π∞, thenπ1 op π2 ∈ Π∞ for eachop ∈ {∪,∩, ◦}, and
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3 ICPDL with fixed points and nominals

(11) if π ∈ Π∞, thenπ∗ ∈ Π∞. 2

As forµ-ICPDLNom, we denote byNom(α) the set of nominals that occur in an ICPDL∞
Nom

formula
or programα. The set of ofX-free formulas and programs are the smallest sets that satisfy
conditions (2) to (11) of Defintion 3.3.

The semantics of ICPDL∞
Nom

formulas and programs is defined as forµ-ICPDLNom. Formally,
if K = (W, {→a| a ∈ A}, {Wp | p ∈ P ∪ Nom}, ρ) is a Kripke structure, we define

[[X]]K = ρ(X) for eachX ∈ X,

[[p]]K = Wp for eachp ∈ P ∪ Nom,

[[¬ϕ]]K = W \ [[ϕ]]K ,

[[
∨
S]]K =

⋃

ψ∈S

[[ψ]]K for eachS ⊆ Φ∞,

[[〈π〉ϕ]]K = {x | ∃y ∈ [[ϕ]]K : (x, y) ∈ [[π]]K},

[[@pϕ]]K =

{
W if Wp ⊆ [[ϕ]]K

∅ else
for eachp ∈ Nom,

[[a]]K = →a for eacha ∈ A,

[[a]]K = {(y, x) | x→a y} for eacha ∈ A,

[[ϕ?]]K = {(x, x) | x ∈ [[ϕ]]K},

[[π∗]]K = [[π]]∗K , and

[[π1 op π2]]K = [[π1]]K op [[π2]]K for eachop ∈ {∪,∩, ◦}.

The following lemma states that, when restricting ourselves to Kripke structures of a certain
cardinality, then everyµ-ICPDLNom is equivalent to some ICPDL∞

Nom
formula.

Lemma 3.4 Letκ be a cardinal. Then for eachµ-ICPDLNom formulaϕ there exists an ICPDL∞
Nom

formula Tκ(ϕ) with Nom(ϕ) = Nom(Tκ(ϕ)) such that[[ϕ]]K = [[Tκ(ϕ)]]K for every Kripke
structureK of cardinality at mostκ. Moreover, ifϕ is in normal form, thenTκ(ϕ) is X-free. 2

PROOF Letα be the some ordinal of cardinality at leastκ+1, say the smallest one. We translate
eachµ-ICPDLNom formulaϕ (resp. eachµ-ICPDLNom programπ) into an ICPDL∞

Nom
formula
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3.1 ICPDL with fixed points and nominals:µ-ICPDLNom

T (ϕ) = Tκ(ϕ) (resp. ICPDL∞
Nom

programT (π) = Tκ(π)) inductively as follows,

T (X) = X for eachX ∈ X,

T (p) = p for eachp ∈ P ∪ Nom,

T (¬ψ) = ¬T (ψ),

T (〈π〉ϕ) = 〈T (π)〉T (ϕ),

T (µX.ψ) = T (ψ)α,

T (@pϕ) = @pT (ϕ) for eachp ∈ Nom,

T (a) = a for eacha ∈ A,

T (a) = a for eacha ∈ A,

T (ψ?) = T (ψ)?,

T (π1 op π2) = T (π1) op T (π2) for eachop ∈ {∪,∩, ◦}, and

T (π∗) = T (π)∗,

where for everyµ-ICPDLNom formulaψ and every ordinalλ we define

T (ψ)λ = false if λ = 0

T (ψ)λ+1 = T (ψ)[X → T (ψ)λ]

T (ψ)λ =
∨
{T (ψ)β | β < λ} if λ is a limit ordinal

and whereT (ψ)[X → T (ψ)λ] denotes the formulaT (ψ) by additionally replacing every occur-
rence ofX by T (ψ)λ. Note that applying the above translation toµ-ICPDLNom formulas (resp.
programs) in normal form result inX-free ICPDL∞

Nom
formulas (resp. programs). To show the

lemma, it suffices to prove the following claim.

Claim: For every Kripke structureK = (W, {→a| a ∈ A}, {Wp | p ∈ P ∪ Nom}, ρ) with
|W | ≤ κ, everyµ-ICPDLNom formulaϕ, and everyµ-ICPDLNom programπ we have

(1) [[ϕ]]K = [[T (ϕ)]]K and

(2) [[π]]K = [[T (π)]]K .

We prove the claim by structural induction onϕ andπ. We start with Point (1) of the claim.

• If ϕ = X for someX ∈ X, then the claim follows immediately fromT (X) = X.

• If ϕ = p for somep ∈ P ∪ Nom, then the claim follows immediately fromT (p) = p.

• If ϕ = ¬ψ, then the claim follows fromT (ϕ) = ¬T (ψ) and by Point (1) of induction
hypothesis.

• If ϕ = 〈π〉ψ, then by Point (2) of induction hypothesis we have[[π]]K = [[T (π)]]K and by
Point (1) of induction hypothesis we have[[ψ]]K = [[T (ψ)]]K . SinceT (ϕ) = 〈T (π)〉T (ψ)
the claim follows.
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3 ICPDL with fixed points and nominals

• If ϕ = µX.ψ, then by Point (1) of induction hypothesis we have[[ψ]]K = [[T (ψ)]]K . By
the choice ofα and the Knaster-Tarski fixed point theorem (Theorem 3.1) thefixed point
approximation of the monotone functionU 7→ [[ψ]]K[X 7→U ] terminates after at mostα
steps. Hence we have

[[ϕ]]K = Fα,

where for each ordinalλ the setF λ is defined as follows:

F λ = ∅ if λ = 0

F λ+1 = [[ψ]]K[X→Fλ]

F λ =
⋃

β<λ

F β if λ is a limit ordinal

SinceT (ϕ) = T (ψ)α it suffices to proveF λ = [[T (ψ)λ]]K for every ordinalλ by transfi-
nite induction.

If λ = 0, thenF λ = ∅ = [[T (ψ)λ]]K since we putT (ψ)λ = false.

Next, let us show thatF λ+1 = [[T (ψ)λ+1]]K assumingF λ = [[T (ψ)λ]]K inductively.
Observe that the following equalities hold:

[[ψ]]K[X→Fλ] = [[T (ψ)]]K[X 7→Fλ]

= [[T (ψ)]]
K[X 7→[[T (ψ)λ]]K ]

= [[T (ψ)[X → T (ψ)λ]]]K (3.1)

Hence, we can conclude

F λ+1 = [[ψ]]K[X→Fλ]

(3.1)
= [[T (ψ)[X → T (ψ)λ]]]K

= [[T (ψ)λ+1]]K .

Finally, let us assume thatλ is a limit ordinal. By induction hypothesis we haveF β =
[[T (ψ)β ]]K for everyβ < λ. Hence, we have

F λ =
⋃

β<λ

F β

=
⋃

β<λ

[[T (ψ)β ]]K

= [[
∨
{T (ψ)β | β < λ}]]K

= [[T (ψ)λ]]K .

• If ϕ = @pψ, the claim follows directly byT (ϕ) = @pT (ψ) and Point (1) of induction
hypothesis.
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We prove prove Point (2) of the claim by structural inductiononπ.

• If π = a or π = a for somea ∈ A, then the claim follows immediately fromT (a) = a
andT (a) = a.

• If π = ψ?, then the claim follows directly fromT (ψ?) = T (ψ)? and from Point (1) of
induction hypothesis.

• If π = π1 op π2 for someop ∈ {∪,∩, ◦} or π = π∗1 , then the claim immediately follows
from the definition ofT and Point (2) of induction hypothesis. �

3.2 Models of bounded tree width suffice

The goal of this section is to prove the following: Having fixed a finite set of nominalsM , we
define an operator# = #(M) on pointed Kripke structures such that every pointed Kripke
structureK satisfies the sameµ-ICPDLNom formulas that use nominals fromM asK# and
moreoverK# has tree width at most|M | + 2. MoreoverK is countable if and only ifK# is
countable.

Before giving the definition of# we define tree decompositions and tree width; these are
important notions from graph theory [26]. LetK = (W, {→a | a ∈ A}, {Wp | p ∈ P}, ρ) be
a Kripke structure. Atree decompositionof K is a tuple(T, (Bv)v∈V ), whereT = (V,E) is
an undirected tree,Bv is a subset ofW (calledbag) for eachv ∈ V , and the following three
conditions are satisfied:

1.
⋃
v∈V Bv = W ,

2. for every transitionx→a y of K, there exists somev ∈ V with x, y ∈ Bv, and

3. for everyx ∈ W , the setU = {v ∈ V | x ∈ Bv} is a connected subset inE, i.e.
(E ∩ U × U)∗ = U × U .

Thesize|D| of a tree decompositionD = (T, (Bv)v∈V ) is defined as|V |. Thewidthof the tree
decomposition is the supremum of{|Bv| − 1 | v ∈ V }. Thetree widthof a Kripke structureK
is the minimalk such thatK has a tree decomposition of widthk. Let us state the main result
of this section.

Theorem 3.5 LetM ⊆ Nom be a finite set of nominals. For every Kripke structureK and every
world x0 of K there exists a Kripke structureK# of tree width at most|M | + 2 together with
some worldx#

0 ofK# such that for everyµ-ICPDLNom formulaϕ0 with Nom(ϕ0) ⊆M we have
x0 ∈ [[ϕ0]]K if and only ifx#

0 ∈ [[ϕ0]]K# . Moreover, ifK is countable, thenK# is countable.2

Before proving Theorem 3.5, let us deduce the following corollary.

Corollary 3.6 Every satisfiableµ-ICPDLNom formula that uses at mostk different nominals has
a countable model of tree width at mostk + 2. 2
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3 ICPDL with fixed points and nominals

PROOF In [37, 48] it is shown that every satisfiable formula of leastfixed point logic (LFP)
has a countable model. Sinceµ-ICPDLNom is a fragment of LFP, every satisfiableµ-ICPDLNom
formula has a countable model. The corollary now follows directly from Theorem 3.5. �

For the rest of this section we prove Theorem 3.5. Letk = |M | and letp1, . . . , pk be an
enumeration ofM . Fix a Kripke structureK = (W, {→a| a ∈ A}, {Wp | p ∈ P∪M}, ρ) and a
world x0 ∈W . Moreover, letzi ∈W be the unique world ofK that corresponds to the nominal
pi for eachi ∈ [k]. Firstly, we inductively define an undirected treeT = (V,E) together with a
node labelingtv ∈W ∪W 2 ∪W 3 for eachv ∈ V given by the following rules:

(1) Start the construction with a rootv0 ∈ V and puttv0 = x0.

(2) If tv = x for somex ∈W then for everyx′ ∈W add a childv′ to v and puttv′ = (x, x′).

(3) If tv = (x1, x2) ∈W
2, then for everyx3 ∈W add

• a childv1 to v with tv1 = (x1, x3, x2) and

• a childv2 to v with tv2 = x3.

(4) If tv = (x1, x2, x3) ∈ W 3, then add childrenv1 and v2 to v with tv1 = (x1, x2) and
tv2 = (x2, x3).

We assume that successors are added at most once to each node and that the rules are applied
in a breadth first manner. Aplace is a pair(v, x) ∈ V ×W such thattv containsx or x = zi
for somei ∈ [k]. We denote byPT the set of places ofT and define≈ to be the smallest
equivalence relation overPT that contains all pairs of the form((v, x), (v′, x)) such that(v, v′) ∈
E. Whenever(v, x) ∈ PT we denote by[v, x] the equivalence class of(v, x) with respect to≈.
Finally, let us define the Kripke structure

K# = (W ′, {→′a| a ∈ A}, {W ′p | p ∈ P ∪M}, ρ′),

where

• W ′ = {[v, x] | (v, x) ∈ PT },

• [v1, x1] →
′
a [v2, x2] whenever there exists somev3 ∈ V such that(v1, x1) ≈ (v3, x1),

(v3, x2) ≈ (v2, x2) and moreoverx1 →a x2, for eacha ∈ A,

• W ′p = {[v, x] ∈W ′ | x ∈Wp} for eachp ∈ P ∪M , and

• ρ′(X) = {[v, x] ∈W ′ | x ∈ ρ(X)} for eachX ∈ X.

Note that since we restrict ourselves toµ-ICPDLNom formulas in normal form, the definition of
ρ′ is irrelevant and hence could have been chosen arbitrarily.

Remark 3.7 Note that(v, zi) ≈ (v′, zi) for eachv, v′ ∈ V and for eachi ∈ [k] due to definition
ofPT and≈. ThusW ′pi

= {[v0, zi]} is a singleton for eachi ∈ [k] and hence nominals are well-
defined inK ′ . 2
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3.2 Models of bounded tree width suffice

Lemma 3.8 For every place(v, x) ∈ PT there exists somev′ ∈ V such that(v, x) ≈ (v′, x)
andtv′ = x. 2

PROOF We prove the lemma by case distinction whethertv is a singleton, a pair, or a triple. Let
us first prove the case whentv is a pair; we will reduce the remaining two cases to this case.

Assumetv is a pair, saytv = (x1, x2) for somex1, x2 ∈ W . By rule (3) of the definition
of T nodev has a childv′ with tv′ = x. Altogether we obtain(v, x) ≈ (v′, x) andtv′ = x as
required.

Assumetv is a triple, saytv = (x1, x2, x3) for somex1, x2, x3 ∈ W . By rule (4) of the
definition of T there exist childrenv1, v2 of v such thattv1 = (x1, x2) and tv2 = (x2, x3).
By case distinction whetherx corresponds to a nominal world or not one verifies that(v, x) ≈
(vi, x) for somei ∈ {1, 2}. We are done sincetvi

is a pair.
Finally, assumetv is a singleton, saytv = y for somey ∈ W . By rule (2) of the definition

of T nodev has a childv′ such thattv′ = (y, x). Since(v, x) ≈ (v′, x) andtv′ is a pair, we are
done. �

We definex#
0 = [v0, x0]. It is not hard to see thatD = (T, (Bv)v∈V ) with Bv = {[v, x] |

(v, x) ∈ PT } for eachv ∈ V is a tree decomposition ofK#. Moreover the width ofD at most
|M |+ 2 since the size of each bagBv is bounded by|M | + 3. Furthermore, ifW is countable,
thenT (and henceK#) is clearly countable too.

From the following lemma we will deduce below thatx0 andx#
0 satisfy the sameµ-ICPDLNom

formulas that use nominals fromM .

Lemma 3.9 Let ΦK be the set ofX-free ICPDL∞
Nom

formulasϕ and letΠK be the set ofX-free
ICPDL∞

Nom
programsπ over the set of nominalsM such that for all(v, x), (v′, x′) ∈ PT the

following three conditions are satisfied,

(i) if tv = (x, x′) and(x, x′) ∈ [[π]]K , then([v, x], [v, x′]) ∈ [[π]]K# ,

(ii) if ([v, x], [v′, x′]) ∈ [[π]]K# , then(x, x′) ∈ [[π]]K , and

(iii) x ∈ [[ϕ]]K if and only if[v, x] ∈ [[ϕ]]K# .

ThenM ⊆ ΦK and moreoverΦK and ΠK are closed under Points (3) to (11) of Definition
3.3. 2

Before proving Lemma 3.9, let us show that Theorem 3.5 follows from it.
First of all the implicant of Lemma 3.9 states thatΦK (resp. ΠK ) equals thewholeset of

X-free ICPDL∞
Nom

formulas (resp. programs) over nominalsM since the latter are defined to
be thesmallestsets that satisfy conditions (3) to (11) of Definition 3.3. For proving Theorem
3.5, it remains to show that for everyµ-ICPDLNom formulaϕ0 with Nom(ϕ0) ⊆ M we have
x0 ∈ [[ϕ0]]K if and only if [v0, x0] ∈ [[ϕ0]]K# . For this, let us fix such aµ-ICPDLNom formula
ϕ0. Let moreoverκ be the cardinality ofK#. Observe that the cardinality ofK is bounded
by κ by construction ofK#. By Lemma 3.4 we know that there exists anX-free ICPDL∞

Nom

formula Tκ(ϕ0) with [[ϕ0]]K = [[Tκ(ϕ0)]]K and [[ϕ0]]K# = [[Tκ(ϕ0)]]K# . Next, Point (iii) of
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3 ICPDL with fixed points and nominals

Lemma 3.9 implies for everyX-free ICPDL∞
Nom

formulaϕ overM thatx0 ∈ [[ϕ]]K if and only if
[v0, x0] ∈ [[ϕ]]K# , in particular forϕ = Tκ(ϕ0). Summarizing, the following equalities hold:

x0 ∈ [[ϕ0]]K
Lemma3.4
⇐⇒ x0 ∈ [[Tκ(ϕ0)]]K

Lemma3.9
⇐⇒ [v0, x0] ∈ [[Tκ(ϕ0)]]K#

Lemma3.4
⇐⇒ [v0, x0] ∈ [[ϕ0]]K#

Hence Theorem 3.5 follows. We finish this section with the proof of Lemma 3.9.

PROOF (OF LEMMA 3.9) Firstly, let us show thatM ⊆ ΦK . This boils down to showing
x ∈ [[pi]]K if and only if [v, x] ∈ [[pi]]K# for each(v, x) ∈ PT and eachi ∈ [k]. The latter
follows directly fromW ′pi

= {[v, zi]} for eachi ∈ [k], see also Remark 3.7. To complete the
proof, we show thatΦK andΠK are closed under Points (3) to (11) of Definition 3.3.

(3) Let p ∈ P be arbitrary. We prove that Point (iii) holds forp. By definition ofW ′p we have
x ∈ [[p]]K if and only if [v, x] ∈ [[p]]K# for all (v, x) ∈ PT . Thusp ∈ ΦK .

(4) Letϕ ∈ ΦK . Then for each(v, x) ∈ PT we have

x ∈ [[¬ϕ]]K ⇐⇒ x 6∈ [[ϕ]]K
ϕ∈ΦK⇐⇒ [v, x] 6∈ [[ϕ]]K#

⇐⇒ [v, x] ∈ [[¬ϕ]]K# .

This proves Point (iii) and hence¬ϕ ∈ ΦK .

(5) LetS ⊆ ΦK . Then for every(v, x) ∈ PT we have

x ∈ [[
∨
S]]K ⇐⇒ x ∈

⋃

ψ∈S

[[ψ]]K

S⊆ΦK⇐⇒ [v, x] ∈
⋃

ψ∈S

[[ψ]]K#

⇐⇒ [v, x] ∈ [[
∨
S]]K#.

This proves Point (iii) and hence
∨
S ∈ ΦK .

(6) Letπ ∈ ΠK andϕ ∈ ΦK . To show that〈π〉ϕ ∈ ΦK , we must prove that Point (iii) holds
for 〈π〉ϕ, i.e. that for each(v, x) ∈ PT we have

x ∈ [[〈π〉ϕ]]K if and only if [v, x] ∈ [[〈π〉ϕ]]K# .

Let us fix some(v, x) ∈ PT .

“Only if”: Assumex ∈ [[〈π〉ϕ]]K . Then there exists somex′ ∈W such that(x, x′) ∈ [[π]]K
andx′ ∈ [[ϕ]]K . We show that[v, x] ∈ [[〈π〉ϕ]]K# holds. By Lemma 3.8 there exists some
v′ ∈ V such that(v, x) ≈ (v′, x) andtv′ = x. By construction ofT nodev′ has a successor
v′′ with tv′′ = (x, x′). Sinceπ ∈ ΠK and (x, x′) ∈ [[π]]K we have([v′′, x], [v′′, x′]) ∈
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3.2 Models of bounded tree width suffice

[[π]]K# by Point (i) and sinceϕ ∈ ΦK andx′ ∈ ΦK we have[v′′, x′] ∈ [[ϕ]]K# by Point (iii).
Since moreover(v, x) ≈ (v′, x) ≈ (v′′, x) we obtain[v, x] ∈ [[〈π〉ϕ]]K# .

“If”: Assume that[v, x] ∈ [[〈π〉ϕ]]K# . Then there exists some[v′, x′] with ([v, x], [v′, x′]) ∈
[[π]]K# and[v′, x′] ∈ [[ϕ]]K# . Sinceπ ∈ ΠK we know by Point (ii) that(x, x′) ∈ [[π]]K and
sinceϕ ∈ ΦK we know by Point (iii) thatx′ ∈ [[ϕ]]K , hencex ∈ [[〈π〉ϕ]]K .

This shows〈π〉ϕ ∈ ΦK .

(7) Letϕ ∈ Φ andpi ∈M . Then for every(v, x) ∈ PT we have

x ∈ [[@pi
ϕ]]K ⇐⇒ zi ∈ [[ϕ]]K

ϕ∈ΦK⇐⇒ [v, zi] ∈ [[ϕ]]K#

⇐⇒ [v, x] ∈ [[@pi
ϕ]]K# .

This proves Point (iii) and hence@pi
ϕ ∈ ΦK .

(8) Leta ∈ A and let(v, x), (v′, x′) ∈ PT .
To show Point (i), assumetv = (x, x′) and(x, x′) ∈ [[a]]K . By definition of→′a it immedi-
ately follows([v, x], [v, x′]) ∈ [[a]]K# .
To show Point (ii), assume([v, x], [v′, x′]) ∈ [[a]]K# . By definition of→′a there exists some
v′′ ∈ V such that(v, x) ≈ (v′′, x), (v′′, x′) ≈ (v′, x′), andx→a x

′, where the latter was to
be shown.
Hencea ∈ ΠK . One can provea ∈ ΦK for eacha ∈ A analogously.

(9) Letϕ ∈ ΦK and let(v, x), (v′, x′) ∈ PT .
To show Point (i) assumetv = (x, x′) and(x, x′) ∈ [[ϕ?]]K . Hence[v, x] = [v, x′]. Since
ϕ ∈ ΦK we have[v, x] ∈ [[ϕ]]K# by Point (iii). Thus([v, x], [v, x′ ]) ∈ [[ϕ?]]K# which
shows Point (i).
For Point (ii) assume([v, x], [v′, x′]) ∈ [[ϕ?]]K# . This implies[v, x] = [v, x′] and [v, x] ∈
[[ϕ]]K# . Sinceϕ ∈ ΦK , it follows x ∈ [[ϕ]]K by Point (iii) and thus(x, x′) ∈ [[ϕ?]]K .
Hence,ϕ? ∈ ΦK .

(10) Letπ1, π2 ∈ ΠK . We have to show thatπ = π1 op π2 ∈ ΠK for eachop ∈ {∪,∩, ◦}. Let
(v1, x1), (v2, x2) ∈ PT be arbitrary. We make a case distinction ofop.

• π = π1 ∪ π2: To show Point (i) assumetv1 = (x1, x2) and(x1, x2) ∈ [[π]]K . Thus
(x1, x2) ∈ [[πi]]K for somei ∈ {1, 2}. Sinceπi ∈ ΠK we know that([v1, x1], [v1, x2]) ∈
[[πi]]K# by Point (i). Hence([v1, x1], [v1, x2]) ∈ [[π]]K# which shows Point (i).
To show Point (ii) assume([v1, x1], [v2, x2]) ∈ [[π]]K# . Thus ([v1, x1], [v2, x2]) ∈
[[πi]]K# for somei ∈ {1, 2}. Sinceπi ∈ ΠK we know that(x1, x2) ∈ [[πi]]K by Point
(ii) and thus(x1, x2) ∈ [[π]]K which proves Point (ii).
Henceπ1 ∪ π2 ∈ ΠK .

• π = π1 ∩ π2: Can be proven analogously to the caseπ = π1 ∪ π2.

• π = π1 ◦ π2: To show Point (i) assumetv1 = (x1, x2) and(x1, x2) ∈ [[π]]K . Hence
there exists some worldx3 ∈ W such that(x1, x3) ∈ [[π1]]K and(x3, x2) ∈ [[π2]]K .
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3 ICPDL with fixed points and nominals

By construction ofT nodev1 has a childv3 labeled bytv3 = (x1, x3, x2). Moreover
v3 has childrenv4 andv5 with tv4 = (x1, x3) andtv5 = (x3, x2). Sinceπ1, π2 ∈ ΠK

we have([v4, x1], [v4, x3]) ∈ [[π1]]K# and([v5, x3], [v5, x2]) ∈ [[π2]]K# by Point (i).
Since moreover(v1, x1) ≈ (v3, x1) ≈ (v4, x1), (v4, x3) ≈ (v5, x3) and(v5, x4) ≈
(v3, x4) ≈ (v1, x4) we obtain([v1, x1], [v1, x2]) ∈ [[π]]K# . This proves Point (i).
For Point (ii) assume([v1, x1], [v2, x2]) ∈ [[π]]K# . Thus there exists some(v3, x3) ∈
PT such that([v1, x1], [v3, x3]) ∈ [[π1]]K# and ([v3, x3], [v2, x2]) ∈ [[π2]]K . Since
π1, π2 ∈ ΠK we know that(x1, x3) ∈ [[π1]]K and (x3, x2) ∈ [[π2]]K by Point (ii).
Hence(x1, x2) ∈ [[π]]K which proves Point (ii).
Henceπ1 ◦ π2 ∈ ΠK .

(11) Letπ1 ∈ ΠK and let(v1, x1), (v2, x2) ∈ PT . We prove thatπ = π∗1 satisfies Points (i)
and (ii) of the lemma.
For Point (i) assumetv1 = (x1, x2). We prove that

(x1, x2) ∈ [[π1]]
i
K implies ([v1, x1], [v1, x2]) ∈ [[π1]]

i
K#

by induction oni ≥ 0. The casei = 0 is clear since thenx1 = x2 and thus[v1, x1] =
[v1, x2]. For the induction step leti ≥ 0 and assume(x1, x2) ∈ [[π1]]

i+1
K . Then there

exists somex3 ∈ W such that(x1, x3) ∈ [[π1]]K and(x3, x2) ∈ [[π1]]
i
K . Sincetv1 =

(x1, x2) nodev1 has a childv3 such thattv3 = (x1, x3, x2) by construction ofT . More-
overv3 has childrenv4 andv5 wheretv4 = (x1, x3) andtv5 = (x3, x2). Sinceπ1 ∈
ΠK we know that([v4, x1], [v4, x3]) ∈ [[π1]]K# by Point (ii). By induction hypothesis
we know that([v5, x3], [v5, x2]) ∈ [[π1]]

i
K#. Since(v1, x1) ≈ (v3, x1) ≈ (v4, x1),

(v4, x3) ≈ (v5, x3), and(v5, x2) ≈ (v3, x2) ≈ (v1, x2) we have([v1, x1], [v5, x3]) ∈
[[π1]]K# and([v5, x3], [v1, x2]) ∈ [[π1]]

i
K#. Thus([v1, x1], [v1, x2]) ∈ [[π1]]

i+1
K# , which

proves Point (i).

For Point (ii) we prove by induction oni ≥ 0 that ([v1, x1], [v2, x2]) ∈ [[π1]]
i
K# im-

plies (x1, x2) ∈ [[π1]]
i
K . The casei = 0 is clear since[v1, x1] = [v2, x2] implies

x1 = x2. For the induction step leti ≥ 0 and assume([v1, x1], [v2, x2]) ∈ [[π1]]
i+1
K# .

Hence there exists some(v3, x3) ∈ PT such that([v1, x1], [v3, x3]) ∈ [[π1]]K# and
([v3, x3], [v2, x2]) ∈ [[π1]]

i
K# . Sinceπ1 ∈ ΠK we know that(x1, x3) ∈ [[π1]]K by

Point (ii). By induction hypothesis we have(x3, x2) ∈ [[π1]]
i
K . Hence we conclude

(x1, x2) ∈ [[π1]]
i+1
K which proves Point (ii). �

3.3 Translation to ω-regular tree satisfiability

In this section, we will reduce the satisfiability problem inµ-ICPDLNom to a special reasoning
problem that we callω-regular tree satisfiability inµ-ICPDLNom. Informally, ω-regular tree sat-
isfiability in µ-ICPDLNom is to decide, given aµ-ICPDLNom formulaϕ and a two-way alternating
parity tree automaton over infinite trees (TWAPTA)T – the definition will be given below –
whether there is a tree accepted byT that, when viewed as a Kripke structure, is a model ofϕ.

Let ΣN be a finite node alphabet andΣE a finite edge alphabet. AΣN -labeledΣE-tree
is a partial functionT : Σ∗E → ΣN such that the set ofnodesdom(T ) is prefix-closed. If
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3.3 Translation toω-regular tree satisfiability

dom(T ) = Σ∗E, thenT is calledcomplete. In the following we mostly work with complete
trees. For a nodeva ∈ dom(T ) with a ∈ ΣE, we say that the nodeva is the(a-)successorof
v andv is the (a-)predecessorof va. We use tree(ΣN ,ΣE) to denote the set of all complete
ΣN -labeledΣE-trees. IfΣE is not important, we simply talk ofΣN -labeled trees.

The trees accepted by TWAPTAs in this chapter are complete2P-labeledA-trees, whereA ⊆
A andP ⊆ P ∪ Nom ∪ X are finite sets. Any such treeT : A∗ → 2P such that additionally
{u ∈ A∗ | p ∈ T (u)} is a singleton for eachp ∈ P ∩ Nom can be identified with the Kripke
structure

(A∗, {→a| a ∈ A}, {Tp | p ∈ P ∩ (P ∪ Nom)}, ρ),

where

• →a = {(u, ua) | u ∈ A∗} for eacha ∈ A,

• Tp = {u ∈ A∗ | p ∈ T (u)} for eachp ∈ P ∩ (P ∪ Nom), and

• ρ(X) = {u ∈ A∗ | X ∈ T (u)} for eachX ∈ P ∩ X.

Observe that Kripke structures derived in this way are totalwith respect toA and deterministic.

For an edge alphabetΣE, let ΣE = {a | a ∈ ΣE} be a disjoint copy ofΣE. Foru ∈ Σ∗E and
d ∈ ΣE ⊎ ΣE ⊎ {ε} define

u · d =





ud if d ∈ ΣE

u if d = ε

v if there existsa ∈ ΣE with d = a andu = va

undefined else, i.e. ifd = a for a ∈ ΣE butu does not end witha.

Before defining TWAPTAs, recall that over each finite setA we denote byB+(A) the set of
positive boolean formulas overA.

Definition 3.10 A two-way alternating parity tree automaton (TWAPTA)over completeΣN -
labeledΣE-trees is a tupleT = (S, δ, s0,Acc), where

• S is a finite non-empty set ofstates,

• δ : S × ΣN → B
+(ext(ΣE)) is the transition function, whereext(ΣE) = S × (ΣE ∪

ΣE ∪ {ε}) is the set ofmoves,

• s0 ∈ S is theinitial state, and

• Acc : S → N is thepriority function. 2

For s ∈ S andd ∈ ΣE ∪ ΣE ∪ {ε} we write the corresponding move as〈s, d〉. Intuitively,
a move〈s, a〉, with a ∈ ΣE, means that the TWAPTA sends a copy of itself in states to the
a-successor of the current tree node. Similarly,〈s, a〉means to change to states and to move to
thea-predecessor (if the current node has one at all), where〈s, ε〉means to change to states but
to stay in the current node. Formally, the behaviour of TWAPTAs is defined in terms of runs.
Let T be a TWAPTA as above,T ∈ tree(ΣN ,ΣE) a tree,u ∈ Σ∗E a node, ands ∈ S a state of
T . An (s, u)-run of T onT is a (not necessarily complete)(S × Σ∗E)-labeled treeTR such that

45



3 ICPDL with fixed points and nominals

• TR(ε) = (s, u), and

• for all w ∈ dom(TR), if TR(w) = (p, v) and δ(p, T (v)) = θ, then there is a subset
Y ⊆ ext(ΣE) that satisfiesθ and such that for all(p′, d) ∈ Y , v · d is defined and there
exists a successorw′ of w in TR with TR(w′) = (p′, v · d).

We say that an(s, u)-runTR is successfulif for every infinite pathw1, w2 · · · in TR (i.e.w1 = ε
andwi+1 is a successor ofwi for eachi ≥ 0), the number

min{Acc(s) | s ∈ S and TR(wi) ∈ {s} × Σ∗E for infinitely manyi}

is even. Fors ∈ S define

[[T , s]] = {(T, u) | T ∈ tree(ΣN ,ΣE), u ∈ Σ∗E , and

there exists a successful(s, u)-run ofT onT} and

[[T ]] = [[T , s0]].

The languageL(T ) accepted byT is defined as the set of all treesT ∈ tree(ΣN ,ΣE) such that
(T, ε) ∈ [[T ]]. We remark that our model of TWAPTAs differs slightly from other definitions
that can be found in the literature [121, 66]. Firstly, we runTWAPTAs only on complete trees,
which will facilitate some technical constructions when reducing general satisfiability toω-
regular tree satisfiability inµ-ICPDLNom. Secondly, standard TWAPTAs have moves of the form
〈s,−1〉 for moving to the parent node. In our model, we use moves of theform 〈s, a〉, which
can only be executed if the current node is ana-successor of its parent node. It is not hard
to see that these two models are equivalent. In particular, it is easy to see that the result of
Vardi stated in Theorem 3.11 below also applies to our version of TWAPTAs. For a TWAPTA
T = (S, δ, s0,Acc), we define itssize |T | = |S| as its number of states and we define its
index i(T ) asmax{Acc(s) | s ∈ S}. The size|δ| of the transition functionδ is the sum of
the sizes of all positive boolean functions that appear in the range ofδ. For a TWAPTAT , let
S(T ) denote its set of states,δ(T ) its transition function,s0(T ) its initial state, andAcc(T ) its
priority function.

Theorem 3.11 ([121])For a given TWAPTAT with transition functionδ, it can be checked in
timeexp(|T |+ i(T ))· poly(|δ|) whetherL(T ) 6= ∅. 2

We can now formally defineω-regular tree satisfiability. Letϕ be aµ-ICPDLNom formula, letA =
{a ∈ A | a occurs inϕ} andP = {p ∈ P ∪ Nom | p occurs inϕ} ∪ {X ∈ X | X occurs inϕ}.
The formulaϕ is satisfiable with respect to a TWAPTAT = (S, δ, s0,Acc) over 2P-labeled
A-trees, if there is aT ∈ L(T ) such thatε ∈ [[ϕ]]T . Thus,ω-regular tree satisfiabilityis the
problem to decide, given suchϕ andT , whetherϕ is satisfiable with respect toT .

