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We introduce convex-concave duality for various models of non-deterministic choice,
probabilistic choice, and the two of them together. This com plements the well-known
duality of stably compact spaces in a pleasing way: convex-corcave duality swaps angelic
and demonic choice, and leaves probabilistic choice invariant.

1. Introduction

There is a well-known duality on stably compact spaces< called de Groot duality: the
de Groot dual X of X is X with its cocompact topology, and its own dual gives back
X. We show that this induces another duality, or rather another family of dualities, on
semantic models of choice, which swaps angels and demons tleaves nature invariant.

What we mean by this is as follows. We show in Section 3 that thedual of the Smyth
powerdomain (for demonic non-determinism) of any stably compact spaceX is the Hoare
powerdomain (for angelic non-determinism) of the dual X ¢ of X , and conversely. It fol-
lows easily that both powerdomains are stably compact. Simarly, we show in Section 4
that the Plotkin powerdomain construction is self-dual: the dual of the Plotkin power-
domain (for erratic non-determinism) is the Plotkin powerdomain of the dual. We show
it again in Section 5, using a functional view of powerdomais. This was our original
approach. The functional view will be the one that prevails in the subsequent sections,
and Section 5 will therefore serve as a, hopefully gentle, troduction.

In Section 6 we turn to the probabilistic powerdomain (Jones 1990), which encodes
probabilistic choice, and show that the probabilistic powedomain construction is also
self-dual. In a poetic way, Papadimitriou used the term \nature" to denote random choice
(Papadimitriou, 1985), whence our claim that duality leaves nature invariant. One can
vindicate this term as follows. In natural sciences, e.g., pysics, phenomena are not
thought as the result of a malevolent attacker (a demon) or ofa benevolent angel, but
as the by-product of mechanisms governed purely by probalitly distributions.
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We then turn to two models of our own that mix non-deterministic choice and proba-
bilistic choice: the game models, an elaboration of Choquet's theory of capacities (6o-
quet, 54) with domain-theoretic avor, which we deal with in Section 6 as well, since
much can be factored with the purely probabilistic case; andthe prevision models, in
Section 7, which can either be seen as a similar elaborationmdm Walley's previsions
(Walley, 1991), or as a relaxation of the game models throughintegral representation
theorems. The prevision models are isomorphic to Tix, Keimeand Plotkin's own mod-
els of convex powercones (Tix et al., 2005), see (Goubaultdrrecq, 2008a; Keimel and
Plotkin, 2009). In any case, we show similar duality theorens, which exchange demonic
and angelic non-determinism while keeping probabilistic hoice (nhature) invariant.

2. Preliminaries

We refer the reader to (Abramsky and Jung, 1994; Gierz et al.2003; Mislove, 1998) for
background material on domain theory and topology, and recl some prerequisites in
topology rst, then on de Groot duality, and nally on domain theory.

2.1. Topology

A topology on X is a family of subsets, called theopens such that any union and any
nite intersection of opens is open. The complements of opersubsets are callecclosed
The largest open contained in a subseA of X is its interior int (A), while the smallest
closed set containingA is its closure cl(A). Given a subsetA of X, the induced topology
on A has as opens the intersection&\\ U, U open in X . A topology is ner than another
i it has at least as many opens.

Given any family of subsetsA of X, there is a smallest topology onX generated by
A, i.e., making all elements ofA open. Then every open in this topology is a union of
nite intersections of elements of A; A is then a subbaseof the topology. If every open is
a union of elements ofA, then A is called abaseof the topology. We shall call subbasic
opensthe elements of a given subbase, and similarly fobasic opens By analogy, let the
subbasic closed setbe the complements of the subbasic opens.

Amapf : X ! Y iscontinuousi f %(U)is openinX for every open subsetU of
Y . We shall often use the fact that, if A is a subbase of the topology o, f : X I Y is
continuous i f 1(U)is open in X for all elementsU of A.

We reserve the termhomeomorphismfor isomorphisms in the category of topological
spaces and continuous maps, i.e., one-to-one continuous pgwhose inverse is also con-
tinuous. An embeddingf : X ! Y is a homeomorphism onto its image Inf, i.e., an
injective continuous map such that, for every open subset of X, f (U) is open in Imf
| meaning that d (U) can be written as Imf \ V for some open subseV of Y.

The product ~;,, X; of topological spaces is de ned as the set-theoretic produc
Bith the product topology, i.e., the smallest that makes all canonical projections ; :

io; Xi I Xj continuous. Alternatively, a base of this topology consiss of products

i»; Ui of opensU; of X, i 2 |, where only nitely many such opens U; are di erent
from X;.
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A subsetQ of X is compacti one can extract a nite subcover from every open cover
of Q. Itis saturated i it is the intersection of all opens containing it, a.k.a. i t is upward-
closed in thespecialization quasi-ordering , dened by x y i every open containing X
containsy. The saturation " A of a subsetA of X is de ned equivalently as the intersection
of all opensU containing A, or as the upward-closurefx 2 X j9y 2 A y  xg. We write
#A the downward-closurefx 2 X j9y 2 A x yg. Every open subset is upward-closed,
and every closed subset is downward-closed. Iy spacesX that are not T;, such as
dcpos (see below), there are compact subsets that are not satted, e.g., f xg where x
is not maximal in X. However, for any compact subsetK , " K is both compact and
saturated.

A useful trick is Alexander's Subbase LemmdKelley, 1955, Theorem 5.6), which states
that in a space X with subbaseA, a subsetK is compact if and only if one can extract
a nite subcover from every cover of K consisting of elements ofA.

A topological spaceX is stably compacttaking the de nitions of (Jung, 2004; Alvarez-
Manilla et al., 2004)|i X isTp ( is an ordering), well- Itereid (for every ltered family
(Qi);,, of compact saturated subsets, for every opetJ, if ,, Qi U thenQ; U
already for somei 2 ), locally compact (wheneverx 2 U with U open, there is a compact
saturated subsetQ such that x 2 int(Q) Q U), coherent (the intersection of any
two compact saturated subsets is again so) andompact. Stable compactness has a long
history, going back to (Nachbin, 1948), see also (Jung, 200Alvarez-Manilla et al., 2004).

Be aware that several authors de ne \coherent" as synonymos with stably compact,
leaving coherence itself without a name. In de ning coherene as above, we follow, e.g.,
Alvarez-Manilla (Alvarez-Manilla, 2000). Note also that, in any locally compact space,
whenever Q is a compact saturated subset of some opebl, then there is a compact
saturated subsetQ; such that Q int(Qi) Qi U. In particular, every open is the
union of the interiors of its compact saturated subsets.

Stable compactness is also usually de ned by requiring solety instead of well- I-
teredness. As remarked by Jung (Jung, 2004, Section 2.3), fiearing to (Gierz et al.,
2003, Theorem 11-1.21), this is equivalent in the presencefdocal compactness. We shall
only rarely need to refer to sobriety, however let us recall he de nition. Say that a closed
subsetF of X isirreducible if and only if F is non-empty, and wheneverF is contained
in the union of two closed subsetd=; and F», then F is contained in one of them already.
Note that #x is closed and irreducible for every elemenk of X . A space X is sober if
and only if it is Tp, and the only irreducible closed sets are of the form#x, x 2 X . The
fundamental theorem of sober spaces is the Hofmann-Mislov€heorem (Abramsky and
Jung, 1994, Theorem 7.2.9), which states that in a sober spacX , the space of compact
saturated subsets ofX ordered by reverse inclusion, and the space of Scott-opentérs
of open subsets oiX ordered by inclusion, are isomorphic. A lter F of opens ofX is
a family of open subsets ofX containing X itself, such that the intersection of any two
elements ofF is again in F, and any openV containing U 2 F isin F. F is Scott-open
gfor every family ( U;);,, of open subsets 0X whose union is inF, some nite union

i»3 Ui (J nite subset of |)isalready inF;i.e.,i F isopeninthe lattice O(X) of open
subsets ofX with its Scott topology (see below). The easy direction conssts in observing
that, for every compact saturated subsetQ of X, the collection of all opens containing
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Q is a Scott-open Iter of opens of X. Conversely, the intersectionQ = T uor U of all
elements of a Scott-open lterF of opens is compact saturated, and the opens containing
Q are exactly the elements of- . It follows that, even without local compactness, sobriety
implies well- Iteredness.

Finally, we de ne stably locally compact spacesX as those obeying all the properties of
stably compact spaces except, possibly, compactness. l.astably locally compact spaces
are Ty, well- Itered, locally compact coherent spaces. Every staly locally compact space
X can be embedded into a stably compact spac¥-, : X, is X plus a fresh element?,
and the opens ofX, are those ofX plus X, itself. Note that ? is then the least element
of X, in its specialization ordering.

A typical example of a stably compact space is the set [A] with opens of the form
(t;1],0 t 1, plus [G 1] itself. This is just [0; 1] with the Scott topology of its natural
ordering , see below. We shall write [01] for [0; 1] with its Scott topology, reserving
[0; 1] for (the set) [0; 1] with its usual, metric topology. Similarly, we write R* for R*
with its Scott topology, whose non-trivial opens are the ope intervals (t; +1 ), t 2 R*.

A space isHausdor , or T, i every two distinct points X;y can be separated by opens
U;V,ie,x2U,y2V,and U\ V = ;. Every compact T, space is stably compact, e.g.,
[0; 1]; the converse fails, as for example [@] is stably compact but not T,.

2.2. De Groot Duality

De Groot duality is the duality that the title of this paper re fers to. My preferred reference
to this theory is Jung's paper (Jung, 2004), and its journal version (Alvarez-Manilla et al.,
2004). The study of compact pospaces originates in Nachbig'classic book (Nachbin,
1965). See also (Gierz et al., 2003, Section VI-6).

A compact pospaceds a pair (X% ) where X %is a compact space and is an ordering
on X ®whose graph is closed i © X2 It follows that X °is compact T,. The collection
of opens ofX ° that are upward-closed in  forms a topology, the upper topology, which
makesX ?a stably compact space. Similarly, thelower topology consists in the downward-
closed opens oK °.

For example, the upper topology of ([Q1]; )is [0;1] , and its lower topology is given
by subsets of the form [Qt), 0 t 1, plus [G 1] itself.

Nicely enough, one can go back, and retrieve a compact pospadrom any stably
compact spaceX . The rst step consists in building the cocompact topologyof X , which
is the one generated by thecocompact subsets of X |the cocompact subsets are the
complementsX nQ of compact saturated subsetsQ. The spaceX ¢ whose underlying set
is that of X, and whose topology is the cocompact topology oK, is the de Groot dual
of X. When X is stably compact, the opens ofX ¢ are exactly the cocompacts ofX .
Note that this means that the closed subsets o ¢ are the compact saturated subsets of
X, and in particular that nite unions and arbitrary intersec tions of compact saturated
subsets ofX are again compact saturated.

Then, X 99 = X : we take = to denote equality of spaces, meaning that the two paces
have the same elements, and the same topologies as well. Alsbe specialization ordering
of X9is , the converse of the specialization ordering of X .
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For example, whenX = [0;1] , the compact saturated subsets ofX are the closed
subintervals [t; 11,0 t 1, so the opensX ¢ are the subsets of the form [0t), 0 t 1,
plus [0; 1] itself|i.e., those of the lower topology of [0 ;1].

The patch topologyon X is generated by the union of the original topology ofX and
of its cocompact topology. Write X P&€h for X with its patch topology. When X is stably
compact, with specialization ordering , (X P3": ) is a compact pospace, which we shall
call the Nachbin pospaceof X . Its upper topology is the topology of X, and its lower
topology is the cocompact topology ofX . Conversely, if (X% ) is a compact pospace,
then (X% ) is the Nachbin pospace of the spac& ° with its upper topology. E.g., the
patch topology of [0; 1] is the usual metric topology on [Q 1].

This machinery allows one to show easily that every patch-adsed subset of a sta-
bly compact spaceX is stably compact in its induced topology (Jung, 2004, Propgi-
tion 2.16). A subset ispatch-closedi it is closed in the patch topology. This generalizes
the fact that every closed subset of a compact, space is compacfl,, to non-T, topolo-
gies.

Moreover, these constructions behave well with respect to ducts. For every family
(Xi)j,, of 8ably compact spaces, where ; is the specialization ordering ofX;, i 2 I,
then X°%= <, X Pateh with thed:omponentwise ordering is a compact pospace, and is
in fact the Nachbin pospace of = ,, X;. In other words, the patch topology of a product
of stably compact spaces is the product of the patch topologs, and the specialization
ordering of the product is the componentwise ordering (Jung 2004, Proposition 2.15).

For example, the space [01] of all maps from | to [0;1] , seen as the product of
| copies of [Q1] , can also be seen as the product df copies of [Q1], with the upper
topology of the componentwise ordering. We call such spacg6; 1] cubes

2.3. Domain Theory

A set with a partial ordering is a poset A dcpois a poset in which every directed family
(Xi);5, has a least upper bound (a.k.a.sup) sup;,, x;. A family (x;),,, is directed i it
is non-empty, and any two elements have an upper bound in thedmily. Any poset can
be equipped with the Scott topology, whose opens are the upward closed set$ such that
whenever ;),,, is a directed family that has a least upper bound inU, then somex;
is in U already. The Scott topology is alwaysTy, and its specialization ordering is the
original partial ordering.

The way-below relation on a posetX is de ned by x y i, for every directed
family (z),,, that has a least upper boundz such thaty z,thenx z for somei 2 |
already. Note that x  y impliesx vy, and that x° x y y%implies x° y°
However, is not re exive or irre exive in general. Write "E = fy2 X j9X 2 E x  yg,
#HE = fy2 X jO9x 2 E y xg. X is continuous i, for every x 2 X, #x is a directed
family, and has x as least upper bound. One may be more precise: Basisis a subsetB of
X such that any elementx 2 X is the least upper bound of a directed family of elements
way-below x in B. Then X is continuous if and only if it has a basis, and in this caseX
itself is the largest basis. In a continuous poseK with basis B, the interpolation property
holds: wheneverx  z,thenx y zforsomey 2 B (Mislove, 1998, Lemma 4.16). It
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follows that, in any continuous posetX , "x is SC(gt-open for allx, and every Scott-open
set U is a union of such sets, more precisely = ., g "X

In any topological space, call nitary compact any subset of the form" E with E
nite. Every nitary compact is compact saturated. In a cont inuous dcpoX , the compact
saturated subsetsQ are exactly the intersections ;,, " E; of Itered families (" E;),,,
of nitary compacts, see e.g., (Jung, 1998, Lemma 4.10(ii) ). (We order subsets by
inclusion, and a family is Itered if and only if it is directed in the converse ordering.)
It follows easily that the topology generated by the complenents of sets" x, x 2 X (the
upper topology of the ordering ), on a continuous dcpo X, is exactly the cocompact
topology (Lawson, 1988, Section V), so the patch topology onX coincides with the
Lawson topology. The latter is probably more well-known in domain theory, and is the
one generated by the Scott opens and the complements of sétx, x 2 X .

Unless otherwise mentioned, we shall always see every dcps atopological space, with
the Scott topology of its ordering. Every continuous dcpoX is sober hence well- Itered,
and locally compact. If additionally X is pointed, i.e., has a least element? , then X
is compact. If nally X is also coherent, thenX is stably compact. The reader may be
more familiar with the notion of Lawson-compactness, whereX is Lawson-compacti
it is compact in its Lawson topology. By the discussion above Lawson-compactness is
equivalent to stable compactness on continuous dcpos. Thiss in fact true even on quasi-
continuous dcpos (Gierz et al., 2003, Theorem 111-5.8), alhough it may fail on more
general classes of dcpos.

Note that [0;1] is a continuous pointed dcpo, wherex vy if and only if x = 0 or
x <y.As we have seen, it is also stably compact. For any set, then, [0;1] is also a
stably compact, continuous, pointed dcpo. One can check tha is de ned by f g
i f(i)=0 for all i except for those in some nite subsetd of I, and f (i) < g (i) for all
i2J.

