
Uniform satisfiability problem for local temporal

logics over Mazurkiewicz traces⋆

Paul Gastin1 and Dietrich Kuske2

1 LSV, CNRS & ENS de Cachan
61, Av. du Président Wilson, F-94235 Cachan Cedex, France,

Paul.Gastin@lsv.ens-cachan.fr
2 Institut für Informatik, Universität Leipzig

Augustusplatz 10-11, D-04109 Leipzig, Germany,
kuske@informatik.uni-leipzig.de

Abstract. We continue our study of the complexity of temporal logics
over concurrent systems that can be described by Mazurkiewicz traces.
In a previous paper (CONCUR 2003), we investigated the class of local
and MSO definable temporal logics that capture all known temporal
logics and we showed that the satisfiability problem for any such logic is
in PSPACE (provided the dependence alphabet is fixed). In this paper,
we concentrate on the uniform satisfiability problem: we consider the
dependence alphabet (i.e., the architecture of the distributed system) as
part of the input. We prove lower and upper bounds for the uniform
satisfiability problem that depend on the number of monadic quantifier
alternations present in the chosen MSO-modalities.

1 Introduction

Executions of distributed systems can be modeled as Mazurkiewicz traces [5]
where the architecture of the system is mirrored by the dependence alphabet.
Then a trace is a partial order execution of such a system. Over the past fifteen
years, a lot of papers have been devoted to the study of temporal logics over
partial orders and in particular over Mazurkiewicz traces (cf. [13, 14, 11, 2, 1, 9,
10, 3, 4]). This is motivated by the need for specification languages that are suited
for concurrent systems where a property should not depend on the ordering
between independent events. Hence logics over linearizations of behaviors are
not adequate and logics over partial orders were developed. In particular local
temporal logics are of interest here due to their good algorithmic properties. The
common feature of these logics is that formulas are evaluated at single events
corresponding to local views of processes. In [8], we proposed a unified treatment
of all these local temporal logics very much in the spirit of [7]. Basically, a local
temporal logic is given by a finite set of modality names. The semantics of any
such modality name is described by a monadic second order (MSO) formula
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having a single individual free variable. For any fixed dependence alphabet (i.e.,
architecture of a distributed system) we showed that the satisfiability problem of
any such logic is in PSPACE. For (almost) all temporal logics considered in the
literature so far, this was known before. Our contribution was a uniform proof
that would also be applicable for not-yet-defined temporal logics.

A more realistic setting is the uniform satisfiability problem where both, the
temporal formula and the architecture form the input. In other words, this uni-
form satisfiability problem for the local temporal logic TL asks whether a given
property ϕ ∈TL can be satisfied in a given architecture (Σ,D) (described as
a trace alphabet). The paper at hand studies the complexity of this problem
depending on the temporal logic TL. Recall that the semantics of the modality
names of TL are given by MSO formulas. The complexity of the uniform sat-
isfiability problem depends on the number of alternations of set quantifiers in
these formulas. The bad news is that any quantifier alternation in the MSO-
descriptions of the modalities adds an exponent to the space complexity. The
good news is that local temporal logics considered in the literature do not have
any alternation of set quantifiers and are, more precisely, definable in M∆1

1.
Section 2 defines and discusses the necessary concepts used in this paper. The

following Section 3 proves an upper bound on the complexity of the uniform
satisfiability problem. Our decision procedure makes crucial use of a locality
theorem due to Schwentick & Bartelmann [12] that generalizes both, Hanf’s and
Gaifman’s locality theorems. Section 4 presents, for any n ∈ N, a local temporal
logic whose uniform satisfiability is hard for n-fold exponential space. Examples
of temporal logics that fall into our setting can be found in Sections 2 (where we
discuss action based logics) and 5 that is devoted to process based logics, e.g.,
Thiagarajan’s logic TrPTL from [13]. From our upper bound, it follows that any
temporal logic from the literature has a uniform satisfiability problem whose
space complexity is doubly exponential in the alphabet and polynomial in the
formula.

Due to space limitations, we had to omit complete proofs as well as many
more examples. They can be found in a technical report available on the web
pages of the authors.

2 Preliminaries

Throughout this paper, we fix some countably infinite set N of action names.
A dependence alphabet is a pair (Σ,D) where Σ ⊂ N is a set of action names
and D ⊆ Σ2 is a symmetric and reflexive relation on Σ. A trace over (Σ,D) is
a labeled at most countably infinite partial order (V,≤, λ) such that (V,≤) is a
partial order and λ : V → Σ is the labeling function satisfying for all x, y ∈ V

– ↓x = {z ∈ V | z ≤ x} is finite
– (λ(x), λ(y)) ∈ D implies x ≤ y or y ≤ x
– x⋖ y implies (λ(x), λ(y)) ∈ D,

where ⋖ = <\<2 is the immediate successor relation. The set M(Σ,D) comprises
all finite traces while R(Σ,D) contains all traces over (Σ,D).



Trace concatenation is an operation · : M(Σ,D) × R(Σ,D) → R(Σ,D) de-
fined by (V,≤, λ) ·(V ′,≤′, λ′) = (V ⊎V ′, (≤∪≤′∪E)∗, λ∪λ′) with E = {(v, v′) ∈
V × V ′ | (λ(v), λ′(v′)) ∈ D}. Its restriction to finite traces is associative, i.e.,
(M(Σ,D), ·) is a monoid, called trace monoid.