The translation

For representing tree decompositions of countable Kripke structures suitably as anω-regular
tree language later, we call tree decomposition good, if itsunderlying tree is the complete binary
tree and bags of adjacent nodes are comparable with respect to set inclusion. Formally, a tree
decomposition(T = (V,E), (Bv)v∈V ) is goodif
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3.3 Translation toω-regular tree satisfiability

• V = {a, b}∗,

• E = {{v, vc} | v ∈ {a, b}∗, c ∈ {a, b}}, and

• Bv ⊆ Bu orBu ⊆ Bv for each{u, v} ∈ E.

Recall that the size of a tree decomposition is the size of thenode set of its underlying tree.
Clearly, every good tree decomposition is countable. The following lemma states that requiring
a tree decomposition of a countable Kripke structure to be good is not a restriction.

Lemma 3.12 Every countable Kripke structure of tree widthk has a good tree decomposition
of widthk. 2

PROOF Let K be a countable Kripke structure of tree widthk. Then there exists a tree de-
composition(T = (V,E), (Bv)v∈V ) of width k of K, whereV is countable. We show how to
convert(T, (Bv)v∈V ) into a good tree decomposition in two steps. Firstly, every edge{u, v}
of T , such that neitherBu ⊆ Bv norBv ⊆ Bu, is replaced by two edges{u,w} and{w, v},
wherew is a new node. The bagBw isBu ∩Bv. Secondly, we convertT into a binary tree. Let
u ∈ V haveℓ > 2 many childrenv1, v2, . . . . SinceK is countable,ℓ is finite orℵ0. Then we
introduce a chain of edges{u1, u2}, {u2, u3}, . . . of lengthℓ, whereu1 = u andu2, u3, . . . are
new nodes. Each edge{u, vi} is replaced by{ui, vi} and the nodesui all receive the same bag
asu. It remains to account for every node to have precisely two children: To nodesu ∈ V with
l < 2 children we add2− l children that have the same bag asu. �

Combining Corollary 3.6 and Lemma 3.12 yields that every satisfiableµ-ICPDLNom ϕ has a
countable model that has a good tree decomposition of width at most |Nom(ϕ)| + 2. To re-
duce satisfiability inµ-ICPDLNom to ω-regular tree satisfiability, we show how to translate a
µ-ICPDLNom formulaϕ into aµ-ICPDLNom formulaϕ′ and a TWAPTAT such thatϕ is satisfi-
able if and only ifϕ′ is satisfiable with respect toT . So let us assume thatϕ is in normal form
and letM = {p̂1, . . . , p̂k} be a disjoint copy ofNom(ϕ) = {p1, . . . , pk}. The formulaϕ′ will
not contain any nominals, i.e.Nom(ϕ′) = ∅. Let prop(ϕ) = {p ∈ P | p occurs inϕ} denote the
atomic propositions that occur inϕ, let prog(ϕ) = {a ∈ A | a occurs inϕ} denote that atomic
programs that occur inϕ, and finally let var(ϕ) = {X ∈ X | X occurs inϕ} denote the fixed
point variables that occur inϕ. The formulaϕ′ will use atomic propositions from

P = {t} ⊎ prop(ϕ) ⊎ var(ϕ) ⊎ M ⊎ ([k + 3]× prog(ϕ) × [k + 3]) ⊎

(
[k]

2

)
,

and atomic programs from
A = {a, b} ∪ [k + 3].

Our TWAPTAT works on complete2P-labeledA-trees. Intuitively, for every countable Kripke
structureK of tree widthw ≤ k + 2 there exists some treeT accepted byT that encodesK
together with some good tree decomposition ofK of width w. MoreoverK is a model ofϕ if
and only if the root ofT satisfiesϕ′.

Conversely, each treeT accepted byT encodes a Kripke structureK together with a good
tree decomposition ofK of width at mostk + 2, and the root ofT satisfiesϕ′ if and only ifK
is a model ofϕ.
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3 ICPDL with fixed points and nominals

Firstly, we describe the mentioned encoding on an intuitivelevel. LetK be a Kripke structure
andD = (U, (Bv)v∈V ) a good tree decomposition ofK of width at mostk+2, withU = (V,E).
Let us recall thatV = {a, b}∗, thatε the root of the treeU , and that for eachv ∈ V the nodes
va andvb are the children ofv. The treeT that is supposed to encodeK andD has roughly
the structure ofU . But besides its childrenva andvb each nodev ∈ T has additional children
v1, v2, . . . , v(k + 3). Intuitively, when talking aboutT , we think of each nodev ∈ {a, b}∗

as providingk + 3 slots which can be empty or filled with a world of the Kripke structureK,
i.e. thek + 3 slots correspond to an ordered representation ofBv. The additional successors
v1, v2, . . . , v(k + 3) of v in T describe thesek + 3 slots. Whenever slotvi (i ∈ [k + 3]) is
occupied by a world ofK, thenvi receives the special labelt ∈ P in T . Additionally, each
nodevi, that corresponds to some worldx of K, is labeled with the same atomic propositions
(resp. fixed point variables) that hold inx (resp. thatK ’s fixed point valuation maps to sets
that containx), if any. Recall that in the proof of Theorem 3.5 we can assumethat in each
bag ofU all worlds that are represented by nominalsp1, . . . , pk occur. We establish to locate
these nominals in the firstk slots of each bag. But note that we must not require that different
nominals represent different worlds inK, i.e. vi might represent the same world asvj with
i 6= j: To account for this, we allow the labeling ofv to contain the pair{i, j} but demand
that this labeling is consistent for all nodes from{a, b}∗. Information about the transitions ofK
are stored inT using nodes from{a, b}∗. For example, if there is aγ-transition inK from the
world represented byvi to the world represented byvj, then the labeling ofv contains the tuple
(i, γ, j).

Let us now formally define this. A complete2P-labeledA-treeT is calledvalid if for every
v, v′ ∈ A∗ we have

(V1) if v 6∈ {a, b}∗ ∪ {a, b}∗[k + 3], thenT (v) = ∅,

(V2) if v ∈ {a, b}∗, then

– {t, p̂i} ⊆ T (vi) ⊆ {t, p̂i} ∪ prop(ϕ) ∪ var(ϕ) for all i ∈ [k], and

– T (vi) = ∅ or {t} ⊆ T (vi) ⊆ {t} ∪ prop(ϕ) ∪ var(ϕ) for all k + 1 ≤ i ≤ k + 3,

setBv = {i | t ∈ T (vi)} describing the slots ofv that represent worlds ofK,

(V3) if v ∈ {a, b}∗, thenT (v) ⊆ (Bv × prog(ϕ)×Bv) ∪
([k]

2

)
,

(V4) if v ∈ {a, b}∗ andc ∈ {a, b}, thenBv ⊆ Bvc orBvc ⊆ Bv, and

(V5) if v, v′ ∈ {a, b}∗, then for eachi, j ∈ [k] with i 6= j we have

{i, j} ∈ T (v) ⇔ {i, j} ∈ T (v′).

Let us fix some valid2P-labeledA-treeT . We now make precise the Kripke structureK(T ) that
is described byT . Define a set ofplaces

PT = {u ∈ {a, b}∗[k + 3] | t ∈ T (u)}

48
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and let∼T be the smallest equivalence relation onPT which contains all pairs(vi, vci) ∈
PT × PT and all pairs(vi, vj) ∈ PT × PT with {i, j} ∈ T (v), wherev ∈ {a, b}∗, c ∈ {a, b},
andi, j ∈ [k + 3]. Foru ∈ PT , we use[u] to denote the equivalence class ofu with respect to
∼T . Now set

K(T ) = (W, {→γ | γ ∈ prog(ϕ)}, {Wp | p ∈ prop(ϕ) ∪ Nom(ϕ)}, ρ),

where

W = {[u] | u ∈ PT },

→γ = {([vi], [vj]) | v ∈ {a, b}∗, (i, γ, j) ∈ T (v)} for eachγ ∈ prog(ϕ),

Wp = {[u] ∈W | p ∈ T (u)} for eachp ∈ prop(ϕ),

Wpi
= {[u] ∈W | p̂i ∈ T (u)} for eachpi ∈ Nom(ϕ), and

ρ(X) = {[u] ∈W | X ∈ T (u)} for eachX ∈ var(ϕ).

Note again that the choice ofρ is irrelevant. Also recall that the structureK(T ) should not be
confused withT viewed as a Kripke structureover P andA as discussed at the beginning of
this section: The original formulaϕ whose satisfiability is to be decided is interpreted inK(T )
whereas the reduction formulaϕ′, to be defined below, is interpreted inT viewed as a Kripke
structure overP andA.
The next remark states that nominals represent singleton sets inK(T ).

Remark 3.13 For everypi ∈ Nom(ϕ) we have

[[pi]]K(T ) = {[vi] | v ∈ {a, b}∗} = {[i]}.

The following lemma establishes the correctness of our encoding.

Lemma 3.14 The formulaϕ is satisfiable if and only if there exists a valid treeT ∈ tree(2P,A)
such thatK(T ) is a model ofϕ. 2

PROOF (SKETCH) The “if” direction is trivial. For the “only-if”-direction, assumeϕ is satisfi-
able. Then by Corollary 3.6 and Lemma 3.12 there exists a countable modelK of ϕ and a good
tree decomposition(U, (Bv)v∈{a,b}∗) of K of width at mostk + 2. Moreover by the proof of
Theorem 3.5 we can assume that each bagBv contains all worlds ofK that correspond to some
nominal from{p1, . . . , pk}. By a consistent ordering of the members in each bagBv it is easy
but tedious to give a valid2P-labeledA-treeT such thatK = K(T ). �

It still remains to convert theµ-ICPDLNom formulaϕ, whose satisfiability is to be decided, into
aµ-ICPDLNom formulaϕ′ over propositionsP and programsA and a TWAPTAT .

Before defining the formulaϕ′, we introduce the auxiliary program

π1
∼ =

⋃

i∈[k+3]

t? ◦ i ◦ (a ∪ b ∪ a ∪ b) ◦ i ◦ t? ∪
⋃

i,j∈[k]

t? ◦ i ◦ {i, j}? ◦ j ◦ t?

and setπ∼ = t? ◦ (π1
∼)∗. It is easy to see that for each valid treeT ∈ tree(2P,A) the relation

[[π∼]]T equals∼T . For aµ-ICPDLNom formula or programα, let τ(α) be obtained fromα by
replacing
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3 ICPDL with fixed points and nominals

• every occurrence of an atomic programγ ∈ prog(ϕ) by

⋃

i,j∈[k+3]

π∼ ◦ i ◦ (i, γ, j)? ◦ j ◦ π∼,

• every occurrence of an atomic propositionp ∈ prop(ϕ) by 〈π∼〉p,

• every occurrence of a nominalpi ∈ Nom(ϕ) by 〈π∼〉p̂i,

• every occurrence of a fixed point variableX ∈ X that is not directly behind a “µ” in α by
〈π∼〉X, and

• every occurrence of@pi
by

〈
⋃

j∈[k+3]

t? ◦ j ◦ i ◦ t?

〉
.

Observe that the definition ofτ directly reflects the definition ofK(T ). Formally, we have the
following lemma.

Lemma 3.15 For all subformulasψ ofϕ, subprogramsπ ofϕ, valid treesT ∈ tree(2P,A), and
placesu, v ∈ PT , we have:

(1) u ∈ [[τ(ψ)]]T if and only if[u] ∈ [[ψ]]K(T ) and

(2) (u, v) ∈ [[τ(π)]]T if and only if([u], [v]) ∈ [[π]]K(T ). 2

PROOF The lemma follows from[[π∼]]T =∼T and from an easy induction on the structure ofψ
andπ. �

We define
ϕ′ = 〈(a ∪ b)∗〉

∨

i∈[k+3]

〈i〉 (t ∧ τ(ϕ)) .

Remark 3.16 Observe that|ϕ′| ∈ poly(|ϕ|). 2

Lemma 3.17 The formulaϕ is satisfiable if and only if there exists some validT ∈ tree(2P,A)
such thatε ∈ [[ϕ′]]T . 2

PROOF Assume thatϕ is satisfiable. By Lemma 3.14 there exists a valid treeT ∈ tree(2P,A)
such thatK(T ) is a model ofϕ, say[u] ∈ [[ϕ]]K(T ) for someu ∈ PT . By Point (1) of Lemma
3.15 we haveu ∈ [[τ(ϕ)]]T . By definition ofϕ′ it follows ε ∈ [[ϕ′]]T .
Conversely assume thatε ∈ [[ϕ′]]T for some valid treeT ∈ tree(2P,A). Hence, there exists some
placeu ∈ PT with u ∈ [[τ(ϕ)]]K by definition ofϕ′. By Point (1) of Lemma 3.15 it follows
[u] ∈ [[ϕ]]K(T ). Henceϕ is satisfiable. �
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Let us state the main result of this section.

Theorem 3.18 From a givenµ-ICPDLNom formula ϕ one can compute a TWAPTAT and a
µ-ICPDLNom formulaϕ′ in timeexp(|ϕ|) such that the following holds,

(1) ϕ is satisfiable if and only if there exists someT ∈ L(T ) such thatε ∈ [[ϕ′]]T ,

(2) |ϕ′| ∈ poly(|ϕ|),

(3) |T | ∈ poly(|ϕ|),

(4) |δ(T )| ∈ exp(|ϕ|), and

(5) i(T ) ∈ O(1). 2

PROOF It is straightforward to compute in time exponential in|ϕ| a TWAPTA T satisfying
conditions (3), (4), and (5) of the theorem such thatL(T ) equals the set of valid trees2P-labeled
A-trees by realizing Points (V1) to (V5). We chooseϕ′ as described above. Point (1) of the
theorem follows directly from Lemma 3.17. Point (2) followsimmediately from Remark 3.16.�

3.4 An upper bound for ω-regular tree satisfiability

In this section we show thatω-regular tree satisfiability inµ-ICPDLNom is in 2EXP. The match-
ing lower bound will easily follow from Theorem 3.35, where it is shown that the data com-
plexity already of test-free IPDL over BPAs is2EXP-hard. Too,ω-regular tree satisfiability is
2EXP-hard by a result from [72], where it is shown that satisfiability in test-free IPDL over
trees is already2EXP-hard. Therefore, we concentrate on the upper bound forω-regular tree
satisfiability inµ-ICPDLNom.

We prove containment in2EXP via a reduction to the non-emptiness problem for TWAPTAs.
We inductively translate eachµ-ICPDLNom formulaϕ to a TWAPTA that recognizes precisely
those trees that satisfyϕ in their root. However, to handleµ-ICPDLNom programs, we need to
introduce a notion of NFAs that navigate through2P-labeledA-trees. So for the rest of this
section, fix a finite setP ⊆ P ∪ Nom ∪ X and a finite setA ⊆ A. In this section, let tree(2P,A)
denote the set of2P-labeledA-treesT : A∗ → 2P such that{u ∈ A∗ | p ∈ T (u)} is a singleton
for eachp ∈ P∩Nom. Recall that we identify eachT ∈ tree(2P,A) with a corresponding Kripke
structure.

Some notation

To handle the behaviour ofµ-ICPDLNom programs we introduce NFAs that navigate up and down
trees from tree(2P,A). Formally, anondeterministic finite automaton (NFA)A over a TWAPTA
T = (S, δ, s0,Acc) is a tuple

A = (Q, p0, q0,→A),
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3 ICPDL with fixed points and nominals

whereQ is a finite set ofstates, p0 andq0 are twoselected states, and→A is a set oflabeled
transitionsof the following form, whereq, q′ ∈ Q anda ∈ A,

q
a
−→A q

′, q
a
−→A q

′, or q
T ,s
−−→A q

′ with s ∈ S.

Transitions of the third kind are calledtest transitions.

Definition 3.19 For T ∈ tree(2P,A) let⇒A,T ⊆ (A∗×Q)× (A∗×Q) be the smallest relation
such that for allu ∈ A∗, a ∈ A, p, q ∈ Q, ands ∈ S, we have

(u, p)⇒A,T (ua, q) if p
a
−→A q, (3.2)

(ua, p)⇒A,T (u, q) if p
a
−→A q, and (3.3)

(u, p)⇒A,T (u, q) if p
T ,s
−−→A q and(T, u) ∈ [[T , s]]. (3.4)

2

Define

[[A]] = {(T, u, v) | T ∈ tree(2P,A), u, v ∈ A∗, and(u, p0)⇒
∗
A,T (v, q0)}.

When considering an NFA over a TWAPTAT , the initial state ofT is obviously useless. Thus,
in the context of NFAs, a TWAPTA will henceforth only be a 3-tuple. Thedisjoint unionT1⊎T2
of TWAPTAsTi = (Si, δi,Acci), i ∈ {1, 2}, both defined over NFAs is defined asT1 ⊎ T2 =
(S1 ⊎ S2, δ

′,Acc′), whereδ′(s, γ) = δi(s, γ) for everyγ ⊆ P whenevers ∈ Si with i ∈ {1, 2}.
DefineAcc′(s) = Acci(s) for everys ∈ Si with i ∈ {1, 2}.

Next, we define for eachµ-ICPDLNom formula or programα theset of subformulassubf(α) and
the set of subprogramssubp(α) inductively as follows,

• subp(a) = {a}, subp(a) = {a, a}, and subf(a) = subf(a) = ∅ for everya ∈ A,

• subp(π) = {π} ∪ subp(π1) ∪ subp(π2) and subf(π) = subf(π1) ∪ subf(π2) for every
π = π1 op π2 whereop ∈ {∪,∩, ◦},

• subp(π∗) = {π∗} ∪ subp(π) and subf(π∗) = subf(π),

• subp(ϕ?) = {ϕ?} ∪ subp(ϕ) and subf(ϕ?) = subf(ϕ),

• subp(α) = ∅ and subf(α) = α for everyα ∈ P ∪ Nom ∪ X,

• subp(¬ϕ) = subp(ϕ) and subf(¬ϕ) = {¬ϕ} ∪ subf(ϕ),

• subp(〈π〉ϕ) = subp(π) ∪ subp(ϕ) and subf(〈π〉ϕ) = {〈π〉ϕ} ∪ subf(π) ∪ subf(ϕ),

• subp(µX.ϕ) = subp(ϕ) and subf(µX.ϕ) = {µX.ϕ} ∪ subf(ϕ), and

• subp(@pϕ) = subp(ϕ) and subf(@pϕ) = {@pϕ} ∪ subf(ϕ).
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Observe thatϕ ∈ subf(ϕ) for eachµ-ICPDLNom formulaϕ.

For the rest of this section, let us fix a TWAPTAT0 and aµ-ICPDLNom formulaϕ0 in normal
form, whereA = {a ∈ A | a occurs inϕ0} andP = {p ∈ P ∪ Nom | p occurs inϕ0} ∪ {X ∈
X | X occurs inϕ0}. So bothT0 andϕ0 are interpreted over tree(2P,A).

Define a strict partial order≺ on subf(ϕ0) ∪ subp(ϕ0) as follows, whereα, β ∈ subf(ϕ0) ∪
subp(ϕ0),

α ≺ β ⇔ α 6= β ∧ α ∈ subf(β) ∪ subp(β).

Observe that, since we assumed thatϕ0 is in normal form, for eachX ∈ subf(ϕ0) ∩ X there
exists a unique formulaβX = µX.ψ ∈ subf(ϕ0) such thatX ≺ µX.ψ.

Let us, for eachψ ∈ subf(ϕ0) and eachπ ∈ subp(ϕ0), define

[[ψ]] = {(T, u) | T ∈ tree(2P,A), u ∈ A∗, andu ∈ [[ψ]]T } and

[[π]] = {(T, u, v) | T ∈ tree(2P,A), u, v ∈ A∗, and(u, v) ∈ [[π]]T }.

3.4.1 From µ-ICPDLNom to automata

In this section we convert

(1) eachα ∈ subf(ϕ0) ∪ subp(ϕ0) into a TWAPTAT (α) such that

• {〈θ〉 | θ ∈ subf(α)} ⊆ S(T (α)),

• [[T (α), 〈θ〉]] =

{
[[θ]] if θ 6∈ X or (θ = X ∈ X andβX 6∈ subf(α))

[[βX ]] if θ = X ∈ X andβX ∈ subf(α)

for eachθ ∈ subf(α), and

• s0(T (α)) = 〈α〉 if α ∈ subf(ϕ0),

(2) and each programπ ∈ subp(ϕ0) into an NFAA(π) overT (π) such that[[A(π)]] = [[π]].

Assume we have achieved (1) and (2). Then observe that[[ϕ0]] = [[T (ϕ0)]].
The NFAs and TWAPTAs we construct all work over trees from tree(2P,A). The construction

is by induction on≺. We start with defining the TWAPTAT (ψ) for each formulaψ ∈ subf(ϕ0).
Note thatP denotes the atomic propositions, the nominals, and the fixedpoint variables that
occur inϕ0.

If ψ ∈ P, we putT (ψ) = ({〈ψ〉}, δ, 〈ψ〉, 〈ψ〉 7→ 1), where for allγ ⊆ P we haveδ(〈ψ〉, γ) =
true if ψ ∈ γ andδ(〈ψ〉, γ) = false otherwise. Clearly,[[T (ψ), 〈ψ〉]] = [[ψ]].

If ψ = ¬θ, then we have inductively already constructedT (θ) = (S, δ, 〈θ〉,Acc). The TWAPTA
T (ψ) is basically obtained fromT (θ) and by applying the standard complementation procedure
where all positive boolean formulas on the right-hand side of the transition function are dualized
and the acceptance condition is complemented by increasingthe priority of every state by one,
see e.g. [87]. Formally, defineT (ψ) = (S⊎{〈ψ〉}, δ′, 〈ψ〉,Acc′) such thatAcc′(s) = Acc(s)+
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1 for eachs ∈ S, Acc′(〈ψ〉) = 1, δ′(〈ψ〉, γ) = (〈θ〉, ε) for eachγ ⊆ P and δ′(s, γ) =
dual(δ(s, γ)) for eachs ∈ S andγ ⊆ P, where

dual(true) = false,

dual(false) = true,

dual(e) = e for eache ∈ ext(A) = S × (A ⊎ A ⊎ {ε}),

dual(ϕ1 ∧ ϕ2) = dual(ϕ1) ∨ dual(ϕ2), and

dual(ϕ1 ∨ ϕ2) = dual(ϕ1) ∧ dual(ϕ2).

If ψ = 〈π〉θ, then we have inductively constructed an NFAA(π) = (Q, p0, q0,→A) over
a TWAPTA T (π) = (S1, δ1,Acc1) such that[[π]] = [[A(π)]]. We have also constructed a
TWAPTA T (θ) = (S2, δ2, 〈θ〉,Acc2) such that[[θ]] = [[T (θ)]]. We may assume thatQ, S1,
andS2 are pairwise disjoint. The TWAPTAT (ψ) first simulatesA(π) and thenT (θ). Set
T (ψ) = (S, δ, 〈ψ〉,Acc) with S = Q∪S1 ∪S2 ∪{〈ψ〉}. For states inS1 andS2, the transitions
of T (ψ) are as inT (π) andT (θ), respectively. To simulateA(π) we add anε-transition from

〈ψ〉 to p0. Next, note that handling transitionsq
a
−→A(π) r andq

a
−→A(π) r is easy:T (ψ) simply

navigates up and down the tree as required. To handle a transition q
T (π),s
−−−−→A(π) r, we branch

universally to simulateT (π) in states and to simulateA(π) in stater. To ensure that the simu-
lation ofA(π) terminates, the priority function ofT (ψ) assigns 1 to all states ofQ. To start the
simulation ofT (θ) after the simulation ofA(π) has terminated, we add anε-transition fromq0
to 〈θ〉. Formally,δ(〈ψ〉, γ) = 〈p0, ε〉 for eachγ ⊆ P. For each forq ∈ Q and eachγ ⊆ P, we
define

δ(q, γ) =
∨
{〈r, a〉 | q

a
−→A(π) r} ∨

∨
{〈r, a〉 | q

a
−→A(π) r} ∨

∨
{〈s, ε〉 ∧ 〈r, ε〉 | q

T (π),s
−−−−→A(π) r}

with an additional disjunct〈〈θ〉, ε〉 if q = q0. The priority functionAcc is defined by setting
δ(〈ψ〉) = 1, Acc(s) = 1 whenevers ∈ Q, andAcc(s) = Acci(s) whenevers ∈ Si with
i ∈ {1, 2}. It is straightforward to check that[[T (ψ)]] = [[ψ]].

If ψ = βX = µX.θ, then we have inductively already constructedT (θ) = (S, δ, 〈θ〉,Acc). Re-
call that{〈α〉 | α ∈ subf(θ)} ⊆ S, inter alia〈X〉 ∈ S. DefineT (ψ) = (S⊎{〈ψ〉}, δ′, 〈ψ〉,Acc),
where

δ′(s, γ) =





〈〈ψ〉, ε〉 if s = 〈X〉

〈〈θ〉, ε〉 if s = 〈ψ〉

δ(s, γ) else

for eachs ∈ S⊎{〈ψ〉} and eachγ ⊆ P. The priority function is defined asAcc′(s) = Acc(s)+2
for eachs ∈ S andAcc′(〈ψ〉) = 1. The proof that[[T (ψ), 〈ψ〉]] = [[T (ψ), 〈X〉]] = [[ψ]] can be
shown in analogy to the translation ofµ-calculus formulas into alternating parity tree automata
from [127, 88, 130] via parity games and is omitted therefore.

If ψ = @pθ, then we have inductively already constructedT (θ) = (S, δ, 〈θ〉,Acc). The
TWAPTA T (ψ) basically seeks for the unique world that is represented by the nominalp and
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checks if it satisfies the formulaθ. Formally, we putT (ψ) = (S ⊎ {ψ}, δ′, 〈ψ〉,Acc′), where
δ′(s, γ) = δ(s, γ) for all s ∈ S and allγ ⊆ P, and moreover

δ′(〈ψ〉, γ) =
∨
{〈〈ψ〉, a〉 ∨ 〈〈ψ〉, a〉 | a ∈ A}

for eachγ ⊆ P with an additional disjunct〈〈θ〉, ε〉 wheneverp ∈ γ. DefineAcc′(s) = Acc(s)
for all s ∈ S, andAcc′(〈ψ〉) = 1. We putAcc′(〈ψ〉) = 1 since we require termination of the
search for the world which is represented by the nominalp.

Next, we describe the inductive construction ofA(π) andT (π) for µ-ICPDLNom programsπ ∈
subp(ϕ0).

If π = a or π = a with a ∈ A, then the NFAA = A(π) has its only transition between its two

selected statesp0 andq0, namelyp0
a
−→A q0 or p0

a
−→A q0, respectively. Clearly,[[A(π)]] = [[π]].

SinceA(π) has no test transitions, the TWAPTAT (π) is not important. For estimating the size
of the constructed automata, we assume thatT (π) has a single state and its index is1.

If π = ψ?, then by induction we have constructed a TWAPTAT (ψ) = (S, δ, 〈ψ〉,Acc) such
that [[ψ]] = [[T (ψ)]]. The TWAPTAT (π) is T (ψ). The NFAA(π) has only the two selected

statesp0 andq0 and the transitionp0
T (π),〈ψ〉
−−−−−→A(π) q0. Hence, we have[[π]] = {(T, u, u) |

(T, u) ∈ [[T (ψ)]]} = [[A(π)]].

If π = π1 ∪ π2, π = π1 ◦ π2, or π = χ∗, we constructA(π) by using the standard automata
constructions for union, concatenation, and Kleene star. In caseπ = π1 ∪ π2 or π = π1 ◦ π2,
we defineT (π) as the disjoint union ofT (π1) andT (π2), whereas forπ = χ∗, we setT (π) =
T (χ).

It remains to constructA(π1 ∩ π2) and T (π1 ∩ π2), which is the most difficult step of the
construction. Assume that the NFA

A(πi) = (Qi, pi, qi,→A(πi)) over the TWAPTAT (πi) (3.5)

has already been constructed fori ∈ {1, 2}. Thus[[A(πi)]] = [[πi]]. A natural idea for defining
an NFA forπ1 ∩ π2 is to simply apply a product construction toA(π1) andA(π2). This does
not work since the product construction forcesA(π1) andA(π2) to travel along the same path,
whereasA(π1) andA(π2) may travel from a worldu ∈ A∗ to a worldv ∈ A∗ along twodif-
ferentpaths when working independently. Fortunately, these two paths are then closely related:
the automata both travel along the unique shortest pathP from u to v, but can make different
“detours” from this pathP , i.e., they may divert fromP and eventually return to the world on
P where the diversion started. In order to eliminate this problem, we modifyA(π1) andA(π2)
by admitting additional test transitions that allow to shortcut these detours. The modified NFA
can always travel along the shortest path without any detours, and thus the product construction
is applicable.

The mentioned modification proceeds in two steps. Consider an NFAA = (Q, q0, p0,→A) over
a TWAPTAT = (S, δ,Acc). Our aim is to modifyA andT such thatA can shortcut the detours
described above. First, we extendT into a new TWAPTAT̂ that recognizes detours made by
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A. And second, we extendA to an NFAÂ over T̂ by adding new test transitions that allow to
shortcut detours, exploiting the additional capabilitiesof T̂ . We can assume thati(T ) ≥ 1 since
we apply the modification process only to TWAPTAs from our construction.

Step 1: Constructing a TWAPTA T̂ that recognizes detours of A

LetA andT be as above, and letT ∈ tree(2P,A). We define a relationloopA,T ⊆ A∗ ×Q×Q
that describes the detours thatA makes on inputT . As we will prove, we will have(u, p, q) ∈
loopA,T whenever in the treeT the NFAA can do a detour starting fromu in statep and ending
atu in stateq. Formally,loopA,T is the smallest set such that,

(i) (u, q, q) ∈ loopA,T for eachu ∈ A∗ and eachq ∈ Q,

(ii) if (T, u) ∈ [[T , s]] andp
T ,s
−−→A q for s ∈ S, then(u, p, q) ∈ loopA,T ,

(iii) if (ua, p′, q′) ∈ loopA,T , p
a
−→A p

′ andq′
a
−→A q, then(u, p, q) ∈ loopA,T ,

(iv) if (u, p′, q′) ∈ loopA,T , p
a
−→A p

′, andq′
a
−→A q, then(ua, p, q) ∈ loopA,T , and

(v) if (u, p, r) ∈ loopA,T and(u, r, q) ∈ loopA,T , then(u, p, q) ∈ loopA,T .

The following lemma states thatloopA,T is as required. For this, recall that the relation⇒A,T⊆
(A∗ ×Q)× (A∗ ×Q) was introduced in Definition 3.19 .

Lemma 3.20 (u, p, q) ∈ loopA,T if and only if(u, p)⇒∗A,T (u, q). 2

PROOF “only if”: Assume (u, p, q) ∈ loopA,T . Let n ≥ 1 be the smallest number such that
(u, p, q) ∈ loopA,T follows from n applications of the rules (i)-(v) from above. We prove by
induction onn that(u, p)⇒∗A,T (u, q) holds.
Assumen = 1. If (u, p, q) ∈ loopA,T follows from application of rule (i), thenp = q and thus
clearly (u, p) ⇒∗A,T (u, q). If (u, p, q) ∈ loopA,T follows from application of rule (ii), then for

somes ∈ S we have(T, u) ∈ [[T , s]], andp
T ,s
−−→A q, and thus(u, p) ⇒A,T (u, q) by definition

of⇒A,T .
For the inductive step, assumen > 1. If (u, p, q) ∈ loopA,T is obtained by finally applying rule

(iii), we know that for somea ∈ A we havep
a
−→A p′, q′

a
−→A q, and(ua, p′, q′) ∈ loopA,T .

Since(ua, p′, q′) ∈ loopA,T must follow fromn − 1 applications of the above rules, it follows
by induction that(ua, p′) ⇒∗A,T (ua, q′). Altogether, we obtain(u, p) ⇒A,T (ua, p′) ⇒∗A,T
(ua, q′) ⇒A,T (u, q) and we are done. In case(u, p, q) ∈ loopA,T is obtained by finally

applying rule (iv), then there exists somev ∈ A∗ and somea ∈ A such thatu = va, p
a
−→A

p′, q′
a
−→A q, and(v, p′, q′) ∈ loopA,T . Again, by induction, we have(v, p′) ⇒∗A,T (v, q′).

Altogether we obtain(u, p) ⇒A,T (v, p′) ⇒∗A,T (v, q′) ⇒A,T (u, q) and we are done. Finally
assume that(u, p, q) ∈ loopA,T is obtained by finally applying rule (v). Then there exists some
stater ∈ Q such that(u, p, r) ∈ loopA,T and (u, r, q) ∈ loopA,T . Since both(u, p, r) ∈
loopA,T and(u, r, q) ∈ loopA,T must follow from less thann applications of the above rules,
we inductively conclude(u, p)⇒∗A,T (u, r)⇒∗A,T (u, q) and we are done.
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“if”: Assume that (u, p) ⇒∗A,T (u, q). Hence, there aren ≥ 1, u1, . . . , un ∈ A∗, and
q1, . . . , qn ∈ Q such that

1. u1 = un = u,

2. q1 = p, qn = q, and

3. (ui, qi)⇒A,T (ui+1, qi+1) for 1 ≤ i < n.

We show(u, p, q) ∈ loopA,T by induction onn. If n = 1, thenp = q and by Point (i) we

have(u, p, q) ∈ loopA,T . If n = 2, then there must be a test transitionp
T ,s
−−→A q such that

(T, u) ∈ [[T , s]]. By Point (ii), we have(u, p, q) ∈ loopA,T . Now assume thatn ≥ 3. We
distinguish the following cases:

Case 1.There exists1 < i < n such thatui = u. By induction,(u, p, qi), (u, qi, q) ∈ loopA,T .
Point (v) yields(u, p, q) ∈ loopA,T .

Case 2.There does not exist1 < i < n such thatui = u. Then one of the the following two
subcases applies:

Case 2A.For somea ∈ A, we havep
a
−→A q2, qn−1

a
−→A q, andu2 = ua = un−1. By induction

hypothesis,(ua, q2, qn−1) ∈ loopA,T . Thus, Point (iii) yields(u, p, q) ∈ loopA,T .

Case 2B.For somea ∈ A andv ∈ A∗, we haveu = va, p
a
−→A q2, qn−1

a
−→A q, andu2 =

v = un−1. By induction hypothesis,(v, q2, qn−1) ∈ loopA,T . Thus, Point (iv) yields(u, p, q) ∈
loopA,T . �

The following lemma states that Points (i)–(v) can easily betranslated into a TWAPTA.