Bc-domains are bounded-complete continuous dcpospounded-completenessmeans
that any two elements x;y that have an upper bound also have a least upper bound.
Any bc-domain is coherent, hence stably locally compact. Ag pointed bc-domain is
stably compact.

Given any posetX , with partial order , the opposite posetX °P has the same elements
as X, and its ordering is the converse of .We clearly haveX °P %" = X | where equality
is equality of posets, which implies the equality of orderigs, hence also of the Scott
topologies.

A poset X is a bicpo if and only if both X and X °P are dcpos, meaning that directed
families have sups, and that Itered families have infs. Any stably compact space is a
bicpo for its specialization ordering: this follows easilyfrom the fact that any sober space
is a dcpo in its specialization ordering (Abramsky and Jung,1994, Proposition 7.2.13),
applied to X and X 9.

A bicontinuous bicpois a posetX such that both X and X °P are continuous dcpos.
In this case, we still write  for the way-below relation of X, and we write  for the
way-below relation of X °P. Call ~ the way-aboverelation of X:y  x if and only if, for
every ltered family ( z),,, that has a greatest lower bound (a.k.a., aninf ) z such that
z X,thenz vy for somei 2 | already. Beware that in general is not the converse
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of . As an example, [Q1] with its natural ordering is a bicontinuous bicpo. Howeve,
X yi x=0o0orx<y,whiley xi y=1lorx<y;so0 O0but06 0,while
16 1and1 1.

3. Powerdomains for Non-Deterministic Choice: The One-Sided Cases

Fix a state spaceX . Modeling non-deterministic choice from a subset of elemda A of X
is simply done by specifyingA, an element of the powersetP(X ). When instead X is a
dcpo, or in fact any topological space, one has to replade(X ) by an appropriate notion of
powerdomain. Then several notions of powerdomains arise. We refer agaiio (Abramsky
and Jung, 1994; Gierz et al., 2003; Mislove, 1998) for backgund on powerdomains.

So, in the general case, x a topological space .

First, there is demonic choice, best modeled through theSmyth powerdomainQ(X).
Its elements are the non-empty compact saturated subset® of X . One domain-theoretic
tradition is to see Q(X) as a poset‘_ with reverse inclusion . When X is well- ltered,
this yields a dcpo, and sup,, Qi = ;,, Qi for any directed (i.e., ltered for ) family
(Qi);,, - If X is also locally compact, then this dcpo is also continuous, red Q QO
i int(Q) Q% When X is coherent, Q(X) is bounded-complete,Q and Q° have an
upper bound if and only if Q\ QCis non-empty, and their least upper bound isQ\ Q°
Finally, when X is compact, then Q(X) is pointed, and the least element isX itself. In
particular, Q(X) is a stably compact, continuous, pointed dcpo for any staby compact
spaceX .

Another, more topological, de nition of a topology on Q(X) is the upper Vietoris
topology, which has a base given by subsets of the forAU = fQ2Q(X)jQ Ug, U
open in X . It is easy to see that every open in this topology is Scott-opn, while if X is
well- Itered and locally compact, "Q = 2int (Q). Hence, in this case, the two topologies
coincide. Since we shall focus on stably compact spac¥s we shall therefore switch freely
between the two. Note also that the upper Vietoris topology 5 generated from subsets
of the form 2int (Q), Q compact saturated in X .

There are several ways to explain why elements dd (X ) model demonic choice. A deep
one is to show thatQ(X) is the free dcpo-algebra of an inequational theory involving one
associative, commutative and idempotent symbol[ that must obey the extra inequality
x[y v x (Abramsky and Jung, 1994, Section 6.2.2). This holds as soomas X is a
continuous dcpo; inQ(X), [ is then just union.

| tend to prefer the following. First, if X is a continuous dcpo, any element ofQ(X)
is the directed sup of nitary compacts " E. Then, if choice is described by" E, the
elements of" E are all possible choices, and the elements & are the worst (least)
possible ones. A demon (think: a malicious scheduler that isequired to pick one of the
possible choices) is then speci ed by what worst possible dices it could make. Since
E is nite, this explanation is only relevant for so-called n itely branching systems, see
e.g. (Johnstone et al., 1998) and references therein. I'llnepose a better explanation in
Section 7, see Lemma 7.5 and subsequent discussion.

The second form of choice isangelic choice, which is modeled using theHoare pow-
erdomain H(X). Its elements are the non-empty closed subsets ok There is again a
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domain-theoretic and a topological de nition of the topology one puts onH(X), but
they tend to di er in more cases than for the Smyth powerdoman.

The domain-theoretic de nition is to order H(X) by inclusion . This is a complete
lattice, hence gertainly a dcpo (whateverX is). The sup of the directed family (Fi);,, is
the closure cl( ;,, Fi) of the union. However, H(X) is known to be a continuous dcpo
only when X is itself a continuous dcpo, or at least a continuous poset (@e can e.g.,
adapt Theorem 4.23 of (Mislove, 1998) in the latter case); tlen the way-below relation
onH(X) is dened by F FOi there is a non-empty nite subset E of (a given basis
of) X such that F # E and E ##FC This is easily deduced from (Abramsky and
Jung, 1994, Theorem 6.2.10, Theorem 6.2.13). Then the subtse#E themselves, with E
non-empty and nite subsets of a given basis ofX , form a basis ofH (X ), and #E  F°
inHX)i E ##F°

The topological de nition is to equip H(X) with its lower Vietoris topology, generated
by subbasic opens83U = fF 2H (X)jF\ U6 ;g, U openinX. We shall write Hy (X)
for this topological space, to distinguish it from the dcpoH (X ). Note that, letting F be
the complement of U, the complement of3U is F = fF°2H(X)jF® Fg, i.e., the
downward-closure off Fgin H(X).

It is easy to see that3 F is Scott-open, so the topology ofH (X ) is ner than that of
Hyv (X). When X is a continuous dcpo, the two topologies coincide, i.eHy (X ) = H(X),
because, conversely, any Scott open is a union of sets of tharfn " x)(# E) (subscripts
indicate in V\LPiCh spaces we must take various arrows), i.e.of the form fF%2 H (X) j
E #F%9=,,z3"x

In caseX is a continuous dcpo,H (X ) can be described as a similar free dcpo-algebra,
this time using the converse inequalityx v X[ y; [ again denotes union. One can also see
the elements#E of the above basis forH (X ) as speci ed by the setE of best (highest)
possible choices.

We will turn to the Plotkin powerdomain in Section 4. However, we observe right away
that, in the world of stably compact spaces, Smyth and Hoare & dual of each other.
Theorem 3.1 is the rst trace we observe of the action of de Grot duality on models of
choice.

Theorem 3.1 (Duality, One-Sided Non-Deterministic Case). Let X be a stably
compact space. ThenQ(X ) is stably compact, and Q(X )% = Hy (X 9).

Proof. First, we have already noticed that Q(X) is stably compact. Then, Q(X )¢ and
Hy (X %) certainly have the same elements, namely the non-empty copact saturated
subsets of X. We must now show that their topologies coincide, and we do tis by
showing that the two spaces have the same closed subsets.

Since X is well- Itered and locally compact, Q(X) is not only stably compact, but
also a continuous dcpo. SoQ(X) is Lawson-compact, and the cocompact and upper
topologies of its ordering coincide. This means that the upward-closures of elements
Q of Q(X) form a subbase of closed sets fo@(X )9. These upward-closures are just Q.
Conversely, we have already noted, in introducing the lowerVietoris topology, that a
subbase of closed sets for (X 9) is given by all sets of the form F, F closed inX ¢.
SinceQ(X)® and H(X %) have the same subbasic closed sets, their topologies agree]
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Corollary 3.2.  For any stably compact spaceX , Q(X) and Hy, (X ) are stably compact.

Indeed, by Theorem 3.1,Hy(X) = Q(X %Y. That Hy(X) is stably compact when X is
was proved by Cohen (Cohen, 2006), although with a more compk argument.
Another easy consequence of Theorem 3.1 is more domain-thetic:

Corollary 3.3. Let X be a stably compact continuous dcpo. ThenH (X)) is a stably
compact, bicontinuous bicpo, and is (qua poset) the opposé of Q(X 9).

Proof. SinceX is a continuous dcpo,H (X)) is, too. Also, H(X) = Hy(X). By Theo-
rem 3.1,Hy(X) = Q(X %Y. Looking at the underlying posets,H (X ) equals Q(X 9)°P. In
particular, the opposite H (X )% equals Q(X 9), which is a continuous dcpo, sinceX ¢ is
well- Itered and locally compact. ]

In general, the way-below and the converse of the way-aboveelations do not coincide
on H(X). Indeed, take X = [0;1] . The elements of H([0; 1] ) are of the form [0;t],
0 t 1, sothatH([O;1] ) is canonically isomorphic to [G 1] ; but we have seen that
the way-below and converse of the way-above did not coinciden the latter.

The rst part of Corollary 3.3, that H(X) is a stably compact, bicontinuous bicpo, is
actually an instance of a more general result, which does natequire stable compactness.
If X is a continuous dcpo, thenO(X) is a completely distributive lattice (Gierz et al.,
2003, Theorem I1-1.14). It follows that its opposite H, (X ), the poset of all closed subsets
(including the empty set), is also a completely distributive lattice. This is more than what
we claimed above forH (X ): any completely distributive lattice is a bicontinuous bicpo
(Gierz et al., 2003, Theorem 1-3.16(2)), and is compacfl, in its Lawson topology (Gierz
et al., 2003, Corollary 111-1.11), hence stably compact. Infact, completely distributive
lattices L have many other properties: the Scott and upper topologies@incide onL ; the
Scott topology of L°P then coincides with the lower topology, generated by complaments
of set of the form" x, x 2 L; the Lawson topologies ofL and L° both coincide with
the interval topology, generated by complements of intervds " x \# y, so that L is linked
bicontinuous (Gierz et al., 2003, Proposition VII-2.10).

H(X) need not form a lattice except whenX has a bottom element. However, we can
still show that H(X) is a stably compact, bicontinuous bicpo providedX is a compact
continuous dcpo. SinceX is continuous, H(X) is, too. Then H(X) is a bc-domain, and
is therefore stably compact and continuous.H (X )°P is isomorphic to the posetO (X)
of all open subsets ofX distinct from X. We shall argue in Lemma 3.8 that, if X is
compact, then O (X) is a bc-domain. In particular, H(X)°P is also a bc-domain, hence
also stably compact and continuous. This only requiresX to be a compact, not stably
compact, continuous dcpo.

Let us turn to the Smyth powerdomain. We agree to say that X ¢ is a continuous
dcpo i the specialization ordering  of X 4 makesX ¢ a continuous dcpo,and that the
topology of X ¢ coincides with the Scott topology. This accords with our cowvention that
equality of topological spaces implies equality of their tgologies.

Corollary 3.4. Let X be a stably compact space whose de Groot dua ¢ is a continuous
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dcpo. ThenQ(X) is a stably compact, bicontinuous bicpo, and is (qua posetjhe opposite
of H(X 9).

Proof. SinceX is well- Itered and locally compact, Q(X) is a continuous dcpo. Since
X 9is a continuous dcpo,H (X 9) = Hy (X 9)is, too. Then, as a posetQ(X ) is the opposite
of Hy (X 9) by Theorem 3.1. SoQ(X) is a bicontinuous bicpo. ]

Note that, similarly to H-, (X) discussed aboveQ~ (X ), de ned as the collection of all
compact saturated subsets ofX , including the empty set, is again a completely distribu-
tive lattice in this case, which is much more than a stably conpact, bicontinuous bicpo.
This is becauseQ> (X)) is the lattice of complements of elements of0(X 9).

We obtain a completely symmetric result by using the following class of spaces, which
occurs naturally in this context.

De nition 3.5. A stably bicontinuous bicpois a stably compact spaceX such that both
X and X ¢ are continuous dcpos.

By this we again mean that the topologies ofX and of X9 are the Scott topologies of
the underlying posetsX and X °P, and that these posets are continuous dcpos. Any cube
[0;1]', for any setl, is a stably bicontinuous bicpo. In fact, the cubes are comptely dis-
tributive lattices, and any completely distributive latti ce is a stably bicontinuous bicpo.

We have seen that, on the cubef gi f(i)=0 for all i except for those in some
nite subset J of I, and f (i) < g(i) for all i 2 J. Symmetrically, g f i g(i) =1 for
all i except for those in some nite subsetd of I, and f (i) <g(i) forall i 2 J. So is
not the opposite of  in general.

In a stably bicontinuous bicpo, it is equivalent to talk about X ¢ or X °P: X °P is indeed
a stably compact continuous dcpo that coincides withX 9. In fact, one may also de ne
stably bicontinuous bicpos as bicontinuous dcposX such that X and X °P have the same
Lawson (or patch) topology. E.g., the Lawson topology on [01]' , as well as on ([Ol]op)I
is the usual product topology on [Q1]'.

Corollary 3.6. For any stably bicontinuous bicpo X, Q(X) and H(X) are stably bi-
continuous bicpos, andQ(X ) = H(X °P), H(X)° = Q(X °P).

This follows directly from Corollaries 3.3 and 3.4.
Another corollary of Theorem 3.1 is as follows.

Lemma 3.7. Let X be stably compact. For every compact saturated subseQ of X,
Q=fQ%2Q(X)jQ% Qgis compact saturated in Q(X).

This can also be proved independently, using Alexander's Sibase Lemma. In fact, an-
other proof of Theorem 3.1 consists in showing that any subbsic closed set for one
topology is closed in the other one, and starts from Lemma 3.7note that Q is a sub-
basic closed set irH (X 9), and is compact saturated inQ(X ) by Lemma 3.7; conversely,
since Q(X) is a continuous dcpo, every compact saturated subset o (X) is a directed
union of nitary cor&oacts "ox)B, 1 2 1, where eachE is a nite subset of Q(X),
however”ox) B = oz, Qs closed inH(X9).

Theorem 3.1 has apparently not been published until now. Howver, Martn Escard
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told me at the Domains IX Workshop in September 2008 that he ha known about this

result since 2000. He presented the following in a McGill uniersity seminar in 2003,
although this did not make it into the notes (Escard, 2003). The following lemma is in

fact how | also came to discover Theorem 3.1 (Goubault-Larreq, 2007, Section 3.4); the
proof using Lemma 3.7 above is a simpli ed argument; the evershorter argument given

as proof for Theorem 3.1 is due to one of the anonymous refereeWe let O(X ) denote

the complete lattice of all open subsets o ; recall that O (X)= O(X)nfXg.

Lemma 3.8. Let X be a stably compact space. Then the complement mag 7! X nA
de nes a homeomorphism between:

Hy(X) and O (X)¢
Q(X) and O (X9

Proof. First, we observe that X is locally compact, henceO(X) is a continuous com-
plete lattice, see e.g. Proposition 4.2.15 (Abramsky and Jng, 1994). Using similar ar-
guments, one can see thaD (X) is a continuous poset as soon aX is locally compact,
where U is way-belowV i U Q V for some compact saturated subseQ. O (X)is
a dcpo provided X is compact: for any directed family of opens U;);,, in X, all distinct
from X, their union cannot be X by compactness, and therefore serves as the sup of the
family in O (X). It is then clear that O (X) is a bc-domain, hence is stably compact.
So the notation O (X )9 makes sense.

That the complements of elements ofHy (X) are the elements ofO (X)9, i.e., the
complements of open subsets ok other than X, is clear. Similarly, the complements of
elements of Q(X) are the cocompact subsets oK distinct from X, i.e., the elements of
0 (X9).