We can identify a letter a ∈ Σ with the trace [a] = ({0},≤, λ) with λ(0) = a.
In this sense, the trace monoid M(Σ,D) is generated by the set of letters a ∈ Σ.
The canonical homomorphism [.] : Σ∗ → M(Σ,D) can be extended naturally to
infinite words: for a (finite or infinite) word u = a0a1 . . . with ai ∈ Σ, the trace
[u] = (V,⊑, λ) is given by V = {i ∈ N | 0 ≤ i < |u|}, ⊑ = E∗ with (i, j) ∈ E iff
i < j and (ai, aj) ∈ D, and λ(i) = ai.

Formulas of the logic MSO(N,⋖, fin) will be interpreted over traces. This logic
is based on atomic propositions of the form (λ(x) = a) for a ∈ N, x⋖ y, x = y,
x ∈ X , and fin(X) for x, y individual variables and X a set variable. Intuitively,
the formula fin(X) means that the set X is finite. Note that we do not allow the
partial order ≤ to be used in our formulas. On one hand, the successor relation
is sufficient since the partial order can be expressed using the successor. On the
other hand, our upper bound proof relies on the fact that the Hasse diagram
of any trace has bounded degree. The fragment MSO(N,⋖) of MSO(N,⋖, fin)
consists of all formulas that do not mention the atomic proposition fin(X).

Example 2.1. Consider the following two formulas

upset(x,X) = ∀y(y ∈ X ↔ y = x ∨ ∃z(z ∈ X ∧ z ⋖ y)) and

downset(x,X) = fin(X) ∧ ∀y(y ∈ X ↔ y = x ∨ ∃z(z ∈ X ∧ y ⋖ z)) .

of MSO(N,⋖) and MSO(N,⋖, fin), respectively. Then, for a trace t = (V,≤, λ)
(over any finite dependence alphabet), t |= upset(x,X) iff X = {y ∈ V | x ≤ y}
and t |= downset(x,X) iff X = {y ∈ V | y ≤ x}. We could alternatively write the
second of these formulas without the atomic proposition fin(X) at the expense
of additional set quantifications. For later use, we prefer this version. It is not
clear to us whether both, set quantifications and atomic propositions fin(X) can
be avoided when expressing downset(x,X). In the following formulas, we will
write X = ↓x and X = ↑x as a more intuitive abbreviation for the formulas
downset(x,X) and upset(x,X).

An MSO(N,⋖, fin)-formula is an m-ary modality if it has m free set variables
X1, . . . , Xm and one free individual variable x.

Definition 2.2. An MSO(N,⋖, fin)-definable temporal logic is given by

– a finite set B of modality names together with a mapping arity : B → N

giving the arity of each modality name and
– a mapping [[−]] : B → MSO(N,⋖, fin) such that [[M ]] is an m-ary modality

whenever arity(M) = m.

Then the syntax of the temporal logic TL(B) is defined by the grammar

ϕ ::=
∑

M∈B

M(ϕ, . . . , ϕ
︸ ︷︷ ︸

arity(M)

) +
∑

a∈N

a .



Let t = (V,≤, λ) be a trace over some finite dependence alphabet (Σ,D) and
ϕ ∈ TL(B) a formula of TL(B). The semantics ϕt of ϕ in t is the set of positions
in V where ϕ holds. The inductive definition is as follows. If ϕ = a ∈ N, then
ϕt = {x ∈ V | λ(x) = a}. If ϕ = M(ϕ1, . . . , ϕm) where M ∈ B is of arity m ≥ 0,
then

ϕt = {p ∈ V | t |= [[M ]](ϕt1, . . . , ϕ
t
m, p)}.

We also write t, p |= ϕ for p ∈ ϕt.

For notational convenience and consistency, we consider elements of N as
modality names as well and write [[a]] = (λ(x) = a) for a ∈ N.

This definition of an MSO(N,⋖, fin)-definable temporal logic is very much in
the style of [7]. It differs in as far as we allow set quantifications and the atomic
proposition fin(X) in our modalities. On the other hand, we do not allow to use
the order relation ≤ explicitly (but implicitly using set quantification).

Example 2.3. First, the boolean connectives negation and conjunction can be
expressed by [[¬]](X1, x) = ¬(x ∈ X1) and [[∧]](X1, X2, x) = (x ∈ X1)∧(x ∈ X2).

Existential next EXϕ is one of the simplest temporal modality. Intuitively,
EXϕ means that there is an immediate successor of the current vertex where ϕ
holds. Formally, we can set [[EX]](X1, x) = ∃y(x ⋖ y ∧ X1(y)) which is even a
first-order formula.

The unary modality Ecoϕ (“concurrent”) claims that ϕ holds for some vertex
concurrent to the current vertex x. Thus, its semantics can be defined as

[[Eco]](X1, x) = ∃X∃Y ∃z((X = ↑x) ∧ (Y = ↓x) ∧ z /∈ X ∪ Y ∧ z ∈ X1) .

Universal strict until ϕ SU ψ is a binary modality claiming the existence of
a vertex y in the strict future of the current one x such that ψ holds at y and ϕ
holds for all vertices strictly between x and y. Formally, [[SU]](X1, X2, x) is given
by

∃X∃H (X = ↑x) ∧H ∩X2 6= ∅ ∧ ∀y
(y ∈ H ↔ y ∈ X \ {x} ∧ ∀z ∈ X(z ⋖ y → z ∈ {x} ∪ (H ∩X1))).

The second line expresses that H contains precisely those nodes y ∈ X \{x} such
that any vertex strictly between x and y belongs to X1. Hence, by H ∩X2 6= ∅,
there is one such vertex belonging to X2. The classical non strict version of
universal until is ϕ U ψ = ψ ∨ (ϕ ∧ (ϕ SU ψ)).