Lemma 3.21 There is a TWAPTÂT = (S′, δ′,Acc′) with S′ = S ⊎ (Q × Q) such that for all
s ∈ S andp, q ∈ Q the following holds,

(i) [[T̂ , s]] = [[T , s]],

(ii) [[T̂ , (p, q)]] = {(T, u) | T ∈ tree(2P,A), u ∈ A∗, and(u, p)⇒∗A,T (u, q)}, and

(iii) i(T̂ ) = i(T ). 2

PROOF For states inS, the transitions of̂T are the same as forT . For q ∈ Q andγ ⊆ P, we
defineδ′((q, q), γ) = true. For eachp, q ∈ Q with p 6= q and eachγ ⊆ P we realize the
definition of loopA,T and define

δ′((p, q), γ) =
∨
{〈s, ε〉 | p

T ,s
−−→A q} ∨

∨
{〈(p′, q′), a〉 | p

a
−→A p

′, q′
a
−→A q} ∨

∨
{〈(p′, q′), a〉 | p

a
−→A p

′, q′
a
−→A q} ∨

∨
{〈(p, r), ε〉 ∧ 〈(r, q), ε〉 | r ∈ Q}.
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We define the priority functionAcc′ as follows:

Acc′(s′) =

{
Acc(s′) if s′ ∈ S

1 if s′ ∈ Q×Q

We putAcc′(p, q) = 1 for all p, q ∈ Q sinceT̂ has to ensure that the check(u, p, q) ∈ loopA,T
terminates. Using the construction and Lemma 3.20, it is nothard to show that̂T is as required.�

Step 2: Constructing an NFA Â over T̂ that can avoid detours

Now we show how to enhance the NFAA = (Q, q0, p0,→A) over T into an NFA Â over
T̂ such thatÂ can shortcut detours via test transitions that simulateT̂ in states fromQ × Q:
Â = (Q, p0, q0,→ bA) is the extension ofA obtained by adding, for every pair(p, q) ∈ Q× Q,

the test transitionp
bT ,(p,q)
−−−−→ bA q. In the following, we prove that̂A is as required, i.e. runs of

Â can be restricted to ones that first invokes transitionsnot from A followed by transitionsnot
from A.

Again, let us fix someT ∈ tree(2P,A). For everyu, v ∈ A∗ let inf(u, v) denote the longest
common prefix ofu andv, i.e. the lowest common ancestor ofu andv in the treeT . Define the
relation⇑A,T ⊆ (A∗ ×Q)× (A∗ ×Q) in the same way as⇒A,T (Definition 3.19), except that
clause (3.2) is dropped. The relation⇓A,T ⊆ (A∗×Q)× (A∗×Q) is defined analogously, with
clause (3.3) dropped. Thus, the relation⇑A,T (resp.⇓A,T ) allows the NFAA to walk only up
(resp. down) the tree or to stay in the same world by executinga test transition. The following
lemma states that̂A is as required. Its proof shows hoŵA shortcuts detours ofA.

Lemma 3.22 For all u, v ∈ A∗ the following three statements are equivalent:

(i) (T, u, v) ∈ [[A]].

(ii) (T, u, v) ∈ [[Â]].

(iii) There existsr ∈ Q with (u, p0) ⇑
∗
bA,T

(inf(u, v), r) ⇓∗
bA,T

(v, q0). 2

PROOF Trivially, (iii) implies (ii).

For (ii) implies (i), note that for every test-transitionp
bT ,(p,q)
−−−−→ bA q of Â and everyw ∈ [[T̂ , (p, q)]]

we have(w, p, q) ∈ loopA,T , hence(w, p)⇒∗A,T (w, q) by Lemma 3.20.
Finally, it remains to prove that (i) implies (iii). Assume(T, u, v) ∈ [[A]]. Then there exist
worldsw0, . . . , wn ∈ A∗ and statesr0, . . . , rn ∈ Q such that

(u, p0) = (w0, r0)⇒A,T (w1, r1) · · · ⇒A,T (wn, rn) = (v, q0). (3.6)

Let y1, . . . , yk ∈ {w0, . . . , wn} be the unique worlds such that, for somej ∈ [k], the following
conditions are satisfied:

(a) y1 = u, yk = v,
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3.4 An upper bound forω-regular tree satisfiability

(b) yj = inf(u, v),

(c) for each1 ≤ i < j, we haveyi = yi+1ai for someai ∈ A, and

(d) for eachj < i ≤ k, we haveyi = yi−1ai for someai ∈ A.

Define the mappingφ : [k] → [n] such thatφ(i) = max{ℓ | yi = wℓ} for eachi ∈ [k]. There
exist statesr′1, . . . , r

′
k ∈ Q such that the run (3.6) can be factorized as follows:

(u, p0) = (y1, r
′
1)⇒

∗
A,T (y1, rφ(1)) ⇑A,T (y2, r

′
2)⇒

∗
A,T (y2, rφ(2))

· · · ⇒∗A,T (yj−1, rφ(j−1)) ⇑A,T (inf(u, v), r′j)⇒
∗
A,T (inf(u, v), rφ(j)) ⇓A,T

· · · ⇒∗A,T (yk−1, rφ(k−1)) ⇓A,T (yk, r
′
k)⇒

∗
A,T (yk, rφ(k)) = (v, q0)

Observe that the statesrφ(1), . . . , rφ(k) are the ones in the run (3.6) thatA is in wheny1, . . . , yk

are visited the last time. By construction of̂A, every loop(yi, r
′
i) ⇒

∗
A,T (yi, rφ(i)) can be

replaced by a test transitionr′i
bT ,(r′i,rφ(i))
−−−−−−−→ rφ(i) in Â. Moreover, since⇑A,T ⊆ ⇑ bA,T and

⇓A,T ⊆ ⇓ bA,T , we can conclude(u, p0) ⇑
∗
bA,T

(inf(u, v), r′j) ⇓
∗
bA,T

(v, q0). �

Constructing A(π1 ∩ π2)

Next, we return to the construction ofA(π1 ∩ π2) andT (π1 ∩ π2) from the NFAsAi = A(πi)
over the TWAPTAsTi = T (πi), i ∈ {1, 2}, as fixed in (3.5). We convertTi into the TWAPTA
T̂i andAi into the NFAÂi = (Qi, pi, qi,→cAi

) over T̂i, for i ∈ {1, 2}. DefineT (π1 ∩ π2) as

the disjoint union ofT̂1 andT̂2. The NFAA(π1 ∩ π2) is the product automaton of̂A1 andÂ2,
where test transitions can be carried out asynchronously, i.e.

A(π1 ∩ π2) = (Q1 ×Q2, (p1, p2), (q1, q2),→A(π1∩π2)),

with→A(π1∩π2) the smallest relation such that

• r1
a
→cA1

r′1 andr2
a
→cA2

r′2 implies(r1, r2)
a
→A(π1∩π2) (r′1, r

′
2) for eacha ∈ A,

• r1
a
→cA1

r′1 andr2
a
→cA2

r′2 implies(r1, r2)
a
→A(π1∩π2) (r′1, r

′
2) for eacha ∈ A,

• r1
bT (π1),s
−−−−−→cA1

r′1 implies(r1, r2)
T (π1∩π2),s
−−−−−−−→A(π1∩π2) (r′1, r2) for eachr2 ∈ Q2, and

• r2
bT (π2),s
−−−−−→cA2

r′2 implies(r1, r2)
T (π1∩π2),s
−−−−−−−→A(π1∩π2) (r1, r

′
2) for eachr1 ∈ Q1.

The following lemma states the correctness of our construction.

Lemma 3.23 [[A(π1 ∩ π2)]] = [[π1 ∩ π2]]. 2
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PROOF Since[[π1 ∩ π2]] = [[π1]] ∩ [[π2]], it suffices to prove that[[A1]] ∩ [[A2]] = [[A(π1 ∩ π2)]].
For [[A1]]∩ [[A2]] ⊆ [[A(π1 ∩π2)]], assume(T, u, v) ∈ [[Ai]] for all i ∈ {1, 2}. Then Point (iii) of
Lemma 3.22 implies the existence of a stateri ∈ Qi such that(u, pi) ⇑∗cAi,T

(inf(u, v), ri) ⇓
∗
cAi,T

(v, qi) for eachi ∈ {1, 2}. This implies

(u, (p1, p2)) ⇑
∗
A(π1∩π2),T

(inf(u, v), (r1, r2)) ⇓
∗
A(π1∩π2),T

(v, (q1, q2)).

Thus, we have(T, u, v) ∈ [[A(π1 ∩ π2)]].
For [[A(π1 ∩ π2)]] ⊆ [[A1]] ∩ [[A2]], observe that any run witnessing(T, u, v) ∈ [[A(π1 ∩ π2)]] is
a witness for(T, u, v) ∈ [[Âi]] for eachi ∈ {1, 2}. By Lemma 3.22, we obtain(T, u, v) ∈ [[Ai]]
for eachi ∈ {1, 2}. �

This finishes the inductive translation ofµ-ICPDLNom formulas and programs into automata.

3.4.2 Automata size

We analyze the size of the automata constructed in the previous section and show that our trans-
lation of formulas and programs involves at most a single exponential blow-up. For analyzing
the fragment loop-CPDL ofµ-ICPDLNom later on, it is useful to carry out a careful analysis that
takes into account the nestings of the intersection operator. Since mere counting of occurrences
of the intersection operator would be too coarse in order to get sharp complexity bounds for
loop-CPDL, we will introduce a finer measure, which we call intersection width. This measure
comes in two versions. The first version is used to estimate the size of NFAs, and the second is
for TWAPTAs.

First let us consider the NFA version. Theintersection widthiw(π) of anµ-ICPDLNom pro-
gramπ is defined inductively,

iw(a) = iw(a) = 1 for each a ∈ A,

iw(θ?) = 1,

iw(π1 ∪ π2) = iw(π1 ◦ π2) = max{iw(π1), iw(π2)},

iw(π∗) = iw(π),and

iw(π1 ∩ π2) = iw(π1) + iw(π2).

Note thatiw is non-montonic with respect to≺: We haveiw(θ?) = 1 although there might exist
〈π〉ψ ≺ θ with iw(π) > 1.

For an NFAA = (Q, p0, q0,→A) over some TWAPTA, we define thesize|A| as|Q|. Note that
the size of the TWAPTA, over whichA is defined, is not taken into account.

Recall thatϕ0 is our originalµ-ICPDLNom formula want to translate into a TWAPTAT (ϕ0).

Lemma 3.24 For every programπ ∈ subp(ϕ0) we have|A(π)| ≤ 2 · |π|iw(π). 2

PROOF The proof is by induction on≺.

Base cases.Let π = a or π = a with a ∈ A. Then|A(π)| = 2 = 2 · |π|iw(π).

Inductive cases.
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Let π = θ?. Then|A(θ?)| = 2 ≤ 2 · |π|iw(π).

Let π = π∗1. The standard construction for Kleene star and induction hypothesis yield|A(π)| =
|A(π1)| ≤ 2 · |π1|

iw(π1) ≤ 2 · |π|iw(π).

Let π = π1 ∪ π2 or π = π1 ◦ π2. By the standard constructions for union and composition,

|A(π)| = |A(π1)|+ |A(π2)|
IH

≤ 2 · |π1|
iw(π1) + 2 · |π2|

iw(π2)

≤ 2 · |π1|
iw(π) + 2 · |π2|

iw(π)

≤ 2 · (|π1|+ |π2|)
iw(π)

≤ 2 · |π|iw(π).

Let π = π1 ∩ π2. Then

|A(π)| = |A(π1)| · |A(π2)|
IH

≤ 2 · |π1|
iw(π1) · 2 · |π2|

iw(π2)

≤ 2 · (|π1|+ |π2|)
iw(π1)+iw(π2)

≤ 2 · |π|iw(π).

The inequality2 · |π1|
iw(π1) · |π2|

iw(π2) ≤ (|π1| + |π2|)
iw(π1)+iw(π2) follows from the binomial

theorem. �

We now define the second version of intersection width, wherethe difference is in the treatment
of the test operator. Ifα is aµ-ICPDLNom program or formula, then

IW(α) =

{
1 if subp(α) = ∅

max{iw(π) | π ∈ subp(α)} otherwise.

Observe that IW is monotone with respect to≺. Recall that, for a TWAPTAT , i(T ) denotes
its index and its size|T | was defined to be the number of its states. In the following lemma, for
each formula or programα, we estimate the size and the index of the resulting TWAPTAT (α).

Lemma 3.25 For everyα ∈ subf(ϕ0) ∪ subp(ϕ0) we have

• |T (α)| ≤ |α|+ 8 · |α| · |α|2·IW(α) and

• i(T (α)) ≤ 2 · |α| − 1. 2

PROOF The proof is by induction on≺.

Base cases.

Let π = a or π = a, with a ∈ A. Then|T (π)| = 1 ≤ |π| + 8 · |π| · |π|2·IW(π) andi(T (π)) =
1 = 2 · |π| − 1.

Letψ ∈ P. Then|T (ψ)| = 1 ≤ |ψ|+ 8 · |ψ| · |ψ|2·IW(ψ) andi(T (ψ)) = 1 = 2 · |ψ| − 1.
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Inductive cases.

Letψ = ¬θ. The complementation construction yields

|T (ψ)| = |T (θ)|+ 1
IH
≤ |θ|+ 1 + 8 · |θ| · |θ|2·IW(θ) ≤ |ψ|+ 8 · |ψ| · |ψ|2·IW(ψ)

andi(T (ψ)) = i(T (θ)) + 1
IH
≤ 2 · |θ| − 1 + 1 ≤ 2 · |ψ| − 1.

Letψ = 〈π〉θ. Then

|T (ψ)| = |A(π)|+ |T (π)|+ |T (θ)|+ 1
Lemma 3.24, IH

≤ 2 · |π|iw(π) + |π|+ 8 · |π| · |π|2·IW(π) + |θ|+ 8 · |θ| · |θ|2·IW(θ) + 1

≤ 2 · |ψ|2·IW(ψ) + |ψ|+ 8 · |π| · |ψ|2·IW(ψ) + 8 · |θ| · |ψ|2·IW(ψ)

≤ |ψ|+ 8 · (1 + |π|+ |θ|) · |ψ|2·IW(ψ)

= |ψ|+ 8 · |ψ| · |ψ|2·IW(ψ).

Moreover,i(T (ψ)) = max{i(T (π)), i(T (θ))}
IH
≤ max{2 · |π| − 1, 2 · |θ| − 1} ≤ 2 · |ψ| − 1.

Let ψ = µX.θ. Then |T (ψ)| = |T (θ)| + 1 and hence|T (ψ)| is as required. Moreover

i(T (ψ)) = i(T (θ)) + 2
IH
≤ 2 · |θ| − 1 + 2 = 2 · (|θ|+ 1)− 1 = 2 · |ψ| − 1.

Let ψ = @pθ. That|T (ψ)| andi(T (ψ)) are as required follows easily from induction hypothe-
sis.

Let π = θ?. That|T (π)| andi(T (π)) are as required follows easily from induction hypothesis.

Let π = π∗1 . That|T (π)| andi(T (π)) are as required follows easily from induction hypothesis.

Let π = π1 ∪ π2 or π = π1 ◦ π2. Then

|T (π)| = |T (π1)|+ |T (π2)|
IH
≤ |π1|+ 8 · |π1| · |π1|

2·IW(π1) + |π2|+ 8 · |π2| · |π2|
2·IW(π2)

≤ |π|+ 8 · |π| · |π|2·IW(π).

Moreover,i(T (π)) = max{i(T (π1)), i(T (π2))}
IH
≤ max{2 · |π1|− 1, 2 · |π2|− 1} ≤ 2 · |π|− 1.

Let π = π1 ∩ π2. Then

|T (π)| = |T (π1)|+ |T (π2)|+ |A(π1)|
2 + |A(π2)|

2

Lemma 3.24,IH
≤ |π1|+ 8 · |π1| · |π1|

2·IW(π1) + |π2|+ 8 · |π2| · |π2|
2·IW(π2) +

4 · |π1|
2·IW(π1) + 4 · |π2|

2·IW(π2)

≤ |π|+ 8 · |π1| · |π|
2·IW(π) + 8 · |π2| · |π|

2·IW(π) + 8 · |π|2·IW(π)

= |π|+ 8 · (|π1|+ |π2|+ 1)|π|2·IW(π)

= |π|+ 8 · |π| · |π|2·IW(π).

Finally, i(T (π)) = max{i(T (π1)), i(T (π2))}
IH
≤ max{2 · |π1| − 1, 2 · |π2| − 1} ≤ 2 · |π| − 1.�
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In the following remark we roughly estimate the size of the transition function of the constructed
TWAPTAs.

Remark 3.26 Letα ∈ subf(ϕ0)∪subp(ϕ0). A straightforward estimate together with Lemma 3.25
implies|δ(T (α))| ≤ |A| · 2|P| · |α|O(IW(α)). Since|P|, |A| ≤ |α| we obtain

|δ(T (α))| ≤ 2|α| · |α|O(IW(α)).

This completes the estimation of the size of automata.

3.4.3 The upper bound

The algorithm for decidingω-regular tree satisfiability inµ-ICPDLNom works as follows. Given
a µ-ICPDLNom formula ϕ0 and a TWAPTAT0 over 2P-labeledA-trees, we convertϕ0 into a
TWAPTA T (ϕ0) such that[[T (ϕ0)]] = [[ϕ0]], as described in Section 3.4.1. Then we construct
a TWAPTAT such thatL(T ) = L(T0) ∩ L(T (ϕ0)). For alternating automata, intersection is
trivial andT can be computed in linear time fromT0 andT (ϕ0). Clearly,L(T ) 6= ∅ if and only
if there is a treeT ∈ L(T0) with ε ∈ [[ϕ0]]T . By combining the upper bounds for|T (ϕ0)| and
i(T (ϕ0)) (Lemma 3.25), the upper bound for|δ(T (ϕ0))| (Remark 3.26), and the complexity
upper bound for deciding non-emptiness of TWAPTAs (Theorem3.11), we obtain the following
upper bound forω-regular tree satisfiability inµ-ICPDLNom.

Theorem 3.27 For a TWAPTAT0 with transition functionδ and aµ-ICPDLNom formulaϕ0, we
can decide in timeexp(|T0|+i(T0)+|ϕ0|

IW(ϕ0))·poly(|δ|) whether there exists someT ∈ L(T0)
such thatε ∈ [[ϕ0]]T . Hence,ω-regular tree satisfiability inµ-ICPDLNom is in 2EXP. 2

Note that Theorem 3.27 yields a single exponential upper bound if the intersection width of the
input formula is bounded by a constant.

3.5 Satisfiability in µ-ICPDLNom is 2EXP-complete

In this section, we bring together the results established in the previous sections for proving
upper bounds for the satisfiability problem inµ-ICPDLNom and fragments.

Theorem 3.28 Satisfiability inµ-ICPDLNom is 2EXP-complete. Moreover, given aµ-ICPDLNom
formulaϕ, we can decide satisfiability ofϕ in timeexp(|ϕ|IW(ϕ)). 2

PROOF The2EXP lower bound for satisfiability inµ-ICPDLNom already holds for IPDL due to
Theorem 2.21.

For the2EXP upper bound, letϕ be someµ-ICPDLNom formula. By Theorem 3.18 we can
compute a TWAPTAT0 and aµ-ICPDLNom formulaϕ0 in time exponential in|ϕ| such that the
following five conditions hold:

(1) ϕ is satisfiable if and only if there exists someT ∈ L(T0) such thatε ∈ [[ϕ0]]T ,

(2) |ϕ0| ∈ poly(|ϕ|),
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3 ICPDL with fixed points and nominals

(3) |T0| ∈ poly(|ϕ|),

(4) |δ(T0)| ∈ exp(|ϕ|), and

(5) i(T0) ∈ O(1).

Observe that the translation fromϕ to ϕ0 has the property thatIW(ϕ) = IW(ϕ0). By finally
applying Theorem 3.27 toT0 andϕ0, we obtain that satisfiability ofϕ can altogether be decided
in time exp(|ϕ|IW(ϕ)). �

Since the reduction from satisfiability toω-regular tree satisfiability preserves the intersection
width of formulas, we obtain the following corollary.

Corollary 3.29 For every constantc ≥ 1, satisfiability in

{ϕ | ϕ is aµ-ICPDLNom formula with IW(ϕ) ≤ c}

is EXP-complete. 2

As every formula of loop-CPDL is easily translatable into anICPDL formula of intersection
width at most two, we obtain the following corollary.

Corollary 3.30 Satisfiability in loop-CPDL isEXP-complete. 2

3.6 Infinite state model checking of µ-ICPDLNom

In this section we investigate the combined, expression anddata complexity of model check-
ing µ-ICPDLNom over basic process algebras (BPAs), pushdown systems (PDSs), and prefix-
recognizable systems (PRSs).

Recall that in the context of infinite state model checking, atomic propositions and in par-
ticular nominals need not to be accounted for in the finite description of the structures. This
simplifies notation and can be done without loss of generality since an atomic proposition or
nominalp is easily simulated using a reflexive loop of a new atomic programap, which can then
be tested by the formula〈ap〉true. Thus, in the following section we assume without loss of
generality thattrue andfalse are the only atomic formulas that occur in formulas. Further-
more, we assume thatA ⊆ A always denotes a finite set of atomic programs.

Firstly, we establish upper complexity bounds in Section 3.6.1 by a reduction toω-regular tree
satisfiability inµ-ICPDLNom. Secondly, matching lower bounds are established in Section 3.6.2.
Table 3.1 summarizes our results.

3.6.1 Upper bounds: Reduction to ω-regular tree satisfiability

In this section, we reduce model checkingµ-ICPDLNom over prefix-recognizable systems toω-
regular tree satisfiability inµ-ICPDLNom. For this, letϕ be an inputµ-ICPDLNom formula, let
Z = (A, φ) a PRS over the atomic programsAZ , and letx0 ∈ A∗ a world ofK(Z). We want to
check whetherx0 ∈ [[ϕ]]K(Z). Let P = {⊥} be a dummy node labeling set. Let the2P-labeled
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BPA/PDS/PRS
data

IPDL, µ-ICPDL Nom

constant intersection width
expression

combined
EXP-complete

data
µ-ICPDL Nom expression

combined 2EXP-complete

Table 3.1: Complexity of infinite state model checking ofµ-ICPDLNom

A-treeT0 : A∗ → 2P be defined asT0(v) = ∅ for eachv ∈ A∗. The Kripke structure that
corresponds toT0 is depicted in Figure 3.1 and is formally defined as(A∗, {→a| a ∈ A}, {T⊥}),
where→a= {(u, ua) | u ∈ A∗} for eacha ∈ A andT⊥ = ∅. We compute fromZ, x0,
andϕ aµ-ICPDLNom formulaϕ′ over2P-labeledA-trees such thatx0 ∈ [[ϕ]]K(Z) if and only if
ε ∈ [[ϕ′]]T0 . Let us assume that for eacha ∈ AZ the prefix-recognizable relation

φ(a) =
na⋃

i=1

(L(αai )× L(βai ))L(γai )

is given by a collection of triples of regular expressions(αai , β
a
i , γ

a
i )i∈[na]. We define theµ-

ICPDLNom formulaϕZ to be obtained fromϕ by replacing every occurrence ofa ∈ A by

na⋃

i=1

←−
αai ◦

(
〈
←−
γai 〉

∧

a∈A

¬〈a〉true

)
? ◦
−→
βai ,

where theµ-ICPDLNom programs
←−
αai ,
←−
γai and

−→
βai respectively, are inductively defined as follows,

←−a = a, −→a = a, for eacha ∈ AZ ,
←−−−−−
σ1 + σ2 = ←−σ1 ∪

←−σ2,
−−−−−→
σ1 + σ2 = −→σ1 ∪

−→σ2,
←−−−−σ1 · σ2 = ←−σ1 ◦

←−σ2,
−−−−→σ1 · σ2 = −→σ2 ◦

−→σ1,
←−
σ∗ = ←−σ ∗,

−→
σ∗ = −→σ ∗.

We putϕ′ = 〈−→x0〉ϕZ . Clearly,ϕ′ can be interpreted inT0. It is not hard to verify thatx0 ∈
[[ϕ]]K(Z) if and only if ε ∈ [[ϕ′]]T0 . In order to give a reduction toω-regular tree satisfiability,
it remains to construct a TWAPTAT such thatL(T ) = {T0}, which is a triviality. Thus,
x0 ∈ [[ϕ]]K(Z) if and only if there is aT ∈ L(T ) with ε ∈ [[ϕ′]]T . From Theorem 3.27 we obtain
the following theorem.
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•
ε

•a1

•a1a1 · · · •a1an
•
•
•

•a2

•a2a1 · · · •a2an
•
•
•

· · ·

• • •

• an

•ana1 · · · •anan
•
•
•

a1

a2
an

a1

an

a1

an

a1

an

Figure 3.1: The completeA-tree

Theorem 3.31 For a PRSZ, a worldx0 ofK(Z), and aµ-ICPDLNom formulaϕ, we can decide
in timeexp((|x0| + |ϕ| + |Z|)

IW(ϕ)) whetherx0 ∈ [[ϕ]]K(Z). Hence, model checking PRSs in
µ-ICPDLNom is in 2EXP with respect to combined (and thus also expression) complexity, and in
EXP with respect to data complexity. 2

Since the formulaϕ′ has the same intersection width asϕ, we obtain the following corollary.

Corollary 3.32 For every constanctc the combined complexity of model checkingµ-ICPDLNom
formulas of intersection width at mostc over PRSs is inEXP. 2

3.6.2 Lower bounds

We prove two lower bounds for infinite state model checking offragments ofµ-ICPDLNom. The
first result establishesEXP-hardness of the data complexity of model checking loop-PDLover
BPAs. This is somewhat surprising since the data complexityof the modalµ-calculus over push-
down systems is inP [125]. From the proof we can deduce a corollary that the data complexity
of test-free IPDL over BPAs isEXP-hard too. We do not showEXP-hardness of the expression
complexity of model checking IPDL formulas of constant intersection over BPAs since in Chap-
ter 5 we prove that the corresponding lower bound already holds for PDL (Corollary 5.14), see
also Table 5.1. The second result that is proven in this section is that the expression complexity
of model checking test-free IPDL over BPAs is2EXP-hard. Thus, we obtain tight complex-
ity bounds as summarized in Table 3.1. Both lower bounds are proved by a reduction of the
membership problem of space-bounded alternating Turing machines.

Data complexity in loop-PDL

We start with a summary of the main ideas behind the proof, which follows [124]. LetM =
(Q,Γ,Σ, q0, δ,2) be ap(n)-space bounded ATM (wherep(n) is some polynomial) whose mem-
bership problem isEXP-hard, and letw ∈ Σ∗ an input of lengthn. Our aim is to construct a BPA
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3.6 Infinite state model checking ofµ-ICPDLNom

X depending onM andw and an IPDL formulaϕ depending only onM such thatw ∈ L(M)
if and only if ε ∈ [[ϕ]]K(X ). We defineX such that certain worlds ofK(X ) represent sequences
of configurations ofM of length at mostp(n), separated by certain markers. These worlds
correspond to nodes of computation trees ofM. Our formulaϕ verifies the existence of an
acceptance tree ofM onw by traversingK(X ) in a depth-first and left-to-right fashion.

To give more details, let us first introduce the mentioned markers,

• Dir∀ = {L(µ1, µ2), R(µ1, µ2) | (µ1, µ2) ∈ δ(Q∀,Γ)} is the set ofuniversal direction
markers,

• Dir∃ = {E(µ1), E(µ2) | (µ1, µ2) ∈ δ(Q∃,Γ)} is the set ofexistential direction markers,
and

• Dir = Dir∀ ∪Dir∃ is the set ofdirection markers.

SinceX is a BPA, we will henceforth refer to the worlds ofK(X ) as the stack. As already
mentioned, the stack consists of a sequence of configurations (in a suitable encoding), separated
by direction markers. In particular, a markerL(µ1, µ2) on top of a universal configuration means
that we are currently exploring the left child of that node, whereasR(µ1, µ2) refers to the right
child.

The main ingredient to the formulaϕ is a program “traverse”, which implements the individ-
ual steps of a depth-first and left-to-right traversal of computation trees. It starts from the world
in which the stack consists of the initial configuration ofM on inputw (without any direction
markers), and then applies the following rules:

(1) If the top of the stack consists of a universal configurationc in current stateq ∈ Q∀, scanning
a symbolγ, andδ(q, γ) = (µ1, µ2), then the direction markerL(µ1, µ2) is pushed on the
stack and on top of it the left successor configuration ofc, i.e. the one that corresponds to
the moveµ1.

(2) If the top of the stack consists of an existential configuration c in current stateq ∈ Q∃,
scanning a symbolγ, andδ(q, γ) = (µ1, µ2), then we nondeterministically push a direction
markerE(µ) and on top of it the successor configuration ofc that corresponds to the move
µ ∈ {µ1, µ2}.

(3) If the top of the stack consists of a configuration with current stateq ∈ Q∀, scanning a
symbolγ, andδ(q, γ) = ⊥, then the configuration can be popped.

(4) If the top of the stack consists of a universal configurationcwith a direction markerL(µ1, µ2)
on top, thenL(µ1, µ2) is replaced withR(µ1, µ2) and on top of it the right successor con-
figuration ofc, i.e. the one that corresponds to the moveµ2.

(5) If the top of the stack consists of a universal configuration with a direction markerR(µ1, µ2)
on top or of an existential configuration with a direction markerE(µ) on top, then both the
configuration and the marker are popped.

By a straightforward induction, one can prove that the following two statements are equivalent:
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3 ICPDL with fixed points and nominals

• The ATMM has an acceptance tree on inputw.

• In K(X ) from the initial configuration the empty stack can be reachedby applying rules
(1)–(5) from above.

Theorem 3.33 There exists a loop-PDL formulaϕ such that the following problem isEXP-
hard:

INPUT: A BPAX .
QUESTION:ε ∈ [[ϕ]]K(X )? 2

PROOF LetM = (Q,Γ,Σ, q0, δ,2) be ap(n)-space bounded ATM (wherep(n) is a polyno-
mial) with anEXP-hard membership problem. Letw = w1w2 · · ·wn ∈ Σ∗ be an input of length
n. We give a logspace computable BPAX = X (M, w) and a loop-PDL formulaϕ = ϕ(M)
such thatw ∈ L(M) if and only if ε ∈ [[ϕ]]K(X ). LetN = p(n), Ω = Q∪ Γ, andΩN = {a(i) |

a ∈ Ω, i ∈ [0, N ]}. A configurationc = a0a1 · · · ai−1qai+1 · · · aN ∈
⋃

0≤i≤N−1 ΓiQΓN−i is
encoded by the string

a0(0)a1(1) · · · ai−1(i− 1)q(i)ai+1(i+ 1) · · · aN (N).

In the following, we confuse configurations and their encodings. The stack alphabet ofX is
ΓX = ΩN ∪ Dir. Let us now define the rewriting rules ofX . The set of atomic programsA of
X is implicitly given as the set of all programs occurring in the following rules:

ε
input
−−−−−→X q0(0)w1(1) · · ·wn(n)2(n + 1) · · ·2(N)

ε
d

−−−−−→X d for all d ∈ Dir

d
push
−−−−−→X a(N)d for all d ∈ Dir anda ∈ Ω

a(i)
push
−−−−−→X a

′(i− 1)a(i) for all i ∈ [1,N ] anda, a′ ∈ Ω

d
checkDir−−−−−→X d for all d ∈ Dir

a(0)
check0−−−−−→X a(0) for all a ∈ Ω

a(N)
popN−−−−−→X ε for all a ∈ Ω

a(i)
ā

−−−−−→X ε for all i ∈ [0,N − 1] anda ∈ Ω

d
d̄

−−−−−→X ε for all d ∈ Dir

a(i)
copy
−−−−−→X a(i)a(i) for all i ∈ [0,N ] anda ∈ Ω

a(i)
shift
−−−−−→X a(i)x for all i ∈ [0,N ], a ∈ Ω, andx ∈ ΓX

a(i)
(a/b)
−−−−−→X b(i) for all i ∈ [0,N ] anda, b ∈ Ω

Observe that not all worlds inK(X ) are proper encodings of configuration sequences separated
by direction markers. This cannot be avoided and needs to be taken care of in the formulaϕ.
Before we can define it, we need several auxiliary programs. In the following, forX ⊆ Dir∪Ω,
we usepopX to denote

⋃
x∈X x.
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3.6 Infinite state model checking ofµ-ICPDLNom

• The programconf = pop∗Ω ◦ popN pops the top configuration from the stack.

• The programconf pushes a potential configuration onto the stack, i.e., a string of the form
a0(0)a1(1) · · · aN (N), whereai ∈ Ω:

conf = checkDir ◦ push∗ ◦ check0

• Assume that the top of the stack consists of a suffix of a configuration followed by a
direction markerd ∈ Dir underneath, followed by a complete configuration, i.e., thetop
of the stack (reading from left to right) has the following form:

ak(k)ak+1(k + 1) · · · aN (N)da′0(0) · · · a
′
N (N)

with ai, a′i ∈ Ω. Fora, b ∈ Ω, we give a programtesta,b that is executable only ifak = a
anda′k = b, and that popsak(k):

testa,b = (a/b) ◦ [loop (pop∗Ω ◦ popDir ◦ pop∗Ω ◦ copy◦ shift∗)]? ◦ b

• Forµ ∈ Moves, the programcheckµ is executable only if the top of the stack has the form
c′dc, wherec andc′ are configurations,d ∈ Dir, andc′ is the successor ofc according
to the moveµ. Execution ofcheckµ leaves the stack unchanged. We only treat the case
µ = (p, b,←) explicitly:

checkµ = loop

[ (
⋃

a∈Γ

testa,a

)∗
◦

⋃

q∈Q,a,a′∈Γ

(
testp,a′ ◦ testa′,q ◦ testb,a

)
◦

(
⋃

a∈Γ

testa,a

)∗
◦ conf

]
?

• For q ∈ Q anda ∈ Γ, the programscanq,a checks if the top configuration on the stack is
in current stateq, scanning the symbola:

scanq,a = loop(pop∗Γ ◦ q ◦ a ◦ push∗)?