The topology of O (X )Y is the cocompact topology ofO (X ), and coincides with the
upper topology of the ordering, sinceO (X) is continuous. So it is generated by the
complements of sets' (x) U, U open in X, namely the setsfU’20 (X)jUu6 U%g=
fX nF jF 2 H(X);F 2 3Ug. The complement map sends this to3 U. Conversely,
the image in O (X) of 3U by the complement map is the complement of the nitary
compact "o (x) U. So the complement map indeed de nes a homeomorphism betwee
Hy(X) and O (X)d.

The ordering on the image ofQ(X) by the complement map is ordinary inclusion, the
same as onO (X 9). Since the topologies on both spaces is entirely determimkas the
Scott topologies on the same ordering , they are the same space. L]

Theorem 3.1 easily follows. One can also observe that Lemma&implies that Q(Hy (X))
is homeomorphic toO(O(X)), naturally in X, for every stably compact spaceX . Vickers
and Townsend (Vickers and Townsend, 2004) observed thaH, (Q(X)) is also homeo-
morphic to O(O(X)), naturally in X . The resulting space, up to homeomorphism is the
double powerdomainof X . Vickers and Townsend reason in the category of locales insad
of topological spaces, and call this thedouble powerlocalethey also don't require stable
compactness.
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4. Powerdomains for Erratic Choice |

The Plotkin powerdomain for erratic non-determinism has ewen more variants than the
Hoare and Smyth powerdomains.

Let X be any space. Alens L of X is the intersection Q\ F of a compact saturated
subsetQ of X and a closed subseF of X, provided this intersection is non-empty. Then
L has a canonical presentation as L\ cl(L), where" L is compact saturated, andcl(L)
is closed. There is a domain-theoretic de nition, as a posetP”(X) of lenses, ordered
by the topological Egli-Milner ordering vy, dened by L vegy L% "L " L%and
cl(L) cl(L9Y. When X is a stably compact continuous dcpo, thenP (X)) is a stably
compact continuous dcpo. Stable compactness was proved byndmie Lawson (Lawson,
1987, Theorem, p.156), see also (Mislove, 1998, Corollary48). Continuity is claimed in
(Abramsky and Jung, 1994, Exercise 6.2.23(11)), and follog/from Construction 1V.8.12
and subsequent theorems of (Gierz et al., 2003). A basis is\gn by the nitary lenses,
i.e., the sets of the formhEi, E non-empty nite, where hEi = "E \# E. hEi is the set
of elements that are above some minimal element oE (the worst choices) and below
some maximal element ofE (the bestchoices). ThentEi L if and only if E ##F and
Q ""E,whereF =cl(L)and Q= "L.

There is also a topological version of the Plotkin powerdoman, which we shall write
P v(X), namely the space of lenses oK with the Vietoris topology, generated by sets
fL2P (X)jL Ug, which we shall write 2U again, andfL 2P (X)jL\ U6 ;g,
which we shall write 3 U, for any subsetU of X . It is easy to see that the specialization
ordering of P"y, (X ) is v gm . The Scott topology of P (X)) is always ner than the Vietoris
topology. When X is a stably compact, continuous dcpo, the converse holds, $8°y (X ) =

“(X). Indeed, any subbasic Scott—opeﬁ'p~(x)rEi can be written as the Vietoris open

e 3'x\ 2"E.

Call a subsetL of X patch-compacti it is compact in X P2 and order-convex i
wheneverx;z2 L andx y z,theny?2 L. Clearly, every lensL is order-convex, and
moreover if X is stably compact, thenL is patch-closed, hence patch-compact irX . The
converse also holds, see Lemma 4.2, which rests on the foliog fact.

Fact 4.1. Let X be a stably compact space. For every patch-compact subsét of X,
#L is closed inX, and " L is compact saturated in X .

Indeed, L is compact both in X and in X 9, since the larger the topology, the smaller
the collection of compact subsets. Then#L is the saturation on L in X9, since the
specialization ordering ofX ¢ is the opposite of . It follows that #L is compact saturated
in X9, hence closed inX . Similarly, " L is compact saturated in X .

Lemma 4.2. Let X be stably compact. The lensed. of X are exactly the non-empty,
patch-compact, order-convex subsets oX . Moreover, every lens is astrong lens i.e.,
#L = cl(L). Finally, the specialization ordering v gy on Py (X) reduces to the ordinary
Egli-Milner ordering, i.e., L vy LOi:

for every x 2 L, there is anx®2 L%such that x  x% and
for every x°2 LO there is anx 2 L such that x  x°
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Proof. We have given one direction of the proof above. Converselyet L be non-empty,
patch-compact, and order-convex. By Fact 4.1#L is closed, and' L is compact saturated
in X. Also, L = "L \# L becauselL is order-convex, whence. is a lens. Moreover, since
#L is closed and containd_, it contains cl(L). Conversely,#L  cl(L) since every closed
set is downward-closed. SétL = cl(L), and theferore L is a strong lens.

The characterization of v gy follows from the fact that every lens is strong. ]

This is well-known when X is a stably compact continuous dcpo (Gierz et al., 2003,
Proposition 1V-8.17): in this case, the lenses are exactly e order-convex non-empty
Lawson-compact subsets oK (Abramsky and Jung, 1994, Corollary 6.2.21), and we have
already seen that Lawson-compactness and patch-compactsg coincided on continuous
dcpos.

Lemma 4.2 entails that P"y (X )% and Py (X 9) have the same elements, namely the
non-empty, patch-compact, order-convex subsets oX . Indeed, patch-compactness is the
same notion in X and in X9, while order-convexity is left invariant by reversing the
ordering.

We now observe that the Plotkin powerdomain construction isself-dual, in the sense
that Py (X)? and Py (X %) not only have the same elements, but in fact also the same
topology, hence are the same space. This will be Theorem 4.8nd is the second trace
we observe of the action of de Groot duality on models of cho&

Lemma 4.3. In a topological spaceX, let:
Q=fL2P v(X)jL Qg Q=fL2P v(X)jL\ Q6 g

for any compact saturated subsetQ of X.
Let X be compact. Then Q and Q are compact saturated in P"y(X), for any
compact saturated subsetQ.

Proof. Use Alexander's Subbase Lemma, and show that one can extraet nite sub-
cover féom a coveg of Q by subbasic opeéms2 U,i21,and3V,,j 2 J. e, assume

Q i2|2Ui[ j2J3VJ-.§etL0= Qn jzy\s\/j'

If Lo is empty, then Q 20 Vi, s0Q i23, Vi for some nite subset Jo of J.
Then (3 )J. 23, is the desired nite subcover.

Otherwise, Lg is a lens,Lq 2 Q,s.;\nd Lo 62 i29 3V, .§o Lo U for somei 2 |. By
the de nition of Lo, then,Q  Ui[ ;,;V,50Q U[ ,, V for some nite subset
Jo of J. Then 2U; and (3 V, )J. 23, form the desired nite subcover. s

We show that Q is cgmpact saturated in a similar way. Assume Q i21 2Ui [

j203Vi.LetLo=Xn ;5 V. S

If Lo is empty, then X i20 Vi SinceX is compact, X i23, Vi for some nite
subsetJg of J. Then (3, )j2J0 is the desired nite subcover.

Otherwise, Lo is a lens, again becaus& is compact, andLo 62 ;,; 3V;. So either
Lo62 QorlLy U for somej.2 1. S

In the latter case, X~ Ui[ ;,;Vj,s0X U ,, V forsome nite subsetJo of
J, again by compactness oK . Then 2 U; and (3 V, )j 23, form the desired nite s%bcover.

In the former case, wherelLg 62 Q, it must be that Lo\ Q is empty, i.e., Q 20 Vi-
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S
SoQ i23, Vi for some nite subset Jo of J. Then (3V;),,, is the desired nite
subcover. L

When X is stably compact, observe that Q is the complement of the subbasic open
subset 3 (X nQ) of P y(X Y, and that Q is the complement of the subbasic open
subset2 (X nQ) of P y (X 9), so every closed subset d? "y (X 9) is cocompact inP "y (X ):
Lemma 4.3 entails immediately that the topology of Py (X 9) is coarser than that of
P v(X)Y. Here is the converse statement.

Lemma 4.4. Let X be stably compact. Then every compact saturated subsetQ of
P v(X) is closed inPy (X 9).

Proof. Consider the mapi : P y(X)!Q (X) H v(X)denedby i(L)=("L;cl(L)).
We claim that i is an embedding. First, the topology of Q(X) H y(X) is generated by
subbasic open sets of the forn2U 3V, whereU and V are open inX, andi *(2U
3V)= 2U\ 3V, soi is continuous. The image of the subbasic ope2 U of P"y(X) is
(2U H v(X))\ Imi, while the image of3V is (Q(X) 3V)\ Imi, which are open in
Imi, soi is an embedding.

Given any compact saturated subsetQ of Py (X), its image i(Q) is compact, so its
saturation "i(Q) in Q(X) H y(X) is compact saturated, hence closed in Q(X)
Hy(X) 9= Q(X)d H v(X)¥=Hy(X9 Q (X9), using Theorem 3.1. By the de nition
of the topology onHy (X %) Q (X9), one can write the (open) complementW of " i(Q)
as a union of open rectangles) V , whereU and V are taken from bases of open sets of
Hy (X 9), resp. Q(X 9. So W is a union of sets of the form ( ., 3V;) 2U, whereU,
Vi, ..., V, are open inX9, T T

The seti (W) is then a union of sets of the formi (" _; 3V,) 2U)= ", 3\
2U, whereU, Vi, ..., V, are openinX 9. Soi (W) is openinP y(X9). Its complement
i X("i(Q)) is therefore closed inP y (X 9).

It only remains to show that i 1("i(Q)) = Q. The inclusion from right to left is
obvious. Conversely, letx 2 i (" i(Q)). Then thereis any 2 Q such thati(y) i(x). As
every topological embedding is also an order-embedding fdhe respective specialization
orderings,y X. Now Q is saturated, sox 2 Q. ]

Putting Lemma 4.2, Lemma 4.3, and Lemma 4.4 together, we obtia:

Theorem 4.5 (Duality, Erratic Case). Let X be a stably compact space. Then
Py (X)4= P y(X9).

This result can be analyzed more deeply as follows. Recall thembeddingi : Py (X) !
Q(X) H v(X), mapping L to (" L;cl(L)), which we have used in the proof of Lemma 4.4.
This allows us to considerP 'y (X) as a subspace Im of Q(X) H y(X), up to the
homeomorphismi. The elements of Imi are certain pairs (Q;F) 2 Q(X) H v(X),
namely those such thatQ\ F 6 ;, Q " (Q\ F), and F c(Q\ F), and Imi is
equipped with the induced topology.

Replacing X by X9, there is also an embedding : P v(X9) !1Q (X9 H y(X9). By
Lemma 4.2,i(L) = (" L; #L). This allows us to give the following symmetrical descripion
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of j, remembering that the specialization ordering ofX ¢ is the opposite of that of X :
j(L)=(#L;"L).

It follows that Im i = P y(X) and Imj = P (X 9) are stably compact spaces, which
are in one-to-one correspondence through the involution? that sends (Q;F) to (F; Q).
In this sense, it is seen, more clearly than in Theorem 4.5, tht again duality swaps angels
and demons.

One nally notes that this idea yields an alternative prooft o Theorem 4.5, which makes
the role of _? slightly clearer. We use here the notions of perfect and patt-continuous
maps; we shall again use them later.

De nition 4.6 (Perfect map). Let X, Y be topological spaces. Amagd : X ! Y is
perfect if and only if it is continuous, and the inverse imagef *(Q) of every compact
saturated subsetQ of Y is compact in X ; f is patch-continuous whenever it is continuous
from X patch g 'y patch

Every perfect map is patch-continuous, and order-preservig. In fact, when X and Y

are locally compact, the perfect maps are exactly the patcheontinuous, order-preserving
maps, see (Jung, 2004, Proposition 2.14) or (Alvarez-Man et al., 2004, Proposition 13).
A similar notion is that of a proper map (Gierz et al., 2003, De nition VI-6.20), which is

a perfect mapf such that, additionally, #f (F) is closed for every closed subsdt of X .

When X is sober andY is locally compact, the proper maps coincide with the perfet
maps (Gierz et al., 2003, Lemma VI-6.21(ii)).

Alternate proof of Theorem 4.5. Consider Imi, Im j with the induced topologies of their
ambient spaces, respectivelR(X) H v(X)and Q(X9) H y(XY). We prove Theorem 4.5
under the following assumption, which we prove later:

( ) Assumption: the topology of (Imi)? is induced from that of (Q(X) H v (X))d.

Note that (Im i)4 makes sense, as lmnis homeomorphic to the stably compact space
P v (X), and is therefore stably compact as well.

Let ¢ be the swapping map, namely the homeomorphism that sends; F) 2 Q (X)
Hy(X)to (F;Q) 2Hy(X) Q (X). Then j coincides withc .

Now, c is also a homeomorphism of the corresponding de Groot dualgg., of (Q(X)
Hy(X))9 onto (Hy(X) Q (X))9. By Theorem 3.1, ¢ is also a homeomorphism from
Hy(X9 Q (X9 onto Q(X9) H y(XY). Its restriction to Im i is the homeomorphism
_? from Imi (with the induced topology of Hy(X% Q (X9 = (Q(X) H v(X)9
to Imj (with the induced topology of Q(X9) H (X 9). Using ( ), -7 is therefore a
homeomorphism from (Imi)9 to Im j .

Sincei is a homeomorphism of? "y (X ) onto Im i, it is also one ofP "y (X )9 onto (Im i)9,
soj ¥ ? iis a homeomorphism ofP y(X)? onto P y (X %). However,j * 7 iis
the identity map, and we conclude.

Although this proof is short, and makes the role of_* clearer, it all depends on proving
() above. Let us proceed.

We rstclaimthat i:P y(X)!Q (X) H y(X)is perfect. Using similar arguments as
in the proof of Lemma 4.4, the complementwW of Q in Q(X) H v (X) is a union of sets of
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the form (T i”:1 3VT) 2U, whereU, Vy, ..., V, are open inX 9. Theni (W) is a union
of sets of the form inzl 3V;\ 2U, which are open inP "y (X 9). So its complementi 1(Q)
is closed inPy (X %), and is therefore an intersection of nite unions of sets ofthe form

Qand Q, Q compact saturated in X . By Lemma 4.3, the latter are compact saturated
in P y(X), and sinceP "y (X) is stably compact,i (Q) is also compact saturated.

It follows that i is patch-continuous. In particular, and since Py (X )P¢h is compact,
Imi is a compact subset of Q(X) H (X ))rach,

We now prove (), i.e., that the topology of (Im i)¢ is induced from that of (Q(X)
Hy (X)), It is enough to show that the compact saturated subsetsQ of Imi are exactly
the intersections of compact saturated subset€Q® of Q(X) H v(X) with Im i. In one
direction, consider a compact saturated subsetQ of Imi, and take Q° equal to the
saturation "Q of Q in Q(X) H v(X). SinceQ is also compact inQ(X) H v(X), Q%is
compact saturated, and it is easy to check thatQ = Q°\ Imi. Conversely, we must show
that every compact saturated subsetQ®of Q(X) H v (X) induces a compact saturated
subsetQ = Q°\ Imi of Imi. Note that Q°is closed in Q(X) H v(X))P" and Imi
is compact in the same space, s® = Q°\ Imi is compact in (Q(X) H y(X))Pach,
However, the latter is T,, so Imi is also closed in Q(X) H v (X))P&, The subsetQ of
Im i is therefore compact also in Imi. SinceQ is clearly saturated in Imi, we conclude: the
compact saturated subsets of Im are exactly the intersections of those oQ(X) H v (X)
with Im i. L]

We again draw a domain-theoretic corollary in the realm of bcontinuous bicpos. Recall
that P~ (X) is the poset of all lenses ordered by the topological Egli-Mner ordering, and
that strong lenses are those lensds such that #L = cl(L). On a coherent continuous dcpo
X, P(X) is a stably compact continuous dcpo, and the Vietoris and Sett topologies
coincide. It follows immediately:

Corollary 4.7. Let X be a stably bicontinuous bicpo. ThenP™(X) is a stably bicon-
tinuous bicpo, and P (X )°P = P~ (X °P).