Existential until ϕ EU ψ is another binary modality. It claims the existence
of some finite path starting in the current node. At any node along this path, ϕ
holds while ψ holds at the final node. Formally, we have

[[EU]](X1, X2, x) = ∃P, P ∩X2 6= ∅ ∧ P ⊆ X1 ∪X2

∧ ∀z ∈ P, (z = x ∨ ∃p ∈ P, p⋖ z).

For more examples, see [8] where most modalities met in the literature on
local temporal logics for traces are expressed in terms of MSO(N,≤)-modalities.
As ≤ can be expressed using ⋖, any of those formulas can be transformed into
an equivalent one from MSO(N,⋖).



Uniform satisfiability problem for temporal logics
Let TL(B) be an MSO(N,⋖, fin)-definable temporal logic.
input: a finite dependence alphabet (Σ,D) and a formula ϕ of TL(B)
question: Is there a trace t ∈ R(Σ,D) and a position p in t with t, p |= ϕ?

In [8], we considered the non-uniform satisfiability problem for temporal log-
ics definable in MSO(N,≤) where the dependence alphabet (Σ,D) was fixed
and not part of the input. By the above discussion, any MSO(N,⋖)-definable
temporal logic is MSO(N,≤)-definable. Hence [8, Thm. 9] translates into:

Theorem 2.4 ([8]). The non-uniform satisfiability problem of any MSO(N,⋖)-
definable temporal logic and any finite dependence alphabet (Σ,D) is in PSPACE.

Analyzing the proof of this result, one obtains the following

Theorem 2.5 (cf. [8]). For any MSO(N,⋖)-definable temporal logic, the uni-
form satisfiability problem is elementarily decidable.

In this paper, we present a lower bound and a more precise upper bound for
the uniform satisfiability problem. These bounds are expressed in terms of the
number of monadic quantifier alternations in the formulas [[M ]]. Following [6],
MΣ1

n(N,⋖, fin) comprises all MSO(N,⋖, fin)-formulae that are logically equiv-

alent to one of the form ∃
−→
X1∀

−→
X2 . . .∃/∀

−→
Xnϕ where ϕ does not contain any

second-order quantification. A formula belongs to MΠ1
n(N,⋖, fin) iff its nega-

tion is an element of MΣ1
n(N,⋖, fin). Finally, M∆1

n(N,⋖, fin) = MΣ1
n(N,⋖, fin)∩

MΠ1
n(N,⋖, fin). The fragments MΣ1

n(N,⋖) etc. are defined similarly. Finally, we
write FO(N,⋖) for M∆1

0(N,⋖) = MΣ1
0(N,⋖) = MΠ1

0 (N,⋖), i.e., for those for-
mulas that can be written without set quantification or fin(X). In this sense, we
speak of MΠ1

n(N,⋖, fin)-definable temporal logics whenever all modalities [[M ]]
belong to MΠ1

n(N,⋖, fin).

Example 2.6. We show that all the modalities EX, Eco, EU, and SU are actually
definable in M∆1

1(N,⋖, fin). Above, we already gave MΣ1
1(N,⋖, fin)-definitions

for their semantics, so it remains to present equivalent MΠ1
1 (N,⋖, fin)-formulas.

This is trivial for EX since the FO(N,⋖)-formula [[EX]] belongs to M∆1
1(N,⋖, fin).

The negation of [[Eco]] is equivalent to

∃X∃Y (X = ↑x ∧ Y = ↓x ∧X1 ⊆ X ∪ Y )

stating that all nodes z satisfying ϕ are comparable with x.
To express ¬[[SU]] by a formula in MΣ1

1(N,⋖) just replace H ∩ X2 6= ∅ by
H ∩X2 = ∅ in the formula [[SU]].

Next note that ¬[[EU]] states that no path in X1 starts in x and leads to a
node in X2. In other words, the connected component of (↑x∩X1,⋖) containing
x does not contain any element with upper neighbor inX2. This can be expressed
by the following formula

∃X ∀y (y ∈ X ↔ y ∈ X1 ∧ (y = x ∨ ∃z (z ∈ X ∧ z ⋖ y)))
∧ ∀z ((z = x ∨ ∃y (y ∈ X ∧ y ⋖ z)) → z /∈ X2).



3 nEXPSPACE upper bound for M∆1
n−1

(N, ⋖, fin)-logics

The function tower : N → N is defined inductively by tower(0,m) = m and
tower(ℓ,m) = 2tower(ℓ−1,m) for ℓ > 0. It is the aim of this section to prove an up-
per bound for the uniform satisfiability problem sharper (and more general since
it also deals with MSO(N,⋖, fin)-modalities) than that given in Theorem 2.5:

Theorem 3.1. Let TL be some M∆1
n(N,⋖, fin)-definable temporal logic. Then

the uniform satisfiability problem for TL can be solved in space poly(|ϕ|) ·
tower(n+ 1, poly(|Σ|)).

The decision procedure we propose refines ideas from [8]. The main ingredient
are “modality automata” defined below. Let w = a0a1 . . . be a word over Σ and

Xi ⊆ ω be sets for 1 ≤ i ≤ m. Then (w,
−→
X ) denotes the word b0b1 . . . over

Σ × {0, 1}m with bi = (ai, x
1
i , x

2
i , . . . , x

m
i ) and xji = 1 iff i ∈ Xj .

Definition 3.2. Let (Σ,D) be a finite dependence alphabet and α an m-ary
MSO(N,⋖, fin)-modality. A Büchi-automaton A over Σ×2m+1 is called modal-
ity automaton for (α,Σ,D) if it accepts precisely those words (w, Y0, Y1, . . . , Ym)
such that the induced trace [w] satisfies [w] |= ∀x(α(Y1, Y2, . . . , Ym, x) ↔ Y0(x)).