Next, we define the main ingredient to the formulaϕ: the programtraverse. As discussed
above,traverse travels one edge in an accepting configuration tree ofM onw, proceeding in a
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3 ICPDL with fixed points and nominals

depth-first and left-to-right fashion.

traverse =
⋃

q∈Q∀,a∈Γ
δ(q,a)=(µ1 ,µ2)

scanq,a ◦ L(µ1, µ2) ◦ conf ◦ checkµ1

∪
⋃

q∈Q∃,a∈Γ
δ(q,a)=(µ1 ,µ2),µ∈{µ1,µ2}

scanq,a ◦E(µ) ◦ conf ◦ checkµ

∪
⋃

q∈Q∀,a∈Γ

δ(q,a)=⊥

scanq,a ◦ conf

∪
⋃

(µ1,µ2)∈δ(Q∀,Γ)

L(µ1, µ2) ◦R(µ1, µ2) ◦ conf ◦ checkµ2

∪
⋃

R(µ1,µ2)∈Dir∀

R(µ1, µ2) ◦ conf ∪
⋃

E(µ)∈Dir∃

E(µ) ◦ conf

Finally, the formulaϕ is 〈input ◦ traverse∗〉¬〈popΩ〉true. It is tedious but straightforward
to verify that, indeed,w ∈ L(M) if and only if ε ∈ [[ϕ]]K(X ). �

By introducing an additional atomic program loopp (forloop program) with the rule

ε
loopp
−−−−→X ε

and replacing programsloop(π)? byπ∩ loopp, one can modify the above construction such that
ϕ is a test-free IPDL formula. Hence, we obtain the following corollary.

Corollary 3.34 There exists a test-free IPDL formulaϕ such that the following problem isEXP-
hard:

INPUT: A BPAX .
QUESTION:ε ∈ [[ϕ]]K(X )? 2

Expression Complexity in test-free IPDL

The proof is similar to the one given in the previous section.In particular, in the relevant worlds
of the BPA, the stack consists of a sequence of configurationsseparated by direction markers.
Again, we ensure the existence of an acceptance tree by meansof a depth-first and left-to-right
traversal using a program traverse.

The main differences to the previous proof are as follows. First, we aim at proving2EXP-
hardness, and thus reduce the membership problem ofexponentiallyspace bounded alternating
Turing machines. This makes it necessary to encode a configurationc = a0a1 · · · ai−1qai+1 · · · a2N−1

in a different way, namely as the word

a0(0)a1(1) · · · ai−1(i− 1)q(i)ai+1(i+ 1) · · · a2N−1(2
N − 1), (3.7)

where(k) ∈ {0, 1}N denotes the binary representation ofk ∈ [0, 2N − 1] in N bits, with the
least significant bit left-most. During the proof, we will refer to a subword of the forma(i) as a
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3.6 Infinite state model checking ofµ-ICPDLNom

cell. Second, we work with simpler BPAs that provide less structure than in the previous proof.
This is compensated by making full use of the intersection operator, combining ideas from [72]
and [124]. And third, we move the description of the initial configuration from the BPA to the
formula because we aim at expression complexity instead of data complexity.

Theorem 3.35 There exists a fixed BPAX such that the following problem is2EXP-hard:
INPUT: A test-free IPDL formulaϕ.
QUESTION:ε ∈ [[ϕ]]K(X )? 2

PROOF LetM = (Q,Γ,Σ, q0, δ,2) be a fixed(2p(n) − 1)-space bounded ATM (wherep(n) is
a polynomial) with a2EXP-hard membership problem. Letw = w1w2 · · ·wn ∈ Σ∗ be an input
of lengthn. We give a basic process algebraX = X (M) and a logarithmic space computable
test-free IPDL formulaϕ = ϕ(M, w) such thatw ∈ L(M) if and only if ε ∈ [[ϕ]]K(X ). Let
N = p(n) andΩ = Q ⊎ Γ. The stack alphabet of the BPAX is ΓX = Ω ⊎ {0, 1} ⊎ Dir and
the atomic programs areA = ΓX ∪ ΓX ∪ {loopp}, whereΓX = {a | a ∈ ΓX } is a disjoint
copy ofΓX . We defineX such thatK(X ) is the completeΓX -tree with backward edges (the
elements ofΓX travel forward and those ofΓX backwards) as depicted in Figure 2.3, and where
additionally each world has a reflexive transition for the program loopp. Formally, the rewrite
rules ofX are as follows,

ε
a

−−−−−→X a for eacha ∈ ΓX ,

a
a

−−−−−→X ε for eacha ∈ ΓX , and

ε
loopp
−−−−−→X ε.

Next, we give a number of auxiliary programs, to be used inϕ.

• The following programs pop symbols from the stack:

– for X ⊆ ΓX ,X =
⋃
x∈X x pops a single symbol fromX;

– for i < N , popi = {0, 1}
i

popsi bits;

– cell = Ω ◦ popN pops a cella(i);

– cell0 = Ω ◦ 0
N pops a cella(0);

– cell1 = Ω ◦ 1
N

pops a cella(2N − 1).

• ForX ⊆ ΓX ,X =
⋃
x∈X x pushes a single symbol fromX onto the stack.

• The programinc is executable only if the top of the stack has the forma(i)a′(i+ 1), and
it popsa(i) during its execution. In order to defineinc, we use additional programsχj,β,
for j ≤ N − 1 andβ ∈ {0, 1}. The programχj,β popsj bits from the stack, then pops
the bitβ, and then pops the rest of the cell and the whole subsequent cell, ensuring that
thej + 1-st bit of the latter is alsoβ:

χj,β = popj ◦ β ◦ {0, 1}
∗
◦Ω ◦ popj ◦ β ◦ {0, 1}

∗
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We defineinc as follows:

inc =

[(
(
cell ◦ cell

)
∩ Ω ◦

N−1⋃

i=0

(
1
i
◦ 0 ◦ {0, 1}

∗
◦ cell ∩

{0, 1}
∗
◦Ω ◦ 0

i
◦ 1 ◦ {0, 1}

∗
∩

N−1⋂

j=i+1

(χj,0 ∪ χj,1)

)
 ◦ Γ∗X


 ∩ cell

Note that the final composition withΓ∗X and the final intersection withcell are needed
to ensure thatinc pops only one cell, but not two. The union ranges over the possible
positions for the leftmost 0-bit in the first cell.

• The programconf pops a configuration from the stack, ensuring that it is of theshape
(3.7):

conf = (cell0 ◦ cell
∗
) ∩ (inc

∗
◦ cell1) ∩ (Γ ∪ {0, 1}

∗
◦Q ◦ Γ ∪ {0, 1}

∗
)

• For a, a′ ∈ Ω, we give a program testa,a′ that will be executed only when the top of the
stack consists of a suffix of a configuration followed by a direction markerd ∈ Dir and a
complete configuration, i.e., if it is of the form

ak(k)ak+1(k + 1) · · · a2N−1(2
N − 1) d a′0(0)a

′
1(1) · · · a

′
2N−1(2

N − 1).

The program testa,a′ verifies thatak = a anda′k = a′, and popsak(k). To formulate it,
we use subprogramsσj,β, which popsj bits from the stack, then pops the bitβ, and then
pops the rest of the cell:

σj,β = popj ◦ β ◦ {0, 1}
∗

We now give testa,a′ :

testa,a′ =

((N−1⋂

i=0

⋃

β∈{0,1}

a ◦ σi,β ◦ cell
∗
◦Dir ◦ cell

∗
◦ a′ ◦ σi,β

)
◦ Γ∗X

)
∩ cell

• The program test= is executed in the same situation as testa,a′ . It checks whether the
content of the top cella(k) is identical to the same cell in the subsequent configuration:

test= =
⋃

a∈Ω

testa,a

• For µ ∈ Moves, the programcheckµ is executable if the top of the stack is of the form
c′dc, wherec andc′ are configurations,d ∈ Dir, andc′ is the successor configuration ofc
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corresponding to the moveµ. Execution ofcheckµ leaves the stack unchanged. We show
only the case whereµ = (p, b,←):

checkµ =

[(
conf ◦Dir ◦ conf ∩

test∗= ◦
⋃

q∈Q,a,c∈Γ

(testp,c ◦ testc,q ◦ testb,a) ◦ test∗= ◦Dir ◦ conf

)
◦ Γ∗X

]

∩ loopp

• For q ∈ Q anda ∈ Γ, the programscanq,a checks if the top configuration is in current
stateq and scans symbola. Its execution leaves the stack unchanged:

scanq,a = cell
∗
◦ q ◦ popN ◦ a ◦ Γ∗X ∩ loopp

• cells = ({0, 1}N ◦Ω)∗ pushes finitely many cells on the stack.

We now define the program traverse:

traverse =
⋃

q∈Q∀,a∈Γ
δ(q,a)=(µ1 ,µ2)

scanq,a ◦ L(µ1, µ2) ◦ cells ◦ checkµ1

∪
⋃

q∈Q∃,a∈Γ
δ(q,a)=(µ1 ,µ2),µ∈{µ1,µ2}

scanq,a ◦ E(µ) ◦ cells ◦ checkµ

∪
⋃

q∈Q∀,a∈Γ
δ(q,a)=⊥

scanq,a ◦ conf

∪
⋃

(µ1,µ2)∈δ(Q∀ ,Γ)

L(µ1, µ2) ◦R(µ1, µ2) ◦ cells ◦ checkµ2

∪
⋃

R(µ1,µ2)∈Dir∀

R(µ1, µ2) ◦ conf ∪
⋃

E(µ)∈Dir∃

E(µ) ◦ conf

Finally, we need a programcheckw which checks that the initial configuration is on top of the
stack, leaving the stack unchanged:

checkw =

((
q0 ◦ popN ◦ (w1 ◦ popN ) ◦ · · · ◦ (wn ◦ popN ) ◦ (2 ◦ popN )∗

∩ conf
)
◦ Γ∗X

)
∩ loopp

Then, we setϕ = 〈cells◦checkw ◦traverse
∗〉¬〈ΓX 〉true. It is tedious but not difficult to verify

thatw ∈ L(M) if and only if ε ∈ [[ϕ]]K(X ). �
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3.7 High undecidability of IPDL with atomic program
negation

It is well-known that adding full program negation to PDL results satisfiability to become un-
decidable (Theorem 2.15), whereas PDL with program negation restricted to atomic programs
remains decidable andEXP-complete (Theorem 2.16). Therefore, it is a natural question if sat-
isfiability remains decidable when we extendµ-ICPDLNom with atomic program negation. The
purpose of this section is to answer this question negatively: Already in IPDL extended with
atomic program negation, satisfiability is complete forΣ1

1, the first level of the analytic hierar-
chy [96].

We use IPDL(¬) to denote the extension of IPDL with negation of atomic programs. The
latter is written as¬a (a ∈ A). Recall that the semantics of the new constructor is definedas
[[¬a]]K = (W ×W ) \ [[a]]K for each Kripke structureK with world setW . Since fixed points
do not occur in IPDL(¬), Kripke structures will be triples in this section.

Our proof of theΣ1
1 lower bound is by reduction of a tiling problem that asks for arecurring

tiling of the first quadrant of the plane. As shown in [52], this problem isΣ1
1-complete. A

tiling systemS = (T,H, V, tr) consists of a finite set oftile typesT , horizontal and vertical
matching relationsH,V ⊆ T × T , and arecurring tile tr ∈ T . A solution to S is a mapping
τ : N× N→ T such that:

• for all (x, y) ∈ N× N, if τ(x, y) = t andτ(x+ 1, y) = t′, then(t, t′) ∈ H,

• for all (x, y) ∈ N× N, if τ(x, y) = t andτ(x, y + 1) = t′, then(t, t′) ∈ V ,

• for all y ∈ N there existsy′ > y with τ(0, y′) = tr

The last condition states that the recurring tiletr has to occur infinitely often in the first column.
Thetiling problemis to decide, given a tiling systemS, whetherS has a solution.

To reduce the tiling problem to satisfiability in IPDL(¬), we translate a tiling systemS =
(T,H, V, tr) into an IPDL(¬) formulaϕS such thatS has a solution if and only ifϕS is satisfi-
able. In the formulaϕS , we use two atomic programsax anday for representing the gridN×N

and we use the tile typesT as atomic propositions. The formulaϕS is the conjunction consisting
of the following five conjuncts:

(a) every element of a (connected) model ofϕS represents an element ofN×N and is labelled
with a unique tile type:

[(ax ∪ ay)
∗]



∨

t∈T

t ∧
∧

t,t′∈T,t6=t′

¬(t ∧ t′)




(b) every element has anax-successor and anay-successor:

[(ax ∪ ay)
∗]
(
〈ax〉true ∧ 〈ay〉true

)
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3.7 High undecidability of IPDL with atomic program negation

(c) the programsax anday are confluent:

[(ax ∪ ay)
∗] ¬〈(ay ◦ ax) ∩ (ax ◦ ¬ay)〉true

(d) the horizontal and vertical matching conditions are respected:

[(ax ∪ ay)
∗]



∧

t∈T

t →


[ax]

∨

(t,t′)∈H

t′ ∧ [ay]
∨

(t,t′)∈V

t′






(e) we start in column 0 and the recurring tiletr occurs infinitely often:

〈a∗y〉tr ∧ [a∗y] ( tr → 〈a
+
y 〉tr ).

Lemma 3.36 The tiling systemS has a solution if and only ifϕS is satisfiable. 2

PROOF Since the “only if” direction is simple, we only prove the “if” direction. Thus, letϕS
be satisfiable and letK = (W, {→ax ,→ay}, {Wt | t ∈ T}) be a model ofϕS . We have to
construct a solutionτ to S. To prepare for this, we first define a mappingπ : N × N → W ,
which is done in two steps. In the first step, we pickx ∈ [[ϕS ]]K and setπ(0, 0) = x. Next, we
defineπ(0, k) for all k > 0 as follows: By (e) we can find a sequence of worlds(xi)i≥0 such that
x0 = π(0, 0) and(xi, xi+1) ∈ [[ay]]K for all i ≥ 0 and such thatxj ∈ Wtr for infinitely many
j ≥ 0. Observe that the sequence(xi)i≥0 is not necessarily repetition-free. We setπ(0, i) = xi.
Finally, we defineπ(i, j) for all i > 0: Assume thatπ(i, j) is already defined. By (b), we can
choosez ∈W such that(π(i, j), z) ∈ [[ax]]K and setπ(i+ 1, j) = z. By construction, we have
(π(i, j), π(i + 1, j)) ∈ [[ax]]K for all i, j ≥ 0. Moreover, the confluence property (c) implies
that also(π(i, j), π(i, j + 1)) ∈ [[ay]]K for all i, j ≥ 0.

The resulting mappingπ gives rise to a mappingτ : N× N→ T in the obvious way: by (a),
we can defineτ(i, j) as the uniquet ∈ T with π(i, j) ∈ [[t]]K . Finally, (d) and our choice of the
valuesπ(0, i), i ≥ 0, imply thatτ is a solution toS. �

To show that satisfiability in IPDL(¬) is in Σ1
1 observe that IPDL(¬) is a fragment of LFP and

every satisfiable LFP formula has a countable model by [37, 48]: It is now straightforward to
give an existential second-order formula of arithmetic over the naturals that expresses, for a given
IPDL(¬) formula, the existence of a countable model. We have thus established the following
result.

Theorem 3.37 Satisfiability in IPDL(¬) is Σ1
1-complete. 2

Since intersection of programs can be defined in terms of program union and (full) program
negation, this also provesΣ1

1-completeness of PDL with full program negation, improvingupon
the undecidability result given by Harel in [53], using a (trivial) reduction of the equivalence
problem for the algebra of binary relations with complementation.
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3 ICPDL with fixed points and nominals

3.8 Open problems

Finite satisfiability

Note that Proposition 2.17 states that already IPDL does nothave the finite model property.
Hence thefinite satisfiability problemin µ-ICPDLNom is a natural one to consider. It asks, given
someµ-ICPDLNom formulaϕ, whetherϕ has afinite model.

Unsurprisingly, it follows directly from the2EXP lower bound for general satisfiability in
IPDL (Theorem 2.21) that also finite satisfiability in IPDL, and hence inµ-ICPDLNom, is hard
for 2EXP. Currently, the decidability status of the finite satisfiability problem already in IPDL is
unknown to the author. A first approach to show its decidability could be to prove the existence
of a computable functionf : N → N such that each finitely satisfiable formulaϕ has a finite
model of tree width at mostf(|ϕ|). In constrast to the unsuccessful search for such a computable
function, the author is not aware of anyµ-ICPDLNom formulaϕ that is finitely satisfiable, but
each finite model ofϕ having tree width at least2|ϕ|. Instead of trying to bound the tree width
of finite models, one could as well try to bound theirclique width, a graph-thereotic notion
introduced in [21]. Roughly speaking, clique width is a moregeneral notion than tree width
in the sense that small tree width of a Kripke structure implies small clique width but not vice
versa. Similarly as we encoded countable models of bounded tree width in Section 3.3, it is
possible to encode countable models of bounded clique widthby someω-regular tree language.

In [11] Bojańczyk extends monadic second order logic by a socalledbounding quantifierB,
yielding MSOL+B. FormulasBX.ϕ(X) hold whenever there exists a finite bound on the sets
satisfyingϕ(X). For two fragments of MSOL+B it is shown in [11] that the corresponding
theory over the complete binary tree is decidable. One of theapplications of these decidability
results is the decidability of the finite satisfiability problem of the modalµ-calculus with back-
wards modalities – the precise complexity of the latter problem is established in [10]. If one
could define in one of the decidable fragments of MSOL+B the set{K# | K is a finite Kripke
structure}, where# is the operator on pointed Kripke structure from Section 3.2, then there is
hope for the finite satisfiability problem inµ-ICPDLNom to be decidable.

Precise complexity of Data Analysis Logic

One major motivation to consider already ICPDL is that Data Analysis Logic (DAL) of Farinas
et al. [33] is a polytime translatable fragment of it and hence upper bounds for satisfiability in
ICPDL carry over to DAL. The Kripke structures with world setW that are considered in DAL
are restricted to be ones where each transition relation→a is an equivalence relation onW . The
syntax of DAL formulasϕ and programsπ is given by the following grammar, wherep ranges
overP anda ranges overA:

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | 〈π〉ϕ

π ::= a | π ⊔ π | π ⊓ π

The semantics of DAL should be clear, except that for DAL programsπ1 andπ2 the binary
relation [[π1 ⊔ π2]]K is inductively defined as the smallest equivalence relationthat contains
both [[π1]]K and [[π2]]K , where[[π1 ⊓ π2]]K is defined to be[[π1]]K ∩ [[π2]]K , which is again an
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equivalence relation. It is not hard to see that a DAL formulaϕ is satisfiable if and only if the
ICPDL formulaϕ′ is satisfiable, whereϕ′ is obtained fromϕ by replacing each atomic program
a that occurs inϕ by (a ∪ a)∗ and each occurring program of the kindπ1 ⊔ π2 by (π1 ∪ π2)

∗.
Moreover, one can show that satisfiability in DAL isEXP-hard [79], where the best upper

bound known to the author is2EXP inherited from ICPDL. The model theory of DAL is also
not too easy: One can construct a satisfiable DAL formulaϕ such that each model ofϕ is not
the reflexive transitive closure of any undirected tree [79].

Expressiveness in µ-ICPDLNom

Note that we called a worldx a recovery worldof a Kripke structureK = (W, {→a| a ∈
A}, {Wp | p ∈ P}, ρ) if for eachy ∈ W that is reachable fromx, i.e. (x, y) ∈ (∪a∈A →a)

∗,
we have thatx is also reachable fromy. In Example 2.23 we showed that the recovery world
property is already expressible in IPDL’s fragmentloop-PDL as long as we restrict ourselves
to deterministicKripke structures. The natural question arises, when not restricting ourselves
to deterministic Kripke structures, whether we can expressthe recovery world property inµ-
ICPDLNom. The following proposition answers the latter question negatively.

Proposition 3.38 The recovery world property is not expressible inµ-ICPDLNom. I.e. there does
not exist aµ-ICPDLNom formula ϕ such that for every Kripke structureK over the nominals
Nom(ϕ) and every worldx ofK we havex ∈ [[ϕ]]K if and only ifx is a recovery world ofK. 2

PROOF Assume by contradiction that there exists aµ-ICPDLNom formulaϕ such that for each
Kripke structureK over Nom(ϕ) we have[[ϕ]]K = {x | x is a recovery world ofK}. Let
p1, . . . , pk be an enumeration ofNom(ϕ). Consider the following two Kripke structuresK1

andK2 overNom(ϕ),

K1 :
x1

p1• x2
•p2 · · ·

xk
•pk

xk+1
• K2 :

y1
p1• y2

•p2 · · ·
yk
•pk

yk+1
• yk+2

•

a a

a

a

where atomic propositions hold in none of the worlds ofK1 andK2. Moreover, each nominalpi
is represented by the worldxi (resp.yi) in K1 (resp.K2). Obviouslyxk+1 is a recovery world
of K1, whereasyk+1 is not a recovery world ofK2. Since overK1 andK2 the formulaϕ is
equivalent to some ICPDL∞

Nom
formula by Lemma 3.4, the proposition follows from Point (i)of

the following claim, since it implies that in particularxk+1 andyk+1 satisfy the same ICPDL∞
Nom

formulas overNom(ϕ).
Claim.Let Φ denote the set ofX-free ICPDL∞

Nom
formulas overNom(ϕ) and letΠ denote the set

of X-free ICPDL∞
Nom

programs overNom(ϕ) such that for eachψ ∈ Φ and for eachπ ∈ Π the
following four conditions are satisfied,

(i) xi ∈ [[ψ]]K1 ⇔ yi ∈ [[ψ]]K2 for eachi ∈ [k + 1],

(ii) yk+1 ∈ [[ψ]]K2 ⇔ yk+2 ∈ [[ψ]]K2 ,
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(iii) (xi, xi) ∈ [[π]]K1 ⇔ (yi, yi) ∈ [[π]]K2 for eachi ∈ [k + 1], and

(iv) (yk+i, yk+j) ∈ [[π]]K2 implies both(yk+1, yk+1) ∈ [[π]]K2 and(yk+2, yk+2) ∈ [[π]]K2 for
eachi, j ∈ {1, 2}.

ThenNom(ϕ) ⊆ Φ and moreoverΦ andΠ are closed under Points (3) to (11) of Definition 3.3.2

Let us first prove thatNom(ϕ) ⊆ Φ. For Point (i) observe that for eachi ∈ [k] we havexi ∈
[[pi]]K1 if and only if yi ∈ [[pi]]K2. For Point (ii) observe that neitheryk+1 nor yk+2 satisfies any
nominal fromNom(ϕ).

Before proving thatΦ andΠ are closed under Points (3) to (11) of Definition 3.3, observethat it
is easily verifiable that for each ICPDL∞

Nom
programπ we have

[[π]]K1 ⊆ {(xi, xi) | i ∈ [k + 1]} (3.8)

[[π]]K2 ⊆ {(yi, yi) | i ∈ [k]} ∪ {(yk+i, yk+j) | i, j ∈ {1, 2}} (3.9)

We now prove thatΦ andΠ are closed under Points (3) to (11) of Definition 3.3.

(3) P ⊆ Φ follows from [[p]]K1 = [[p]]K2 = ∅ for eachp ∈ P.

(4) If ϕ ∈ Φ, then Points (i) and (ii) hold for¬ϕ immediately.

(5) If S ⊆ Φ, then Points (i) and (ii) hold for
∨
S immediately.

(6) Assumeπ ∈ Π andψ ∈ Φ. We prove that Points (i) and (ii) hold for〈π〉ψ.
To show Point (i) let us assume firsti ∈ [k]. Hence we have(xi, xi) ∈ [[π]]K1 if and only if
(yi, yi) ∈ [[π]]K2 by Point (iii) andxi ∈ [[ψ]]K1 if and only if yi ∈ [[ψ]]K2 by Point (i). Hence

xi ∈ [[〈π〉ψ]]K1

(3.8)
⇐⇒ (xi, xi) ∈ [[π]]K1 ∧ xi ∈ [[ψ]]K1

⇐⇒ (yi, yi) ∈ [[π]]K2 ∧ yi ∈ [[ψ]]K2

(3.9)
⇐⇒ yi ∈ [[〈π〉ψ]]K2 .

For Point (i) it remains to prove the casei = k + 1. On the one hand, assumexk+1 ∈
[[〈π〉ψ]]K1 . Then by (3.8) we have(xk+1, xk+1) ∈ [[π]]K1 and xk+1 ∈ [[ψ]]K1 . Hence
yk+1 ∈ [[ψ]]K2 by Point (i) and(yk+1, yk+1) ∈ [[π]]K2 by Point (iii). Thusyk+1 ∈ [[〈π〉ψ]]K2 .
On the other hand assumeyk+1 ∈ [[〈π〉ψ]]K2 . Then by (3.9) there exists somej{1, 2} with
(yk+1, yk+j) ∈ [[π]]K2 andyk+j ∈ [[ψ]]K2 . This implies(yk+1, yk+1) ∈ [[π]]K2 by Point (iv)
and hence(xk+1, xk+1) ∈ [[π]]K1 by Point (iii). We obtainxk+1 ∈ [[ψ]]K1 sinceyj ∈ [[ψ]]K2

if and only if xk+1 ∈ [[ψ]]K1 by combining Points (ii) and (i). Hencexk+1 ∈ [[〈π〉ψ]]K1 .

For Point (ii) observe that Point (ii) holds forψ and Points (iii) and (iv) hold forπ; hence
we obtain the following equivalences

yk+1 ∈ [[〈π〉ψ]]K2

(3.9)
⇐⇒ ∃j ∈ {1, 2} : (yk+1, yk+j) ∈ [[π]]K2 ∧ yk+j ∈ [[ψ]]K2

(ii),(iv)
⇐⇒ (yk+1, yk+1) ∈ [[π]]K2 ∧ (yk+2, yk+2) ∈ [[π]]K2 ∧

yk+1 ∈ [[ψ]]K2 ∧ yk+2 ∈ [[ψ]]K2

(ii),(iii)
⇐⇒ yk+2 ∈ [[〈π〉ψ]]K2 .
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(7) Let i ∈ [k] andψ ∈ Φ. Then Points (i) and (ii) for@pi
ψ follow easily from[[pi]]K1 = {xi},

[[pi]]K2 = {yi} and from Points (i) and (ii) forψ.

(8) Letπ = a ∈ A ∪ {a | a ∈ A}. Then Points (iii) and (iv) hold directly by definition ofK1

andK2.

(9) Letψ ∈ Φ. It is clear that Points (iii) and (iv) hold forϕ? due to Point (i) and (ii) forψ.

(10) Letπ1, π2 ∈ Π.
To proveπ1 ∩ π2 ∈ Φ, let us first prove Point (iii). For this, leti ∈ [k + 1]. Then, we have

(xi, xi) ∈ [[π1 ∩ π2]]K1 ⇔ (xi, xi) ∈ [[π1]]K1 ∧ (xi, xi) ∈ [[π2]]K1

⇔ (yi, yi) ∈ [[π1]]K2 ∧ (yi, yi) ∈ [[π2]]K2

⇔ (yi, yi) ∈ [[π1 ∩ π2]]K2 .

For Point (iv) leti, j ∈ {1, 2} and assume(yk+i, yk+j) ∈ [[π1 ∩ π2]]K2 . Then we have
(yk+i, yk+j) ∈ [[π1]]K1 ∩ [[π2]]K1 . Sinceπ1, π2 ∈ Π we have(yk+1, yk+1) ∈ [[π1]]K2 ,
(yk+2, yk+2) ∈ [[π1]]K2 , (yk+1, yk+1) ∈ [[π2]]K2 , and (yk+2, yk+2) ∈ [[π2]]K2 . Hence
(yk+1, yk+1) ∈ [[π1 ∩ π2]]K2 and(yk+2, yk+2) ∈ [[π1 ∩ π2]]K2.

The proof ofπ1 ∪ π2 ∈ Π can be proven in analogy toπ1 ∩ π2 ∈ Π.

Let us proveπ1 ◦ π2 ∈ Π. For Point (iii) let i ∈ [k + 1]. The equality(xi, xi) ∈
[[π1 ◦ π2]]K1 ⇔ (yi, yi) ∈ [[π1 ◦ π2]]K2 for eachi ∈ [k] follows immediately from (3.8),
(3.9), andπ1, π2 ∈ Π. Let us prove the equality fori = k + 1. On the one hand,
assume(xk+1, xk+1) ∈ [[π1 ◦ π2]]K1. Then by (3.8) we have(xk+1, xk+1) ∈ [[π1]]K1

and (xk+1, xk+1) ∈ [[π2]]K1. Sinceπ1, π2 ∈ Π we have(yk+1, yk+1) ∈ [[π1]]K2 and
(yk+1, yk+1) ∈ [[π2]]K2 by Point (iii). Hence(yk+1, yk+1) ∈ [[π1 ◦ π2]]K2. On the other
hand, assume(yk+1, yk+1) ∈ [[π1 ◦ π2]]K2 . Then by (3.9) there exists somej ∈ {1, 2}
such that(yk+1, yk+j) ∈ [[π1]]K2 and (yk+j, yk+1) ∈ [[π2]]K2. Sinceπ1, π2 ∈ Π Point
(iii) implies (yk+1, yk+1) ∈ [[π1]]K2 and(yk+2, yk+2) ∈ [[π1]]K2. By Point (iii) it follows
(xk+1, xk+1) ∈ [[π1]]K1 and(xk+1, xk+1) ∈ [[π2]]K1. Thus(xk+1, xk+1) ∈ [[π1 ◦ π2]]K1 .
For Point (iv), assume(yk+i, yk+j) ∈ [[π1◦π2]]K2 for somei, j ∈ {1, 2}. Then(yk+i, yk+l) ∈
[[π1]]K2 and(yk+l, yk+j) ∈ [[π2]]K2 for somel ∈ {1, 2} by (3.9). Sinceπ1, π2 ∈ Π we have
(yk+1, yk+1), (yk+2, yk+2) ∈ [[π1]]K2 and (yk+1, yk+1), (yk+2, yk+2) ∈ [[π2]]K2 by Point
(iv). Hence(yk+1, yk+1) ∈ [[π1 ◦ π2]]K2 and(yk+2, yk+2) ∈ [[π1 ◦ π2]]K2 .

(11) Letπ ∈ Π. Points (iii) and (iv) hold trivially forπ∗. �

Since we proved the inexpressiveness of the recovery world property in the previous proposi-
tion “from scratch”, we discuss possibilities of obtaininginexpressiveness results forµ-ICPDLNom
in a more elegant way.

Note that we introduced the operator# on Kripke structures from Section 3.2 in order to show
that each satisfiableµ-ICPDLNom formula that usesk different nominals has a countable model
of tree width at mostk + 2 (Corollary 3.6). It would be nice to prove inexpressivenessresults
in µ-ICPDLNom by the usage of the operator#. For example, to show e.g. that the recovery
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world property is inexpressible inµ-ICPDLNom it is sufficient to find some Kripke structureK
and some worldx of K such thatx is a recovery world ofK if and only if x# is not a recovery
world in K#. But unfortunately, the following claim states that our operator # preserves the
recovery world property.

Claim 3.39 (without proof) For every Kripke structureK and every worldx ofK we have that
x is a recovery world inK if and only ifx# is a recovery world inK#. 2

So the question is if one can restrict the operator# to gain inexpressiveness results in the way
described above? Another elegant way to obtain inexpressiveness results inµ-ICPDLNom would
be to introduce some appropriate notion of bisimilarity. Sowhenever one can (easily) show that
two Kripke structures areµ-ICPDLNom-bisimilar this would imply that they can not be distin-
guished by anyµ-ICPDLNom formula. For example, it is well known that two (pointed) Kripke
structures are bisimilar (in the classical sense) if and only if they are indistinguishable in infini-
tary modal logic [114]. So can we find a notion of bisimilaritythat characterizes our infinitary
logic ICPDL∞

Nom
from Section 3.1?
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4
Dynamic Logics of Permission

The main result of this chapter is that satisfiability in PDL’s extension DLP+dyn is inEXP and thus

EXP-complete by theEXP-hardness that DLP+dyn inherits from PDL. The previously best known

upper bound for satisfiability in DLP+dyn was2EXP. It has been proven by Demri via a natural
translation to PDL [24]. From Demri’s translation it follows that satisfiability of formulas, where
nestings ofgrant and revoke operators are bounded by some constant, lies inEXP. For
DLP+

dyn’s fragment DLPdyn , it is pointed out but not fully proved in [95] that satisfiability is in
NEXP.

An approach proposed in [24] to improve the complexity status of full DLP+
dyn is a polynomial

time computable reduction to an extension of PDL that allowsan additional operator⊕ (we call
the resulting logic PDL⊕ from now on) and then proving that satisfiability of PDL⊕ lies inEXP.
A program⊕(π, ϕ1, ϕ2), whereπ is a program and bothϕ1 andϕ2 are formulas, relates pairs
of worlds (x, y) of a Kripke structure, that are related viaπ such that additionallyϕ1 holds in
x or ϕ2 holds iny. As we will remark later, PDL⊕ does not add expressiveness to PDL but
succinctness, i.e. the size of the resulting PDL formula maygrow exponentially in the size of
original PDL⊕ formula. Alas, it turns out that a translation from DLP+

dyn to PDL⊕ will not lead

to an improvement of the complexity of DLP+
dyn – we prove in this chapter that satisfiability in

PDL⊕ is 2EXP-complete. Yet to obtain anEXP upper bound for satisfiability in DLP+dyn , we

accurately identify a syntactic fragment PDL⊕[A] of PDL⊕, into which we translate DLP+dyn

and that we prove to lie inEXP. Our translation from DLP+dyn to PDL⊕[A] consists of a concise
examination of how appliedgrant andrevoke operators influence the truth of subformulas.
For proving that PDL⊕[A] lies in EXP, we translate an input formula of PDL⊕[A] ϕ into a
two-way alternating parity tree automaton over infinite treesT (ϕ) and checkT (ϕ) for non-
emptiness.

Section 4.1 introduces DLP+dyn and its fragments DLPdyn and DLP. Known complexity results

for comparable logics and difficulties of reasoning in DLP+
dyn are discussed in Section 4.2. In
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Section 4.3, we give a satisfiability preserving translation from DLP+
dyn to PDL⊕[A]. An EXP

upper bound for satisfiability in PDL⊕[A] is proven in Section 4.4. In Section 4.5, we provide a
2EXP lower bound for satisfiability in PDL⊕. Section 4.6 discusses a variant of DLP+

dyn which
satisfiability is2EXP-hard in. We conclude this chapter with open problems in Section 4.7.