This time, and contrarily to the cases of the Smyth and Hoare pwerdomains, we cannot
conclude that P*(X) is a completely distributive lattice. In fact, P (X) is not even
bounded complete in general, see (Abramsky and Jung, 1994 xErcise 6.2.23(8)): take
X to be the four-element lattice ? a;b > with a and b incomparable, and realize
that f(?;a);(?;bg and f(a;?);(b;?)g are elements ofP (X ) with two incomparable

minimal upper bounds.

Again, the way-below and the converse of the way-above relans do not coincide.
Take again X =[0;1] . The lens of X are subintervals f; b of X with a b, i.e., nitary
lenseshfa; bgi. Recall that, in general, the way-below relation onP (X ) specializes to
nitary lenses by: lEi h E% i E ##ECandE° ""E.SoinX =[0;1] ,[a;b [a%b)
i a a’andb B’ Using Corollary 4.7, @%b [a;bi a® aandb’ b So for
example, [Q0] [0;0] but [0;0]6 [0;0], while [1;1] [1;1] but [1;1]6 [1;1].
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5. Powerdomains for Erratic Choice II: A-Valuations

There is another way to prove the same results as above, using functional view of the
various powerdomains. This functional view was studied aténgth by Reinhold Heckmann
in his PhD Thesis (Heckmann, 1990). The main reason why | am mgioning this is
that, apart from the fact that this is a useful alternate view point, this will give us the
opportunity to introduce some technical tools that we shall need later on, but in a slightly
simpler setting. However, | am aware that reading again abotthe Plotkin powerdomain
is probably not an exciting prospect. In this case, the reade should proceed directly
to Section 6, and return back to this section for missing infemation|in particular, to
Proposition 5.5 on solutions of patch-continuous systemsl.emma 5.7 and Lemma 5.10
(Scott's formula), or Lemma 5.12 on retracts of stably compat spaces.

Let S= f0; 1g be Sierphski space. The opens oS are ;, Sand f 1g. Alternatively, Sis
the dcpo obtained from the ordering 0< 1; this is stably compact, and in fact another
example of a completely distributive lattice, in particular of a stably bicontinuous bicpo.
Spateh has the discrete topology.

Consider the Smyth powerdomainQ(X ). Every Q 2 Q(X) denesamapug : O(X) !
Shy up(U)=1i Q U. (The notation is an anticipation on the unanimity games
of Section 6. Heckmann's de nition is the same, only replaaig O(X) by the isomorphic
space of all continuous maps fromX to S.) Then ug is Scott-continuous, and preserves
nite infs: ug(Us\ :::\ Uy) =11 inf {L; ug(U;) = 1. Conversely, every Scott-continuous,
nite-inf-preserving map  : O(X) ! Sis of the form ug for some non-empty compact
saturated setQ, as soon ax is sober. Consider indeed the Scott-open Iter of all opensJ
such that (U) =1, and use the Hofmann-Mislove theorem to show that their intersection
is the desired elementQ. It is also easy to show that this bijection betweenQ(X) and
the space of Scott-continuous nite-inf-preserving maps $ an order-isomorphism, and a
homeomorphism once one equips the latter with the topology gnerated by2U = f j

(U)=1g, U openinX.

Similarly, there is an isomorphism betweenH (X ) and the space of Scott-continuous,
nite-sup-preserving maps (equivalently, the maps that preserveall sups): for everyF 2
H(X), let e :O(X)! SmapeveryopenUtoli F\ UB6 ;. (We anticipate on the
example gamef Section 6.) One retrievesk such that e =  from any sup-preserving
map by letting F be the complement of the largest open se) such that (U) =0. The
topology on the space of sup-preserving maps that makes it hmeomorphic toHy (X) is
generated by3U=f | (U)=1g, U openinX.

One can give a similar functional description of lense& by a pair of mapsu- , &;)-.
Alternatively, this is equivalent to a single map from O(X)to S S,where (U)=(1;1)
ifL U, (U=@0;1)ifL6 UbutL\U®6;,and (U)=(0;0)if L\ U=;.The
case (U)=(0;1), whereL 6 UandL\ U = ;, does not occur as lenses are non-empty.

So one can describe lenses by maps fro@(X) to the subspacef (0;0); (0;1); (1;1)g
of S S. Call this subspaceA, and rename (Q0) as 0, (3 1) as 1, and (Q1) as M: then
we get exactly Heckmann'sA -valuations (Heckmann, 1997). The formal de nition is as
follows.
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De nition 5.1 (A-valuation, Pv(X)). Let A l?_e the dcpo with three elements OM,
and 1, with ordering v such that Ov Mv 1. Let ,t denote sup inA.
An A -valuation on the topological spaceX is a map from O(X)to A such that:
1 is strict: (;)=0;
2 is normalized: (X) =1;
3 is monotone: if UV then (U)v (V), for all opens U;V;
4 if U is an open such that (U)=0then (U[ V)= (V) for all opensV;
5 if Uis an open such that (U)=1then (U\ V)= (V) for all opensV.

An A-valuation iscontinuousifandonlyif ( ,, U)= ,, (U;) forevery directed
family of opens Ui);,, -

We let P(X) be the dcpo of all continuous A -valuations, ordered pointwise, i.e., by
va,denedby va % (U)v 9QU) for every openU of X.

We let Py (X) be the space of all continuousA -valuations on X with the Vietoris
topology, generated by:

2U f continuous A -valuation j (U)=1g
3U = f continuous A-valuationj (U)60g

The Vietoris topology above is nothing else than the so-ca#id topology of pointwise
convergence On any spaceF of functions from a spaceZ to a spaceY, the topology
of pointwise convergence is that induced by the product toptogy on Y Z. This topology
will play an important role in the rest of this paper. Note that if Y is compact, then
YZ is compact by Tychono 's Theorem; this will be the starting p oint of all our proofs
of compactness. Note also that ifF ®is a subset ofF, the induced topology is again the
topology of pointwise convergence.

By de nition, the topology of pointwise convergence onF has subbasic open sets of
the form [z 2 V] = ff 2 F jf(z) 2 Vg, wherez 2 Z, and V is open inY. When
Z=0(X),Y=A,and F = Py(X), the topology of pointwise convergence is therefore
generated by the subbasic opensd 2 f M;1g] = 3U and [U 2f1g] = 2U, U 2 O(X).
So, as claimed, this is the same as the Vietoris topology.

Let us brie y explain the connection between continuousA -valuations and lenses. One
may show that, whenX is sober,Py (X)) is naturally homeomorphic to the following space
PI(X). For lack of a better name, call quasi-lenson X any pair (Q;F) of a compact
saturated subsetQ of X and a closed subsef of X such thatL = Q\ F is non-empty,
Q= "L, and for every openU containing Q, F  cl(U\ F). Let P2(X) be the space of
quasi-lenses orX , with the topology generated by sets which we write agair? U and 3 U:
2U=f(Q;F)2PY(X)jQ Ug 3U=f(Q;F)2PY(X)jF\ U 86 ;g. Accordingly,
we call this topology the Vietoris topology on P9 (X).

We leave it as an exercise to the reader to show the following.

Fact 5.2. If X is sober, thenPy (X ) is homeomorphic to P9 (X ). The homeomorphism
is as follows. In one direction, every quasi-lens@;F) gives rise to a continuousA -
valuation (Q;F) ,denedby (Q;F) (U)=1if Q U, (Q;F) (U)=0if F\U=;,and
(Q;F) (U) = M otherwise. Conversely, one retrieves a quasi-leng) F) = from any
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continuous A -valuation  by: Q is the intersection of all opensU such that (U) =1,
and F is the complement of the largest operJ such that (U)=0

In a stably compact space, the notion of quasi-lens coincidewith that of a lens, even
with a strong lens, so there is not much point in dealing with cuasi-lenses after all. |
originally derived this from Theorem 5.21 below and Fact 5.2 The following direct proof
is due to one of the anonymous referees.

Proposition 5.3. In a stably compact spaceX, every quasi-lens Q; F) induces a lens
Q\ F; this is even a strong lens.

In particular, Py (X) and Py (X) are homeomorphic: in one direction, for every lens
L, let L be the continuousA-valuation dened by L (U)=21if L U,L (U)=0if
L\ U=;,andL (U)= M otherwise; conversely, for every continuousA -valuation
let  bethe lensQ\ F, whereQ is the intersection of all opensU such that (U)=1
and F is the complement of the largest operJ such that (U)=0

Proof. Wel. rst obser\fe that: () for every Itered family ( L;),,, of patch-compact sub-
sets of X, # 4,, Li = ;,, #L;. The inclusion from left to right is obvious. Conversely,
for any x 2 5, #L;, the family (" x\ Li);,, is again a ltered family of non-empty

tch-compact subsets ofX . Since X Ph is T, it is sober and therefore weII-.Fered, S0

i, (" x\ Lj) is a non-empty piitch-compact subset ofX . In particular, " x\ ;,, Ljis
non-empty, meaning thatx 2 # ;,, L;. T

Let (Q;F) be a quasi-lens. By de nition, F uzo (X) cl(U\ F). Since X is locally

compact, for every open subset) such that Q TU there is a compact saturated subset

Qi such that Q int(Q1) Qi U.SoF Q1 compact satrated Cl(Q1\ F). Now for
Q int (Q1)
each compact saturated subseQ); whose interior containsQ, Q1 \ F is patch-compact,

in fact a.IJens. By Fact 4.1,#(Q1\ F)is clc]sed, and therefore coincides witrcl(Q1\ F).

SoF Q1 compact saturated #HQI\ F)=# Q1 compact saturated (Q1\ F), using ( ). Again
Q int (Q1) o Q int (Q1) )
by local compactness, the latter is just#(Q\ F). Letting L = Q\ F, we obtainF # L,

and thereforeF = #L. SinceQ = " L by de nition, L is a strong lens.
The rest of the Proposition is by composition with Fact 5.2. L]

Heckmann managed to prove that his space of continuou& -valuations Py (X ) is home-
omorphic to the Plotkin powerdomain Py (X ) when X is a continuous dcpo (Heckmann,
1997, Corollary 6.2), and whenX is Hausdor (Heckmann, 1997, Theorem 5.1). Propo-
sition 5.3 establishes this for stably compact spaces as wel

It follows from Theorem 4.5 that Py (X) too is self-dual. However, we now wish to
prove this directly. This will be Theorem 5.21 below. As we hae said above, this will
give us the opportunity to introduce some tools we shall needn later sections. This will
also make apparent the role of the involution_? .

We rst need the following machinery of so-called patch-cotinuous systems of in-
equalities. This is a generalization of some techniques thialung used to show that the
probabilistic powerdomain of a stably compact space is staly compact (Jung, 2004;
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Alvarez-Manilla et al., 2004), and which we shall use again ad again. There is no doubt
that one could generalize again, however we shall be contentith the following.

Recall from De nition 4.6 thatamap f : Y ! Z is patch-continuous if and only if it
is continuous from Y Path tg z pach,

De nition 5.4. Let T be a set, andA be a topological space. Apatch-continuous in-
equality on T; A is any formula E of the form:

wheref and g are patch-continuous maps fromA" to A, andty, ..., t,, t9,...,t8 arem+
n xed elements of T. E holdsat :T! Ai f( (ti);:::; (tm))  9( (t9);:::; (19)),
where is the specialization quasi-ordering ofA.

A patch-continuous system on T;A is a (possibly in nite) set of patch-continuous
inequalites onT;A. holdsat :T! A every element of holds at

We shall also considetpatch-continuous equationsof the form:

wheref and g are as above. Any equationa = bcan be rewritten asa _band b _ a,
so we shall freely use patch-continuous equations as well ide ning patch-continuous
systems.

Proposition 5.5. Let T be a set,A a stably compact space, and a patch-continuous
system onT;A. The subset [] of AT ofall maps :T ! A suchthat holds at is
patch-closed inAT .

As such, [] is a stably compact subspace ofAT .

Proof. For everyt 2 T, the map 2 AT 7! (t) is patch-continuous, as the con-
tinuous projection map from (AT)P2" = (Apaten)T o APaCh For every E 2 , say
f((te);oo (tm)) —a((t9);:::; (t2), the set [E] of all  at which E holds is the inverse

of the graph of in AP Since A isl_stably compact, the latter is closed in AP so
[E] is patch-closed inAT. Since []= ., [E], []is also patch-closed in AT,

It follows that [ ] is a stably compact subspace of AT, sinceAT is stably compact, and
every patch-closed subspace of a stably compact space is Bla compact (Jung, 2004,
Proposition 2.16). ]

It follows immediately:

Proposition 5.6. Let X be a topological space. The spacAval (X ) of all (not necessar-
ily continuous) A -valuations on X , with the induced topology from the product topology
on A°(X) is stably compact.

Proof. First, A is stably compact, and its Nachbin pospace i$ 0; M; 1g with the discrete
topology and v as ordering. So any map fromA" to A is patch-continuous. The space
of A-valuations on X is then [], where consists of the following patch-continu ous
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(in)equations with T = O(X), A = A. First, (;) = 0 (strictness), (X) = 1 (nor-
malization), (U) _ (V) for every pair of opensU;V such that UV (monotonicity),
(U)?(U[ V) = (U)?(V) for all opensU; V of X, where? is the map (necessarily patch-
continuous) from A? to A de ned by 0?y =y, M?y =172y =1 (property 4)[the ~ ? map
was de ned in (Heckmann, 1997, Theorem 3.2)|and nally _(U) ? (U\ V) = _(U) ? (V)
for all opens U;V of X, where ? is the map (necessarily patch-continuous) fromA?2 to
A denedby1l?y=y,M?y=0 ?y=0 (property 5). Then apply Proposition 5.5. []

We now recall a popular form of Scott's formula.

Lemma 5.7 (Scott). Let Y be a poset in which every bounded directed family has a
least upper bound, X a continuous poset,B a basis ofX, and f a monotonic map from
B to Y. Let:
r(f)(x)= sup f(y)
y2Byy x
Then r(f) is a Scott-continuous map from X to Y, and is the largest Scott-continuous
map belowf onB.

Let b be the way-below relation on O(X), for any given topological spaceX. The
spacesX such that O(X) is a continuous dcpo are thecore-compactspaces (Escart and
Heckmann, 2002, Section 5). Every locally compact space ioe-compact. Moreover, if
X is locally compact, thenUb Vi U Q V for some compact saturated subseQ
(Gierz eéal., 2003, Proposition 1.1.4). We let the reader cleck that V; b U, ..., V; b U
implins'; {‘:1 Vi b U, and that if X is core-compact (in particular I%cally compact), then
Ub ., Vii thereareopensU; b V;,1 i n,suchthatU Ui

Dual to core-compactness is a property that we would like to all core-coherence: A
topological spaceX is core-coherenti for all opens U;Vi;V, of X, if U b V; and
Ub V, thenU b Vi \ V.. Any stably compact space is clearly both core-compact and
core-coherent. This is a well-known property: this states hat b is multiplicative on the
lattice O(X), see (Abramsky and Jung, 1994, De nition 7.2.18) or (Gierzet al., 2003,
Propﬁlsition 1.4.7). Then we have the dual property that, if X is core-cqherent, then
Vb L, U (n 1)i there are opensVib U, 1 i n,such thatV V.

The point is preservation of the way-below relation b, and are ection property, sat-
is ed by various set operations.