Before we explain how to use modality automata to solve the uniform satisfia-
bility problem, we fix some more notation: Let ϕ and ψ be TL(B)-formulas. Then
top(ϕ) denotes the outermost modality name of ϕ. We write ϕ ≤ ψ if ϕ is a sub-
formula of ψ (this includes the case ϕ = ψ). Furthermore Sub(ψ) = {ϕ ∈ TL(B) |
ϕ ≤ ψ} is the set of subformulas of ψ. For an alphabet Σ, we will consider words
of the form (w, (Yϕ)ϕ∈Sub(ψ)) with w ∈ Σω and Yϕ ⊆ ω, i.e., words over the ex-

tended alphabet Σψ = Σ×{0, 1}Sub(ψ). For a subformula ϕ = M(ϕ1, . . . , ϕm) ≤
ψ and w̄ = (w, (Yξ)ξ≤ψ) ∈ Σω

ψ , let w̄↾ϕ = (w, Yϕ, Yϕ1 , . . . , Yϕm
).

Now let ξ be some TL(B)-formula and (Σ,D) some finite dependence alpha-
bet. Furthermore, suppose we are given modality automata AM for ([[M ]], Σ,D)
with set of states QM . From these modality automata, we can construct an au-
tomaton A over Σξ with set of states Q =

∏

ϕ≤ξ Qtop(ϕ) that has the following
useful property (this construction follows [8] and can alternatively be found in
the technical report):

Lemma 3.3. Let w̄ = (w, (Yϕ)ϕ≤ξ) ∈ Σω
ξ . Then, w̄ is accepted by A if and only

if for each ϕ ≤ ξ we have Yϕ = ϕ[w] = {p ∈ ω | [w], p |= ϕ}.

As an immediate consequence, we obtain

Proposition 3.4. Let w ∈ Σω. Then there exists p ∈ ω with [w], p |= ξ iff there
exist Yϕ ⊆ ω for ϕ ≤ ξ with Yξ 6= ∅ such that (w, (Yϕ)ϕ≤ξ) is accepted by A.

Thus, the satisfiability of ξ is (essentially) equivalent to the emptiness prob-
lem for the automaton A. To solve it, we only need to keep in memory three
|ξ|-tuples of states of our modality automata. Thus, once the modality automata
are computed, the satisfiability of ξ can be solved easily. To prove Thm. 3.1,



we have to show that a modality automaton for an M∆1
n(N,⋖, fin)-definable

modality can be constructed in space tower(n + 1, poly(|Σ|)) (see Prop. 3.9).
Our construction relies on a locality theorem by Schwentick & Bartelmann [12].
In essence, it says that a FO(N,⋖)-formula is effectively equivalent to the exis-
tence of some finite sets such that any sphere in the structure extended by these
“colors” satisfies some first-order property (this is the reason why we consider
spheres in traces in the following section). More precisely, this locality theorem
holds for connected structures, only.3 Therefore, from now on, we consider only
rooted traces: Suppose there is # ∈ Σ with Σ × {#} ⊆ D. Then #M(Σ,D) is
the set of finite traces over (Σ,D) that have a least node labeled #. Similarly,
#R(Σ,D) comprises all infinite traces over (Σ,D) with such a minimal node.
We refer to the elements of #R(Σ,D) as rooted traces. The uniform rooted sat-
isfiability problem for temporal logics is the variant of the uniform satisfiability
problem where we ask for the existence of some rooted trace. We only prove the
above main result for this uniform rooted satisfiability problem, the general case
can easily be derived.

3.1 Spheres

The trace graph of a trace t = (V,≤, λ) is the structureG(t) = (V,≤,⋖, (Pa)a∈Σ)
given by Pa = λ−1(a). The restriction of a structure M = (W,≤,⋖, (Pa)a∈Σ)
to X ⊆W is the structure

M↾X = (X,≤ ∩X2,⋖ ∩X2, (Pa ∩X)a∈Σ) .

If M = G(t) is a trace graph,M↾X need not be a trace graph itself. In particular,
the relation ⋖ in M↾X need not be the covering relation of ≤. A path of length
n in M is a sequence x0, x1, . . . , xn with xi ∈ W and (xi, xi+1) ∈ (⋖ ∪ ⋗), i.e.,
consecutive elements are related by ⋖ in any direction. For x, y ∈W , the distance
dM(x, y) is the minimal length of a path x0, . . . , xn with x = x0 and y = xn. The
distance is generalized to x ∈ W and U ⊆ W by dM(x, U) = min{dM(x, y) |
y ∈ U}. For r ∈ N and U ⊆ W , let Sr(M, U) = {x ∈ W | dM(x, U) ≤ r} of all
elements of W whose distance to U is at most r. Then the sphere Sphr(M, U)
around U denotes the substructure M↾Sr(M, U).

Let t = (V,≤, λ) be a trace and U ⊆ V . Then we write Sphr(t, U) for
Sphr(G(t), U). Furthermore, for a ∈ alph(t), let lasta(t) = max(λ−1(a)) be the
≤-maximal a-labeled node occurring in t. Let last(t) = {lasta(t) | a ∈ alph(t)}
and for r ∈ N, let topr(t) be the structure Sphr(t, last(t)), i.e., the restriction of
G(t) to those nodes from t whose distance to some maximal a-labeled node is at
most r.

3 Hanf and Gaifman proved similar locality theorems (cf. [6]). We could not use Hanf’s
theorem since there is no uniform bound for the degree of trace graphs independent
from the dependence alphabet. Using Gaifman’s theorem results in slightly more
involved automata constructions (because of the disjointness condition) without im-
proving the result.