4.1 DLP+
dyn and its fragments DLP dyn and DLP

Let w = a1a2 · · · an be a string over some alphabetΣ andai ∈ Σ for eachi ∈ [n]. Then
|w| = n denotes thelengthof w. Moreover,w(j) = a1 · · · aj denotes theprefix ofw of length
j for eachj ∈ [n] and by conventionw(0) = ε. Recall thatP denotes some countable set of
atomic propositionsandA some countable set ofatomic programs.

The set offormulasΦ and the set ofprogramsΠ of the logic DLP+dyn are the smallest sets that
satisfy the following nine conditions,

(i) P ⊆ Φ,

(ii) if ϕ ∈ Φ, then¬ϕ ∈ Φ,

(iii) if ϕ1, ϕ2 ∈ Φ, thenϕ1 ∨ ϕ2 ∈ Φ,

(iv) if π ∈ Π andϕ ∈ Φ, then〈π〉ϕ, perm(π)ϕ, fperm(π)ϕ ∈ Φ,

(v) if ϕ1, ϕ2, ϕ3 ∈ Φ, thengrant(ϕ1, ϕ2)ϕ3, revoke(ϕ1, ϕ2)ϕ3 ∈ Φ,

(vi) if ϕ ∈ Φ, thenϕ? ∈ Π,

(vii) A ⊆ Π,

(viii) if π1, π2 ∈ Π, thenπ1 ∪ π2, π1 ◦ π2 ∈ Π, and

(ix) if π ∈ Π, thenπ∗ ∈ Π.

We denote byTests = {ϕ? | ϕ ∈ Φ} the set oftest programs. Moreover, we introduce the usual
abbreviations:ϕ1 ∧ ϕ2 = ¬(¬ϕ1 ∨ ¬ϕ2), true = p ∨ ¬p for somep ∈ P, false = ¬true,
ϕ1 → ϕ2 = ¬ϕ1 ∨ ϕ2, ϕ1 ↔ ϕ2 = (ϕ1 → ϕ2) ∧ (ϕ2 → ϕ1), and[π]ϕ = ¬〈π〉¬ϕ.

The logic DLPdyn is the fragment of DLP+dyn , where (vi) is dropped and where (v) is replaced
by

(v)′ if β1 andβ2 are boolean combinations of atomic propositions

andϕ ∈ Φ, thengrant(β1, β2)ϕ, revoke(β1, β2)ϕ ∈ Φ.

The logic DLP is the fragment of DLPdyn , where the operatorsgrant andrevoke do not occur.

A Kripke structureis a tuple(W, {→a | a ∈ A}, {Wp | p ∈ P}), whereW is a set ofworlds,
→a ⊆ W ×W is a binary relation for eacha ∈ A, andWp ⊆ W for eachp ∈ P. An extended
Kripke structureis a tuple(W, {→a | a ∈ A}, {Wp | p ∈ P}, P ), where(W, {→a | a ∈

82



4.1 DLP+
dyn and its fragments DLPdyn and DLP

A}, {Wp | p ∈ P}) is a Kripke structure andP ⊆W ×W is a binary relation that we callpolicy
set. Letop ∈ {∪, \} be a binary operation, letK = (W, {→a | a ∈ A}, {Wp | p ∈ P}, P ) be an
extended Kripke structure, and letA,B ⊆W . Then, let us define the extended Kripke structure
K ↾ (A,B, op) = (W, {→a | a ∈ A}, {Wp | p ∈ P}, P op (A×B)).

LetK = (W, {→a | a ∈ A}, {Wp | p ∈ P}, P ) be an extended Kripke structure. Then, for each
atomic/test programπ, we define a binary relation[[π]]K ⊆W ×W and for each formulaϕ ∈ Φ
we define a subset[[ϕ]]K ⊆W inductively as follows,

[[a]]K = →a for eacha ∈ A,

[[ϕ?]]K = {(x, x) | x ∈ [[ϕ]]K},

[[p]]K = Wp for eachp ∈ P,

[[¬ϕ]]K = W \ [[ϕ]]K ,

[[ϕ1 ∨ ϕ2]]K = [[ϕ1]]K ∪ [[ϕ2]]K ,

[[grant(ϕ1, ϕ2)ϕ3]]K = [[ϕ3]]K↾([[ϕ1]]K ,[[ϕ2]]K ,∪), and

[[revoke(ϕ1, ϕ2)ϕ3]]K = [[ϕ3]]K↾([[ϕ1]]K ,[[ϕ2]]K ,\).

It remains to define the semantics for formulas of the kind〈π〉ϕ, perm(π)ϕ, andfperm(π)ϕ.
For every programπ ∈ Π letL(π) denote theregular languagewhenπ is interpreted as a regular

expression over some finite subset fromA ∪ Test. A sequencex0
A1−−→ x1 · · ·

An−−→ xn is called
π-path fromx0 to xn if

• A1, . . . , An ∈ Tests ∪ A andA1 · · ·An ∈ L(π),

• Ai = a for somea ∈ A impliesxi−1 →a xi for eachi ∈ [n], and

• Ai ∈ ψ? ∈ Tests impliesxi−1 = xi andxi ∈ [[ψ]]K for eachi ∈ [n].

If moreoverAi ∈ A implies (xi−1, xi) ∈ P for eachi ∈ [n], we call theπ-pathpermitted. We
define

[[〈π〉ϕ]]K = {x ∈W | there exists aπ-path fromx to ay ∈ [[ϕ]]K},

[[perm(π)ϕ]]K = {x ∈W | there exists a permittedπ-path fromx to ay ∈ [[ϕ]]K}, and

[[fperm(π)ϕ]]K = {x ∈W | eachπ-path fromx to eachy ∈ [[ϕ]]K is permitted}.

If for some worldx ∈W we havex ∈ [[ϕ]]K , thenK is amodelfor ϕ. A formulaϕ is satisfiable
if there exists some model forϕ.

Example 4.1 Let us consider a website where the users should enter their name and their age
before the actual content is displayed. When the users fill out text fields advertisement is dis-
played. The website manager thinks about permitting the users to skip the introduction. We
abstract the website by the Kripke structureKws shown in Figure 4.1 over the atomic proposi-
tions

{start intro,ad1,ad2,end intro,content}
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•start introx1

•x2
ad1

•x3Kws
ad2

•x4
end intro

•x5
content

enter name

enter age

submit

start content

skip

Figure 4.1: The extended Kripke structureKws.

and over the atomic programs

A = {enter name,enter age,submit,start content,skip}

and with policy setP = {(x1, x2), (x2, x3), (x3, x4), (x4, x5)}: Note that the dashed line in
Figure 4.1 fromx1 to x4 denotes the fact that(x1, x4) 6∈ P and drawn-through lines denote
members ofP . The formula

ϕ = ¬perm

(
((¬ad1 ∧ ¬ad2)?;A)∗

)
content

states that there is no way to legally access the content without having seen eitherad1 or ad2.
Hence we havex1 ∈ [[ϕ]]Kws. Before activating a skip-button, the website manager might want
to know: Although granting a skip-button, is it true that always at least one advertisement is
shown before the actual content is displayed? This can be expressed by the formula

ψ = grant(start intro, end intro) ϕ.

However,x1 6∈ [[ψ]]Kws, since inKws ↾ ([[start intro]]Kws, [[end intro]]Kws,∪) neither

ad1 nor ad2 occurs on the permitted pathx1
skip
−−−→ x4

start content
−−−−−−−−−−→ x5 . 2

The size|ϕ| of a DLP+
dyn formula ϕ and the size|π| of a DLP+

dyn programπ is inductively
defined as follows,

• |p| = |a| = 1 for everyp ∈ P and for everya ∈ A,

• |¬ϕ| = |ϕ|+ 1,
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• |ϕ1 ∨ ϕ2| = |ϕ1|+ |ϕ2|+ 1,

• |〈π〉ϕ| = |perm(π)ϕ| = |fperm(π)ϕ| = |π|+ |ϕ|+ 1,

• |grant(ϕ1, ϕ2)ϕ3| = |revoke(ϕ1, ϕ2)ϕ3| = |ϕ1|+ |ϕ2|+ |ϕ3|+ 1,

• |ϕ?| = |ϕ| + 1,

• |π1 ∪ π2| = |π1 ◦ π2| = |π1|+ |π2|+ 1, and

• |π∗| = |π|+ 1.

4.2 Difficulties of DLP +
dyn reasoning

In this section, we state known results and explain some difficulties of determining the complex-
ity of reasoning in DLP+dyn and logics related to it.

Recall that due to Fischer/Ladner and Pratt satisfiability in PDL is EXP-complete, see Theo-
rem 2.6. Focusing on a natural translation from DLP+

dyn to PDL, Demri has recently shown the
following result.

Theorem 4.2 ([24]) There exists a satisfiability preserving reduction from DLP+
dyn to PDL com-

putable in exponential time. 2

Since the size of the resulting PDL formula in the proof of Theorem 4.2 is exponential in the
size of the original DLP+dyn formula, the following theorem holds.

Theorem 4.3 ([24]) Satisfiability in DLP+dyn is in 2EXP. 2

For the fragment DLPdyn of DLP+
dyn , the following upper bound is known.

Theorem 4.4 ([95]) Satisfiability in DLPdyn is in NEXP . 2

Let us summarize the difficulties of identifying the exact complexity of DLP+
dyn .

Sabotage-likeness

By the presence of the operatorsgrant and revoke, the truth of a formula may depend on
the truth of a subformula in some modified extended Kripke structure. This is very much in
the flavor of sabotage modal logic SML of van Benthem [115]. SML extends modal logic by
formulas of the kind〈−〉aϕ – wherea ∈ A is some atomic program andϕ is an SML formula
– and holds in those worldsx for which one can remove ana-labeled transition andϕ holds in
x of the resulting modified Kripke structure. As stated in Theorem 2.25 satisfiability in SML is
undecidable. At first glance, one could think that the situation for DLP+

dyn is even worse, since
transitions can be removedandadded and since moreover these transitions can be specified in
the logic itself. As we will see, precisely the fact that the updated transitions are specified in the
logic itself allows translations to some other logic for which satisfiability is more manageable.
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Presence of intersection and negation

Another promising approach was a translation into PDL with negation of atomic programs and
intersection given in [24]. This translation has the property that theintersection width(see also
Section 3.4.2 for a precise definition) of the resulting formulas is bounded by some constant.
Firstly, Theorem 3.28 implies that satisfiability formulasof PDL with intersection of constant
intersection width is inEXP. Secondly, Theorem 2.16 states that PDL with negation of atomic
programs is inEXP too. But unfortunately, by Theorem 3.37, PDL with intersection andnega-
tion of atomic programs is highly undecidable and the intersection width of the formula in the
proof of Theorem 3.37 is two. Hence, we can not hope for a tightupper complexity bound for
DLP+

dyn by a translation into PDL with negation of atomic programs and intersection.

Reduction to PDL with the ⊕ operator

Let us introduce the logic PDL⊕ which is basically PDL extended by the operator⊕. Formally,
formulasϕ andprogramsπ of the logic PDL⊕ are given by the following grammar, wherep
ranges overP anda ranges overA:

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | 〈π〉 ϕ

π ::= a | π ∪ π | π ◦ π | π∗ | ϕ? | ⊕(π, ϕ, ϕ)

Formulas and programs of PDL⊕ are interpreted in Kripke structures (hence policy sets do not
occur). IfK is a Kripke structure with world setW , then then for each programπ, we can assign
a binary relation[[π]]K ⊆ W ×W , which is defined homomorphic for∪, ◦, ∗ and? as for PDL,
and where the semantics of the program operator⊕ is defined as

[[⊕(π, ϕ1, ϕ2)]]K = [[π]]K ∩

(
([[ϕ1]]K ×W ) ∪ (W × [[ϕ2]]K)

)
.

The size of⊕(π, ϕ1, ϕ2) is defined as|⊕(π, ϕ1, ϕ2)| = 1+|π|+|ϕ1 |+|ϕ2|. As mentioned above,
a proposal of Demri [24] to improve the2EXP upper bound for DLP+dyn is to give a polynomial

time computable translation from DLP+
dyn to PDL⊕ and to try to decide satisfiability of PDL⊕

in EXP. Unfortunately, it turns out that satisfiability in PDL⊕ is 2EXP-complete, which we
prove in Section 4.5.

Wrapping up, all mentioned translations have the drawback that either the target logic was too
hard with respect to complexity or the translations have a blowup in formula size. Combining the
EXP-hardness that DLP+dyn inherits from PDL [36], let us state the main result of this chapter.

Theorem 4.5 Satisfiability in DLP+dyn is EXP-complete. 2

For proving Theorem 4.5, we first find a syntactic fragment PDL⊕[A] of PDL⊕ and give a
satisfiability preserving polynomial time computable translation from DLP+dyn to PDL⊕[A] in
Section 4.3. The translation is based on a precise analysis of how grant andrevoke operators
can influence subformulas. In a second step, we prove in Section 4.4 that PDL⊕[A] is inEXP via
a reduction to the emptiness problem of two-way alternatingparity tree automata over infinite
trees.
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4.3 A translation from DLP +
dyn to PDL⊕[A]

The logic PDL⊕[A] is the syntactic fragment of PDL⊕, where the program arguments of each
⊕ program must either be an atomic program or a⊕ program itself. More formally,formulas
ϕ, basic programsα andprogramsπ of PDL⊕[A] are given by the following grammar, wherep
ranges overP anda ranges overA:

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | 〈π〉 ϕ

α ::= a | ⊕(α,ϕ, ϕ)

π ::= α | π ∪ π | π ◦ π | π∗ | ϕ?

Remark 4.6 Note that each PDL⊕ program⊕(π, ϕ1, ϕ2) can be translated into an equivalent
PDL program⊕(π, ϕ1, ϕ2)

′ as follows, whereπ′, ϕ′1, andϕ′2 are inductively the translations
for π, ϕ1, andϕ2 respectively:

⊕(π, ϕ1, ϕ2)
′ =

(
ϕ′1? ◦ π

′ ∪ π′ ◦ ϕ′2?
)

Hence, the logics PDL⊕, PDL⊕[A], and PDL are equi-expressive. However, by the presence
of ⊕ programs, the translation causes an exponential blowup. Thus, the three logics may differ
in succinctness. In fact, our2EXP-completeness result for PDL⊕ shown in Section 4.5 implies
that there doesnot even exist asatisfiability preservingtranslation from PDL⊕ to PDL that is
computable in polynomial time.

In parts our translation combines some ideas from [24] and [72]. First, we introduce a notion of
certain modified Kripke structures. Recall that in this chapter Φ denotes the set of all DLP+dyn
formulas. LetΣ = (Φ× Φ× {∪, \}). For eachσ = (θ1, θ

′
1, op1) · · · (θk, θ

′
k, opk) ∈ Σ∗,

wherek ≥ 0, let Uσ = {m ∈ [k] | opm = ∪} be the positions inσ that contain∪ and let
Mσ = {m ∈ [k] | opm = \} be the positions inσ that contain\. If K is an extended Kripke
structure, then for everyσ ∈ Σ∗ define the extended Kripke structureK ↾ σ, inductively by the
length ofσ as follows,

K ↾ ε = K and

K ↾ σ(θ1, θ2, op) = (K ↾ σ) ↾ ([[θ1]]K↾σ, [[θ2]]K↾σ, op) for each(θ1, θ2, op) ∈ Σ

Remark 4.7 If K is an extended Kripke structure andσ ∈ Σ∗, then the extended Kripke struc-
turesK andK ↾ σ only differ in their policy set. Thus, for alla ∈ A we have[[a]]K = [[a]]K↾σ

and for allp ∈ P we have[[p]]K = [[p]]K↾σ. 2

For a formulaϕ ∈ Φ, let Occ(ϕ) denote the set of all occurrences of subformulas ofϕ. As
it simplifies notation, we will sometimes treat eachψ ∈ Occ(ϕ) as a DLP+dyn formula instead
of as an occurrence of a subformula ofϕ. Moreover, for eachψ ∈ Occ(ϕ), define the unique
sequenceσ(ψ) ∈ Σ∗ that we get by considering thegrant andrevoke operators that occur
along the path fromϕ to ψ in the syntax tree ofϕ. Formally, the mappingσ : Occ(ϕ) → Σ is
defined in a top down manner as follows,
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• σ(ϕ) = ε,

• if ψ = ¬χ, thenσ(χ) = σ(ψ),

• if ψ = ψ1 ∨ ψ2, thenσ(ψ1) = σ(ψ2) = σ(ψ),

• if ψ = 〈π〉χ, ψ = perm(π)χ, orψ = fperm(π)χ, thenσ(χ) = σ(θ) = σ(ψ) for every
test programθ? of π,

• if ψ = grant(ψ1, ψ2)χ, thenσ(ψ1) = σ(ψ2) = σ(ψ), andσ(χ) = σ(ψ)(ψ1, ψ2,∪), and

• if ψ = revoke(ψ1, ψ2)χ, thenσ(ψ1) = σ(ψ2) = σ(ψ), andσ(χ) = σ(ψ)(ψ1, ψ2, \).

Before giving the translation from DLP+dyn to PDL⊕[A], the following lemma characterizes the
policy set ofK ↾ σ for everyσ ∈ Σ∗.

Lemma 4.8 LetK = (W, {→a| a ∈ A}, {Wp | p ∈ P}, P ) be an extended Kripke structure,
σ = (θ1, θ

′
1, op1) · · · (θk, θ

′
k, opk) ∈ Σ∗ and letPσ be the policy set ofK ↾ σ. Firstly, for each

a ∈ A, we have

[[a]]K↾σ ∩ Pσ = [[a]]K ∩




P ∩

⋂

j∈Mσ

[[⊕(a,¬θj,¬θ
′
j)]]K↾σ(j−1)


 (4.1)

∪



⋃

l∈Uσ

(
[[θl]]K↾σ(l−1) × [[θ′l]]K↾σ(l−1)

)
(4.2)

∩
⋂

j∈Mσ∩[l,k]

[[⊕(a,¬θj,¬θ
′
j)]]K↾σ(j−1)




 . (4.3)

Secondly, for eacha ∈ A, we have

[[a]]K↾σ \ Pσ = [[a]]K ∩




(W ×W ) \ P ∩

⋂

j∈Uσ

[[⊕(a,¬θj ,¬θ
′
j)]]K↾σ(j−1)


 (4.4)

∪



⋃

l∈Mσ

(
[[θl]]K↾σ(l−1) × [[θ′l]]K↾σ(l−1)

)
(4.5)

∩
⋂

j∈Uσ∩[l,k]

[[⊕(a,¬θj,¬θ
′
j)]]K↾σ(j−1)




 . (4.6)

2

Before sketching the proof for it, let us summarize the intuition behind Lemma 4.8. LetK =
(W, {→a| a ∈ A}, {Wp | p ∈ P}, P ) be some extended Kripke structure, letσ ∈ Σ, and let
a ∈ A. Moreover, let(x, y) ∈ W ×W be a pair of worlds. Assume thatPσ is the policy set
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of K ↾ σ. Having(x, y) ∈ [[a]]K↾σ ∩ Pσ is equivalent to having(x, y) ∈ [[a]]K such that either
(x, y) is already in the policy setP and is never removed by any element ofσ at a position
fromMσ, see also (4.1), or that there is some witness(θl, θ

′
l,∪) in σ such thatx ∈ [[θl]]K↾σ(l−1)

andy ∈ [[θ′l]]K↾σ(l−1) , see also (4.2), and moreover the pair(x, y) is then never removed by any
element fromσ at positionj ∈Mσ with j ≥ i, see also (4.3). Let us analogously describe the set
[[a]]K↾σ \Pσ . Having(x, y) ∈ [[a]]K↾σ \Pσ is equivalent to having(x, y) ∈ [[a]]K such that(x, y)
is not in the policy setP and is never added by any element ofσ at a position fromUσ, see also
(4.4), or there is some witness(θl, θ

′
l, \) in σ such thatx ∈ [[θl]]K↾σ(l−1) andy ∈ [[θ′l]]K↾σ(l−1) , see

also (4.5), and moreover the pair(x, y) is then never added by any element fromσ at position
j ∈ Uσ with j ≥ l, see also (4.6).

PROOF (OF LEMMA 4.8,SKETCH) We proceed by induction on the lengthk of σ. So fix some
a ∈ A. If k = 0, thenσ = ε, andMσ = Uσ = ∅. Hence[[a]]K ∩ Pσ = [[a]]K ∩ P by definition
of K ↾ σ. Now assume the lemma holds for allτ ∈ Σk. Let σ = τ(θk+1, θ

′
k+1, opk+1) for

someτ = (θ1, θ
′
1, op1) · · · (θk, θ

′
k, opk) ∈ Σk. Let Pτ denote the policy set ofK ↾ τ . We

only consider the case whenopk+1 = \ and show the lemma for[[a]]K↾σ ∩ Pσ. The following
equalities hold then:

[[a]]K↾σ ∩ Pσ = [[a]]K↾τ ∩ (Pτ \ ([[θk+1]]K↾τ × [[θ′k+1]]K↾τ ))

= ([[a]]K↾τ ∩ Pτ ) ∩ [[⊕(a,¬θk+1,¬θ
′
k+1)]]K↾τ

IH
= [[a]]K ∩




P ∩

⋂

j∈Mτ

[[⊕(a,¬θj,¬θ
′
j)]]K↾τ (j−1) ∩ [[⊕(a,¬θk+1,¬θ

′
k+1)]]K↾τ




∪



⋃

l∈Uτ

(
[[θl]]K↾τ (l−1) × [[θ′l]]K↾τ (l−1)

)

∩
⋂

j∈Mτ∩[l,k]

[[⊕(a,¬θj ,¬θ
′
j)]]K↾τ (j−1)

∩ [[⊕(a,¬θk+1,¬θ
′
k+1)]]K↾τ

)]

= [[a]]K ∩




P ∩

⋂

j∈Mσ

[[⊕(a,¬θj ,¬θ
′
j)]]K↾σ(j−1)




∪



⋃

l∈Uσ

(
[[θl]]K↾σ(l−1) × [[θ′l]]K↾σ(l−1)

)

∩
⋂

j∈Mσ∩[l,k+1]

[[⊕(a,¬θj ,¬θ
′
j)]]K↾σ(j−1)






The other cases can be proven analogously. �

Let us turn to our translation. For this, fix some DLP+
dyn formulaϕ over atomic programsA

and over atomic propositionsP for the rest of this section. Letψ1, . . . , ψn be an enumeration of
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Occ(ϕ) and assumeψn = ϕ. Let A′ = A ⊎ A, whereA = {a | a ∈ A} is a disjoint copy ofA.
Define some set of atomic propositionsP′ = P ⊎ {p1, . . . , pn}. Below, we also writep(ψi) for
pi wheneverψi ∈ Occ(ϕ). Letσ = (θ1, θ

′
1, op1) · · · (θk, θ

′
k, opk) ∈ σ(Occ(ϕ)). Then for every

subsetS = {j1, . . . , jl} ⊆ [k] of positions inσ, wherej1 < j2 < · · · < jl, and every atomic
programb ∈ A′, let us define the PDL⊕[A] programbS = bSl , where

bS0 = b and bSh = ⊕(bSh−1,¬p(θjh),¬p(θ′jh)) for all h ∈ [l].

Note that the equality
[[bS ]]K =

⋂

j∈S

[[⊕(b,¬p(θj),¬p(θ
′
j)]]K

holds for each Kripke structureK.
We will construct a PDL⊕[A] formulaϕ′ over the atomic programsA′ and over the atomic

propositionsP′ such thatϕ is satisfiable if and only ifϕ′ is satisfiable. Intuitively, ifK is a
model forϕ with policy setP andK ′ is a model ofϕ′, think of the relation[[a]]K ′ as[[a]]K ∩ P
and of[[a]]K ′ as[[a]]K \ P .

Let us first, for everyψi ∈ Occ(ϕ), define the PDL⊕[A] formulaψ̂i over the atomic proposi-
tionsP′ and over the atomic programsA′ inductively as follows:

• If ψi = p for somep ∈ P, thenψ̂i = p.

• If ψi = ¬ψj , thenψ̂i = ¬pj.

• If ψi = ψj ∨ ψk, thenψ̂i = pj ∨ pk.

• If ψi = grant(ψj , ψk)ψl orψi = revoke(ψj , ψk)ψl, thenψ̂i = pl.

• If ψi = 〈π〉ψj , thenψ̂i = 〈T (π)〉pj , whereT (π) is defined homomorphic on∪, ◦, and on
∗, T (ψk?) = pk? for every test programψk?, andT (a) = a ∪ a for everya ∈ A.

• Assumeψi = perm(π)ψj andσ = σ(ψi) = (θ1, θ
′
1, op1) · · · (θk, θ

′
k, opk). Recall that

Uσ = {l ∈ [k] | opl = ∪} andMσ = {l ∈ [k] | opl = \ }. Then, we define
ψ̂i = 〈T ∀(π)〉pj , whereT ∀(π) is defined homomorphic on∪, ◦, and on∗, T ∀(ψl?) = pl?
for every test programψl?. For everya ∈ A we define:

T ∀(a) = aMσ ∪
⋃

b∈{a,a}

⋃

l∈Uσ

p(θl)? ◦ b
Mσ∩[l,k] ◦ p(θ′l)?

The intention behindT ∀(a) is to define[[a]]K↾σ ∩Pσ by usage of Lemma 4.8 for extended
Kripke structuresK with Pσ denoting the policy set ofK ↾ σ.

• Assumeψi = fperm(π)ψj andσ = σ(ψi) = (θ1, θ
′
1, op1) · · · (θk, θ

′
k, opk). Then, we

defineψ̂i = ¬〈T ∃(π)〉pj , whereT ∃(π) is inductively defined as follows:

– T ∃(π1 ∪ π2) = T ∃(π1) ∪ T
∃(π2)

– T ∃(π1 ◦ π2) = T ∃(π1) ◦ T (π2) ∪ T (π1) ◦ T
∃(π2), whereT is defined as above.
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– T ∃(π∗) = T (π∗) ◦ T ∃(π) ◦ T (π∗), whereT is defined as above.

– T ∃(ψl?) = false?

– For everya ∈ A we define:

T ∃(a) = aUσ ∪
⋃

b∈{a,a}

⋃

l∈Mσ

p(θl)? ◦ b
Uσ∩[l,k] ◦ p(θ′l)?

Similarly asT ∀(a) corresponds to[[a]]K↾σ ∩ Pσ, the intention behindT ∃(a) is to define
[[a]]K↾σ \ Pσ by usage of Lemma 4.8 for extended Kripke structuresK with Pσ denoting
the policy set ofK ↾ σ.

Recallϕ = ψn. We are now ready to defineϕ′.

ϕ′ = pn ∧ [(A ∪ A)∗]
∧

i∈[n]

(pi ↔ ψ̂i).

Before proving thatϕ andϕ′ are equi-satisfiable, let us generously estimate the size ofϕ′.

Lemma 4.9 |ϕ′| ∈ O(|ϕ|4). 2

PROOF First of all, it is easy to see that|T (π)| ≤ 2 · |π|+ 1 for every programπ. Next, observe
that

|bS | ≤ 1 + 5 · |S| ≤ 1 + 5 · |ϕ|

for every index setS and everyb ∈ A ∪ A. Moreover it is easy to see that there exists some
constantc such that for everyb ∈ A ∪ A we have

T ∀(b), T ∃(b) ≤ c · |ϕ|2.

Let us assume thatc ≥ 9. An easy induction on the structure ofπ yieldsT ∀(π) ≤ c · |π|2 for
every programπ that occurs inϕ. Finally we prove by structural induction that

T ∃(π) ≤ c · |ϕ|2 · |π|

for every programπ that appears inϕ. The casesπ ∈ A, π = ψ?, andπ = π1 ∪ π2 are
straightforward. It remains to prove the casesπ = π1 ◦ π2 andπ = γ∗. If π = π1 ◦ π2, then

|T ∃(π)| = |T ∃(π1) ◦ T (π2) ∪ T (π1) ◦ T
∃(π2)|

IH
≤ c · |ϕ|2 · (|π1|+ |π2|) + 2 · |π1|+ 1 + 2 · |π2|+ 1 + 3

≤ c · |ϕ|2 · (|π1|+ |π2|+ 1)

= c · |ϕ|2 · |π|.

If π = γ∗, then

T ∃(π) = |T (π) ◦ T ∃(γ) ◦ T (π)|

= 2 · |T (π)|+ 2 + |T ∃(γ)|
IH
≤ 4 · |π|+ 4 + c · |ϕ|2 · |γ|

≤ c · |ϕ|2 · (|γ|+ 1)

= c · |ϕ|2 · |π|.
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Thus, it follows that|ψ̂i| ∈ O(|ϕ|3) for eachi ∈ [n]. Since

ϕ′ = pn ∧ [(A ∪ A)∗]
∧

i∈[n]

(pi ↔ ψ̂i),

it follows that |ϕ′| ∈ O(|ϕ|4). �

The correctness of the above translation follows from the following lemma.

Lemma 4.10 The formulaϕ is satisfiable if and only ifϕ′ is satisfiable. 2

PROOF “Only-if”: Assume ϕ is satisfiable. Hence there exists an extended Kripke structure
K = (W, {→a| a ∈ A}, {Wp | p ∈ P}, P ) over the atomic propositionsP and over the atomic
programsA such that for some worldx0 ∈W we havex0 ∈ [[ϕ]]K . By Lemma 3.3. in [24], we
can assume that for eacha, b ∈ A with a 6= b, we have→a ∩ →b= ∅. Recall thatψ1, . . . , ψn
is an enumeration ofOcc(ϕ) with ϕ = ψn. Define the Kripke structureK ′ = (W, {→′a| a ∈
A∪A}, {W ′p | p ∈ P′}) over the atomic propositionsP′ = P⊎{p1, . . . , pn} and over the atomic
programsA′ = A ⊎ A as follows,

→′a = →a ∩ P for eacha ∈ A,

→′a = →a \ P for eacha ∈ A,

Wp = Wp for eachp ∈ P, and

Wpi
= [[ψi]]K↾σ(ψi) for eachi ∈ [n].

So note that we have[[pi]]K ′ = [[ψi]]K↾σ(ψi) for eachi ∈ [n]. Now, the following claim holds:

Claim: We have[[ψi]]K↾σ(ψi) = [[ψ̂i]]K ′ for eachi ∈ [n].

The claim is proven below. Let us show that the claim implies thatK ′ is a model ofϕ′. Recall
thatϕ = ψn andK ↾ σ(ψn) = K. Sincex0 ∈ [[ϕ]]K , it follows x0 ∈ [[pn]]K ′ by definition of
K ′. Moreover by the above claim and by definition ofK ′ it follows that for eachi ∈ [n] we
have

[[pi]]K ′ = [[ψi]]K↾σ(ψi) = [[ψ̂i]]K ′ .

Hencex0 ∈ [[pn ∧ [(A ∪ A)∗]
∧
i∈[n](pi ↔ ψ̂i)]]K ′ .

We prove the above claim by a case distinction of the structure ofψi.

• If ψi for somep ∈ P, then

[[ψi]]K↾σ(ψi) = [[p]]K = [[p]]K ′ = [[ψ̂i]]K ′ .

• If ψi = ¬ψj , then

[[ψi]]K↾σ(ψi) = W \ [[ψj ]]K↾σ(ψj ) = W \ [[pj ]]K ′ = [[¬pj]]K ′ = [[ψ̂i]]K ′ .

• If ψi = ψj ∨ ψk, then

[[ψi]]K↾σ(ψi) = [[ψj ]]K↾σ(ψj ) ∪ [[ψk]]K↾σ(ψk) = [[pj ∨ pk]]K ′ = [[ψ̂i]]K ′ .
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• If ψi = grant(ψj , ψk)ψl, then

[[ψi]]K↾σ(ψi) = [[ψl]](K↾σ(ψi))↾(ψj ,ψk,∪) = [[ψl]]K↾σ(ψl) = [[pl]]K ′ = [[ψ̂i]]K ′ .

• If ψi = revoke(ψj , ψk)ψl, then

[[ψi]]K↾σ(ψi) = [[ψl]](K↾σ(ψi))↾(ψj ,ψk,\) = [[ψl]]K↾σ(ψl) = [[pl]]K ′ = [[ψ̂i]]K ′ .

• If ψi = 〈π〉ψj , then by definition ofK ′ for every test programψk? that occurs inπ
we have[[ψk]]K↾σ(ψk) = [[pk]]K ′ and moreoverσ(ψk) = σ(ψi). Analogously, we have
[[ψj ]]K↾σ(ψj ) = [[pj ]]K ′ andσ(ψj) = σ(ψi). Now leta ∈ A be arbitrary. By Remark 4.7,
we have[[a]]K↾σ(ψi) = [[a]]K and by construction ofK ′ we have[[a]]K = [[a]]K ′ ∪ [[a]]K ′ ,
hence[[a]]K↾σ(ψi) = [[a]]K ′ ∪ [[a]]K ′ = [[T (a)]]K ′ . SinceT (π) is defined homomorphic on
∪, ◦, and on∗, andT (ψk?) = pk? for test programsψk?, it is clear that[[〈π〉ψj ]]K↾σ(ψi) =

[[T (π)pj ]]K ′ = [[ψ̂i]]K ′ .

• Assumeψi = perm(π)ψj , σ = σ(ψi) = (θ1, θ
′
1, op1) · · · (θk, θ

′
k, opk) andPσ is the

policy set ofK ↾ σ. By definition ofK ′ for everyl ∈ [n] such that eitherψl? occurs inπ
or ψl occurs inσ we have[[ψl]]K↾σ(ψl) = [[pl]]K ′ and analogously[[ψj ]]K↾σ(ψj ) = [[pj ]]K ′ .
Recall that[[a]]K↾τ = [[a]]K ′ ∪ [[a]]K ′ for eacha ∈ A and each prefixτ of σ. Also recall
that by definition ofK ′ we have[[a]]K ∩ P = [[a]]K ′ for eacha ∈ A. Thus, by Lemma 4.8
one can verify that for eacha ∈ A we have

[[a]]K↾σ ∩ Pσ = [[aMσ ∪
⋃

b∈{a,a}

⋃

l∈Uσ

p(θl)? ◦ b
Mσ∩[l,k] ◦ p(θ′l)?]]K ′ .