De nition 5.8 (Preserving and Re ecting ). For any binary set operation on
a posetZ, say that preserves i v; ugandvy, up imply vi Vo u; u, for
all v¢, ug, vo, us in Z; re ects i forany v, vy, voin Z suchthatv v; vy, there

areu; and us in Z such thatv  u; up,u; Vvq,andus Vs,

The remarks above imply that, with Z = O(X), union [ preservesb in core-compact
spaces, and intersection\ preservesb in core-coherent spaces. Uniorf reects b in
core-compact spaces, andl re ects b in core-coherent spaces. It is an easy exercise to
show that wheneverZ is a continuous dcpo, every Scott-continuous operation on Z
re ects

Given that  preserves and re ectsb, one sees that any expression of the form
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Supyp v, v, f (V) can be rewritten as Sumulwl f(Us Uy), for any monotonic map f
2 2
from O(X) to some ordered space in which these sups make sense. We sheke this in

the proof of Lemma 5.9 below, and in several other argumentdndeed, since re ects b,
SUpypv, v, F(V)  sup VV:Uul;ULi f(V) sup v, f(Up U). And conversely,

1 Uz Vib U;Vab Uy
Vlb Ul;Vzb Uz

since preservesb, supy,;pv, f(Ur Uz) sup  uu,  F(Ur U2)  supypy, v, F(V).
Usb V7 Uy Uzxb Vi V;

Lemma 5.9. Let X be a stably compact space. For evenA -valuation on X, r( )is

a continuous A -valuation on X.

Proof. By Lemma 5.7, r( ) is monotone and continuous. By de nition, r( )(U) =
supy,y (V). That r( ) is strict is clear. Since X is compact, X b X, sor( )(X)=1,
hencer( ) is normalized. If r( )(U) =0, then (W;) =0 for every W; b U, so:

r( UL V) = sup (W)
WbU[V

= sup (W)
Wib UW,b VW W[ W,

since[ preserves and re ectsb (core-compactness)

= sup (W1 [ W) since is monotone
Wlb U;ngV

= sup (W32) since (W;) =0 for every W; b U;
W]_b U;Wsz

= sup  (Wz)=r( )(V)
WbV

Similarly, if r( )(U) = 1, then r( )(U\ V) = r(V), using core-coherence instead of
core-compactness, i.e., the fact thal preserves and re ectsb . L]

In general, any property P on mapsf : O(X)! A that can be expressed by only using
operations that preserve and reectb in O(X), application of f to opens of X, and
Scott-continuous maps inA, also holds ofr(f ). Lemma 5.9 is the particular case where
P is the property of being an A -valuation.

A retract of a topological spaceY is a topological spaceZ such that there are two
continuous mapss : Z ! Y (the section) and r : Y | Z (the retraction) such that
r(s(z))= zforall z2 z.

Scott's formula yields a retraction almost for free. Recallthat the topology of pointwise
convergence on any spac& of functions from X to Y is induced from the product
topology, and has subbasic open setx[2 V] = ff 2 Z jf(x) 2 Vg, x 2 X,V open in
Y. We write [x 2 V]z in case the ambient space&Z is ambiguous.

Lemma 5.10. Let Y be a poset in which every bounded directed family has a least
upper bound, X a continuous poset,B a basis ofX, and de ne r as in Lemma 5.7.

For every setZ of monotonic maps fromX to Y such that r(Z) Z,r denes a
retraction from Z onto its image r(Z), where Z and r(Z) are equipped with the topology
of pointwise convergence. The inclusiors: r(Z) Z is the associated section.

Proof. First, r is continuous: for any subbasic open setx[2 V];(z), its inverse image
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by risff 2 Zjr(f)(x)2Vg=ff 2Z2j9y2B;y xf(y)2Vg= SyZB;y (Y 2
f 1(V)]z. Second,s is continuous, because the topology of pointwise convergea on
r(Z) Z isinduced by that on Z. Finally, we claim that r(s(f)) = f forall f 2 r(Z). We
must show that r(s(f ))(x) = f (x) for all x 2 X. Sincef 2 r(Z), f is Scott-continuous.

Then r(s(f))(x) =supyzpy xf(Y)= f(supyogy x¥) = f(X). O

Lemma 5.11. Let X be stably compact. The mapr is continuous from Aval(X) to
Pv(X). It is a retraction, with the canonical inclusion s as associated section.

Proof. Recall that Aval (X)) is the space of allA -valuations on X , and that the Vietoris
topology is the topology of pointwise convergence. Apply Lenma 5.10 toZ = Aval(X),
wherer(Z) Z follows from Lemma 5.9. It remains to show thatr(Z) coincides with
Pyv(X) as a set. It is enough to observe that every continuousA -valuation  coincides
with r( ), hence is inr(2). ]

We now use the following result, which we shall callLawson's Lemma (Lawson, 1987,
Proposition, bottom of p.153, and subsequent discussion)see also (Jung, 2004, Propo-
sition 2.17).

Lemma 5.12 (Lawson). Any topological space that arises as a retract of a stably
compact space is itself stably compact.

In fact, taking retracts preserves any property among sobrety, local compactness, coher-
ence, compactness.

By Proposition 5.6, the space of allA -valuations is stably compact. By Lemma 5.11,
Py (X) is a retract of it, as soon asX is stably compact. Using Lawson's Lemma 5.12, it
follows immediately:

Proposition 5.13.  If X is stably compact, then so arePy (X ) and PJ(X).

Notice that this was proved exactly as Jung proved that the probabilistic powerdomain

of a stably compact space is stably compact (Jung, 2004; Alr@z-Manilla et al., 2004).

Recall that Mislove proved that P (X)) is stably compact (Mislove, 1998, Corollary 4.48),
however this requires not justX to be stably compact, but also to be a continuous dcpo.
We dispensed with the latter assumption in Proposition 5.13 One can reprove Mislove's
theorem by noting that, when X is a continuous dcpo,Py (X) is isomorphic to P (X)

(Heckmann, 1997, Corollary 6.2). d

We now come to actual duality on Py (X ). Write , u forinfsin A.

De nition 5.14. Let X be a topological space. Given any continuous\ -valuation

let Y(Q) be de ned, for every compact saturated subsetQ of X, by:
|
Y(Q) = (U):

U20 (X)
QU

This de nition is inspired from a similar de nition for game s, see Section 6; in the case
of valuations, this was introduced in (Tix, 1995).
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Lemma 5.15. Let X be stably compact. For every compact saturated subse of X,
Q=1f 2Py(X)j Y(Q) =1gand Q=f 2Py(X)j Y(Q) 6 0g are compact
saturated in Py (X).

Proof. Foreverya 2 A, consider the set of all (not necessarily continuousp -valuations

such that a v (U) for all opens U of X containing Q. This is the subset [ qwal,
where qwa is the system of patch-continuous equations obtained by acdidg the patch-
continuous inequalitiesa — _(U), for each openU of X containing Q, to the system
used in the proof of Proposition 5.6. By Proposition 5.5, [ qwa] iS @ stably compact
space with the topology induced by the product topology onA © (),

Now let hQ w ai denote the space of allcontinuous A -valuations on X such that
av (U) for all opens U of X containing Q. We equip it with the induced topology
from Py (X); note that this is another Vietoris topology, generated from subsets that one
may again write 2U and 3 U for each openU of X, respectively de ned asf 2 hQ w
aij (Uy=1gandasf 2hQwaij (U)6 0g. ByLemma 5.10, and following the
same argument as in Lemma 5.11r is a retraction of [ owa] ONto Q w ai, with the
canonical inclusions as associated section. We have to check that maps each element

of [ owa] to One in hQ w ai. Indeed, let U be an arbitrary open containing Q. As
in any locally compact space, there is a compact saturated siset Q° of X such that
Q int(Q% Q° U. Then r( )(U) =supy,y (V) is greater than or equal to

(int (Q9), which is greater than or equal to a, by assumption.

By Lawson's Lemma 5.12,hQ w ai is a stably compact space. It follows that, qua
subset of Py (X), hQ w ai is compact. It is also clearly saturated. We conclude that Q,
which equalshQ w 1i, and Q, which equalshQ w Mi, are compact saturated. ]

We shall use similar compactness arguments, using retractsf spaces de ned by systems
of patch-continuous inequalities, for valuations, games ad previsions.

In Proposition 5.18 below, we show a converse to Lemma 5.15very compact saturated
subset of Py (X) can be obtained as an intersection of nite unions of subset of the form

Q or Q. We require yet another pair of lemmas. Let Z ! Y] denote the space of
continuous maps fromZ to the dcpo Y, with the Scott topology of the pointwise ordering.
Let [Z ! Y], be the same space, but with the topology induced from the prodct
topology on Y4 . (The subscript p is for \product", or for \pointwise convergence".)

Lemma 5.16. Let A be a bc-domain with bottom element?, and Z be a continuous
poset, e.g.,Z = O(X) for some locally compact spaceX . The Scott topology coincides
with the product topology, i.e., [Z! A]=[Z! Als,and[Z! A]is a bc-domain.

Proof. First, every subbasic openff 2 [Z ! A]jf(z) 2 Vg of the product topology
(z2 Z,V openinA)is clearly Scott-open. So the Scott topology is ner than the product
topology.

Conversely, call astep any map of the form a & b, wherea & b maps eachz 2 Z
to bif a z, to ? otherwise. Call step function any map that is the (pointwise) least
upper bound of nitely many steps. Under the conditions of the Lemma, £ ! Alis a
bc-domain with a basis of step functions; this is almost stadard: the case whereZ is
a continuous dcpo is dealt with in (Gierz et al., 2003, Exercse 11-2.31), but continuous
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posets are dealt with in exactly the same way. In fact, one shas that every elementf of
[Z ! A]is the least upper bound of a directed family of step functims sugy, (x; & Vi)

satisfying the stronger condition that y;  f(x;), 1 i n. We claim that this entails
that every Scott-openU is open in the product topology. Indeed, for everyf 2 U, one can
nd a step function g =sup™, (x & y') such that yif.l_ f(x)foreveryi,1 i n',

and such that ¢’ is in U. We show that U = ~,,, x| 7t "y], where k 7! V]
denotes the subbasic open of the product topology, consistg of all maps sendingx to

an element of the openv

Foreveryf 2 U, f 2 [xif -|7! " if], sinceyif f(xif) foreveryi,1 i n'.
Conversely, for everyg that is in [ [x] 7! "y!] for somef 2 U, the fact that y/
g(x!)foreachi,1 i nf, entailsg’ g (Gierzetal., 2003, Exercise 1I-2.31 (ii)). Since

g’ 2 U,g2 U, and we conclude. That g ! A]is a bc-domain is clear: it is a continuous
dcpo with basis given by step functions, and it is easy to seehat it is bounded-complete,
where existing sups are computed pointwise. ]

Lemma 5.17. Let A be a continuous complete lattice, andX a locally compact space.
Let Q ai be the set of elements of [O(X)! A]suchthatav (U) for all opens
U containing Q. Then every compact saturated subset of (X ) ! A]is an intersection
of nite unions of sets of the form hQ ai , Q compact saturated in X, a2 A.

Proof. Let be any element of D(X)! A]. For each xed compact saturated subset
Q of X, dene VY as the inf of all (U), where U ranges over the opens containingQ.
This extends the above de nition of VY.

Note that i Y Y. The only if direction is clear. In the if direction, for
every openU, U is the sup of the directed family of all opensV b U. SinceX is locally
compact, if V b U then there is a compact saturated subseQ such thatV. Q U.
Then, (V) Y(Q) by the de nition of Y, that ¥Y(Q) Y(Q) by assumption, and

Y(Q) (U) by de nitionTSince (U)=supypy V), (L) (V).

It follows that " = ,hQ Y(Q)i , where Q ranges over all compact satu-
rated %Jbse.}s of X . Then, for every nite subset E = f 4;:::; hgof [O(X) ! A]
"E= L o NI = g0 (M QI [ :[hQe H(Q0)i ).
Since X is locally compact, Z = O(X) is a continuous dcpo, soQ(X) ! A]is a con-
tinuous bc-domain. In particular, any compact saturated subset Q of [O(X) ! Alis a
ltered intersection of subsets of the form "E, E nite, hence is an intersection of nite

intersections of subsets of the formhQ ai . ]

Proposition 5.18. Let X be stably compact. The compact saturated subsets dPy (X))
are exactly the intersections of nite unions of sets of the brm Q or Q, Q compact
saturated in X . In other words, the topology of Py (X )¢ is generated by complements of
sets of the form Q or Q, Q compact saturated in X .

Proof. One direction is Lemma 5.15. Conversely, leQ be a compact saturated subset
of Py(X). As a subset of D(X) ! Al,, Q is again compact, since the topology of
Pv(X) is induced from the product topology. Write "Q the upward-closure of Q in
[O(X) ! Alp. This is compact saturated in [O(X) ! A],. Now A is a bc-domain
with a least element, and X is locally compact, so D(X) ! A], = [O(X) ! A] by
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Lemma 5.16. S0"Q is compact saturated in O(X) ! A]. By Lemma 5.17,"Q is an
intersection of nite unions of sets of the form hQ  ai , Q compact saturated in X,
a 2 A. Heckmann observed that the specialization ordering ofPy (X)) is the pointwise
ordering v o (Heckmann, 1997, Section 3.3). This is the same specializan ordering as
in[O(X) ! A]. SinceQ is saturated in Py (X), Q is the intersection of"Q with Py (X).
SoQ is an intersection of nite unions of sets of the formhQ ai \P y(X). We conclude
since the latter equals Q whena=1, Q whena= M, and the whole of Py (X) (i.e.,

X) whena=0. ]

The following is directly de ned from a de nition we shall see later on games (De ni-
tion 6.9), much as the de nition of ¥ was already (De nition 5.14).

De nition 5.19. Let X be a stably compact space. For every continuou#\ -valuation
on X, let ? be the map fromO(X 9) to A de ned by:

‘XnQ)=1 Y(Q);
wherethe map1l _onAisdenedbyl 1=0,1 0=1,1 M= M.

Lemma 5.20. Let X be stably compact. For every continuousA -valuation on X, 7

is a continuousA -valuation on X9, and ??

Proof. Strictness: 7 (;) =1 Y(X) =1 1 =0. Normalization: ? (X% =1
¢’G) =1 051 Monotonicity: if X nQ X nQ° then Q° Q, so that Y(Q9Y =

u g UV | o (U= Y(Q) hence (X nQ)v 7 (X nQY. (Subscripts such
asU QU abbreviate an enumeration of all open subsets) of X such that U contains
Q%) Continuity: let ( X nQ;),,, be a directed family of opens inX 9, i.e., (Qi);,, is a

Itered.ltamily of compact saturated subsets of X . By well- Iterednegs, for any open U
ng, > Qi Ui Q U forsomei2I.So Y( idei): v T, 0 U=
Ugchthat @ Uforsome gt (W) = im v o (U)= i Y(Qi). It follows that

PE Q=L L Q)= T(XnQ.

Property 4: if (X nQ) =0, then (V) = 1 for all opens V that contain Q. For
any openU containing Q\ QO there are two opensV, VOsuchthat Q Vv, Q° V©
and V\ VO U. This property is well-known to hold on stably compact spacss, see e.g.
(Keimel and Lawson, 2005, Lemma 8.1), where spaces satisfig this gre called weakly
Ia|ausdor . Then, for any compact saturated subsetQ®, Y(Q\ Q%= ", ovqo (U)=

v avo gou vive (U). Since (V);=1forevery V. Q, (V\ VY = (V9 so

Y(Q\ QY is larger than or equal to "o g0 (V) = Y(Q9. It follows that 7 ((X n
QI XnQY)P= 7(XnQ9.

Property 5 is proved similarly, using the fact that for any open U containing Q[ Q°,
there are two opensV, VPsuchthat Q Vv, Q% V%andV[ V? U.(TakeV = V=
u.)