Example 3.5. Let Σ = {a, b, c, d} with I = {(b, d), (d, b), (a, c), (c, a)} and con-
sider the trace s = [aabbcccbbbb]. In Fig. 1, the trace graph of s · d is depicted
in the first line. There, solid edges denote the covering relation ⋖. Furthermore,
black nodes are those in last(sd). In the second picture, the structure top1(sd)
is depicted. There, solid arrows have the same meaning as in the first picture,
but the partial order relation ≤ is the reflexive and transitive closure of all ar-
rows (including the dashed ones). If, in this second picture, we erase the d-labeled
node, we obtain top1(s). Note the similarity of these pictures with those of Fig. 2
with t = [ccbbaaabbbb]: In particular, the covering relation restricted to top1(s)
and top1(t) are equal, but they differ in top1(sd) and top1(td). Thus, although
we are only interested in the relation ⋖, in order to update this information, we
also have to keep the order in the top sphere. The following lemma shows that
this information is sufficient to compute topr(sd) from topr(s).

G(s · d)
a a b b

c c c

b b b b

d

top
1
(sd)

a a b

c c

b b b

d

Fig. 1. Update of top
1
(s)

G(t · d)
c c b b

a a a

b b b b

d

top
1
(td)

c c b

a a

b b b

d

Fig. 2. Update of top
1
(t)

Lemma 3.6. Let s be a trace, a ∈ Σ, and r ∈ N. Then topr(sa) is determined
by topr(s) and the letter a.

Let w ∈ Σ∞ and t = [w] = (V,≤, λ) ∈ R(Σ,D). Fix also some r ∈ N.
A modality automaton will have to check properties of spheres of the form
Sphr(t, x). For each x ∈ V , we can find a finite prefix u of w such that Sphr(t, x)
is contained in top2r([u]). From Lemma 3.6, the structures top2r([u]) can be
computed by an automaton. But we also need to determine when a vertex x in
top2r([u]) is such that Sphr(t, x) is contained in top2r([u]). This is the purpose
of the following definition and lemma.

Definition 3.7. Let s = (V,≤, λ) ∈ M(Σ,D) be a finite trace. Let B ⊆ Σ and
r ∈ N. A vertex x ∈ V is r-critical for (s,B) if dG(s)(x, last(s)) ≤ r, and for all



(a, b) ∈ D ∩ (alph(s) × B), if dG(s)(x, lasta(s)) < r then lasta(s) < lastc(s) for
some c ∈ alph(s) with (c, b) ∈ D.

Note that we can determine whether x is r-critical for (s,B) just knowing
topr(s) and B.

Lemma 3.8.

1. Let s = (V,≤, λ) ∈ M(Σ,D), B ⊆ Σ and r ∈ N. If a vertex x ∈ V is
r-critical for (s,B) then for all t ∈ R(Σ,D) with alph(t) ⊆ B, we have
Sphr(st, x) = Sphr(top2r(s), x).

2. Let w ∈ Σ∞, [w] = (V,≤, λ) ∈ R(Σ,D), x ∈ V and r ∈ N. There is a
factorisation w = uv with u finite such that x is r-critical for ([u], alph(v)).

3.2 Construction of modality automata

For a k-ary M∆1
n(N,⋖, fin)-modality α, the formula ∀x(α(Y1, . . . , Yk, x) ↔ Y0(x))

belongs to MΠ1
n(N,⋖, fin). Its kernel can be written as a Boolean combination

of FO(N,⋖)-formulas ϕ(X1, . . . , Xm) and formulas of the form fin(X). By [12,
Theorem 3.2(2)], there are ℓ, r ∈ N and a formula ψ ∈ FO(N,⋖) with h = m+ ℓ
many free set variables X1, . . . , Xm+ℓ and one free individual variable y such
that

– ψ is r-local around y (i.e., quantifications in ψ are restricted to nodes z with
d(y, z) ≤ r)

– for any finite dependence alphabet (Σ,D) and for any rooted trace t =
(V,≤, λ) ∈ #R(Σ,D) together with m sets X1, . . . , Xm contained in V , we
have (t,X1, . . . , Xm) |= ϕ iff (t,X1, . . . , Xm) |= ∃Xm+1 . . .∃Xm+ℓ(∀y ψ ∧
∧

1≤i≤ℓ fin(Xm+i)).

Let (Σ,D) be some finite dependence alphabet. We define a Büchi-automaton
over the alphabet Σ × 2h as follows. A state of this automaton is a tuple q =
(top2r(s), (Xi)1≤i≤h, B, C) where

– s = (V,≤, λ) ∈ #M(Σ,D) is some finite rooted trace and Xi is contained in
top2r(s) for 1 ≤ i ≤ h,

– B,C ⊆ Σ, (the intuition is that B is used to guess the alphabet of the word
that remains to be read and C is used to check the correctness of this guess)

– for any y in topr(s) which is r-critical for (s,B), if we let Yi be the intersection
of Xi and Sphr(top2r(s), y) for 1 ≤ i ≤ h, then we have Sphr(top2r(s), y) |=
ψ(Y1, . . . , Yh, y).

Based on this set of states Q and using Lemmas 3.6 and 3.8, we can then define

a sphere automaton A(Σ,D,ψ) in space 2h|Σ|O(r)

that checks, reading a word
w = (w,X1, . . . , Xh) with w ∈ #Σω whether ([w], X1, . . . , Xh) |= ∀yψ. In this
automaton, if we have a transition labeled (a, x1, . . . , xh) between states q =
(top2r(s), (Xi)1≤i≤h, B, C) and q′ = (M′, (X ′

i)1≤i≤h, B
′, C′) then we have M′ =

top2r(sa), B = B′ ∪ {a}, C′ = C \ {a} if C 6= ∅ and C′ = B′ otherwise, and



for each 1 ≤ i ≤ ℓ, the set X ′
i is obtained from Xi by removing the vertices in

top2r(s) that are no longer in top2r(sa) and by adding a new vertex if x1 = 1.
Note that the finiteness of a set X can be checked by a fixed automaton.