Hence[[a]]K↾σ ∩ Pσ = [[T ∀(π)]]K ′ for eacha ∈ A. SinceT ∀ is defined homomorphic on
∪, ◦, and on∗ and sinceT ∀(ψl?) = pl? for test programsψl?, it easily follows

[[T ∀(π)]]K ′ = {(x, y) ∈W ×W | ∃ permittedπ-path fromx to y in K ↾ σ}.

Finally, we obtain

[[ψi]]K↾σ(ψi) = [[perm(π)ψj ]]K↾σ(ψi) = [[〈T ∀(π)〉pj ]]K ′ = [[ψ̂i]]K ′ .

• Assumeψi = fperm(π)ψj , σ = σ(ψi) = (θ1, θ
′
1, op1) · · · (θk, θ

′
k, opk) andPσ is the

policy set ofK ↾ σ. By definition ofK ′ for everyl ∈ [n] such that eitherψl? occurs inπ
or ψl occurs inσ we have[[ψl]]K↾σ(ψl) = [[pl]]K ′ and analogously[[ψj ]]K↾σ(ψj ) = [[pj ]]K ′ .
Recall that[[a]]K↾τ = [[a]]K ′ ∪ [[a]]K ′ for eacha ∈ A and each prefixτ of σ. Also recall
that by definition ofK ′ we have[[a]]K \ P = [[a]]K ′ . Thus, by Lemma 4.8 one can verify
that for eacha ∈ A we have

[[a]]K↾σ \ Pσ = [[aUσ ∪
⋃

b∈{a,a}

⋃

l∈Mσ

p(θl)? ◦ b
Uσ∩[l,k] ◦ p(θ′l)?]]K ′ .
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Hence[[a]]K↾σ \ Pσ = [[T ∃(a)]]K ′ for eacha ∈ A. By definition ofT ∃ it easily follows

[[T ∃(π)]]K ′ = {(x, y) ∈W ×W | ∃ non-permittedπ-path fromx to y in K ↾ σ}.

Hence, we obtain

[[ψi]]K↾σ(ψi) = [[fperm(π)ψj ]]K↾σ(ψi) = [[¬〈T ∃(π)〉pj ]]K ′ = [[ψ̂i]]K ′ .

“If”: Assume ϕ′ is satisfiable. Hence, there exists a Kripke structureK ′ = (W, {→′a| a ∈
A′}, {Wp | p ∈ P′}) over the atomic propositionsP′ = P ⊎ {p1, . . . , pn} and over the atomic
programsA′ = A ⊎ A such that for somex0 ∈ W we havex0 ∈ [[ϕ′]]K ′ . Since PDL⊕[A] is
equally expressive as PDL we can assume that for alla, b ∈ A′ with a 6= bwe have→′a ∩ →

′
b= ∅

by Lemma 3.3 from [24].
Let K = (W, {→a| a ∈ A}, {Wp | p ∈ P}, P ) be the extended Kripke structure over the

atomic propositionsP and over the atomic programsA, where for alla ∈ A we have→a=→
′
a

∪ →′a andP =
⋃
a∈A →

′
a. LetR =

{
x ∈W | (x0, x) ∈

(⋃
a∈A →

′
a ∪ →

′
a

)∗}
denote the set

of worlds that arereachablefrom x0. We can assume thatW = R without loss of generality
since one can prove by a simple induction on the structure ofϕ that x0 ∈ [[ϕ]]K if and only
if x0 ∈ [[ϕ]]KR

, whereKR denotes the Kripke structureK restricted to the world setR. The
following claim is proven below.

Claim: We have[[ψi]]K↾σ(ψi) = [[pi]]K ′ for everyi ∈ [n].

Before proving the above claim, let us show that it implies thatK is a model ofϕ. By assump-
tion, we havex0 ∈ [[ϕ′]]K ′ and recall that

ϕ′ = pn ∧ [(A ∪ A)∗]
∧

i∈[n]

(pi ↔ ψ̂i).

Thus alsox0 ∈ [[pn]]K ′ . Hence by application of the above claim, we havex0 ∈ [[ψn]]K↾σ(ψn)

and finallyx0 ∈ [[ϕ]]K sinceψn = ϕ andK ↾ σ(ψn) = K.

It remains to prove the above claim. For this, let us define thebinary relation< ⊆ Occ(ϕ) ×
Occ(ϕ) as follows:

ψi < ψj ⇔ ψi 6= ψj and(ψi occurs as subformula ofψj or ψi occurs inσ(ψj)).

Observe that the relation< is acyclic. Define< = <+. Hence, the relation< is a strict partial
order onOcc(ϕ).

Before proving the above claim by induction on<, keep in mind that[[pi]]K ′ = [[ψ̂i]]K ′ for each
i ∈ [n] due to definition ofϕ′ and due toW = R.

Base. Letψi be minimal with respect to<. Thenψi = p for somep ∈ P. Hence,

[[ψi]]K↾σ(ψi) = [[p]]K ′ = [[pi]]K ′ .

Step.
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• If ψi = ¬ψj , then

[[ψi]]K↾σ(ψi) = W \ [[ψj ]]K↾σ(ψj )

IH
= W \ [[pj ]]K ′

= [[ψ̂i]]K ′

= [[pi]]K ′ .

• If ψi = ψj ∨ ψk, then

[[ψi]]K↾σ(ψi) = [[ψj ]]K↾σ(ψj ) ∪ [[ψk]]K↾σ(ψk)

IH
= [[pj ]]K ′ ∪ [[pk]]K ′

= [[pj ∨ pk]]K ′

= [[ψ̂i]]K ′

= [[pi]]K ′ .

• If ψi = grant(ψj , ψk)ψl, then

[[ψi]]K↾σ(ψi) = [[ψl]]K↾σ(ψl)

IH
= [[pl]]K ′

= [[ψ̂i]]K ′

= [[pi]]K ′ .

• If ψi = revoke(ψj , ψk)ψl, then[[ψi]]K↾σ(ψi) = [[pi]]K ′ can be proven in analogy to the
previous case.

• Assumeψi = 〈π〉ψj . By induction hypothesis[[ψk]]K↾σ(ψk) = [[pk]]K ′ for eachk ∈
[n] such thatψk? occurs as a test program inπ . Moreover, by induction hypothesis,
[[ψj ]]K↾σ(ψj ) = [[pj]]K ′ . Also recall that by definition ofK and Remark 4.7 we have
[[a]]K↾σ = [[a]]K = [[a]]K ′∪[[a]]K ′ = [[T (a)]]K ′ . Since moreoverT is defined homomorphic
on∪, on◦, and on∗ and sinceT (ψk?) = pk? for test programsψk? it is clear that

[[ψi]]K↾σ(ψi) = [[〈π〉ψj ]]K↾σ(ψi)

IH
= [[T (π)pj ]]K ′

= [[ψ̂i]]K ′

= [[pi]]K ′ .

• If ψi = perm(π)ψj , then we can prove[[ψi]]K↾σ(ψi) = [[pi]]K ′ similarly as the case
fperm below.
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• Assumeψi = fperm(π)ψj , σ = σ(ψi) = (θ1, θ
′
1, op1) · · · (θk, θ

′
k, opk) andPσ is the

policy set ofK ↾ σ. By induction hypothesis for everyl ∈ [n] such that eitherψl? occurs
as a test program inπ or ψl occurs inσ we have[[ψl]]K↾σ(ψl) = [[pl]]K ′ . Moreover, by
induction hypothesis,[[ψj ]]K↾σ(ψj) = [[pj ]]K ′ . Also recall that by definition ofK we have
[[a]]K \P = [[a]]K ′ for eacha ∈ A. Thus, by Lemma 4.8 one can verify that for eacha ∈ A

we have

[[a]]K↾σ \ Pσ = [[aUσ∪
⋃

b∈{a,a}

⋃

l∈Mσ

p(θl)? ◦ b
Uσ∩[l,k] ◦ p(θ′l)?]]K ′ .

Hence[[a]]K↾σ\Pσ
= [[T ∃(a)]]K ′ for eacha ∈ A. From the definition ofT ∃ it can easily be

seen that[[T ∃(π)]]K ′ equals

{(x, y) ∈W ×W | ∃ non-permittedπ-path fromx to y in K ↾ σ}.

Hence we obtain

[[ψi]]K↾σ(ψi) = [[fperm(π)ψj ]]K↾σ(ψi)

IH
= [[¬〈T ∃(π)〉pj ]]K ′

= [[ψ̂i]]K ′

= [[pi]]K ′ . �

By combining Lemma 4.9 and Lemma 4.10, we can deduce the following theorem.

Theorem 4.11 There exists a satisfiability preserving translation from DLP+
dyn to PDL⊕[A] that

is computable in polynomial time. 2

4.4 PDL⊕[A] is in EXP

In this section, our goal is to prove that satisfiability of PDL⊕[A] is inEXP. So for the rest of this
section, fix some PDL⊕[A] formulaϕ0 over atomic propositionsP and over atomic programsA.
To decide satisfiability ofϕ0, we translateϕ0 into a two-way alternating parity tree automaton
over infinite trees (TWAPTA)T (ϕ0) that accepts exactly the set of so calledHintikka treesfor
ϕ0. Roughly speaking, Hintikka trees forϕ0 summarize relevant information of models ofϕ0.
So satisfiability ofϕ0 reduces to non-emptiness of the language accepted byT (ϕ0). For the
formal definition of two-way alternating parity tree automata, we refer the reader to Section 3.3.
We follow a similar approach as in [80].

Although, in the following, negations may occur in front of non-atomic formulas, we implictly
assume without loss of generality that for every occurring PDL⊕[A] formula negations occur
only in front of atomic propositions. This can be achieved byintroducing the operators∧ and[ ]
and by abbreviating¬(ψ1∨ψ2) by¬ψ1∧¬ψ2 and¬〈π〉ψ by [π]¬ψ. Thus, we identify¬¬ψ with
ψ. Recall that we denote formulas of the kind〈π〉ψ diamond formulas and formulas of the kind
[π]ψ box formulas. For every PDL⊕[A] programπ we can associate a regular languageL(π)
over the alphabetΣ(π), where the latter consists of the basic programs and the testprograms

96



4.4 PDL⊕[A] is in EXP

that occur inπ. Moreover, we assume that the programsπ that occur inϕ0 are given by NFAs
A(π) over the alphabetΣ(π), i.e. L(A(π)) = L(π). The size of such formulas is defined as
usual, but with|π| replaced by|A(π)| for each programπ. Moreover, ifK is a Kripke structure
andw = w1 · · ·wn with wi ∈ Σ(A(π)) for all i ∈ [n], then[[w]]K = [[w1]]K ◦ · · · ◦ [[wn]]K .

Let γ be either a basic program, a test program, or a formula. Then the set subf(γ) of subformu-
las ofγ is inductively defined as follows:

• subf(a) = ∅ for eacha ∈ A,

• subf(p) = {p} and subf(¬p) = {¬p, p} for eachp ∈ P,

• subf(ψ?) = subf(ψ),

• subf(⊕(α,ψ1, ψ2)) = subf(α) ∪ subf(ψ1) ∪ subf(ψ2),

• subf(ψ1 op ψ2) = {ψ1 op ψ2} ∪ subf(ψ1) ∪ subf(ψ2) for eachop ∈ {∨,∧},

• if ψ = 〈A〉θ orψ = [A]θ, then subf(ψ) = {ψ} ∪
⋃
α∈Σ(A) subf(α) ∪ subf(θ)

Next, we introduce theclosureof a formulaψ analogously as in [80, 122, 36].

Definition 4.12 Theclosurecl(ψ) of a PDL⊕[A] formulaψ is the smallest set that satisfies the
following five conditions,

• ψ ∈ cl(ψ),

• if θ ∈ subf(χ) for someχ ∈ cl(ψ), thenθ ∈ cl(ψ),

• if θ ∈ cl(ψ), then¬θ ∈ cl(ψ),

• if 〈A〉θ ∈ cl(ψ), then for allq ∈ Q(A) we have〈Aq〉θ ∈ cl(ψ), and

• if [A]θ ∈ cl(ψ), then for allq ∈ Q(A) we have[Aq]θ ∈ cl(ψ). 2

It is straightforward to verify, that the size ofcl(ψ) is polynomial in the size ofψ. Let us now
introduce Hintikka sets. Roughly speaking, Hintikka sets are subsets ofcl(ψ) that worlds can
satisfy at all.

Definition 4.13 A subsetM ⊆ cl(ψ) is aHintikka set for a PDL⊕[A] formulaψ, if the following
five closure properties are satisfied,

(C1) ifψ1 ∧ ψ2 ∈M , thenψ1, ψ2 ∈M ,

(C2) ifψ1 ∨ ψ2 ∈M , thenψ1 ∈M or ψ2 ∈M ,

(C3) θ ∈M if and only if¬θ 6∈M for all θ ∈ cl(ψ),

(C4) if [A]θ ∈M andq0(A) ∈ F (A), thenθ ∈M , and
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(C5) if [A]θ ∈ M , then for all q ∈ Q(A) and all χ? ∈ Σ(A) with q0(A)
χ?
→A q, we have

¬χ ∈M or [Aq]θ ∈M . 2

Recall thatϕ0 is the PDL⊕[A] formula we want to decide satisfiability for. LetB denote the
set of all basic programs that occur in some diamond formula or in some box formula from
cl(ϕ0). For eachα ∈ B let At(α) denote the underlying atomic program, formallyAt(α) = a
if α = a ∈ A andAt(α) = At(β) if α = ⊕(β, ψ1, ψ2). For handling nestings of applied
⊕-operators in basic programs, we introduce, for basic programsα ∈ B, an appropriate notion
for whetherα holds between two subsets ofcl(ϕ0).

Definition 4.14 For all α ∈ B and all subsetsS, T ⊆ cl(ϕ0), we define the relation(S, T ) |= α
inductively by the syntactic structure ofα as follows:

• (S, T ) |= a for all subsetsS, T ⊆ cl(ϕ0) and alla ∈ A.

• If α = ⊕(β, ψ1, ψ2), then(S, T ) |= α whenever(S, T ) |= β and (ψ1 ∈ S or ψ2 ∈ T ). 2

Let us introduce infinite trees and infinite paths in them. LetΓ be a node labeling set and let
k ∈ N. Then aΓ-labeledk-tree is a mappingT : [k]∗ → Γ. An infinite path ofT is a mapping
τ : N+ → [k].

Fix an enumerationψ1, . . . , ψk of all diamond formulas incl(ϕ0), i.e. ψi = 〈A〉θ for some
NFA A and some formulaθ. Let us now define a concrete node labeling setΓ that we will
comment on below in more detail. Define the labeling set

Γ = 2cl(ϕ0) × (B ⊎ {⊥})× [0, k].

Intuitively, each modelK of ϕ0 with world setW corresponds to someΓ-labeledk-tree T
that contains the necessary information about how diamond formulas are satisfied inK. We
can think ofT as additionally assigning each nodeu ∈ [k]∗ some worldx of K. The first
component ofT (u) contains exactly the set of formulas ofcl(ϕ0) thatx satisfies. The second
component ofT (u) either contains the information by which witnessing basic program the world
x is connected with its parent or whether this node is not connected with its parent (then it equals
⊥). If the third component ofT (u) contains the informationi ∈ [k], thenu has the obligation, in
its subtree, to show that the diamond formulaψi is true inx. But if the third component ofT (u)
equals0, thenu is a witness that the obligation of some diamond formulaψi = 〈A〉θ ∈ cl(ϕ0)
in some ancestorv ∈ [k]∗ of u has just been realized byu - more precisely, lety ∈ W be the
world that is assigned tov, thenx ∈ [[θ]]K and(y, x) ∈ [[w]]K for somew ∈ L(A).

For everyγ ∈ Γ and everyj ∈ {1, 2, 3}, let γj denote thej-th component ofγ. Before defining
what a Hintikka tree is, let us first, forΓ-labeledk-trees, introduce a notion of local consistency
of the labelingT (u) ∈ Γ of nodesu ∈ [k]∗. For a stringw over some alphabetΣ letOcc(w) ⊆ Σ
denote the set of those letters that occur inw.

Definition 4.15 LetT : [k]∗ → Γ be aΓ-labeledk-tree, and letu ∈ [k]∗ be a node. We say that
T is locally consistent inu, if the following two conditions hold:

(L1) For every diamond formulaψi = 〈A〉θ ∈ T (u)1 there exists some sequence of test pro-
gramsw ∈ (Σ(A) \ B)∗ with Occ(w) ⊆ T (u)1 and for some stateq′ ∈ Q(A) we have
q0(A)

w
−→A q

′ such that at least one of the following two conditions holds,
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a) • q′ ∈ F (A),

• θ ∈ T (u)1,

• T (ui)2 = ⊥, and

• T (ui)3 = 0, or

b) for some basic programα ∈ Σ(A) ∩ B and some stateq ∈ Q(A) we have

• q′
α
−→A q,

• ψj = 〈Aq〉θ ∈ T (ui)1,

• T (ui)2 = α,

• T (ui)3 = j, and

• (T (u)1, T (ui)1) |= α. 2

(L2) For every box formula[A]θ ∈ T (u)1 and every transitionq0(A)
α
−→A q, whereα ∈

Σ(A) ∩ B is some basic program andq ∈ Q(A) is some state, the following implication
holds for allj ∈ [k] with T (uj)2 = β ∈ B such thatAt(α) = At(β),

(T (u)1, T (uj)1) |= α ⇒ [Aq]θ ∈ T (uj)1.

Let us summarize the intention of local consistency ofΓ-labeledk-trees in a nodeu ∈ [k]∗. As
indicated above, condition (L1) ensures that wheneveru obliges to prove that some diamond
formulaψi holds, then this proof is provided in the subtree ofu: Either we directly prove that
ψi holds inu, this corresponds to (L1) a), or we delay this proof by obliging an appropriate suc-
cessor ofu to prove an appropriate diamond formulaψj , this corresponds to (L1) b). Condition
(L2) ensures that if a box formulaψ holds in some nodeu , then certain successors ofu must
realize certain other box formulas in order to avoid inconsistencies to the fact thatu satisfiesψ.

We call a diamond formulaψi infinitely delaying in a nodeu ∈ [k]∗ of someΓ-labeledk-
treeT : [k]∗ → Γ, if there exists an infinite pathτ : N+ → [k] such thatτ(1) = i and
T (uτ(1) · · · τ(n))3 = τ(n+ 1) for all n ≥ 1.

Definition 4.16 AHintikka tree forϕ0 is aΓ-labeledk-treeT : [k]∗ → Γ such that the following
four conditions hold,

(H1) ϕ0 ∈ T (ε)1,

(H2) T (u)1 is a Hintikka set forϕ0 for all u ∈ [k]∗,

(H3) T is locally consistent in allu ∈ [k]∗, and

(H4) the diamond formulaψi is not infinitely delaying inu for all u ∈ [k]∗ and all i ∈ [k] such
thatψi ∈ T (u)1, . 2

The following lemma relates the existence of models ofϕ0 with the existence of Hintikka trees
for ϕ0.

Lemma 4.17 The formulaϕ0 is satisfiable if and only if there exists a Hintikka tree forϕ0. 2
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PROOF

“Only-if”: Assumeϕ0 is satisfiable. Then, there exists a Kripke structureK = (W, {→a| a ∈
A}, {Wp | p ∈ P}) and some worldz0 ∈ W with z0 ∈ [[ϕ0]]K . Recall thatψ1, . . . , ψk is an
enumeration of all diamond formulas ofcl(ϕ0).
For each NFAA that appears in some diamond formula〈A〉θ ∈ cl(ϕ0), fix an arbitrary total
order<A on Σ(A). We extend the total order<A to words overΣ(A) as the corresponding
length lexicographic order with respect to<A. Formally, for all u, v ∈ Σ(A)∗, we define
u <A v if and only if either (i)|u| < |v|, or (ii) |u| = |v| and for somew ∈ Σ(A)∗ and some
b, c ∈ Σ(A) with b <A c we have thatwb is a prefix ofu andwc is a prefix ofv.
For each diamond formula〈A〉θ ∈ cl(ϕ0) or box formula[A]θ ∈ cl(ϕ0) andb ∈ Σ(A) define

b
⇒A = {((x, q), (y, q′)) ∈ (W ×Q)× (W ×Q) | q

b
−→A q

′ and(x, y) ∈ [[b]]K}.

Let us for eachψi = 〈A〉θ, and eachx ∈ [[ψi]]K fix the<A-minimal sequenceσx,i = b1 · · · bn (n ≥
0) together with someinvolved worldsx0, x1, . . . , xn ∈W and someinvolved statesq0, q1, . . . , qn ∈
Q(A) such that

(x0, q0(A)) = (x0, q0)
b1⇒ (x1, q1) · · · (xn−1, qn−1)

bn⇒ (xn, qn) ∈ [[θ]]K × F (A).

Recall thatB denotes the set of all basic programs that occur inϕ0 andΓ = 2cl(ϕ0) × (B ⊎
{⊥})× [0, k]. Our goal is to construct a Hintikka tree forϕ0. For this, inductively, by the length
of the elements from[k]∗, we simultaneously define aΓ-labeledk-treeT : [k]∗ → Γ and a
mappingΨ : [k]∗ →W . We set

Ψ(ε) = z0,

T (ε)1 = {ψ ∈ cl(ϕ0) | z0 ∈ [[ψ]]K},

T (ε)2 = ⊥, and

T (ε)3 = 0.

The definition ofT andΨ will have the property that for allu ∈ [k]∗ we have

T (u)1 = {ψ ∈ cl(ϕ0) | Ψ(u) ∈ [[ψ]]K}. (4.7)

Now assume thatΨ(u) andT (u) have been defined foru ∈ [k]∗ but yetΨ(ui) andT (ui) have
not been defined for alli ∈ [k]. AssumeΨ(u) = x for somex ∈W . Then, for eachi ∈ [k], we
do the following:

• If ψi = 〈A〉θ ∈ T (u)1, then we know by equation (4.7) thatx ∈ [[ψi]]K . We distinguish
two cases:

– σx,i is either the empty word or only consists of test programs. Then, we put

Ψ(ui) = z0,

T (ui)1 = {ψ ∈ cl(ϕ0) | z0 ∈ [[ψ]]K},

T (ui)2 = ⊥, and

T (ui)3 = 0.
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– σx,i = b1 · · · bn contains a basic program. Letq0, q1, . . . , qn ∈ Q(A) be the involved
states and letx0, x1, . . . , xn ∈ W be the involved worlds forσx,i. Let l ∈ [n] be
minimal such thatbl = α ∈ B is a basic program and letψj = 〈Aql〉θ. Then, we put

Ψ(ui) = xl,

T (ui)1 = {ψ ∈ cl(ϕ0) | xl ∈ [[ψ]]K},

T (ui)2 = α, and

T (ui)3 = j.

• If ψi = 〈A〉θ 6∈ T (u)1, then we put

Ψ(ui) = z0,

T (ui)1 = {ψ ∈ cl(ϕ0) | z0 ∈ [[ψ]]K},

T (ui)2 = ⊥, and

T (ui)3 = 0.

Note that equation (4.7) holds for eachui (u ∈ [k]∗, i ∈ [k]) directly by definition ofT . Before
proving thatT is indeed a Hintikka tree, we prove the following claim.

Claim A: For all u ∈ [k]∗ and alli ∈ [k] such thatT (ui)2 = β for someβ ∈ B, the following
equivalence holds for allα ∈ B with At(α) = At(β):

(Ψ(u),Ψ(ui)) ∈ [[α]]K ⇔ (T (u)1, T (ui)1) |= α.

Let us prove Claim A. LetAt(α) = At(β) = a for somea ∈ A. We prove Claim A by induction
on the syntactic structure ofα, which is possible sinceAt(γ) = At(α) for all basic subprograms
γ of α.
Base. Assumeα = a for somea ∈ A. SinceT (ui)2 = β, we have(Ψ(u),Ψ(ui)) ∈ [[β]]K
by definition of T . Sinceα is atomic, it is clear that also(Ψ(u),Ψ(ui)) ∈ [[α]]K . Too,
(T (u)1, T (ui)1) |= α holds sinceα is atomic.
Step. Now assumeα = ⊕(γ, θ1, θ2). By induction hypothesis Claim A holds forγ. We have

(Ψ(u),Ψ(ui)) ∈ [[α]]K

⇔ (Ψ(u),Ψ(ui)) ∈ ⊕([[γ]]K , [[θ1]]K , [[θ2]]K)

⇔ (Ψ(u),Ψ(ui) ∈ [[γ]]K and(Ψ(u) ∈ [[θ1]]K or Ψ(ui) ∈ [[θ2]]K)
IH
⇔ (T (u)1, T (ui)1) |= γ and(Ψ(u) ∈ [[θ1]]K or Ψ(ui) ∈ [[θ2]]K)
(4.7)
⇔ (T (u)1, T (ui)1) |= γ and(θ1 ∈ T (u)1 or θ2 ∈ T (ui)1)

Def. of |=
⇔ (T (u)1, T (ui)1) |= α.

This completes the proof of Claim A.

It remains to prove thatT is indeed a Hintikka tree forϕ0.
Point (H1), i.e.ϕ0 ∈ T (ε)1, follows directly from the definition ofT . .
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It follows directly from the semantics of PDL⊕[A] that (H2) holds, i.e.T (u)1 is a Hintikka set
for ϕ0 for everyu ∈ [k]∗: Points (C1)-(C5) of Definition 4.13 are easily verified. .

Let us prove (H3) of Definition 4.16, i.e.T is locally consistent in allu ∈ [k]∗. Let Ψ(u) = x
for somex ∈W .
Firstly, let us prove that (L1) of Definition 4.15 holds. So let i ∈ [k] and assumeψi =
〈A〉θ ∈ T (u)1. Then, by equation (4.7), we havex ∈ [[ψi]]K . Assumeσx,i = b1 · · · bn,
let q0, q1, . . . , qn ∈ Q(A) be its involved states, and letx0, x1, . . . , xn ∈ W be its involved
worlds. Furthermore, letw = θ1? · · · θl? (l ≥ 0) be the longest prefix ofσx,i that only con-
sists of test programs. Thus, we haveq0(A)

w
−→A ql andx ∈ [[θj ]]K for all j ∈ [l]. Hence,

Occ(w) = {θ1, . . . , θl} ⊆ T (u)1 by equation (4.7). We distinguish the following two cases:

a) If σx,i is the empty word or consists of test programs only, thenl = n, xl = x, andql ∈
F (A). Since the latter impliesx ∈ [[θ]]K , we get [[θ]] ∈ T (u)1 by equation (4.7). By
construction ofT , we haveT (ui)2 = ⊥ andT (ui)3 = 0. Altogether, this shows (L1) a) of
Definition 4.15.

b) Assumeσx,i contains at least one basic program. This impliesbl+1 = α for someα ∈ B
and we haveql

α
−→A ql+1. Let ψj = 〈Aql+1

〉θ. Clearly, we havexl+1 ∈ [[ψj ]]K and due to
construction ofT , we haveΨ(ui) = xl+1. Thus, equation (4.7) yieldsψj ∈ T (ui)1. By
construction ofT , we also haveT (ui)2 = α andT (ui)3 = j. Since(Ψ(u),Ψ(ui)) ∈ [[α]]K
andT (ui)2 = α, Claim A implies(T (u)1, T (ui)1) |= α. Altogether, this shows (L1) b) of
Definition 4.15.

Let us now prove that (L2) holds. So assume[A]θ ∈ T (u)1 andq0(A)
α
−→A q for someα ∈

Σ(A) ∩ B and someq ∈ Q(A). Furthermore, assume, by contradiction, that for somej ∈ [k]
with T (uj)2 = β ∈ B and At(α) = At(β), we have(T (u)1, T (uj)1) |= α and [Aq]θ 6∈
T (uj)1. By equation (4.7),[Aq]θ 6∈ T (uj)1 is equivalent toΨ(uj) ∈ [[〈Aq〉¬θ]]K. Since
(T (u)1, T (uj)1) |= α, it follows (Ψ(u),Ψ(uj)) ∈ [[α]]K by Claim A. Hence

(q0(A),Ψ(u))
a
⇒A (q,Ψ(uj)) andΨ(uj) ∈ [[〈Aq〉¬θ]]K

and thereforeΨ(u) ∈ [[〈A〉¬θ]]K contradictingΨ(u) ∈ [[[A]θ]]K and thus also[A]θ ∈ T (u)1
according to equation (4.7).

Before finally proving (H4), the following claim holds:

Claim B:For allu ∈ [k]∗, i, j ∈ [k] with ψi ∈ T (u)1 andT (ui)3 = j we have

|σΨ(u),i| > |σΨ(ui),j |.

Claim B follows directly by construction ofT and by definition ofσΨ(u),i andσΨ(ui),j .
To prove (H4), assume by contradiction, that for somei ∈ [k] the diamond formulaψi is in-
finitely delaying in someu ∈ [k]∗. Furthermore, letΨ(u) = x for somex ∈W . But by Claim B
the existence of an infinite pathτ : N+ → [k] with τ(1) = i andT (uτ(1) · · · τ(n))3 = τ(n+1)
for all n ≥ 1 clearly contradicts the finiteness of|σx,i|.
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“If”: Let T : [k]∗ → Γ be a Hintikka tree forϕ0. We will prove that there exists a model forϕ0.
Define the Kripke structureK = (W, {→a| a ∈ A}, {Wp | p ∈ P}) as follows,

W = [k]∗,

→a = {(u, ui) | u ∈ [k]∗, i ∈ [k], T (ui)2 = α ∈ B andAt(α) = a} for eacha ∈ A, and

Wp = {u ∈ [k]∗ | p ∈ T (u)1} for eachp ∈ P.

Let≺⊆ cl(ϕ0)× cl(ϕ0) be defined as follows,

≺ = {(ψ, θ) ∈ cl(ϕ0)× cl(ϕ0) | ψ,¬ψ 6= θ ∧ ψ ∈ cl(θ)}.

Note that≺ is a strict partial order oncl(ϕ0) and the minimal elements are those formulasψ
such that eitherψ = p or ψ = ¬p for somep ∈ P. Our goal is to prove that for allψ ∈ cl(ϕ0)
and for allu ∈ [k]∗ the following implication holds:

ψ ∈ T (u)1 ⇒ u ∈ [[ψ]]K . (4.8)

Having shown implication (4.8) immediately proves thatK is a model ofϕ0, since, by (H1), we
know ϕ0 ∈ T (ε)1 and thus, by implication (4.8), we haveε ∈ [[ϕ0]]K . We prove implication
(4.8) by induction on≺.
Base. Assumeψ is minimal with respect to≺. Henceψ = p or ψ = ¬p for somep ∈ P. It
follows directly from definition ofWp and from (C3) of Definition 4.13 thatψ ∈ T (u)1 implies
u ∈ [[ψ]]K .
Step.

• If ψ = θ1 ∧ θ2 or ψ = θ1 ∨ θ2, thenψ ∈ T (u)1 ⇒ u ∈ [[ψ]]K follows immediately from
(C1) and (C2) of Definition 4.13 and from induction hypothesis.

• Letψ = 〈A〉θ or ψ = [A]θ. Now the following claim holds.

Claim: Let u ∈ [k]∗ andi ∈ [k] and assumeu→a ui for somea ∈ A. Then, for all basic
programsα ∈ Σ(A) ∩ B such thatAt(α) = a, we have

(T (u)1, T (ui)1) |= α ⇔ (u, ui) ∈ [[α]]K .

Let us prove the above claim. SinceAt(γ) = At(α) for all basic subprogramsγ of α, we
can prove the claim by induction on the syntactic structure of α.
Base. Assumeα is atomic. By definition of|=, we have(T (u)1, T (ui)1) |= α. By
assumption, we also have(u, ui) ∈ [[α]]K .
Step. Letα = ⊕(γ, θ1, θ2) and assume the claim is true forγ. Let us first prove that the
following two statements are equivalent:

(i) θ1 ∈ T (u)1 or θ2 ∈ T (ui)1.

(ii) u ∈ [[θ1]]K or ui ∈ [[θ2]]K .
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The implication from (i) to (ii) follows directly from the outer induction hypothesis. To
prove that (ii) implies (i), assume by contradiction and without loss of generality that
u ∈ [[θ1]]K andθ1 6∈ T (u)1. Then, by (C3) of Definition 4.13, we have¬θ1 ∈ T (u)1. By
the outer induction hypothesis we haveu 6∈ [[θ1]]K , contradicting the assumption. Thus,
we get

(T (u)1, T (ui)1) |= α

Def. of |=
⇔ (T (u)1, T (ui)1) |= γ and(θ1 ∈ T (u)1 or θ2 ∈ T (ui)1)

(i)⇔ (ii)
⇔ (T (u)1, T (ui)1) |= γ and(u ∈ [[θ1]]K or ui ∈ [[θ2]]K)

inner IH
⇔ (u, ui) ∈ [[γ]]K and(u ∈ [[θ1]]K or ui ∈ [[θ2]]K)

⇔ (u, ui) ∈ ⊕([[γ]]K , [[θ1]]K , [[θ2]]K)

⇔ (u, ui) ∈ [[α]]K .

This completes the proof of the above claim.

Let us first prove that ifψ = 〈A〉θ, thenψ ∈ T (u)1 implies u ∈ [[ψ]]K . Let ψ = ψi
for somei ∈ [k] and assume thatψi ∈ T (u)1. SinceT is a Hintikka tree forϕ0, and
thus the diamond formulaψi is not infinitely delaying inu, there exists a finite sequence
τ = j1 · · · jn ∈ [k]∗, n ≥ 1, such thatj1 = i, T (uτ)3 = 0, andT (uτ (m))3 = jm+1 for
all m ∈ [n − 1]. Let Σ? = Σ(A) \ B denote the set of all test programs that occur in
Σ(A). Firstly, sinceT (uτ (m))3 = jm+1 6= 0 andT is locally consistent inuτ (m) for each
m ∈ [n − 1], condition (L1) b) of Definition 4.15 holds inuτ (m) for eachm ∈ [n − 1] .
Secondly, sinceT (uτ)3 = 0 andT is also locally consistent inuτ , we know that condition
(L1) a) of Definition 4.15 holds inuτ . Taking these facts together, we conclude that there
exist statesq1, q′1, . . . , qn, q

′
n ∈ Q(A), wordsw1, . . . , wn−1 ∈ Σ∗?, and basic programs

α1, . . . , αn−1 ∈ Σ(A) ∩ B such that the following seven conditions are satisfied:

(1) q1 = q0(A),

(2) Occ(wm) ⊆ T (uτ (m−1))1 for all m ∈ [n− 1],

(3) qm
wm−−→A q

′
m for all m ∈ [n],

(4) q′m
αm−−→A qm+1 for all m ∈ [n− 1],

(5) (T (uτ (m−1))1, T (uτ (m))1) |= αm for all m ∈ [n− 1],

(6) q′n ∈ F (A), and

(7) θ ∈ T (uτ (n−1))1.