Finally, we show that ?? = . Notethat 7 isa continuousA -valugtion on X d and
that for every contir‘yous A-valuation onX9, ?(U)isdenedasl no xnu (XN
Q). i.ey (V)= 4 y(@ (X nQ)). So, for every openU of X, ?* (U) equals

o u v o (V). Inparticular, the inequality *? (U)v (U)is clear (take V = U in
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the inf). Conversely, since is continuous, (U)= ,,, (W). For eacg openW b U,
there is a compact saturatedQ such that W~ Q U. Then (W)v , o (V), so
(W)v 7?7 (U), and we conclude. O

We call ? the dual of . This is the third time we see de Groot duality acting on modek
of choice, and perhaps the rst non-trivial instance.
For short, say that _? is involutive whenever_?? is the identity map.

Theorem 5.21 (Duality, Erratic Case). Let X be a stably compact space. Then?
de nes an involutive homeomorphism from Py (X )9 to Py (X 9).

Proof. The inverse image by_? of the subbasic oper2 (X nQ) (Q compact saturated
in X) is the complement of Q, and conversely the image of Q by _? is 2(X nQ).
Similarly, the inverse image of 3 (X nQ) is the complement of Q, and the image of

Q is 3(X nQ). By Proposition 5.18, _? is therefore continuous and open. It is also
involutive by Lemma 5.20, hence a homeomorphism. ]

So the Py construction is self-dual. Because of the homeomorphism dfact 5.2, all
this transports to spaces of quasi-lenses. We make this expit: duality _? operates on

guasi-lenses by exchanging demons (th@ part) and angels (the F part).

Proposition 5.22 (Exchanging Angels and Demons). Let X be a stably compact
space. For any quasi-lens@; F) on X, let its dual (Q; F)? be (F; Q). This is a quasi-lens
on X9, we have Q;F)”? = (Q;F), and (Q;F)” = (Q;F)? , where the .? operation
on the right-hand side is the one of Lemma 5.20, and and _ are de ned in Fact 5.2.

Proof. We do this in reverse, and check that Q;F)’ is indeed equal to £; Q). From
this all other assertions follow immediately. Let = (Q;F) . We rst compute Y. For
every compact saturated subsetQ; of X, Y(Qi) = 1 if and only if for every open U
containing Q1, (U)=1,i every open U that contains Q; also containsQ. SinceQ; is
saturated, this is equivalentto Q  Qj. Next, Y(Q1) = 0 if and only if some openU that
contains Q; fails to intersect F, i the complement V of F contains Q1,1 Qi\ F = ;.
So Yisdenedjustas is:itmapsQ;tolifQ Q1,t00if Q1\ F=;,andtoM
otherwise.

For clarity, we now use primes in denoting subsets oX 9. E.g., while the opens ofX ¢
are just cocompacts of the formX n Qi, Q; compact saturated in X, denote them by
symbols such asJu® V°.

The above computation of Y entails that = 7 maps each openU®of X9 to 1 if
F  U%to0if U°\ Q = ;, and to M otherwise. Let (Q%F% = . Note that F is
compact saturated in X 9. SinceF is saturated, it is the intersection of all opensU° that
contain it, whence Q°= F. Note also that Q is closed inX 9, hence its complementV is
open in X 9. The union of all opensU° of X 9 such that U°\ Q = ; is just V° But then
FOis the complement ofV° by de nition of _, soQ = F° O

Fact 5.2 then entails the following consequence of Theorem.B1:

Corollary 5.23. Let X be a stably compact space. Then? de nes an involutive home-
omorphism from PJ(X )9 to PO (X 9).
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We draw the attention of the reader to the fact that the de nit ion of duality on spaces
of quasi-lenses is far from trivial. Don't be fooled by the agarent simplicity of the formula
(Q; F)? = (F; Q). If we had to check directly that (F; Q) is indeed a quasi-lens onX ¢,
the second condition to check would be that~ is the upward-closure in the specialization
ordering of X ¢, namely the downward-closure ofL = F \ Q. The only thing we know
is that (third condition), for any open U containing Q, F is contained in cl(U\ F).
Stable compactness is needed to go from the weak latter cortain to the strong, former
condition.

Now, a consequence of this is any quasi-len§( F ) is such that L = Q\ F is non-empty,
Q="L,and F = #L. SinceF is closed, and#L cl(L), we also obtain F = cl(L).
As we have already said, such quasi-lenses are in one-to-ooc@respondence with lenses:
map (Q;F) to L in one direction, L to (" L;cl(L)) in the other direction. Subbasic open
sets2 U, 3 U are again preserved in every direction. Then duality_? is transported onto
the spacePy (X) of lenses. However, the resulting notion maps any leng rst to its
associated quasi-lens"(L; cl(L)), then swaps the two components, and takes back the
union. So duality is just the identity map in this case, blurring the swap between angels
and demons:

Corollary 5.24. Let X be a stably compact space. TherP y(X)4 = Py (X 9).

6. The Probabilistic Powerdomain; Mixed Choice |: Games

The notion of continuous valuation is a natural alternative to the more well-known notion
of measure (Jones, 1990). Instead of de ning it directly, wede ne the more general
notion of game (Goubault-Larrecq, 2007a). This is modeled after what ecoomists call
cooperative games with transferable utility (Gilboa and Sdmeidler, 1994), and which
take their roots in Gustave Choquet's work on capacities (Cloquet, 54). The study of
capacities on nonT, spaces was initiated by Norberg and Vervaat (Norberg and Vevaat,
1997).

Taking the naming conventions of (Goubault-Larrecq, 20073, and following (Gilboa
and Schmeidler, 1994), agame is a strict monotone map from O(X) to R*; strict-
ness means, as foA -valuations, that (;) = 0; monotonicity means that (U) (V)
wheneverU V.

Say that the game is modular (resp., convex, resp.concave if and only if (U[ V)+

U\ V)= (U)+ (V) (resp. ,resp. ) for all opensU;V. The terms supermodular
and submodular are sometimes used in lieu of convex, concavd modular game is called
a valuation.

A game is totally convex Ii :

- X . \
Ui (v Ui 1)
i=1 I f 1;:5n 0516 i21
for every nite family ( Ui)i”:l ,n 1,of opens ofX . A credibility is a totally convex game.
We called credibilities belief functions in (Goubault-Larrecq, 2007a), following common
usage for credibilities on discrete spaces. The standard naze for \totally convex" is
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\totally monotonic" (Gilboa and Schmeidler, 1994). However, total convexity has a dual

that is best named total concavity: is totally concave i (1) holds with replaced
by , and the roles of unions and intersections are swapped. A tally concave game is
a plausibility (Goubault-Larrecq, 2007a). Note that, if is a valuation, then (1) holds

with = instead of . This equation is the well-known inclusion-exclusion principle of

probability theory.

For every non-empty subsetA of X, the unanimity game up is de ned by: ua(U) =1
if A U, 0 otherwise. We have already introduced this notation in Setion 5. Every
unanimity game is a credibility (Gilboa and Schmeidler, 199; Goubault-Larrecq, 2007a).
We don't wish to disrupt the ow of exposition, and will prove this later (Lemma 6.15).

A special case of a unanimity gamai, is whenA is a one-element set xg. Then us 4 is
the Dirac valuation  at x. Dually, we let the example gameey be de ned by: ex (U) =1
if A\ U6 ;, 0 otherwise. Again, we have already introduced this notaton in Section 5.
Every example game is a plausibility, as we shall see in Lemm@a.22.

Every totally convex game is convex, but the converse failsk.g., take X = f1;2;3g
with the discrete topology, Us1.24 is a credibility but not a valuation, and %(uf 12 +
Ur1;3g + Ur2;3g  Ur1;2:3g) IS @ convex game but not a credibility. The latter indeed takes
all sets of cardinality 1 or less to 0O, all two-element sets tal=2, and the whole set to 1,
from which convexity follows by case analysis. Total conveity fails: take U; = f2;3g,
U, = f1;3g, U3 = f1;2g, then the left-hand side of (1) is 1, while the right-hand side
is 3 1=2 (the sum of the measures olU;, U,, Us; the other terms contribute zero).
Similarly, every totally concave game is concave, but the coverse fails.

A probability valuation  (resp., subprobability valuation) is a valuation that is normal-
ized (resp., subnormalized, i.e., that (X)=1( 1). We shall sayprobability instead of
probability valuation, for short.

A game iscontinuousi ( j,, U) =sup;,, (U) for every directed family (U;),,,
of opens.

Our main focus will be on normalized games. Subnormalized gaes are not that dif-
ferent: any subnormalized game on X extends uniquely to a normalized game , on
X9 by »(U)= (U)forall opensU of X, and - (X,) = 1. Conversely, any normalized
game onX, restricts to a unique subnormalized game orX . Moreover, this isomorphism
preserves all the properties among continuity, (total) corvexity, (total) concavity. This
allows us to concentrate on normalized games; correspondinresults on subnormalized
games easily follow.

Continuous valuations are used to give meaning to probabiBtic choice in program-
ming languages (Jones, 1990). Continuous valuations extehto measures on the Borel

-algebra of the topology, under mild assumptions (Keimel ad Lawson, 2005), showing
that the two notions are close. In fact, Theorem 8.3 of op.cit implies that any continuous
valuation on a stably compact spaceX extends to a measure on the Borel -algebra,
not just of X, but even of X Pa°" (Furthermore, this measure is regular, and is unique
among the regular measures extending to the Borel -algebra of X P ) Keimel and
Lawson consider extended valuations, i.e., maps de ned asuo valuations above, but
with target space R* instead of R*, where R* is R* with an added top element +1 ,
with its Scott topology. Their theorem 8.3 applies to the more general class of locally
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nite extended valuations. Our valuations are always bounded (by (X)). Since our
interest lies in normalized games, and in fact our duality_? to come is only de ned on
normalized games, we won't consider extended valuations.

There is again a topological way and a domain-theoretic way bde ning the various
spaces of games we shall be interested in. In the domain-theagic case, we order games by
the pointwise ordering: of (V) YU) for every open subsetU of X . Let J(X)
be the space of all continuous games oK, V (X) the space of continuous valuations on
X, Cd (X) that of continuous credibilities on X, Pb (X ) that of congnuous plausibilities
on X, J(X) the space of continuous convex games oX, and J(X) the space of
continuous concave games oX . These are equipped with their Scott topologies. We also
add subscripts 1, resp. 1, to denote their subsets of normalized, resp. subnormaled
games, so that, for exampleV 1(X) is the space of continuous probabilities onX .

The topological way is to equip each of these space¥ with their weak topologies.
The weak topologyon Y is by de nition the induced topology from the inclusion of Y
in the product R* O(X), and is generated by the subbasic open setdJ[>r]y = f 2
Yj (U)>rg, UopeninX,r 2 R. WhenY is clear from the context, we shall just
write [U >r] for [U >r ]y. Jung calls the weak topology, de ned this way, the product
topology on V1(X) and V 1(X) (Jung, 2004; Alvarez-Manilla et al., 2004), reserving
the name \weak topology" for another de nition (see also De nition 7.1). However, the
two topologies always coincide.

We append the two letters \wk" in subscript to the various spaces of games above to
indicate that we consider them with their weak topology. E.g., J1 wk (X) is the space of all
continuous normalized games ofX with its weak topology, and V 1wk (X) and V 1wk (X)
are the spaces of continuous probabilities, resp. of contirous subprobabilities, with their
weak topologies.

The attentive reader will have noticed that the weak topologies are nothing else than
topologies of pointwise convergence, again.

It is well-known that, if X is a continuous dcpo, then §o isV. 1(X) (Jones, 1990).
A bags is given by the simple (subnormalized) valuations i”:l a x,a1;::8 2 R"
(and i":l a 1), X1;:::;Xp 2 X, If X is a continuous pointed dcpo, then so isV 1(X)
(Edalat, 1995, Section 3), with a basis of simple normalizedzaluations. This is an easy
consequence of Jones' result, bigdalat's trick : observe thatX = Y, , whereY is the dcpo
obtained by removing the least element? from X, and Y is again a continuous dcpo
with way-below relation obtained by restriction from that o f X, so that Jones' result
appliestoV 1(Y) = V1(X).

The Scott topology is in general ner than the weak topology an any space of games.
However, the two topologies agree o/ 1(X), i.e., V 1(X) =V 1w (X), when X is
a continuous dcpo (Tix, 1995, Satz 4.10). By Edalat's trick, they also agree onV 1(X),
i.e,, V1(X) = V1w (X), when X is a continuous pointed dcpo.

Jung has shown (Jung, 2004, Theorem 3.2) that wheneveX is stably compact, then so
areV 1wk (X)andV 1wk (X)intheir weak topologies. The technique of patch-continuas
inequalities of Section 5 was obtained by taking a slightly nore abstract view of Jung's
technique. It is only right that it applies to sundry spaces of games.
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Proposition 6.1. Let X be a topological space, and® be any conjunction of properties
of games among \convex", \concave", \totally convex", \tot ally concave", \modular",
\normalized".

The spacel” (X) of all (not necessarily continuous) subnormalized gamesroX satis-
fying property P, with the induced topology from the product topology on [0; 1]O(X), is
stably compact.

Proof. This is as in Proposition 5.6, with T = O(X), A = R*. Note that R* is stably
compact with its Scott topology. In fact, R* is a continuous complete lattice, its Scott-
open subsets are intervals of the formr{ +1 ], r 2 R (whenr < 0, we take (; +1 ] to
denote the whole space), its cocompact subsets (which coiie with the opens of the
upper topology) are R* itself, plus all intervals of the form [0;r) wherer 2 R* .

Note also that + is patch-continuous from R* R* ! R*,where we de ne (+1 )+y =
X+(+1)=+1.Infact, +is contingous for both the Scott and the upper topologies.
Foreveryr 2 R, (+) Y(r+1] = st2r(S;+1] (t;+1], and for everyr 2 R+,

IS S+ t>r
() o) = " ,r0s)  [01).
s+ t<r

Then JP(X) is de nable as some [ P] in each case. P contains the (in)equations
_(;) = 0 (strictness), (U) — (V) for all opens U and V with U V (monotonicity),
and (X) —1 (subnormalized). If convexity is required in P, then we add the inequalities
(U)+ (V) _(U\ V)+ (U[ V)to P forall opensU, V. The latter in particular is
the reason why we did not chooseA =[0; 1] , since addition can lead out of [Q1].

The various minus signs in the de nition of total convexity seem to pose a di-
culty. However, by moving negated terms to the other side of he inequality, we ob-
tain an equivalent formulation using additf'pn only. Namely,Tif total convegity is re-

quired in P, then we add the inequalities | ¢ Lingl6ii- iz U — ( ?:1 Ui +
P T j1'j odd
If Longl6::- o Ui fO P foralln 1 and all opensUy, ..., U,. We leave the
jlj even
other properties as an exercise. L]

The previous proof in fact also shows that the correspondingpaces ofextended games,
i.e., those that may take the value +1 , is also stably compact.

Recall Scott's formula from Lemma 5.7: on gamest( )(U) =supypy (V).

Lemma 6.2. Under the assumptions of Proposition 6.1, and providedX is stably com-
pact, for any subnormalized game on X satisfying property P, r( ) is a continuous
subnormalized game onX satisfying property P.

Proof. First, r( ) is clearly a continuous game, and is subnormalizedr( )(X) =
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supy,x (V) 1. If is convex, then:

r( )(Ur[ Uz)+ r( )(Ur\ Uyp)

sup  (V)+ sup (V)

VbUl[ Uz Vbul\ UZ

= sup (Vi[ V2)+ sup  (Vi\ V)
Vlb U1 Vlb Ul
Vzb U2 V2b U2

since[ (core-compactness) and (core-coherence)
preserve and re ectb
= sup ( ((Vi[ Vo) + (M1\ V7))
Vlb U1
Vzb U2

since + is Scott-continuous onR* . Note that the sups are directed, sinceO(X ), hence
O(X) O (X), is a continuous dcpo. Since is convex, this is greater than or equal to:

sup ( M)+ (V2)) = sup (M) + sup (Vo)
V1b U]_ Vlb Ul Vlb Ul
Vzb Uz Vzb U2 VZb U2
= sup  (Vi)+ sup (V2) = r( )(U)+ r( )(U2)
Vlb U1 V2b U2

Sor( ) is convex, too. The proof that r( ) is concave, resp. modular, whenever is, is
similar.