Applying the usual Boolean operations and projections to these Büchi-automata,
we obtain the following proposition which completes the proof of Theorem 3.1.

Proposition 3.9. Let α be an M∆1
n(N,⋖)-modality. Then the following prob-

lem can be solved in space tower(n+ 1, poly(|Σ|))
input: a finite dependence alphabet (Σ,D)
output: a modality automaton for (α,Σ,D).

4 nEXPSPACE lower bound for MΠ1
n+1

(N, ⋖)-logics

This section is devoted to the proof of

Theorem 4.1. Let n ∈ N. There is an MΠ1
n+1(N,⋖)-definable temporal logic

TLn+1 such that its uniform satisfiability problem is nEXPSPACE-hard.

Towards this aim, we will restrict ourselves to finite traces, the general result
can easily be derived.

Idea of proof and notation: LetM be a deterministic Turing machine working
in space tower(n,m) where m is the length of the input word. A configuration
of M is described by a word ⊲αqβ⊳ (of length tower(n,m)) over some alphabet
Γ where q is the current state, αβ is the tape contents and the head of M is on
the first letter of β. We write w ⊢ w′ if there is a transition of M from the config-
uration w to the configuration w′. To encode the computation (w0, w1, . . . , wk)
of M , we consider the word cn+1w0dn+1 cn+1w1dn+1 . . . cn+1wkdn+1 where cn+1

and dn+1 are new letters that act as delimiter. Now, to relate consecutive config-
urations, we will add counters that describe the index in the configuration (i.e.,
any configuration gets replaced by an alternating sequence of letters and coun-
ters). These counters will use additional letters and the number of additional
letters used determines an upper bound of the value of these counters. Our main
task in this section will be to encode counters that can count up to tower(n,m)
using only linearly many new letters (in m). In a first step, we will encode these
counters using new letters from an infinite set A. This will be achieved using in
addition to the covering relation ⋖ a relation ≺ that is an appropriate restriction
of ⊏ from the previous section. Thus, in Section 4.1, we will describe encodings
of successful computations of M as words using the relations ⋖ and ≺. In the
following Section 4.2, we will consider traces over some larger alphabet. This
larger alphabet will allow us to replace the relation ≺ just using the covering
relation ⋖. Thus, we will be able to encode successful computations in traces.
The remaining procedure (to be found in Section 4.3) is standard: from an input
word v of length m, we will define a formula ϕ of the temporal logic TL (that we
are going to construct from the Turing machine M) and an alphabet (Σm, D)
of size O(m) such that ϕ is satisfiable in M(Σm, D) iff M accepts the word v.



4.1 Encoding by words

Notation We fix some pairwise disjoint alphabets Γ (the “alphabet” of the Tur-
ing machine M), Bi = {0i, 1i} and Ci = {ci, di} for i > 0 and we let ∆i =

Γ ∪
⋃n
j≥iBj ∪

⋃n+1
j≥i Cj . Furthermore, let A be an infinite set and Σ = A ⊎∆1.

For a set E ⊆ Σ of letters, let ΠE : Σ∗ → E∗ be the projection to E (we will
use this in particular for E = Bi, A, Γ ). For ΠBi

, we write simply Πi.
In this section, we consider formulas of the logic MSO(⋖,≺) that speak about

words over the alphabet Σ. Atomic formulas are of the form x ∈ X , λ(x) = a
for a ∈ ∆1, x⋖ y, and x ≺ y. We define the semantics of ≺ by w |= x ≺ y iff

x < y ∧ (λ(x), λ(y) ∈ A→ λ(x) = λ(y)) ∧ ∀z(x < z < y → λ(z) /∈ {λ(x), λ(y)}).

We will freely use formulas like λ(x) ∈ E for E ⊆ ∆1 meaning
∨

e∈E λ(x) = e.
Note that formulas λ(x) = a for a ∈ A are not allowed, but we use λ(x) ∈ A for
¬(λ(x) ∈ ∆1).

Level 1 counters: Let K1 = c1(AB1)
+d1. The intuition is that a word v =

c1a1b1 · · · ambmd1 is a counter whose value is Π1(v) ∈ Bm1 representing a number
between 0 and 2m − 1.

Let L1 be the set of words v = u0v1u1 · · · vkuk ∈ ∆∗
2(K1∆

∗
2)

+ with vi ∈ K1

and ui ∈ ∆∗
2 such that ΠA(vi) uses any letter at most once and ΠA(vi) =

ΠA(vj) for all 1 ≤ i, j ≤ k. In other words, L1 is the union of all languages
∆∗

2(c1a1B1 · · · amB1d1∆
∗
2)

+ where a1, . . . , am is a sequence of pairwise distinct
letters from A. Here the intuition is that a word w ∈ L1 is a sequence of ∆2

words separated by level 1 counters all using the same number m of bits for some
m > 0.

Lemma 4.2. The language L1 can be defined in FO(⋖,≺), i.e., there is a sen-
tence ϕ1 ∈ FO(⋖,≺) such that L1 = {w ∈ Σ∗ | w |= ϕ1}.