Taking the transitions from Points (3) and (4) together, we obtain the run

q0(A) = q1
w1−→A q

′
1
α1−→A q2 · · · qn−1

wn−1
−−−→A q

′
n−1

αn−1
−−−→A qn

wn−−→A q
′
n.

Moreover, Point (5) is equivalent to(uτ (m−1), uτ (m)) ∈ [[αm]]K for all m ∈ [n − 1] by
the above claim. Point (2) implies(uτ (m−1), uτ (m−1)) ∈ [[wm]]K for all m ∈ [n − 1] by
induction hypothesis. Altogether, we obtain(u, uτ (n−1)) ∈ [[w1α1 · · ·wn−1αn−1wn]]K .
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Moreover, Point (7) impliesuτ (n−1) ∈ [[θ]]K by induction hypothesis. Sinceq1 = q0(A)
andq′n ∈ F (A) by Points (1) and (6), we concludeu ∈ [[〈A〉θ]]K .

It remains to prove that[A]θ ∈ T (u)1 implies u ∈ [[[A]θ]]K . For this, assume[A]θ ∈
T (u)1. Let u0, u1, . . . , un ∈ [k]∗ be worlds, letq0, . . . , qn ∈ Q(A) be states, and let
b1, . . . , bn ∈ Σ(A) be such that

(u, q0(A)) = (u0, q0)
b1⇒A (u1, q1) · · · (un−1, qn−1)

bn⇒A (un, qn) ∈W × F (A).

We will prove that thenun ∈ [[θ]]K . It suffices to prove that[Aqm]θ ∈ T (um)1 for
eachm ∈ [0, n] sinceqn ∈ F (A) and[Aqn ]θ ∈ T (un)1 impliesθ ∈ T (un)1 by (C4) of
Definition 4.13 and thusun ∈ [[θ]]K by induction hypothesis. We prove[Aqm]θ ∈ T (um)1
by induction onm. The induction base, i.e.[Aq0]θ ∈ T (u0)1, holds by assumption. For
the induction step assume[Aqm]θ ∈ T (um)1 already holds form ∈ [0, n − 1]. To prove
[Aqm+1]θ ∈ T (um+1)1, we distinguish the following two cases:

– bm+1 is a test program, i.e.bm+1 = χ? ∈ Σ(A) \ B. Henceum = um+1 and
um+1 ∈ [[χ]]K . The outer induction hypothesis and (C3) of Definition 4.13 imply
¬χ 6∈ T (um+1)1. By the inner induction hypothesis it holds[Aqm]θ ∈ T (um)1.

Sinceqm
χ?
−→A qm+1 we have[Aqm+1]θ ∈ T (um+1)1 by (C5) of Definition 4.13.

– bm+1 is a basic program, i.e.bj+1 = α ∈ Σ(A) ∩ B. Since (qm, um)
α
⇒A

(qm+1, um+1) there exists somej ∈ [k] such thatum+1 = umj and there exists
someβ ∈ B such thatT (um+1)2 = β andAt(α) = At(β) by definition ofK. Ap-
plying the above claim yields(T (um)1, T (um+1)1) |= α. Since[Aqm ]θ ∈ T (um)1
holds by the inner induction hypothesis, we get[Aqm+1]θ ∈ T (umj)1 = T (um+1)1
by (L2) of Definition 4.15. �

Recall that TWAPTAs were introduced in Definition 3.10 of Section 3.3. The following lemma
is straightforward and left to the reader.

Lemma 4.18 From ϕ0 one can compute in time exponential in|ϕ0| a TWAPTAT (ϕ0) =
(S, δ, s0,Acc) over Γ-labeledk-trees such thatL(T (ϕ0)) equals the set of all Hintikka trees
for ϕ0. Moreover,|T (ϕ0)| ∈ poly(|ϕ0|), i(T ) ∈ O(1), and|δ| ∈ exp(|ϕ0|). 2

Note that actually a Büchi acceptance condition suffices tocheck whether some diamond for-
mula is not infinitely delaying in some node. Clearly, we needalternation to check(S, T ) |= α
for subsetsS, T ⊆ cl(ϕ0) andα ∈ B and thus for checking local consistency, more precisely
(H3) of Definition 4.16. By Theorem 3.11 and Lemma 4.18, the existence of a Hintikka tree
for ϕ0 can be decided in time exponential in|ϕ0|. By finally applying Lemma 4.17, we get the
desired theorem.

Theorem 4.19 Satisfiability for PDL⊕[A] is in EXP. 2
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Figure 4.2: Representation of a configuration ofM.

4.5 PDL⊕ is 2EXP-complete

In this section, we prove that satisfiability in PDL⊕ is complete for2EXP.

Theorem 4.20 Satisfiability in PDL⊕ is 2EXP-complete. 2

PROOF The 2EXP upper bound follows easily from a translation from PDL⊕ into PDL with
an exponential blowup in formula size (see also Remark 4.6) and by theEXP upper bound for
satisfiability in PDL (see Theorem 2.6). The proof of the lower bound is an adaption of the2EXP

lower bound for IPDL from [72] with a little technical wit that allows to simulate intersection
via the⊕ operator. Fix some ATMM = (Q,Γ,Σ, q0, δ,2) with a 2EXP-hard membership
problem, that, on an inputw = w1 · · ·wn ∈ Σ∗ wherewi ∈ Σ for eachi ∈ [n], uses at most
2p(n) space for some polynomialp. We will give a translation ofw andM into a PDL⊕ formula
ϕ = ϕ(M, w) such thatw ∈ L(M) if and only if ϕ is satisfiable. Moreover the translation can
be computed in time polynomial inn = |w|.

LetN = p(n) and assume thatQ andΓ are disjoint. AconfigurationofM is a word from the

language
⋃2N−1
i=0 ΓiQΓ2N−i. Let u = γ0 · · · γi−1qγi · · · γ2N−1 be a configuration ofM, where

i ∈ [0, 2N − 1], q ∈ Q, andγj ∈ Γ for eachj ∈ [0, 2N − 1]. Figure 5.1 illustrates how we will
representu.

Each worldxj (j ∈ [0, 2N − 1]) contains the contentγj of cell j of u together with a binary
representation ofj that we comment on below in more detail. In Figure 5.1 the symbols below
each world denote the atomic propositions that hold inxj. The atomic propositionscl(0) and
cl(1) (wherel ∈ [0, N − 1]), represent the binary encoding of each positionj. More precisely
eachxj satisfies eithercl(0) or cl(1) (l ∈ [0,N − 1]) such that moreover

j =
N−1∑

l=0

2l · bl wherebl =

{
0 if xj satisfiescl(0)

1 if xj satisfiescl(1)
.

Furthermore for eachj ∈ [0, 2N − 1] there exists exactly oneγ ∈ Γ such that the atomic
propositionγ holds inxj, denoting that the content of cellj is γ. Furthermore, there exists
exactly onej ∈ [0, 2N − 1] and exactly oneq ∈ Q such that propositionq holds inxj, denoting
that in configurationu the ATMM is currently in stateq and scans cellj. Worldxj is connected
to worldxj+1 via the atomic programs for eachj ∈ [0, 2N−1]. Finallyx2N−1 may be connected
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to the first cell of one or both representations of successor configurations ofu via s. Formally,
the formulaϕ will be over the atomic propostionsP = {cj(0), cj(1) | j ∈ [0,N − 1]} ∪Q ∪ Γ
and over the singleton atomic program setA = {s}.

Let us define some auxiliary formulas and programs. First, for every subsetB ⊆ Q ∪ Γ, we
defineϕB as

ϕB =
∨

b∈B

b.

The formulaϕsound checks if the atomic propositions in the current world describe sound repre-
sentations of cells of configurations ofM. More precisely, for eachi ∈ [0,N − 1] exactly one
of the atomic propositionsci(0) andci(1) is true. Moreover, for exactly oneγ ∈ Γ we have that
γ holds and for at most oneq ∈ Q the atomic propositionq holds,

ϕsound =
∧

i∈[0,N−1]

(ci(0)↔ ¬ci(1)) ∧
∨

γ∈Γ


γ ∧

∧

γ′∈Γ:γ′ 6=γ

¬γ′




∧
∧

q∈Q


q →

∧

q′∈Q:q′ 6=q

¬q′


 .

The formulaϕfirst (resp.ϕlast) checks if the current world represents the first (resp. last) cell of
some configuration:

ϕfirst =
∧

i∈[0,N−1]

ci(0)

ϕlast =
∧

i∈[0,N−1]

ci(1)

Formulaϕ+1 checks that the current world represents a cell at positionj ∈ [0, 2N − 2] and all
successor worlds represent some cell at positionj + 1,

ϕ+1 =
∨

i∈[0,N−1]


ci(0) ∧ [s]ci(1) ∧

∧

k∈[0,i−1]

ck(1) ∧ [s]ck(0)

∧
∧

k∈[i+1,N−1]




∧

b∈{0,1}

ck(b)→ [s]ck(b)




 .

The formulaϕglob guarantees that all reachable worlds describe a sound representation of cells.
Moreover, it is checked that all reachable worlds that are not last cells have some successor cell
and furthermore all successors of last cells are first cells.Finally, the formulaϕglob prohibits
that a configuration contains two cells that both contain some state symbol

ϕglob = [s∗]

(
ϕsound ∧ (¬ϕlast → (ϕ+1 ∧ 〈s〉true)) ∧ (ϕlast → [s]ϕfirst)

∧
(
(ϕQ ∧ ¬ϕlast)→ ¬〈(s ◦ ¬ϕfirst?)

+〉ϕQ
)
true

)
.
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Recall thatw = w1 · · ·wn is the input ofM. Next, we give a formulaϕw that guarantees that
the configurationq0w2

2N−n is the first configuration seen,

ϕw = ϕfirst ∧ q0 ∧ w1

∧ [s]

(
w2 ∧ [s]

(
w3 · · · ∧ [s](wn ∧[(s ◦ ¬ϕfirst?)

+]2)

)
· · ·

)
.

Let us now, for each formulaψ, define a programπ(ψ) that relates the current non-first (resp.
first) cell c to some non-first (resp. the first) cellc′ of some successor configuration and more-
over, if c andc′ are non-first cells, checks if the predecessor cell ofc′ satisfies the formulaψ,

π(ψ) = (¬ϕfirst? ◦ (s ◦ ¬ϕfirst?)
∗ ◦ s ◦ ϕfirst? ◦ (s ◦ ¬ϕfirst?)

∗ ◦ ψ? ◦ s ◦ ¬ϕfirst?)

∪ (ϕfirst? ◦ (s ◦ ¬ϕfirst?)
∗ ◦ s ◦ ϕfirst?).

Puttingα−1(ψ) = π(ψ), we define

αi(ψ) = ⊕

(
⊕
(
αi−1(ψ), ci(0), ci(1)

)
, ci(1), ci(0)

)
for eachi ∈ [0,N − 1].

Eventually, we define
match(ψ) = αN−1(ψ).

Since will enforce that each (reachable) world in a model ofϕ satisfies exactly one of the
atomic propositionsci(0) andci(1), the programmatch(ψ) relates worlds that are related by
π(ψ) and that additionally agree on the same atomic propositionsfrom {ci(0), ci(1) | i ∈
[0, N − 1]}, i.e. the following equality holds:

[[match(ψ)]]K =

N−1⋂

i=0

⋃

b∈{0,1}

[[ci(b)? ◦ π(ψ) ◦ ci(b)?]]K .

Hencematch(ψ) precisely connects worlds that represent cellsc andc′ of consecutive configu-
rations atsame positionsand in casec andc′ both represent non-first cells, the predecessor ofc′

satisfiesψ.

Now, for every moveµ = (q, γ, d) ∈ Moves ofM, whereq ∈ Q, γ ∈ Γ, andd ∈ {←,→}, we
define a programπµ that relates the read-write cell of the current configuration u with some cell
of some successor configuration that is obtained fromu by making the moveµ.
Firstly, assumeµ = (q, γ,→) for someq ∈ Q and someγ ∈ Γ. As we move the read-write
head ofM to the right, we have to make sure that we do not scan the last cell of our current
configuration and define

πµ = ¬ϕlast? ◦match(true) ◦ γ? ◦ s ◦ q?.

Secondly, assumeµ = (q, γ,←) for someq ∈ Q and someγ ∈ Γ. Since we move the read-
write head to the left, we have to make sure that we do not scan the first cell of our current
configuration and define

πµ = ¬ϕfirst? ◦match(q) ◦ γ?.
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Let us now describe the formulaϕδ that assures that every model ofϕ contains a representation
of a computation tree ofM.

ϕδ = [s∗]




∧

q∈Q∃,γ∈Γ:

δ(q,γ)=(µ1,µ2)


(q ∧ γ)→

∨

i∈{1,2}

〈πµi
〉true




∧
∧

q∈Q∀,γ∈Γ:

δ(q,γ)=(µ1,µ2)


(q ∧ γ)→

∧

i∈{1,2}

〈πµi
〉true)




∧
∧

γ∈Γ

((γ ∧ ¬pQ)→ ¬〈match(true)〉¬γ)




The formulaϕacc ensures that there does not exist a configuration in an existential stateq ∈ Q∃
and scanning a symbolγ such thatδ(q, γ) = ⊥ and that moreover there does not exist an infinite
s-path. This corresponds to the existence of an acceptance tree ofM onw,

ϕacc = ¬[s∗]〈s〉true ∧ [s∗]
∧

q∈Q∃,γ∈Γ:

δ(q,γ)=⊥

¬(q ∧ γ).

Eventually, we define
ϕ = ϕglob ∧ ϕw ∧ ϕδ ∧ ϕacc.

It is tedious but not difficult to verify thatw ∈ L(M) if and only ifϕ is satisfiable. �

4.6 A 2EXP-hard variant of DLP +
dyn

The aim of this section is to point out that a mere modificationof the semantics of DLP+dyn yields
a logic which satisfiability is2EXP hard for.

Assume that we changed the semantics ofperm andfperm formulas of DLP+dyn as follows,
whereK = (W, {→a| a ∈ A}, {Wp | p ∈ P}, P ) is some extended Kripke structure:

[[perm(π)ϕ]]K = {x ∈W | ∃y ∈ [[ϕ]]K ∃π-path fromx to y such that(x, y) ∈ P}

[[fperm(π)ϕ]]K = {x ∈W | ∀y ∈ [[ϕ]]K ∃π-path fromx to y implies(x, y) ∈ P}

Let us call this modified logic DLP++
dyn . Let us summarize the difference between DLP++

dyn and

DLP+
dyn. In DLP+

dyn, for a worldx satisfyingperm(π)ϕ there has to be aπ-path to some world

y satisfyingϕ such that each non-test transition on thisπ-path lies in the policy setP . In DLP++
dyn

however, we require that(x, y) ∈ P and no further requirement on transitions on theπ-path is
imposed.

Analogously, in DLP+dyn a worldx satisfying the formulafperm(π)ϕ has the property that

all non-test transitions on anyπ-path fromx to any worldy satisfyingϕ lie in P . In DLP++
dyn

109



4 Dynamic Logics of Permission

however, we require that(x, y) ∈ P and no further requirements on transitions on theπ-paths
are imposed.

The following proposition shows that this change of semantics indeed increases the complex-
ity of satisfiability. We sketch a2EXP-hardness proof for satisfiability in DLP++

dyn . It relies on
the2EXP-hardness proof of satisfiability in PDL⊕ (Theorem 4.20).

Proposition 4.21 Satisfiability in DLP++
dyn is 2EXP-hard. 2

PROOF (SKETCH) We recycle the proof of Theorem 4.20. Starting with an ATMM and an
inputw we constructed a formulaϕ = ϕ(M, w) which was defined as follows:

ϕ = ϕglob ∧ ϕw ∧ ϕδ ∧ ϕacc.

Note that only the formulaϕδ contains the⊕ operator. We will give a DLP++
dyn formulaϕ′ that

is equi-satisfiable toϕ. The formulaϕ′ is defined as follows,

ϕ′ = ϕglob ∧ ϕw ∧ ϕ′δ ∧ ϕacc,

with ϕ′δ defined as,

ϕ′δ = grant(true, true) (4.9)

revoke(c0(0), c0(1)) revoke(c0(1), c0(0)) (4.10)

revoke(c1(0), c1(1)) revoke(c1(1), c1(0)) (4.11)
...

revoke(cN−1(0), cN−1(1)) revoke(cN−1(1), cN−1(0)) (4.12)

[s∗]




∧

q∈Q∃,γ∈Γ:

δ(q,γ)=(µ1,µ2)


(q ∧ γ)→

∨

i∈{1,2}

perm(π′µi
)true




∧
∧

q∈Q∀,γ∈Γ:

δ(q,γ)=(µ1,µ2)


(q ∧ γ)→

∧

i∈{1,2}

perm(π′µi
)true)




∧
∧

γ∈Γ

(
(γ ∧ ¬pQ)→ ¬perm(match′(true))¬γ

)



for appropriately adjusted programsπ′µi
andmatch′ that no longer have to contain the⊕ operator

to relate cells at same positions since thegrant andrevoke operations from (4.9) to (4.12)
assure that precisely those pairs of worlds are added to the policy set that satisfy the same atomic
propositions from{ci(0), ci(1) | i ∈ [0,N − 1]} and hence represent cells at same positions.�

We conjecture that the previous lower bound given in Proposition 4.21 is tight and satisfiability
in DLP++

dyn is 2EXP-complete.

110



4.7 Open problems

4.7 Open problems

Non-regular and fixed point extensions

Recall that our translation from DLP+dyn to PDL⊕[A] exploits the idea that we define for each

subformulaψ of a given DLP+dyn formula some PDL⊕[A] formula that roughly defines those
worlds ofK ↾ σ(ψ) that satisfyψ.

Firstly, one can extend DLP+dyn by allowing non-regular programs. A prominent example
for a non-regular extension of PDL that still has a decidablesatisfiability problem [75] are vis-
ibly pushdown languages (VPL) introduced in [4]. The authorconjectures that satisfiability in
DLP+

dyn where programs are given by visibly pushdown automata [4] isnot harder than the VPL
extension of PDL studied in [75], namely2EXP. The reason for this is that it should not be
hard, using our approach, to define VPL programs that correspond to the set of permitted and
non-permitted paths by an appropriate manipulation of visibly pushdown automata.

Secondly, our method to decide satisfiability in DLP+
dyn is not directly applicable when en-

hancing DLP+dyn by a fixed point formalism in the style of the modalµ-calculus since subfor-
mulas behave more complex in the presence of fixed points. Yet, it is rather straightforward to
prove that the resulting logic is still invariant under bisimulation. However the decidability and
complexity status of the satisfiability problem is worth investigating.

Finite sequence semantics

Recall that DLP is the fragment of DLPdyn , where the operatorsgrant andrevoke do not
occur. Orignally [117], the semantics of DLP was defined differently. Atomic programs were
not interpreted as binary relations over the underlying world setW but rather as a set of finite
sequences overW . Let us call this notion of semantics thefinite sequence semantics. Clearly
the semantics we introduced for DLP+

dyn is a special case of the finite sequence semantics since
each binary relation over the world set is a set of sequences of length one. As shown in Lemma
2.1 of [24] a DLP formula is satisfiable in our semantics if andonly if it is satisfiable in the finite
sequence semantics. However, this is no longer the case for DLP+

dyn. Hence the question arises

what the complexity of satisfiability in DLP+dyn is when formulas are interpreted by the finite
sequence semantics.

Sabotage Modal Logic

As shown in [76] satisfiability in SML is undecidable. However, the decidability status is unclear
if we restrict ourselves to SML formulas over a singleton setof atomic programs.

Let us shortly introduce world-deleting version SML’ of SML. In SML’ the sabotage operator is
not parametrized by an atomic program, i.e. we only have the world deleting sabotage operator
〈−〉 with the following semantics, whereK = (W, {→a| a ∈ A}, {Wp | p ∈ P}) is a Kripke
structure:

[[〈−〉ϕ]]K = {x ∈W | ∃y ∈W \ {x} : x ∈ [[ϕ]]K\y},

where for each worldy ∈W the Kripke structureK \ y is defined as follows:

K \ y = (W \ {y}, {→a ∩(W \ {y})2 | a ∈ A}, {Wp \ {y} | p ∈ P}).
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4 Dynamic Logics of Permission

So far, the decidability status of satisfiability in SML’ is unknown.
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5
Infinite state model checking of PDL and

fragments

In this chapter we investigate the complexity of infinite state model checking of PDL and frag-
ments of it. As stated in Section 2.5, besides prefix-recognizable systems, we follow Mayr’s
classification of infinite state systems. However, in Section 5.1 we show, via a reduction from
the undecidable model checking problem of EF over Petri nets, that already over basic paral-
lel processes (a subclass of Petri nets) model checking test-free PDL becomes undecidable. In
Section 5.2 we prove that over prefix-recognizable systems already reachability is hard for deter-
ministic exponential time and thusEXP-complete. For the sake of completeness, we investigate
in Section 5.3 (resp. Section 5.4) the complexity of infinitestate model checking of test-free
(resp. full) PDL via simple reductions from known results ofinfinite state model checking of
EF, CTL, and the modalµ-calculus respectively. Table 5.1 summarizes the results.Section 5.5
concludes the chapter with the open problem of model checking EF over one-counter systems.

Since we are interested in infinite state model checking we restrict the considered the logics
and Kripke structures not to contain any atomic propositions as already justified in Section 2.5.
Since we deal with it several times in this chapter, we introduce the logic EF, a fragment of
test-free PDL. Formally, formulasϕ of EF are given by the following grammar, wherea ranges
over the countable set of atomic programsA,

ϕ ::= true | ¬ϕ | ϕ ∨ ϕ | 〈a〉ϕ | EFϕ.

In the following,A ⊆ A always denotes a finite set of atomic programs. Given a Kripkestructure
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BPA PDS PRS

data P-complete EXP -complete

EF, PDL\? expression PSPACE-complete

combined EXP-complete

data P-complete

PDL expression EXP-complete

combined

Table 5.1: Complexity of infinite state model checking (test-free) PDL.

K = (W, {→a| a ∈ A}) for each EF formulaϕ, the semantics[[ϕ]]K ⊆W is defined as follows,

[[true]]K = W,

[[¬ϕ]]K = W \ [[ϕ]]K ,

[[ϕ1 ∨ ϕ2]]K = [[ϕ1]]K ∪ [[ϕ2]]K ,

[[〈a〉ϕ]]K = {x ∈W | ∃y ∈ [[ϕ]]K : x→a y} for eacha ∈ A, and

[[EFϕ]]K = {x ∈W | ∃y ∈ [[ϕ]]K : (x, y) ∈ (∪a∈A →a)
∗}.

Clearly, EF is a fragment of test-free PDL since formulas of the kind EFϕ can be translated to
〈A∗〉ϕ′, whereϕ′ is inductively the translation forϕ.

5.1 Undecidability of test-free PDL over communication-fr ee
nets

In this section we give an undecidability proof of model checking test-free PDL over communication-
free nets by reducing the undecidable model checking problem of EF over Petri nets to it.

A Petri netover a finite set of atomic programsA ⊆ A is a tupleN = (S, T, γ, ρ), whereS
is a finite set ofplaces, T is a finite set oftransitions, γ : (S × T ) ∪ (T × S) → N is aweight
function, andρ : T → A labels each transition with an atomic program. Amarkingis a mapping
M : S → N. The underlying Kripke structure is defined asK(N ) = (NS , {→a| a ∈ A}),
where for eacha ∈ A we define

→a = {(M1,M2) ∈ N
S × N

S | ∃t ∈ ρ−1(a)∀s ∈ S : M1(s) ≥ γ(s, t)

∧M2(s) = M1(s) + γ(t, s)− γ(s, t)}.

Thesizeof a Petri net is defined as|N | = |A|+
∑

s∈S,t∈T γ(s, t)+γ(t, s). Petri nets can also
be described by transition systems which are generated by Mayr’s process rewriting [84], where
only parallel composition is allowed on both the left and theright hand side of each rewriting
rule. A subclass of Petri nets, calledbasic parallel processesis defined by allowing parallel
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composition only on the right hand side of each rewriting rule. This class is also known as the
class of communication-free nets, which we introduce next.A communication-free netis a Petri
netN = (S, T, γ, ρ) such that for allt ∈ T there exists a uniques ∈ S with γ(s, t) = 1 such
thatγ(s′, t) = 0 for all s′ 6= s.

Let us state the undecidability of EF model checking over Petri nets.

Theorem 5.1 ([29, 30])There exists a fixed EF formulaϕ such that the following problem is
undecidable:
INPUT: A Petri netN and an initial markingM .
QUESTION:M ∈ [[ϕ]]K(N )? 2

In the following corollary, we reduce EF model checking overPetri nets to test-free PDL
model checking over communication-free nets. Note that theresulting test-free PDL formula of
our reduction needs to be part of the input. Too, it is worth mentioning that the latter corollary
stands in contrast with thePSPACE-completeness of the combined complexity of EF model
checking over communication-free nets as shown in [85].

Corollary 5.2 The following problem is undecidable:
INPUT: A communication-free netN , an initial markingM , and a test-free PDL formulaϕ.
QUESTION:M ∈ [[ϕ]]K(N )? 2

PROOF Let ϕ be the fixed EF formula of Theorem 5.1 over some set of atomic programsA,
let N = (S, T, γ, ρ) be a Petri net and letM ∈ N

S be an initial marking. We prove that one
can compute a test-free PDL formulaϕ′, a communication-free netN ′ = (S′, T ′, γ′, ρ′), and a
markingM ′ such that

M ∈ [[ϕ]]K(N ) ⇔ M ′ ∈ [[ϕ′]]K(N ′).

Firstly, we enhance each transitiont ∈ T with several new transitions, namely with(s, t) ∈ T ′

for each places ∈ S. The idea is that firing a transitiont ∈ T in N corresponds inN ′ to first
firing each transition(s, t) (which takes from places precisely one weight unit) exactlyγ(s, t)
times and then, by firingt, ensuring that each places gets addedγ(t, s) more weight units. Our
formulaϕ′ actually takes care that the latter is accomplished. Thus,T ′ = T ∪ (S × T ). In
addition toS, we introduce a fresh places0, i.e. S′ = S ⊎ {s0}. The places0 ensures that in
N ′ firing transitions fromt ∈ T is possible. The set of atomic programsA′ thatN ′ andϕ′ are
defined over equalsT ′. We defineρ′ to be the identity function, i.e.ρ′(t′) = t′ for eacht′ ∈ T ′.
We define the weight functionγ′ as follows,

γ′(s′, t′) =





1 if s′ ∈ S andt′ = (s′, t) for somet ∈ T

1 if s′ = s0 andt′ ∈ T

0 else

and

γ′(t′, s′) =





γ(t′, s′) if t′ ∈ T ands′ ∈ S

1 if s′ = s0 andt′ ∈ T

0 else
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for eachs′ ∈ S′ and eacht′ ∈ T ′. Observe thatN ′ is a communication-free net. Our initial
markingM ′ is defined asM ′(s) = M(s) for eachs ∈ S andM ′(s0) = 1. Let us assume that
S = {s1, . . . , sn}. We define the test-free PDL formulaϕ′ to emerge from the EF formulaϕ by
replacing each occurrence of a modality “〈a〉” by

〈
⋃

t∈ρ−1(a)


©n

i=1 (si, t) ◦ · · · ◦ (si, t)︸ ︷︷ ︸
γ(si,t) times


 ◦ t

〉

and each occurrence of “EF” by

〈


⋃

a∈A,t∈ρ−1(a)


©n

i=1 (si, t) ◦ · · · ◦ (si, t)︸ ︷︷ ︸
γ(si,t) times


 ◦ t




∗〉
.

It is not difficult to see that we have

M ∈ [[ϕ]]K(N ) ⇔ M ′ ∈ [[ϕ′]]K(N ′).

5.2 EXP-hardness of reachability on prefix-recognizable
graphs

In this section we no longer talk about Kripke structures butabout graphs, which formally can
be seen as Kripke structures over a singleton set of atomic programs.

The reachability problemasks, given some graphG and two verticesu andv of G, if there
exists a path fromu to v in G. Thealternating reachability problemasks, given two vertices
u andv of some game graph, i.e. a graph whose vertices are partitioned into those for player
Eve and playerAdam, if Eve has a winning strategy in the reachability game fromu to v. On
finite graphs it is well known that the reachability problem is complete forNL, whereas for the
alternating reachability problem the complexity jumps toP-completeness.

It is natural to ask what the complexity status of the (alternating) reachability problem is when
the input graph is potentially infinite but finitely presented. Onpushdown graphsreachability
can be solved in deterministic polynomial time [14]. A matching lower bound can easily be
seen to hold already over BPAs via a reduction from the non-emptiness problem of context-free
grammars, see also Corollary 5.7. Alternating reachability on pushdown graphs on the other
hand isEXP-complete [107]. Onone-counter graphs, i.e. transition graphs of pushdown au-
tomata over a singleton stack alphabet, reachability isNL-complete, whereupon recent results
[62, 100] imply that alternating reachability isPSPACE-complete. Reachability on order-n
pushdown graphs (which generalize pushdown graphs by allowing a nested stack structure) is
(n − 1)EXP-complete [28], whereas alternating reachability isnEXP-complete [51, 16]. Sum-
marizing, for the above mentioned established classes of infinite graphs, there is an exponential
complexity jump from reachability to alternating reachability. A comparable phenomenon can
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be observed onregular ground tree rewriting graphs: Reachability is decidable but already de-
ciding whether all paths starting in some source vertex eventually reach some vertex of a regular
set of vertices is undecidable [74]. Even worse, on the more general class ofautomatic graphs,
where reachability isΣ0

1-complete [9], alternating reachability is at leastΠ1
1-hard following from

a recent result [69], where it is shown inter alia that deciding if an automatic successor tree has
an infinite path isΣ1

1-complete. Prefix-recognizable graphs, introduced by Caucal [18], form a
natural class of infinite graphs with numerous characterizations and a decidable monadic second
order theory; [73] gives a nice overview. For instance, theycan be characterized as the transition
graphs of pushdown automata withε-transitions [105] and strictly generalize (order-1) push-
down graphs. We prove that already the reachability problemon prefix-recognizable graphs is
EXP-hard. Since solving parity games on prefix-recognizable isin EXP [15], it immediately
follows that alternating reachability is inEXP too. Thus surprisingly, both reachabilityandal-
ternating reachability on prefix-recognizable graphs turnout to beEXP-complete. So alternation
on prefix-recognizable graphs comes for free.

As a consequence of our lower bound, the data complexity of model checking EF and thus of
test-free PDL over prefix-recognizable systems isEXP-hard, see also Table 5.1. As we are inter-
ested in proving a lower bound, aprefix-recognizable graphG is simply a prefix-recognizable
relation, i.e.G = ∪ki=1(Ui × Vi)Wi, wherek ∈ N andU1, V1,W1, . . . , Uk, Vk,Wk are regular
languages over some finite alphabetΣ. We assume thatG is represented by a collection of triples
of regular expressions(αi, βi, γi)1≤i≤k whereL(αi) = Ui, L(βi) = Vi, L(γi) = Wi. Thesize
of G is defined as|G| =

∑k
i=1 |αi|+ |βi|+ |γi|.

Thereachability problem(on prefix-recognizable graphs) is stated as follows:

INPUT: A prefix-recognizable graphG andu, v ∈ Σ∗.
QUESTION:(u, v) ∈ G+?
We proceed with theEXP lower bound for reachability on prefix-recognizable graphs. For this,

fix somep(n)-space bounded ATMM = (Q,Γ,ΣM, q0, δ,2), wherep(n) is some polynomial,
with anEXP-hard membership problem. Moreover, letw ∈ Σ∗M be an input of lengthn and let
N = p(n). Configurations ofM will be described by the regular language

U =
⋃

0≤i<N

ΓiQΓN−i.

In the following, configurations ofM will be confused with members ofU . We will construct
from w andM a polynomial time computable (inn = |w|) prefix-recognizable graphG such
that

w ∈ L(M) ⇔ (q0w2
N−n, ε) ∈ G+.

We may assume without loss of generality thatM never attempts to move left (resp. right)
scanning the left-most (resp. right-most) tape cell. Let Moves denote the moves that occur as
components inδ(Q,Γ) \ {⊥}. The alphabet ofG will be

Σ = Q ∪ Γ ∪ {l, r, e} ∪ {µi,j | µ ∈ Moves andi, j ∈ [0,N + 1]}.

Before definingG, let us introduce a relation−→ ⊆ Σ∗ × Σ∗ that describes a single step of a
depth-first left-to-right traversal of acceptance trees ofM. For this, letu range overU being in
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stateq ∈ Q, scanning a symbola ∈ Γ (i.e. u ∈ Γ∗qaΓ∗), and wherev ∈ Σ∗ is arbitrary,

uv −→ v if q ∈ Q∀ andδ(q, a) = ⊥, (5.1)

xuv −→ v if x ∈ {e, r}, (5.2)

uv −→ u′luv if q ∈ Q∀, δ(q, a) = (µ, ν) ∈ Moves2, andu′ is (5.3)

theµ-successor configuration ofu,

uv −→ u′euv if q ∈ Q∃, δ(q, a) = (µ, ν) ∈ Moves2 andu′ is (5.4)

theµ- or ν-successor configuration ofu,

luv −→ u′ruv if q ∈ Q∀, δ(q, a) = (µ, ν) ∈ Moves2, andu′ is (5.5)

theν-successor configuration ofu.

Next, we prove that the relation−→ is as required.