If s totally convex, we show that r( ) is totally convex as above. Remember that
total convexity (for r( )) has the following equivalent formulation with no minus sign, a
fact that we have| already used in Proposition ?.1:

jlj even jl'j odd
This is proved as convexity above, and is left as an exercise&Similarly, if  is totally
concave, then so ig( ).
Finally, if  is normalized, then note that X, as an open set, is such thaiX b X, as
X is compact. Sor( )(X)=supypx (V) (X) =1, hence r( ) is normalized. ]

Lemma 6.3. Under the assumptions of Proposition 6.1, and providedX is stably com-
pact, r is continuous fromJ " (X)) to the spaceJ’, (X) of continuous subnormalized games
on X satisfying P, with the weak topology, and forms a retraction with the canonical
inclusion s as associated section.

Proof. Use Lemma 5.10, withZ = JP(X), Y = R*. One hasr(Z) Z by Lemma 6.2,
and r(Z), as a set, coincides withd® (X). L]

Using Lawson's Lemma 5.12, it follows:

groposition 6.4. If X is stably compact, then so are the space$ 1wk (X), + J 1wk (X),
aJ lwk(x)a Cd 1Wk(X)v Pb 1wk(X)-V lwk(X)v as well aSJka(X)a lek(x)-
‘]ka(X)l Cdlwk(x)1 Pblwk(x)r Vlwk(x)-

Jung's results, cited above, were thatV 1« (X) and V 1wk (X ) are stably compact for
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every stably compact spaceX . As we have said earlier, for spaces of continuous valuatian
the aboveis Jung's proof (Jung, 2004; Alvarez-Manilla et al., 2004). Tre technique can
be considered to have its root in the proof of the Banach-Alaglu Theorem. See also
Plotkin's proof of a domain-theoretic variant of the latter (Plotkin, 2006), also inspired
by Jung.

We now characterize the de Groot dual of these spaces. As féx -valuations, this goes
through the de nition of a dagger operation Y. This was de ned for continuous valuations
in (Tix, 1995).

De nition 6.5. Let X be a topological space. Given any continuous game, let Y(Q)
be de ned, for every compact saturated subsetQ of X, by:

Y(Q) = inf U):

Q= it (V)

Q u
Lemma 6.6. Let X be stably compact, andY be any of the spaces of continuous games
of Proposition 6.4.
For every compact saturated subsetQ of X, for everyr 2 R, dene hQ ri=f 2

Yj Y(Q) rg;thenhQ ri is compact saturated inY .

Proof. This is as for Lemma 5.15. In each caseY is the spacedf, (X) for some
conjunction of properties P as in Proposition 6.1, and is de nable as [ ] for some
system of patch-continuous inequalities . Consider [ § ], where § , is obtained
from P by adding all patch-continuous inequalitiesr _ _(U), for all opens U of X
containing Q. By Proposition 5.5, [ 5 .] is a stably compact space with the topology

induced by the product topology on [G 1]O(x).

Now r is not only continuous from JP(X)=[ P]to J§, (X), butalso from[ §  ]to
hQ ri, seen as a subspace dff, (X) with the induced topology (i.e., with the weak
topology). This is again by Lemma 5.10. We must check that forevery 2 [ g (], for
every openU of X containing Q, r( )(U) r: note that U is the directed union of all
opensV b U, and sinceQ is compact and contained inU, there must be an openV such
that Q V b U. By assumption (V) r,sor( )(U)=supy,y (V) .

Clearly, r is a retraction, with canonical inclusion as section, sdQ ri is a retract of
[ 5 .]. By Lawson's Lemma 5.12, it is a stably compact space. As a $set of JF, (X),
it is then compact. That it is saturated is clear. L]

Lemma 6.7. Let X be a topological space, andY be any space of maps fronO(X)
to [0;1] . Equip Y with its weak topology. Then the specialization ordering ofY is the
pointwise ordering: i (U)  YU) for all opensU of X.

Proof. Write temporarily ~ for the specialization ordering, for the pointwise order-
ing. Recall that %i  Opelongs to any weak open that contains . Equivalently,
i whenever 2 [U >r],then °2[U >r], UopeninX,r 2 R. So, if 0 then

0. Conversely, if 0 for every openU and every realr < (U), we clearly
have 2 [U >r],so °2 [U >r] ie., YU) >r. Taking the sup over all values ofr,
V) ). O
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Proposition 6.8. Let X be stably compact, andY be any of the spaces of continuous
games of Proposition 6.4. The compact saturated subsets of are exactly the intersec-
tions of nite unions of sets of the form hQ  ri, Q compact saturated in X, r 2 R. In
other words, the topology of Y ¢ is generated by complements of sets of the forfQ i,
Q compact saturated in X, r 2 R.

Proof. This is similar to Proposition 5.18. One direction is Lemma 66. Conversely,
let Q be a compact saturated subset ofY. As a subset of D(X) ! [0;1] ]Jp, Q is
again compact, since the weak topology onY is induced from the product topology.
Write "Q the upward-closure of Q in [O(X) ! [0;1] ],. This is compact saturated
in [O(X) ! [0;1] ]p. Now [0;1] is a bc-domain with least element, andX is locally
compact, so P(X) ! [0;1] [, =[O(X) ! [0;1] ] by Lemma 5.16. So"Q is compact
saturated in [O(X) ! [0;1] ], and Lemma 5.17 implies that" Q is an intersection of nite
unions of sets of the formhQ  ri , Q compact saturated subset ofX , r 2 [0; 1]. Since
Q is saturated in Y, and since the specialization orderings o¥ and of [O(X) ! [0;1] ],
are the same (Lemma 6.7)Q = "Q\ Y. SoQ is the intersection of nite unions of sets
oftheformhQ ri \' Y =hQ ri. ]

The above result was claimed in (Jung, 2004, last lines) forgaces of continuous (sub)norm-
alized valuations.

De nition 6.9 (Dual). Let X be a stably compact space. For every normalized game
on X, let the dual ? of be the map fromO(X %) to R* de ned by:

"(XnQ=1  ¥(Q)

This is of course very similar to De nition 5.19.
The de nition may seem overly restrictive: we require to be normalized. One might
think of generalizing this to any game by letting * (X nQ)= (X) Y(Q). However, if

duality is to work on games, then in particular Oshould imply & ? |de Groot
duality reverses order|and this fails with the relaxed de ni tion. Indeed, considerX =
f1;2;?g, where? is least, and 1 and 2 are incomparable. Let = fux, °= % 1+ 2 ,.

One checks that % on the four non-empty opens ofX: flg= f2g= f1;29=0,
while (X)= 3, YX)=1.But ? and % are incomparable: e.g., ? maps the four
non-empty cocompactsf?g , f? ;1g, f? ;2g and X to 1, while ¥ maps them to 0, %,
%, and 1 respectively. So_?, with the relaxed de nition would not be monotonic from
J 1wk (X) to J 1w (X949, One may object to this example, and prefer one with no
unanimity game and only continuous valuations. Using the ore-to-one correspondence
between credibilities on X and continuous valuations on Q(X) (Theorem 6.18 below)
suggests consideringQ(X ), which is a four-element domain, and one would take =
2 x, % =149+ 2 (2. We let the reader check that O pbut ? and °° are
incomparable.

Up to the use of .7 instead of ¥, and up to the fact that we are considering games
and not just valuations, the following is (Tix, 1995, Satz 34).

Lemma 6.10 (Convex-concave Duality). Let X be stably compact. For every con-
tinuous normalized game on X, ? is a continuous normalized game orX 9. If is
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? ?

(totally) convex, then is (totally) concave. If if (totally) concave, then
?2?

convex. If is a valuation, then so is ?. Finally, =

is (totally)

Proof. Strictness, normalization, monotonicity, continuity, an d the fact that *? =

of compact saturated subsets oX (n 1),

n n
y ) = i - i .
(. @) U tni“f:l Qi L) Ui Qi folrna]:II i1 i n (i:1 Ui)
Indeed, the direction is by choosingU; = U for all i, and the direction is by
monotonicity. We also have:

y(' Q) = u hni“le Qi (U)= U Q folrna]:u il i n (i_l u)

The direction is again by monotonicity, while the  direction is becauseX is weakly
Hausdor . It follows that, if  is convex, resp. totally convex, resp. concave, resp. totbl
concave, then so is Y. We deal with total convexity to demonstrate how this works. First,
note that the families of opens {;), suchthatU; Qi foralli,1 i n,are Itered
in the n-fold product of the inclusion ordering. Then, addition is co-continuous on R*,
i.e., commutes with infs of ltered families. So:

[ X \
YO Q)+ (. Qi)
i=1 I f 1500516, i21
jl'j even
[ X \
= inf —( U)+ inf (W)
Ui Qi forall i;1 i n i Ui Qi forall i;1 i n
i=1 | f .l;:'::;n gl 6; i21
0 jl'j even 1
. i & X e
- Ui Qi folrnerll il i n ( Ui)+ ( Ui)
i=1 I f 150 g1 6 i21
jl'j even
0
% X \ §
Ui Qi forall i1 i n (W
I f 1;:5n0;1 6 i2l
jl'j odd |
X _ \ X , '
- U o for”;rI i1 i n (, U) = _ Qi
I f 1509l 6 i21 I f 150916 i21
jlj odd jlj odd

It follows that _? exchanges (total) convexity with (total) concavity. Since valuations are

just games that are both convex and concave,” maps valuations to valuations. ]

Theorem 6.11 (Duality, Games, Topological Version). Let X be a stably compact
space. Then_? de nes an involutive homeomorphism, hence also an order-@morphism:
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| from Jq wk (X)d to Jlé]k (X d);

| 'I:roma‘]lwk(x)d to . lek(xd);
| from J1wk (X)d to J1 wk (X d);
| from Cdlwk (X )d to Pblwk (X d);
| from Pb 1wk (X)% to Cd g ik (X 9);
| frOmvlwk(x)d to Vlwk(xd)-

Proof. Let P be any property among \convex", \concave", \totally convex ", \totally
concave”, \modular”, and true. Let P be the property obtained from P by exchanging
(totally) \convex" with (totally) \concave". Then  ? maps JF, (X)? to IP, (X9 by
Lemma 6.10. The inverse image by’ of the subbasic openX nQ >r]of J7, (X% (Q
compact saturated in X, r 2 R) is the complement ofhQ 1 ri, and the direct image
of the complement of Q  ri is [X nQ > 1 r]. By Proposition 6.8, _? is continuous
and open fromJP, (X)9 to JP, (X 9). By the last claim of Lemma 6.10, * is involutive,
hence a homeomorphism. L]

In the special case of continuous valuationsY ;(X )¢ and V (X 9) are homeomorphic,
justifying our claim that nature is invariant under duality . This much can be proved using
an alternative, partly measure-theoretic argument: contihuous valuations on stably
compact spacesX have unique extensions to regular Borel measures oX P2" (Keimel
and Lawson, 2005, Theorem 8.3). Call this extension. The construction in op. cit.
shows that (Q) = Y(Q) for any compact saturated subsetQ of X, whence (X nQ)
coincides with our ? (X nQ). Since is regular, ? is continuous. Moreover, one can
show that the topologies are the right ones in each case, uginthe fact that they coincide
with the topology inducgg by the weak topology on Borel meastes on X Pah induced
by the functionals 7! ., ... f(X)d , wheref ranges over the perfect maps fromX
to [0; 1] |i.e., the patch-continuous, order-preserving maps|see (Al varez-Manilla et al.,
2004, Theorem 36).

Corollary 6.12 (Duality, Games, Domain-Theoretic). Let X be a stably compact
space such that bothX and X ¢ are dcpos|e.g., a stably bicontinuous bicpo. Then _?

de nes an involutive order-isomorphism:

|  from J1(X)°P to Jlgx opPy;

| from a J1(X)P to . J (X OP);
| from Ji(X)Pto J (X°P);
|  from Cd1(X)°P to Pb (X °P);
| from Pb1(X)°P to Cd (X °P);
| from V 1(X)% to V(X P).

Proof. We deal with the rst claim, the others are similar. Since _? is a homeomorphism

from J1 wi (X)9to J1 wk (X 9), it is an order-isomorphism between the underlying posets
i.e., from J1(X)° to J1(X 9). Then, since X ¢ is a dcpo, it has the Scott topology ofX °P,
i.e., Xd= Xxop, O

One may also observe that.” reverses order directly: if 0 then VY Y by the
de nition of y, hence @ ?
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The next corollary requires the following auxiliary lemma rst.

Lemma 6.13. Let X be a stably compact space. For any continuous games, °on X,
foranyr2[0;1], (r +(1 r) 9’ =r? +1p 1) @

The duq:l, of any simple probability valuation inzl a x, onX is the simple probability
valuation = [_; a 4, on X9

Proof. The rst claim follows easily from the factthat (r )Y =r Y, ( + 9= Y+
% which follow from the co-continuity of multiplication by a non-negative real and of
addition respectively. (A map is co-continuous i it commutes with ltered infs; we have
already used the notion in Lemma 6.10.) The second claim fadws from the rst and the
factthat ] = . Indeed, for any openX nQ of X9, ?(X nQ)=11i there is an open
U containing Q such that (U) =0, i there is an open U containing Q that does not
contain x. SinceQ is saturated, this is equivalent to x 629, i.e., x(X nQ) = 1. (The fact

that 7 =  will be generalized in Lemma 6.21.) ]

Corollary 6.14.  For any stably bicontinuous bicpo X with a bottom ( ?) and a top (>)
element,V 1(X) is a stably bicontinuous bicpo with bottom element , and top element
>, and _? is an involutive homeomorphism fromV 1 (X ) to V 1(X °P).
Every continuous probability on X is both the least upper bound of a directed family
of simple probabilities way-below , and the inf of a ltered family of simple probabilities
way-above .

Proof. The rst part follows from the fact that V ;(Z) is a continuous dcpo with bottom

» as soon a¥Z is a continuous dcpo with bottom ? (Edalat, 1995, Section 3), that the
Scott topology agrees with the weak topology, and from Cordary 6.12. The second part
follows from Lemma 6.13, second part. ]

Again, the way-below and the converse of the way-above rel&ins do not coincide in
general. TakeX = f? ;>g with ? < >, for example, thenV ;(X) is isomorphic to [0; 1] .

Continuous probability valuations clearly encode probablistic choice, with no non-
determinism. We now demonstrate that credibilities encodecertain mixes of demonic
non-determinism with probabilistic choice. This will have to be done by hand. However,
convex-concave duality will allow us to conclude immediatéy that plausibilities encode
exactly the corresponding mix of angelic non-determinism \wth probabilistic choice.

It is time we proved that every unanimity game was indeed a crdibility.

Lemma 6.15. Every unanimity game uan (A 6 ;) is a normalized credibility. It is
continuous i A is compact, andua = W 4.

Proof. The argurqgnt rests on the well-known fact that if n 1, for any subsetl,
f1;:::;ng the sum | 1, ( 1)'"*" is 0if I is empty, and 1 otherwise, which we shall

16;
call the Moebius identity. T
Let 1o be set of all indicesi, 1 i n, such that A U;. Then UA(S i) Ui) is
1if | lo, O otherwise. To prove (1), it is therefore enough to showua ( i”:l Ui)
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P e ( 1L 0f 19 = ;, then the right-hand side is 0. Otherwise, both sides of the
mequahty equal 1.

If Ais cgmpact then for any directed family (U;);,, of opens, uA( i Ui) equals
1i A i U, i A Ui for somei 2 I, i sup;,, ua(U;) = 1. Conversely, if
Ua is cgntinuous, any cover ofA by a directed family (U;);,, of opens is such that
1=ua( jp, U)=sup; ua(Ui),soA U; for somei 2 |, whenceA is compact.