Proof. First, one writes a formula expressing that a word belongs to∆∗
2(K1∆

∗
2)

+.
Since we can express that the letter at position x belongs to A (by saying that
it does not belong to the finite set ∆1), this is clearly possible. Next, one has to
express that no factor from K1 contains any letter from A more than once. If A
was finite, this could be achieved by listing all these requirements. The problem
caused by the infinity of A can be solved by saying that any position x with
λ(x) ∈ A is ≺-related to some d1-position: ∀x∃y(λ(x) ∈ A→ λ(y) = d1∧x ≺ y).
Finally, factors from K1 shall contain the same sequence of letters of A. By
transitivity, it suffices to express this for consecutive such factors that start and
end, resp., in positions x, z and x′, z′ with λ(x) = λ(x′) = c1, λ(z) = λ(z′) = d1,
and x ≺ z ≺ x′ ≺ z′. Then, the formula requires that the relation ≺, restricted
to the A-positions between x and z is an order-isomorphism (more precisely:
≺-isomorphism) onto the A-positions between x′ and z′. ⊓⊔

Level ℓ counters (1 < ℓ ≤ n): Let Kℓ be the set of words v ∈ Lℓ−1 ∩
cℓ(Kℓ−1Bℓ)

+dℓ such that if we write v = cℓv0b0 · · · vkbkdℓ with vi ∈ Kℓ−1 and
bi ∈ Bℓ then we have Πℓ−1(v0) ∈ 0+

ℓ−1, Πℓ−1(vk) ∈ 1+
ℓ−1, and Πℓ−1(vi+1) =



succ(Πℓ−1(vi)) for all 0 ≤ i < k, where succ denotes the successor for the lexico-
graphic order. As above, the intuition is that a word v ∈ Kℓ is a counter whose
value is Πℓ(v) ∈ B+

ℓ representing an integer between 0 and tower(ℓ,m) − 1 for
some m > 0. Note that each bit bi in a level ℓ counter is preceded by a level
ℓ − 1 counter vi whose value is the index of this bit. Note also that words from
Kℓ use letters from A ∪

⋃

1≤i≤ℓ(Bi ∪Ci), only.

Now, let Lℓ = Lℓ−1 ∩ ∆∗
ℓ+1(Kℓ∆

∗
ℓ+1)

+. The intuition is that a word in Lℓ
represents a sequence of level ℓ counters all using the same number tower(ℓ −
1,m) of bits for some m > 0.
Computation of the Turing Machine M : Recall that M is a deterministic
Turing machine working in space tower(n,m) with m the length of the input.

Let K be the set of words v ∈ Ln ∩ cn+1(KnΓ )+dn+1 such that if we write
v = cn+1v0γ0 · · · vkγkdn+1 with vi ∈ Kn and γi ∈ Γ then Πn(v0) ∈ 0+

n , Πn(vk) ∈
1+
n , and Πn(vi+1) = succ(Πn(vi)) for all 0 ≤ i < k. As above, the intuition is

that a word v ∈ K describes a configuration of M whose value is ΠΓ (v) ∈ Γ+.
Note that each letter γi in a configuration is preceded by a level n counter vi
whose value is the index of this letter.

Now, let L be the set of words w ∈ Ln ∩ K+ such that if we write w =
w0w1 · · ·wk with wi ∈ K then we have ΠΓ (wi) ⊢ ΠΓ (wi+1) for all 0 ≤ i < k. In
other words, the language L is the set of encodings of computations of M .

Lemma 4.3. The language L can be defined in MΠ1
n+1(⋖,≺), i.e., there is a

sentence ψ ∈ MΠ1
n+1(⋖,≺) such that L = {w ∈ Σ∗ | w |= ψ}.

4.2 From words to traces

We consider a disjoint copy Ā = {a | a ∈ A} of A and we let Σ′ = Σ ∪{†}∪ Ā∪
(Σ×∆1). The dependence relation D on Σ′ is the least reflexive and symmetric
relation such that elements of Σ ∪ {†} are mutually dependent, ā depends on a
only (for a ∈ A), and (σ, δ) depends on σ and δ only. For simplicity, we write M

for the trace monoid M(Σ′, D).
Formulas in this section will mention the actions from ∆1 ∪ {†} ∪ (∆1 ×∆1)

only. In this section, we will define a set L′ ⊆ M definable in MSO(N,⋖) such
that ΠΣ(L′) = L, the language from Lemma 4.3.

For σ ∈ Σ, we let T (σ) be the unique trace having exactly one occurrence of
each letter in {σ} ×∆1. Define a homomorphism η : Σ∗ → M(Σ′, D) by

η(σ) =

{

ā T (a) a † ā T (a) if σ = a ∈ A

σ†T (σ) otherwise.

For ∆1 = {τ1, . . . , τk}, the traces η(a) and η(σ) with a ∈ A and σ ∈ ∆1 are
depicted in Fig. 3. Note that for any w ∈ Σ∗, we have ΠΣ∪{†}(η(w)) ∈ (Σ†)∗.
The language L′ that we will define here is precisely †η(L).

Lemma 4.4. There is a formula ϕ ∈ FO(N,⋖) such that a trace t ∈ M satisfies
ϕ iff t ∈ †η(Σ∗).



a

†

a

(a, τ1)

(a, τ2)
...

...

(a, τk)

...

a

(a, τ1)

(a, τ2)
...

...

(a, τk)

...

σ

†

(σ, τ1)

(σ, τ2)
...

...

(σ, τk)

...