Lemma 5.3 For everyu ∈ U the following three statements are equivalent:

(i) u −→+ ε,

(ii) uv −→+ v for everyv ∈ Σ∗,

(iii) u is accepting. 2

PROOF

(ii) ⇒ (i): Trivial.
(i) ⇒ (iii): We proveu −→k ε implies thatu has an acceptance tree by induction onk ≥ 1.
The casek = 1 is clear since we can only apply (5.1) andu has an acceptance tree by (CT a) of
Defintion 2.1. Now assumeu −→k+1 ε. Assumeu is universal and letu′, u′′ ∈ U be the two
successor configurations ofu. It follows thatu −→k+1 ε is decomposed as

u
(5.3)
−→ u′lu −→k1 lu

(5.5)
−→ u′′ru −→k2 ru

(5.2)
−→ ε,

wherek1 +k2 < k. The latter is due to the observation that every occurrence of the letterl (resp.
r) in a wordz ∈ Σ∗ can only be rewritten by−→ if l (resp.r) is the first letter ofz. Moreover it
follows by the definition of−→ thatu′ −→k1 ε andu′′ −→k2 ε. Hence, by induction hypothesis
both foru′ andu′′ there exists an acceptance tree. Thus, by (CT b) of Definition2.1, there exists
an acceptance tree foru too. The case whenu is existential can be proven analogously.
(iii) ⇒ (ii): Assumeu is accepting. We proveuv −→+ v for all v ∈ Σ∗ by induction on the
smallest heighth of some acceptance tree ofu. Assumeh = 0, henceu is in some stateq ∈ Q∀
scanning some symbola ∈ Γ andδ(q, a) = ⊥ by (CT a) of Definition 2.1. Thus, by applying
(5.1), we obtainuv −→ v for all v ∈ Σ∗. Now leth > 0. In caseu is existential, there exists
a successor configurationu′ of u for which the smallest height of some acceptance tree foru′ is
strictly less thanh. Hence, by induction hypothesis, we haveu′v′ −→+ v′ for all v′ ∈ Σ∗. By
additionally applying (5.2) and (5.4) we obtain for everyv ∈ Σ∗

uv
(5.4)
−→ u′euv −→+ euv

(5.2)
−→ v.

Henceuv −→+ v for all v ∈ Σ∗. The case whenu is universal can be proven analogously.�
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•
µi,0u

′duv
•

µi,1u
′duv

· · · •
µi,i−3u

′duv
• µi,i−2u

′duv

•
µi,i−1u

′duv

•
µi,iu

′duv

•
µi,Nu

′duv
•

•
u′duv

µi,N+1u
′duv

•
µi,i+1u

′duv
· · · •

µi,i+2u
′duv

only if u andu′

agree at position1
only if u andu′

agree at positioni−2

only if u andu′

agree at positioni+2
only if u andu′

agree at positionN+1

Figure 5.1: The graphG=

Our prefix-recognizable graphG will be the union of several prefix-recognizable graphs we
define below.
The prefix-recognizable graphG1 corresponds to (5.1):

G1 =
⋃

0≤i<N
q∈Q∀,a∈Γ:δ(q,a)=⊥

(
ΓiqaΓN−i−1 × {ε}

)
Σ∗

Similarly, the prefix-recognizable graphG2 corresponds to (5.2):

G2 = ({e, r}U × {ε})Σ∗

Before defining prefix-recognizable graphs that correspondto (5.3), (5.4), and (5.5) respectively,
we need an auxiliary graphG= that is often used later and has the following property: For each
µ ∈ Moves and eachu, u′ ∈ U we have(µi,0u′duv, u′duv) ∈ G+

= only if u′ agrees withu on
all positions besides{i− 1, i, i+ 1}, whered ∈ {l, r, e} andv ∈ Σ∗. Figure 5.1 shows how this
can be achieved. Formally, we define

G= =
⋃

1<i≤N,
µ∈Moves

({µi,i−2} × {µi,i+1}) Σ∗ ∪ (µi,N+1 × {ε}) Σ∗ ∪

⋃

0≤j<i−2 or i+1≤j≤N
c∈Γ

({µi,j} × {µi,j+1}) ΣjcΣN+1cΣ∗.

Let us turn to a graphG3 that corresponds to (5.3). We make a case distinction. In case the move
µ is fromQ× Γ× {←}, we realize (5.3) by

G←3 =
⋃

1<i≤N

⋃

c∈Γ

⋃

q∈Q∀,a∈Γ

δ(q,a)=(µ,ν)
µ=(q′,b,←)

(
{ε} × µi,0Γ

i−2q′cbΓN−il
)
Γi−2cqaΓN−iΣ∗.

In caseµ is fromQ× Γ× {→}, we realize (5.3) by

G→3 =
⋃

1<i≤N

⋃

c∈Γ

⋃

q∈Q∀,a∈Γ

δ(q,a)=(µ,ν)
µ=(q′,b,→)

(
{ε} × µi,0Γ

i−2bq′cΓN−il
)
Γi−2qacΓN−iΣ∗.
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5 Infinite state model checking of PDL and fragments

DefineG3 = G←3 ∪G
→
3 . Note that bothG→3 andG←3 allow to get from verticesuv to vertices

µi,0u
′luv whereu′ is not necessarily theµ-sucessor ofu. But thanks toG= it is guaranteed that

from µi,0u
′luv the vertexu′luv can only be reached ifu′ is indeed theµ-successor ofu.

Analogously to (5.3), the graphG4 that corresponds to (5.4) is the union of

⋃

1<i≤N

⋃

c∈Γ

⋃

q∈Q∃,a∈Γ

δ(q,a)=(ν,ν′)
µ=(q′,b,←)∈{ν,ν′}

(
{ε} × µi,0Γ

i−2q′cbΓN−ie
)
Γi−2cqaΓN−iΣ∗

and ⋃

1<i≤N

⋃

c∈Γ

⋃

q∈Q∃,a∈Γ

δ(q,a)=(ν,ν′)
µ=(q′,b,→)∈{ν,ν′}

(
{ε} × µi,0Γ

i−2bq′cΓN−ie
)
Γi−2qacΓN−iΣ∗.

Finally, as for (5.3) and (5.4), the graphG5 that realizes (5.5) is the union of

⋃

1<i≤N

⋃

c∈Γ

⋃

q∈Q∀,a∈Γ

δ(q,a)=(µ,ν)
ν=(q′,b,←)

(
{l} × νi,0Γ

i−2q′cbΓN−ir
)
Γi−2cqaΓN−iΣ∗

and ⋃

1<i≤N

⋃

c∈Γ

⋃

q∈Q∀,a∈Γ

δ(q,a)=(µ,ν)
ν=(q′,b,→)

(
{l} × νi,0Γ

i−2bq′cΓN−ir
)
Γi−2qacΓN−iΣ∗.

DefineG = G1 ∪ G2 ∪G3 ∪G4 ∪ G5 ∪G=. It is easy to verify thatG is computable in time
polynomial inn = |w|. The following fact is not hard to check.

Fact 5.4 LetA = (U ∪ {ε})({l, r, e}U)∗ . Then

−→+ ∩ A×A = G+ ∩A×A.

The following equivalences finish ourEXP lower bound proof:

w ∈ L(M) ⇐⇒ q0w2
N−n ∈ U is accepting

Lemma 5.3
⇐⇒ ∀v ∈ Σ∗ : q0w2

N−nv −→+ v
Lemma 5.3
⇐⇒ q0w2

N−n −→+ ε
Fact 5.4
⇐⇒ (q0w2

N−n, ε) ∈ G+.

By combining theEXP upper bound that even holds for solving parity games on prefix-recognizable
graphs [15], we get the following theorem.

Theorem 5.5 The reachability problem on prefix-recognizable graphs isEXP-complete. 2

It is a natural question to ask what the complexity of the reachability problem is onprefix rewrite
graphs, where transitions are given as

⋃

1≤i≤k

(Ui × Vi)Σ
∗ for regular languagesU1, V1, . . . , Uk, Vk. (∗)
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Note that in our lower bound proof onlyG= was not of the form(∗). The latter is inevitable,
since there is an easy reduction from the reachability problem on prefix rewrite graphs to the
reachability problem on pushdown graphs: Transitions of the kind (Ui × Vi)Σ

∗ are simulated
by asequenceof transitions of two NFAs that simulateUi (resp.Vi) by popping (resp. pushing)
symbols from (resp. on) the stack. Thus, reachability on prefix rewrite graphs isP-complete.

5.3 Infinite state model checking test-free PDL

In this section, we fill the picture of infinite state model checking of test-free PDL. These results
can be obtained from known results of infinite state model checking of EF.

Lower Bounds

A context-free grammar(CFG for short) is a tupleG = (V,Σ, S, P ), whereV is a finite set
of variable symbols, Σ is a finite terminal alphabet, S ∈ V is thestarting variable, andP :
V → 2(V ∪Σ)∗ with P (X) finite for eachX ∈ V is the set ofproduction rules. We denote by
L(G) the languagegenerated by the context-free grammarG. The size|G| of G is defined as
|V |+ |Σ|+

∑
X∈V

∑
v∈P (X) |v|.

Theorem 5.6 ([63]) The following problem isP-complete:
INPUT: A CFGG = (V, ∅, S, P ) with empty terminal alphabet.
QUESTION:L(G) 6= ∅? (i.e.ε ∈ L(G)?) 2

By a simple reduction from the non-emptiness problem for context-free grammars, we can prove
that reachability and hence EF model checking on BPAs isP-hard:

Corollary 5.7 The following problem isP-hard:
INPUT: A BPAX = (Γ, {

a
−→X | a ∈ A}) and two worldsx, y ∈ Γ∗ ofK(X ).

QUESTION: Isy reachable fromx, i.e. (x, y) ∈ (∪a∈A →a)
∗? 2

PROOF We give a logspace reduction from the non-emptiness problemof context-free grammars
to the above problem. Thus,P-hardness follows from Theorem 5.6. LetG = (V, ∅, S, P ) be a
CFG over the empty terminal alphabet. We construct a BPAX = X (G) = (Γ, {→X }), where
Γ = V and

→X = {(X, v) | X ∈ V ∧ v ∈ P (X)}.

It is now obvious that we haveL(G) 6= ∅ if and only if ε is reachable fromS in K(X ). �

As mentioned above, it follows that the data complexity of EFand hence of test-free PDL over
basic process algebras isP-hard. Over pushdown systems however, Bouajjani et al. proved a
PSPACE lower bound.

Theorem 5.8 ([14]) There exists a fixed EF formulaϕ such that the following problem isPSPACE-
hard:
INPUT: A PDSY and a stateq0 ofY.
QUESTION:q0 ∈ [[ϕ]]K(Y)? 2
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5 Infinite state model checking of PDL and fragments

Concerning expression complexity of EF over basic process algebras, aPSPACE lower bound
was shown by Mayr.

Theorem 5.9 ([83]) There exists a fixed BPAX such that the following problem isPSPACE-
hard:
INPUT: An EF formulaϕ.
QUESTION:ε ∈ [[ϕ]]K(X )?.
Moreover, this lower bound even holds if the inputϕ does not contain an EF-operator, i.e.ϕ
can be chosen to be a formula of modal logic. 2

Upper bounds

In [124], Walukiewicz shows that the combined complexity ofEF over pushdown systems is in
PSPACE.

Theorem 5.10 ([124])The following problem is inPSPACE:
INPUT: A PDSY = (Q,Γ, {

a
−→Y | a ∈ A}), a worldq0w ∈ QΓ∗, and an EF formulaϕ.

QUESTION:q0w ∈ [[ϕ]]K(Y)? 2

From the previous theorem we can deduce the following corollary.

Corollary 5.11 The following problem is inPSPACE:
INPUT: A PDSY = (Q,Γ, {

a
−→Y | a ∈ A}), a world q0w ∈ QΓ∗, and a test-free PDL formula

ϕ.
QUESTION:q0w ∈ [[ϕ]]K(Y)? 2

PROOF Given a PDSY = (Q,Γ, {
a
−→Y | a ∈ A}, a world q0w ∈ QΓ∗, and a test-free PDL

formula ϕ, we construct in polynomial time a PDSY ′ = (Q′,Γ, {
a
−→Y ′ | a ∈ A′}), a state

q′0 ∈ Q
′, and an EF-formulaϕ′ such thatq0w ∈ [[ϕ]]K(Y) if and only if q′0w ∈ [[ϕ′]]K(Y ′). Thus,

the corollary follows from Theorem 5.10. We assume that eachoccurring program inϕ is given
by an NFA overA. Letϕ1, ϕ2, . . . , ϕn be an enumeration of the set of all diamond subformulas
of ϕ, i.e. each formulaϕi is of the kind〈Ai〉ψi for some NFAAi = (Qi,A, ri, δi, Fi) and some
subformulaψi, such that additionally for alli, j ∈ [1, n] we have

if ϕi is a strict subformula ofϕj , theni < j.

We assume moreover without loss of generality thatϕ = ϕn is a diamond formula. The simple
idea is that the states ofY ′ have the information which state ofY and which of the subformulas
ϕi is currently tested. We defineQ′ = Q× (

⊎n
i=1Qi) andA′ = Q ⊎ [n] ⊎ {#}. The rewriting

rules ofY ′ are defined as follows, whereq, q′ ∈ Q andr, r′ ∈ ⊎ni=1Qi

• (q, r)
r
−→Y ′ (q, r),

• (q, r)γ
#
−→Y ′ (q

′, r′)v wheneverqγ
a
−→Y q

′v andr′ ∈ δi(q, a), and

• (q, r)
i
−→Y ′ (q, ri) whenever eitherr = ri or r ∈ Fj for somej > i.
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5.4 Model-checking full PDL

We give the definition ofϕ′ inductively,

true
′ = true,

(¬ϕ)′ = ¬ϕ′,

(ϕ1 ∨ ϕ2)
′ = ϕ′1 ∨ ϕ

′
2, and

(〈Ai〉ϕ)′ = 〈i〉 EF



∨

r∈Fi

〈r〉true ∧ ϕ′


 for eachi ∈ [n].

It is easy to see that the translation is computable in polynomial time and that we have

q0w ∈ [[ϕ]]K(Y) ⇔ (q0, rn)w ∈ [[ϕ′]]K(Y ′). �

In [105] it is shown that each prefix-recognizable systemZ can effectively be translated into
a pushdown systemY with ε-transitions, such that every world inK(Y) either has no outgoing
ε-transitions or no outgoing non-ε-transitions, see also [8]. Moreover, one regains the prefix-
recognizable systemZ by factoring out theε-transitions ofY as follows: One takes only those
worlds inK(Y) without outgoingε-transitions (let us denote such worldsε-free) and adds an
a-transition between two worlds whenever there exists a pathbetween them inK(Y) consisting
of onea-transition followed by arbitrary manyε-transitions. It is now easy to see that Corollary
5.11 implies aPSPACE upper bound for the expression complexity of test-free PDL over prefix-
recognizable systems: Given a fixed PRSZ = (Γ, φ) and a test-free PDL formulaϕ each over
the set of atomic programsA, we effectively compute in constant time a pushdown systemY
with ε-transitions and the properties from above. We add transitions toY such that eachε-free
world of K(Y) has a self-loop labeled by a fresh symbol# 6∈ A. Let Y ′ denote the resulting
pushdown system withε-transitions. Finally, we replace each occurring atomic programa ∈ A

in ϕ by # ◦ a ◦ ε∗ ◦# and hereby receiveϕ′. Hence, we get the following corollary.

Corollary 5.12 For every fixed PRSZ = (Γ, φ) and worldx ∈ Γ∗ the following problem is in
PSPACE:
INPUT: A test-free PDL formulaϕ.
QUESTION:x ∈ [[ϕ]]K(Z)? 2

Table 5.1 summarizes the results for model checking test-free PDL over BPA, PDS, and PRS.

5.4 Model-checking full PDL

Lower Bounds

Before we proceed with lower bounds of model checking full PDL, let us introduce the logic
CTL. Formulasϕ of the logic CTL are given by the following grammar, wherea ∈ A,

ϕ ::= true | ¬ϕ | ϕ1 ∨ ϕ2 | 〈a〉ϕ | ∃(ϕ U ϕ) | ∃(ϕ wU ϕ).
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5 Infinite state model checking of PDL and fragments

Let K = (W, {→a| a ∈ A}) be a Kripke structure over some finite set of atomic programs
A ⊆ A and let→ denote

⋃
a∈A →a. We only define to semantics of the formulas∃(ϕ1 U ϕ2)

and∃(ϕ wU ϕ):

[[∃(ϕ1 U ϕ2)]]K = {x ∈W | ∃x1, . . . , xn ∈W,n ≥ 1 : x = x1 ∧ xn ∈ [[ϕ2]]K

∧ ∀i ∈ [n− 1] : xi → xi+1 ∧ xi ∈ [[ϕ1]]K}

[[∃(ϕ1 wU ϕ2)]]K = [[∃(ϕ1 U ϕ2)]]K

∪ {x ∈W | ∃x1, x2, . . . ∈ [[ϕ1]]K : x = x1 ∧ ∀i ≥ 1 : xi → xi+1}

Hence, EF is a fragment of CTL, since EFϕ is equivalent to∃(true U ϕ). In [124], Walukiewicz
has shown that the combined complexity of CTL over pushdown systems isEXP-hard. It is not
too difficult to see that his proof can be adjusted in such a wayto show that CTL model checking
is EXP-hard already over a fixed pushdown system.

Theorem 5.13 ([124])There exists a fixed PDSY = (Q,Γ, {
a
−→Y | a ∈ A}) and a stateq0 ∈ Q

such that the following problem isEXP-hard:
INPUT: A CTL formulaϕ.
QUESTION:q0 ∈ [[ϕ]]K(Y)? 2

Looking at the proof of Theorem 5.13 in [124], the structure of the CTL formulasϕ (over
some finite set of atomic programsA) establishing theEXP lower bound are of the formϕ =
∃(ϕ1 U ϕ2), whereϕ1 andϕ2 are EF formulas. It is easy to see that the PDL formulaϕ′ =
〈(ψ′1? ◦ A)∗〉ψ′2 is equivalent toϕ, whereψ′1 (resp.ψ′2) is a logarithmic space computable test-
free PDL formula equivalent toψ1 (resp. ψ2). Let Y = (Q,Γ, {

a
−→Y | a ∈ A}) be the fixed

PDS of the proof of Theorem 5.13. Moreover, letϕ′′ be the PDL formula over the set of atomic
programsQ∪Q∪Γ∪Γ that emerges fromϕ′ by replacing each occurrence of an atomic program
a ∈ A by ⋃

qγ
a
−→Yq′v

q ◦ γ ◦ ←−v ◦ q′.

We finally have the following equivalence, where Tree(Q∪ Γ) denotes the completeQ∪ Γ-tree
with backwards edges, see also Example 2.34,

q0 ∈ [[ϕ]]K(Y) ⇔ q0 ∈ [[ϕ′′]]Tree(Q∪Γ).

Observe that in the formulaϕ′′ there is only one occurrence of the test operator in contrastto
Corollary 5.11. Hence, we obtain anEXP lower bound for the expression complexity of PDL
over BPAs.

Corollary 5.14 There exists a fixed BPAX and a fixed worldx ofK(X ) such that the following
problem isEXP-hard:
INPUT: A PDL formulaϕ with only one occurrence of the test operator.
QUESTION:x ∈ [[ϕ]]K(X )? 2

From Walukiewicz’sEXP-hardness proof of the combined complexity of CTL model checking
over pushdown systems [124] it is not hard to see that, instead of fixing the pushdown system
and having the formula as input, one can modify the proof having the CTL formula fixed and
the pushdown systems as input.
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Theorem 5.15 ([124])There exists a fixed CTL formulaϕ such that the following problem is
EXP-hard:
INPUT: A PDSY and a stateq ofY.
QUESTION:q ∈ [[ϕ]]K(Y)? 2

Since the fixed CTL formulaϕ establishing theEXP lower bound for model checking pushdown
systems is of the formϕ = ∃(ϕ1 U ϕ2) for two EF formulasψ1 andψ2 we can, as discussed
above, translate this formula into an equivalent PDL formula. Hence, we obtain anEXP lower
bound for the data complexity of PDL over pushdown systems.

Corollary 5.16 There exists a fixed PDL formulaϕ such that the following problem isEXP-
hard:
INPUT: A PDSY and a stateq ofY.
QUESTION:q ∈ [[ϕ]]K(Y)? 2

Upper bounds

Since there is a polynomial time translation from PDL into the alternation-free fragment of the
modalµ-calculus [53] (whenµ-calculus formulas are given as a dag structure), upper bounds
for the modalµ-calculus carry over to PDL. So let us state known results formodel checking
the modalµ-calculus.

The following upper bound is known for the combined complexity of the µ-calculus over
BPAs.

Theorem 5.17 ([125])For every fixedµ-calculus formulaϕ the following problem is inP:
INPUT: A BPAX .
QUESTION:ε ∈ [[ϕ]]K(X )?

The following upper bound is known for the combined complexity of theµ-calculus over prefix-
recognizable systems.

Theorem 5.18 ([68, 15])The following problem is inEXP:
INPUT: A PRSZ, a worldw ofK(Z), andµ-calculus formulaϕ.
QUESTION:w ∈ [[ϕ]]K(Z)?

Table 5.1 summarizes the results for model checking full PDLover BPA, PDS, and PRS.

5.5 Open problem: EF model checking over one-counter
systems

In this section, we discuss the open problem of determining the precise complexity of EF model
checking over one-counter systems. Aone-counter systemis a pushdown system

Y = (Q,Γ, {
a
−→Y | a ∈ A}), where|Γ| = 1,

i.e. where the stack alphabet is a singleton. A recent resultof Serre states that solving parity
games (and henceµ-calculus model checking) over one-counter systems is inPSPACE.

125



5 Infinite state model checking of PDL and fragments

Theorem 5.19 ([100])The combined complexity of model checking the modalµ-calculus over
one-counter systems is inPSPACE. 2

In a paper of Holzer [60], it is shown that the non-emptiness problem of alternating finite
automata over finite words isPSPACE-hard already over a unary alphabet, see also [62] for a
direct proof. Given an alternating finite automatonA, one can compute in polynomial time an
alternating reachability game played on the transition graph of a one-counter system as follows:

1. The game begins with the empty stack.

2. Eve pushs finitely many elements on the stack, say1n for somen ∈ N and claims that1n

is some member ofL(A).

3. By popping elements from the stack Adam and Eve simulate the transition function ofA.

4. Eve wins if she can force the simulation game from step 3 to reach the empty stack when
the current simulation ofA is a final state.

Moreover, taking the above results together, one can easilyshow the following corollary – the
details are left to the reader.

Corollary 5.20 There exists a fixed alternation-freeµ-calculus formulaϕ such that checking
whetherϕ is satisfied in a given world of a one-counter system isPSPACE-hard. 2

Note that the above described lower bound heavily relied on the usage of a fixed point formal-
ism. Hence, it is natural to ask what the complexity of model checking the weaker logics EF or
PDL is over one-counter systems. Before we discuss the current known complexity status of EF
model checking over one-counter systems, we recall some complexity classes located between
P andPSPACE.

The complexity classcoNP is the class of all complements of problems that are inNP. The
complexity classDP denotes the class of all languagesL for which there exists a language
L1 ∈ NP and a languageL2 ∈ coNP such thatL = L1 ∩ L2. The classΘp

2 denotes the
class of all languages that can be decided by some deterministic polynomially time bounded
Turing machineM that has access to anNP-oracle, but whose oracle queries have to be asked
in parallel, i.e. on an inputw the machineM computes instances of some language inNP

(e.g. SAT), receives the corresponding bit string of query answers and finally, decides whether
w ∈ L deterministically in polynomial time. ThereforeΘp

2 is often refered to asparallel access
to NP. See [101] for an intensive treatment ofΘp

2-complete problems. There are numerous
characterizations ofΘp

2, e.g. in [123] Wagner proved thatΘp
2 = LNP. Dropping the requirement

that the queries to someNP oracle are performed in parallel yields∆p
2, i.e. ∆p

2 is the class of
languages that can be decided by some deterministic polynomially time bounded Turing machine
that has access to anNP oracle.

Thepolynomial time hierarchy, introduced and studied in [106], is defined as follows:∆p
0 =

Σp
0 = Πp

0 = P,

∆p
i+1 = P

Σp
i ,

Σp
i+1 = NP

Σp
i , and

Πp
i+1 = coNP

Σp
i
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P

⊆

NP

⊆
⊆

⊆

coNP

DP ⊆ Θp
2 ⊆ ∆p

2

⊆

Σp
2

⊆

Πp
2

⊆

⊆

∆p
3 ⊆ · · · ⊆ PH ⊆ PSPACE

Figure 5.2: Some complexity classes belowPSPACE.

for eachi ≥ 0. By PH we denote the union of each of the levels of the polynomial time
hierarchy, i.e.PH =

⋃
i≥0 Σp

i . For a solid introduction into the above mentioned classes,we
refer to [90].

In [61] a general technique was introduced for provingDP lower bounds for several verifi-
cation problems and EF model checking over one-counter systemss. Although for several of
the bisimulation problems discussed [61] the lower bound has been lifted fromDP to PSPACE

(see e.g. [103]), there has, to the knowledge of the author, not been any improvement of the
complexity status of EF model checking over one-counter systems.

Theorem 5.21 ([100],[61])Model checking EF over one-counter systems is inPSPACE and
DP-hard. 2

Using techniques developed in [61], our goal is to give aΘp
2 lower bound for EF model

checking over one-counter systems. Hence we lift the lower bound fromDP to Θp
2. Moreover,

we aim at pointing out difficulties that arise when further trying to improve the lower bound
to ∆p

2-hardness using the same technique. Firstly, let us give theidea how to reduce theNP-
complete 3SAT (see [90] for more details), i.e. satisfiability of boolean formulas in conjuctive
normal form where every clause consists of three literals (we say that such formulas are in
3CNF), to EF model checking over one-counter systems.

Let F (X1, . . . ,Xk) be a 3CNF formula with boolean variablesX1, . . . ,Xk. Let pi denote
thei-th prime number for eachi ∈ [k], i.e. p1 = 2, p2 = 3 and so on. LetN =

∏k
i=1 pi be the

product of the firstk primes. The idea is that eachn ∈ N corresponds to the truth assignment
αn : {X1, . . . ,Xk} → {0, 1}, namely

αn(Xi) =





1 if pi|n

0 else
for eachi ∈ [k].

Let us fix some 3CNF formulaF (X1, . . . , Fl) =
∧l
i=1Ci, where eachCi is a clause with literals

Yi,1, Yi,2, Yi,3, i.e. Ci = (Yi,1 ∨ Yi,2 ∨ Yi,3). Consider the following game between two players
Eve and Adam:

1. The game begins with the empty stack.
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5 Infinite state model checking of PDL and fragments

2. Eve pushsn ∈ N elements on the stack. Eve claims that the assignmentαn satisfiesF .

3. Adam chooses somei ∈ [l] and aims at disproving the truth of clauseCi underαn.

4. Eve chooses somej ∈ [3] and claims that literalYi,j is true underαn.

5. Both players verify thatYi,j is satisfied underαn, i.e. if e.g.Yi,j = Xm for somem ∈ [k],
then it is checked whetherpm does not dividen as follows: Consecutively blocks ofpm
elements are popped from the stack until the stack is empty and Eve wins if and only if
the current block is not completely processed.

It is not hard to verify thatF is satisfiable if and only if Eve has a winning strategy in the
above game. Furthermore, it is not hard to see that the above steps can easily established by
some EF formula and some one-counter system both of size at most polynomial in the size of
F . Also note that by switching roles, the game can be adapted toproveunsatisfiabilityof F .
It should now be clear howDP-hardness of EF model checking of one-counter systems was
established in [61] via a reduction from theDP-complete problem

SAT-UNSAT = {(ϕ,ψ) | ϕ,ψ ∈ 3CNF : ϕ is satisfiable andψ is unsatisfiable}

The following problem, called ODD-MAX-TRUE-3SAT, was shown to be complete forΘp
2 in

[101]:
INPUT: A boolean formulaF in 3CNF.
QUESTION: Is the maximum number of1’s in satisfying truth assignments forF odd?

Now consider the following game:

(1) Eve mentions some odd numberm ∈ [k] and claims thatm is the maximum number for
which there exists a truth assignment that assigns precisely m variables to 1.

(2) Adam now has two choices:

a) He believes Eve’s choice in step (1) but demands her to mention a satisfying truth
assignmentαn that assigns1 to preciselym variables. After Eve has comitted herself
to αn (by pushingn elements on the stack), Adam either tries to disprove thatαn
satisfiesF (see the above game) or to disprove thatαn assigns preciselym variables
to 1.

b) He does not believe Eve’s choice in step (1) but mentions a truth assignmentαn he
claims to satisfyF and that assigns strictly more thanm variables to1, saym′ many
for somem′ > m. After having mentionedαn, it is now Eve’s turn. She can now
either try to disprove thatαn satisfiesF (see previous game) or to disprove thatαn
assignsm′ many variables to1.

Again, it is not hard to see thatF is a member of ODD-MAX-TRUE-3SAT if and only if Eve
has a winning strategy in the above game. Moreover it is quiteeasy to see that the game can be
defined by a polynomial time computable one-counter system and EF formula. Finally, we get
the following proposition.
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5.5 Open problem: EF model checking over one-counter systems

Proposition 5.22 Model checking EF over one-counter systems isΘp
2-hard. 2

Let us conclude with difficulties that arise when trying to lift the lower bound of EF model
checking over one-counter systems to∆p

2-hardness.
The following problem, called DSAT, was introduced by Papadimitriou [89] and proven to be

complete for∆p
2:

INPUT: Equations

X1 = ϕ1(Y1)

X2 = ϕ2(X1,Y2)

...

Xk = ϕk(X1, · · · ,Xk−1,Yk),

where eachϕi is a 3CNF formula with variablesX1, . . . ,Xi−1 and a furthersetof variablesYi.

QUESTION: Is the value ofXk equal to1, where thevalueof eachXi equals1 if and only
if there exists some truth assignmentα : Yi → {0, 1} that satisfiesϕi(X1, . . . ,Xi−1,Yi)?
Observe that the value of eachXi is determined.

An ad-hoc idea for reducing DSAT to EF model checking over one-counter systems, could be
to let Eve claim to know the values of each of theXi. In doing so, she would again commit
herself to some assignmentα : {X1, . . . ,Xk} → {0, 1} representing the values of each of
the variablesX1, . . . ,Xn. Now if Adam mistrusted her, it is sufficient for him to mention
somej ∈ [k] such that he believes that the value ofXl equalsα(Xl) for eachl < j, but
simultaneously claims that the correct value ofXj should be1 − α(Xj) instead ofα(Xj). If
Adam for instance wanted to show that the value ofXj is1 instead of0 he would have to mention
a truth assignmentβ(Yi) → {0, 1} satisfyingϕi. But now the question is how he can mention
β by modifying the stackwithout destroying the information that corresponds to the values of
the variablesX1, . . . Xj−1 given byα (which are essential for evaluatingϕi).

Summarizing, either the complexity of EF model checking over one-counter systems lies
somewhere in the polynomial time hierarchy or probably new techniques are required to improve
the currentΘp

2 lower bound. The same comments apply to (test-free) PDL. Therefore the precise
complexity status of model checking EF and (test-free) PDL over one-counter systems remains
an interesting open problem.
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5 Infinite state model checking of PDL and fragments
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6
Conclusion and open problems

In this thesis we have studied the computational complexityof the satisfiability problem and of
the infinite state model checking problem for logics relatedto PDL. After having introduced PDL
extensions and having proved some minor new results in Chapter 2, we studied the extension
of ICPDL with fixed points and nominals (µ-ICPDLNom) in Chapter 3. We proved that satisfia-
bility in µ-ICPDLNom is 2EXP-complete (Theorem 3.28) in three steps. Firstly, we provedthat
every satisfiableµ-ICPDLNom formula containingk different nominals has a countable model
of tree width at mostk + 2 (Corollary 3.6). Secondly, we reduced general satisfiability to a
special reasoning problem that we calledω-regular tree satisfiability (Theorem 3.18). Thirdly,
we proved thatω-regular tree satisfiability inµ-ICPDLNom is in 2EXP (Theorem 3.27). For its
fragment ICPDL the previously best known complexity upper bound for satisfiability was non-
elementary (Theorem 2.22). Too, via a reduction toω-regular tree satisfiability, we proved that
model checking ofµ-ICPDLNom over prefix-recognizable systems is in2EXP (Theorem 3.31).
We provided matching lower bounds for model checking loop-PDL and IPDL over basic process
algebras (Theorems 3.33 and 3.35).

We have studied dynamic logics of permission and proved thatsatisfiability in the PDL ex-
tension DLP+dyn is complete forEXP, thus improving a previously known2EXP upper bound
(Theorem 2.27) and answering an open problem formulated in [24]. By proving that satisfiabil-
ity of PDL’s extension PDL⊕ is 2EXP-complete (Theorem 4.20), we showed that translations
from DLP+

dyn to PDL⊕may not lead to success for improving upper bounds for satisfiability in

DLP+
dyn .

We determined the data complexity, the expression complexity, and the combined complexity
of model checking (fragments of) PDL over basic process algebras, pushdown systems, and
prefix-recognizable systems. We showed that already reachability on prefix-recognizable graphs
is EXP-hard (Theorem 4.5) matching theEXP upper bound that holds even for model checking
the modalµ-calculus (Theorem 5.18).
We conclude this thesis with a discussion of open problems the author would like to stress:
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6 Conclusion and open problems

• Is the finite satisfiability problem for IPDL/µ-ICPDLNom decidable?

• What precisely are the language classesL for which the corresponding PDL extension
PDL+L is decidable?

• Is satisfiability in PDL extended with converse, nominals and graded modalities1 decid-
able? The latter problem is of a big interest in the description logic community since
it corresponds to the logic OWL DL extended with transitive closure, see also [2]. It is
worth mentioning that by [13] theµ-calculus with converse, nominals, and graded modal-
ities is undecidable. Apparently it can be shown that already satisfiability in PDL with
well-foundedprograms, converse, nominals, and graded modalities is undecidable [79].

• What is the precise complexity of Data Analysis Logic (lowerbound:EXP, upper bound:
2EXP)?

• What is the precise complexity of model checking EF over one-counter systems (lower
bound:Θp

2, upper bound:PSPACE)?

1A graded modal formula is a formula of the kind〈a〉≥kϕ and holds in those worlds that have at leastk different
a-successors that all satisfyϕ.
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[46] S. Göller, M. Lohrey, and C. Lutz. PDL with Intersection and Converse: Satisfiability
and Infinite-State Model Checking.Journal of Symbolic Logic, 74(1):279–314, 2009.

[47] S. Göller and D. Nowotka. A Note on an Extension of PDL.Journal of Applied Logic,
6(4):606–608, 2008.
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