Fig. 3. The traces η(a) and η(σ)

Proof (Sketch). We construct ϕ = ϕ1 ∧ ϕ2 ∧ ϕ3. The formula ϕ1 ensures that
ΠΣ∪{†}(t) ∈ †(Σ†)∗. The formula ϕ2 ensures that any Σ-labeled node is the
center of some factor η(σ). This is easy if σ ∈ ∆1 since {†}∪ (∆1 ×∆1) is finite.
For σ ∈ A, it turns out to be sufficient to require the existence of at least |∆1|+2
many upper and lower neighbors. The formula ϕ3 expresses that the whole trace
is the disjoint union of these factors. ⊓⊔

For any word w ∈ Σ∗ we have w = ΠΣ(t) where t = †η(w). Thus, the word w
can be seen as a chain in the trace t = †η(w). The predicate (λ(x) ∈ Σ) and the
relations ⋖ and ≺ of w can be expressed in t by FO(N,⋖)-formulas as follows:

(λ(x) ∈ Σ) = ∃z, (x⋖ z) ∧ (λ(z) = †),

cover(x, y) = ∃z, (x⋖ z ⋖ y) ∧ (λ(z) = †),

nx(x, y) = ∃z1∃z2, (x⋖ z1 ⋖ y) ∨ (x⋖ z1 ⋖ z2 ⋖ y).

More precisely, for w ∈ Σ∗, t = †η(w) and x, y in t with λ(x), λ(y) ∈ Σ, we
have x ⋖ y in w iff t |= cover(x, y), and x ≺ y in w iff t |= nx(x, y). This
allows immediately to derive the following consequence since L is definable in
MΠ1

n+1(⋖,≺):

Proposition 4.5. The language †η(L) is MΠ1
n+1(N,⋖)-definable, i.e., there is

a sentence ψ ∈ MΠ1
n+1(N,⋖) such that †η(L) = {t ∈ M | t |= ψ}.

4.3 The lower bound

Proof (of Theorem 4.1). Recall that the deterministic Turing machine M works
(with an input of length m) in space tower(n,m).

Consider the MΠ1
n+1-definable temporal logic TLn+1 based on the modality

SU, the usual boolean connectives, and the constant COMPUTATION with
[[COMPUTATION]] = ψ, the formula from Proposition 4.5 defining †η(L).



We denote by q0 and q1 the initial state and the accepting state of M respec-
tively. We also denote by � the blank letter of the tape. Let v = v1 · · · vm be an
input word of the Turing machine M and consider the formula INITv

¬Γ SU (⊲ ∧ ¬Γ SU (q0 ∧ ¬Γ SU (v1 ∧ · · · ¬Γ SU (vm ∧ (¬Γ ∨ �) SU ⊳) · · · )))

which intuitively expresses the fact that the first configuration is actually the
initial configuration of M on the input word v. Consider also the alphabets
Σm = Am ∪∆1 ⊆ Σ and Σ′

m = Σm ∪Am ∪ (Σm ×∆1) ∪ {†} where |Am| = m,
Am = {a | a ∈ Am} and the dependence relation D defined as above. We claim
that v is accepted by M if and only if there is a trace in M(Σm, D) satisfying
the formula gv = COMPUTATION ∧ INITv ∧ ⊤ SU q1. Therefore, the uniform
satisfiability problem for TLn+1 is nEXPSPACE-hard. ⊓⊔

Remark 4.6. Note that all modalities of the logic TLn+1 are of arity at most two.
Furthermore, the only binary temporal modality is SU. In our hardness proof, it
is only used in the context ¬Γ SU−, (¬Γ ∨�)SU− and ⊤SU−. Thus, we could
have replaced the binary modality SU by these three unary filter modalities in
the style of [9]. Furthermore, the temporal logic could be deprived of constant
formulas a for a /∈ Γ since they are not used in the hardness proof.

5 Process-based M∆1
1
(N, ⋖, fin)-definable logics

In Sect. 2, we showed that the modalities EX, Eco, EU, and SU can be dealt with
in our framework. The technical report that this paper is based on shows that all
modalities considered in the context of action based local temporal logics fall into
our framework. Hence our upper bound shows that their uniform satisfiability
problem can be solved in space poly(|ϕ|) · tower(2, poly(|Σ|)).

It is the aim of this final section to indicate that also Thiagarajan’s logic
TrPTL [13] can be dealt with in the setting of M∆1

1(N,⋖, fin)-definable local
temporal logics. The underlying idea of TrPTL is that the actions of the depen-
dence alphabet are executed by independent processes. Communication between
these processes is possible by the execution of joint actions. Hence, with any ac-
tion a ∈ Σ, we associate a nonempty and finite set of processes p(a) ⊆ N in such
a way that (a, b) ∈ D iff p(a) ∩ p(b) 6= ∅. This ensures that events performed by
process i are linearly ordered in any trace t. With this additional information,
one can define modalities that speak about the location of an action. The logic
TrPTL is based on modalities Pi, Oi and Ui (i ∈ N) of arity 0, 1 and 2 respec-
tively. Intuitively, Pi holds if the current vertex is located on process i and Oiϕ
means that ϕ holds at the first vertex of process i which is not below the current
one. Finally, ϕUiψ means that we have ϕ until ψ on the sequence of vertices
located on process i and starting from the last vertex of process i which is below
the current one.

We only explain how to handle Pi, the remaining modalities are discussed
in the technical report. The basic idea is that the index i is dealt with as an
additional argument, i.e., P is considered to be of arity 1. The semantics of P



is then given by the first-order formula [[P ]](X1, x) = (x ∈ X1). Then, given a
concrete and finite dependence alphabet (Σ,D) together with a concrete func-
tion p : Σ → N, Thiagarajan’s formula Pi is given by P(

∨

a∈p−1(i) a). Thus, a
temporal logic admitting modalities ∨ and P is able to simulate the modality
Pi. Similarly, we can deal with the other process based modalities.
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