The fact that uy = u- 5 is clear. ]

So the only continuous unanimity games are of the formug where Q is in the Smyth
powerdomain of X . This goes one step further:

Proposition 6.16. Let X be well- ltered and locally compact. The map u : Q 7! ug
is a continuous order-embedding ofQ(X) into Cd 1(X), and a topological embedding of
Q(X) into Cd 1 wk (X).

Proof. That u is monotonic is clear. Continuity follows from the fact that, for every
ltered family ( Qi);,, q! non-empty compact saturated subsets ofX, for every open
U,ut o (U)=1i i1 Qi U,i Q U forsomei 2 | by well-lteredness,

i sup i, Ug, (U) = 1. The fact that u is an order-embedding means thatQ QUi
Ug Uge. If ug  Ugo, then every openU that contains Q is such that ug (U) = 1, hence
Ugo(U) = 1, so U contains Q°. SinceQ is saturated, we conclude that it contains Q°.

Now u is also continuous fromQ(X) to Cdjwk (X), sinceu [U > r] equals2U if
0 r< 1l/isemptyifr 1, and the whole ofQ(X) if r < 0. Itis an embedding because
the image of2U is, say, U > 1=2]\ Cd(X), and such sets2 U generate the topology
of Q(X) when X is locally compact. L]

Clearly, there is also a continuous order-embedding o¥ ;(X) into Cd 1(X ) which is also
a topological embedding ofV 1 y (X) into Cd 1 wk (X ): the canonical inclusion. We take
this is as (relatively weak, for now) evidence that credibilties encode both demonic and
probabilistic choice.

We have already introducedug in Section 5, where these served as a functional descrip-
tion of the Smyth powerdomain. One can make this more preciseand give an explicit
characterization of those elements in the image of the embetling u.

Proposition 6.17. Let X be a sober space. Any continuous normalized credibility
such that only takes values 0 or 1 is of the formug, Q 2 Q(X). In fact, this already
holds of all normalized convex games that take values 0 or 1 ¢y

Proof. Let be a convex game, (X) =1, and only takes values 0 or 1. LetF be
the collection of all opensU such that (U) = 1. This is a Scott-open Iter of opens.
Moreover, F is non-trivial, i.e., not the whole of O(X), since ; 62 F. The Hofmann-
Mislove Theorem implies that the intersection Q of all elements of F is a non-empty
compact saturated subset ofX, andthat Q Ui U2F, whence = ug. ]

The fundamental theorem of credibilities is (Goubault-Larrecq, 2007a, Theorem 1),
which states similar evidence with much stronger force: esstially, it states that con-
tinuous credibilities are nothing else than speci cations of random choices among sets
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Q of possible demonic choices, i.e., they are continuous vations on Q(X). (This is a
re nement of the \completion of a misspeci ed model" of (Gil boa and Schmeidler, 1994,
Section 5).) We restate it below, together with the statemen of Theorem 2 (Goubault-
Larrecq, 2007a). It turns out that Theorem 3 and Lemma 1 of op.cit. are wrong, see
Proposition 6.19 below. The proofs of the following resultsan be found in the companion
paper (Goubault-Larrecq, 2009, Section 3).

Theorem 6.18. Let X be a topological space. For any continuous valuatior® on Q(X),
the gameP, de ned by P, (U) = P(2U) is a continuous credibility on X .

The map P 7! P, is monotonic, Scott-continuous, and continuous fromV 1 wk (Q(X))
to Cd 1 wk (X).

Assume now that X is well- Itered and locally compact space. Then, for every on-
tinuous credibility on X there is a unique continuous valuation on Q(X) such that

(U)=  (2U) for every openU of X.

The map 7! is a one-to-one mapping fromCd 1(X) to V1(Q(X)), whose inverse
isP 7! P,.

If additionally X is compact, then Cdi(X) is a coanuous dcpo with bottom el-
ement uy , and with basis given by simplg credibilities in=1 ajug, (ar;:::;an 2 R,

1;:11;Qn 2 @(X) that are ngrmalized ( "o =1).

Moreover, ( ', aug,) = ;& g .-

More precisely, we have the stronger result that any continous normalized credibility
on X is the least upper bound of a family of simple normalized creiilities ( )iz,
way-below , such that ( ; );,, is also a directed family of simple probabilities way-below

in V1(Q(X)).

Note that 7! is a one-to-one mapping, but isnot an isomorphism in general. In fact,
it is not continuous, and not even monotonic. This explains he complex form that the
last statement of the above Theorem must have.

Proposition 6.19. The mapping 7! is not monotonic in general fromCd (X)) to
V1(Q(X)), even whenX is nite.

Proof. Consider the spaceX = f1;2;>g,wherel > ,2 > ,and 1 and 2 are incom-

parable, in its Scott topology. Let = IUsisg + SUrzsg, and 0= Uy + 2Ur10:5g-
Then 0 as one easily checks. But 6 ©,since (ff 1;>g;f2;>g;f>gg) =1, but
0 (ff 1,>g;f2,>g;f>gg) = 3. O

Another way to put it is as follows: there is another topology on Cd((X) that is
induced from the weak topology onV 1(Q(X)) by 7! . This is strictly ner than the
weak topology onCd 1(X).

Proposition 6.20 (Soft Topology). Let X be stably compact. Let the soft topologyon
Cd 1(X) be induced from the weak topology onV 1(Q(X)) by 7! ,i.e., the topology
whose opens are of the fornf 2 Cd(X) j 2 Ug, where U ranges over the open
subsets ofV 1 wk (Q(X)).

The soft topology is ner than the weak topology, in general grictly even on nite
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spaces. It is generated by the subbasic opens of the form:
8

9

X < X . \ =

[ Ug::;Up>r] = 2Cdy(X)] ( oY) >

’ I f 150 gl 6 i21 ’
wheren 1, r 2 R, and Uy, ..., U, are open inX. Its specialization ordering is

de ned by 0j, for every n 1, for all opensUq, ..., Uy,
X . \ X . \
(DU W) ( DU U
1 f 1;:5n0;16; i21 I f 1;:5n 0516 i2l

Proof. Call elementary openof Q(X) any nite union of basic open subsets2 U, U
open in X . Every open subset ofQ(X) is a directed union of elementary opens.

The soft topology is generated by the inverse images of subk& opens ) > r ] by the
map 7! ,whereU ranges over the open subsets @@(X ). There is no need to consider
the case wherdlJ is empty, since [ >r ] is either empty or the whole ofV 1 (Q(X)). Since
all games considered here are continuous, we do not changeettiopology by requiring
U to be elementary. Let therefore writeU as2U; [ :::[ 2Uy, n 1, whereUsq, ...,
H” are open inX. Then LF such that 2 Ey >r]i QUi [ [ %Un) >,

I f 1m0 g ;( 1)“j+l i21 22U >, i I f 1:n g;IS;( l)j|j+1 i1 Ui >,
i.e., i 2 Up; i Un >r].

It follows that the soft topology is ner than the weak topolo gy, as U >r ] is the case
n =1, U; = U. The characterization of also follows easily. ]

Then V 1 wk (Q(X)) is homeomorphic to Cd 1 (X ) with the soft topology, by construction.
So continuous credibilities are models of mixed choice, whe the random player goes
rst, then,the demonic non-deterministic player. This is particularly clear on simple cred-
ibilities ?:1 aUg, : one chooses a sdp; with probability a;, then picks non-determinist-
ically from Q.
Let us turn to plausibilities. Nicely enough, our duality _?
previous duality between Q(X ) and H(X).

on games extends our

Lemma 6.21. Let X be stably compact. For anyQ 2 Q(X), the dual ug iS eg. For any
F 2Hy(X), the dual € is U .

Proof. By de nition, for every open X nQPof X9, u3(X nQ9 =1 infy qoug(U).
If X nQYintersects Q, then let x 2 Q n QY Since Q% is saturated, and x is not in Q°,
there must be an open subsety of X containing Q° but not x. In particular, Q is not
contained in U, so ug(U) = 0, hence u4(X nQ9 = 1. If X nQ°does not intersectQ,
then Q QP so any openU containing Q° contains Q, whenceug, (X nQ9 = 0. In any
case,ul (X nQ% = e (X nQY.

The fact that € is ug follows by duality: € = u?’ = ug. O

P
It follows from Lemma 6.13, rst partF;hat the duals ( i”:l aj Uo, )? of simple credibilities
are exactly the simple plausibilites [, ajeo, on the dual spaceX ¢ (Q; closed inX9).

Lemma 6.22. Every example gamee, is continuous, andex = &;a)-
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For any continuous valuation P on Hy (X)), the game P3 de ned by P3; (U) = P(3U)
is a continuous plausibility on X . In particular, & = ¢35 is a continuous plausibility.

The map P 7! P3 is monotonic, Scott-continuous, and continuous fromV 1 y« (Hv (X))
to Pb 1wk (X).

Proof. For any directed family of opens (;),,, . Sm U; intersects A if and only if
some U; intersects A, so ey is continuous. For any openU, U intersects cl(A) i it
intersects A, whenceex = &;(a). Let P be a continuous valuation onHy (X). P satis es
an equality dual to the inclusionrexclusion qginciple, which it is. ;emptigg to call the
exclusion-inclusion principle: P(* Ly U) = ¢ 1oy gie: ( DFEP( 5 ). Take
U = 3U;, and notice that 3 commutes with nite unions, while 3 ., U 3
this shows that P3 is totally concave.

Finally, rs(U)equalsli F23U,i e(U)=1s0& = (3.

The last part of the Lemma is obvious. L]

One can relate example games to the Hoare powerdomain, muchs ainanimity games
relate to the Smyth powerdomain (Proposition 6.16, Proposiion 6.17):

Proposition 6.23. Let X be a topological space. The mag: F 7! e is a continuous
order-embedding of H(X) into Pb;(X), and a topological embedding ofH\ (X) into
Pbka (X )

Proof. That e is monotonic is clear. Continuity is easy, too: for every diected fam-
“yéFi)m of non-empty cg)sed subsets oK, and every openU, ed(3|2| Fy(U) =1
cl( ;,, Fi)intersectsU,i ,, Fj intersectsU, i some F; intersectsU, i sup;,, & (U) =
1. Next, e is also continuous fromHy (X) to Pb 1w (X), sincee [U > r] equals3 U
if0 r< 1, isemptyifr 1, and the whole ofHy(X) if r < 0. It is an embedding
because the image o8 U is, say, U > 1=2]\ Pb((X), and such sets3 U generate the
topology of Hy (X). ]

Proposition 6.24. Let X be atopological space. Any normalized continuous plausility
such that only takes values 0 or 1 is of the forme-, F 2 H (X). In fact, this already
holds of all normalized concave games that take values O or Inty.

Proof. Consider the complementF of the largest openU such that (U) = 0. F is
non-empty, otherwise (X) = 0. For every open setU, if U does not intersectF then
(U)=0; if U does, then (U) 60, whence (U)=1.So = e-. L]

Duality allows us to obtain the following characterization of continuous plausibilities
as combinations of angelic choice and non-probabilistic abice, almost without e ort. We
only need one extra lemma.

Lemma 6.25. Let X be stably compact. For every continuous credibility on X, for
every compact saturated subseQ of X, Y( Q)= Y(Q).

Proof. For every openU containing Q, 2U contains Q. It follows that Y ( Q)
infu o (2U)= Y(Q). Conversely, any openU of Q(X) is a union of basic open2 U,
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S
sayU= ,,, 2U;. If Ucontains Q, then Q itself is in some2U;, thatis, Q U;. So
Y( Q=infy o (U) infy o (2U)= Y(Q). L

Theorem 6.26. Let X be a stably compact space. For every continuous plausibiljt
on X there is a unique continuous valuation on Hy(X) such that (U)= (3 U) for
every openU of X: = 7?7

The map 7! is a one-to-one mapping fromPb (X ) to V 1(Hy (X)), whose inverse
isP 7! Ps. P

Pb 1(X) is a continuous dcpo, and with basis given bysimplga plausibilities i”:l a e,
(a1;:::5an 2 IE*, Fi;::0 Fn %DH v(X)) that are normalized ( i":l a =1).

Moreover, ( [, aie) = L, & F -

More precisely, we have the stronger result that any continwus normalized plausibility
on X is the least upper bound of a family of simple normalized plasibilities ( )iz,
way-below , suchthat( ; ),,, is also a directed family of simple probabilities way-below

in V1(Hy (X)).

Proof. Observe that for every continuous probability P on Q(X ) = Hy (X )Y (Theo-
rem 3.1), for every openU of X, P? (3U)=1 PY( (X nU)). Indeed, 3U is the com-
plement of (X nU). Take P = ? :thenP?(3U)=1 ¥ (X nU) (by Lemma 6.25)
= 7 (U)= (U) (by Lemma6.10). So = ’? ts the bill. Uniqueness of  follows
from uniqueness of > (Theorem 6.18) through duality (Theorem 6.11).

The other claims follow from Lemma 6.21, Lemma 6.13 ( rst patt), and Lemma 6.22.
Let indeed be any normalized continuous plausibility. Then ? is a normalized contin-
uous credibility, and is therefore the least upper bound of sme family ( ?),,, of duals
of simple normalized credibilities way-below such that ( 7 );,, is also directed and
way-below , by Theorem 6.18. The claim follows. ]

Stable compactness is in fact not needed to establish the estence of the one-to-one
mapping 7! :in the companion paper (Goubault-Larrecq, 2009, Section B we show
that core-compactness is the only property required ofX to this end. Duality however
requires it.

Again 7! is not continuous, not even monotonic. We let the reader proe the
following analogue of Proposition 6.20.

Proposition 6.27 (Dual Soft Topology). Let X be stably compact. Let the dual soft
topology on Pb 1(X) be induced from the weak topology onV ;(Hy (X)) by 7! | ie,,
the topology whose opens are of the forni 2 Pb,(X)]j 2 Ug, whereU ranges over
the open subsets oV 1w« (Hy (X)).
The dual soft topology is ner than the weak topology, in genaal strictly even on nite

spaces. It is generated by the subbasic opens of the form:
8 9
< X . [ =
[ UsiisUn>r] = 0 2Pba(X)j (DU ou) >

’ I f 150 gl 6 i21 !

wheren 1,r 2 R, and Uy, ..., U, are open in X. Its specialization ordering is
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de ned by Oj, for every n 1, for all opensUy, ..., Uy,
X

i (L X s ol
(DY W) (YU W)
1 f 1;:5n0;16; i21 I f 1;:5n 0516 i2l
Then V 1 wk (Hyv (X)) is homeomorphic to Pb ;(X) with the dual soft topology, by con-
struction.

We nally obtain the following natural continuation of Coro llary 6.14, as a corollary
of Theorem 6.26.

Corollary 6.28. For any stably bicontinuous bicpo X, Cd1(X) and Pb ;(X) are sta-
bly bicontinuous bicpos, and _* is an involutive homeomorphism from Cd (X ) to
Pb ;1 (X °P) and from Pb 1(X)° to Cd (X °P).

Every continuous normalized credibility (resp., plausibility) on X is both the least
upper bound of a directed family of simple normalized credillities (resp., plausibilities)
way-below , and the inf of a Itered family of simple normalized credibilities (resp.,
plausibilities) way-above

7. Mixed Choice Il: Previsions

A better model for mixed choice, notably as applied to higherorder programming lan-
guages, is given by continuous previsions, and by forks, aggued in (Goubault-Larrecq,
2007Db). On stably compact continuous pointed dcpos, the laer are isomorphic to a nor-
malized variant of spaces invented independently by Misloe (Mislove, 2000) and by Tix
(Tix, 1999; Tix et al., 2005), as we have shown in (Goubault-larrecq, 2008a). The lat-
ter rests heavily on an extension of the convex-concave dugf to previsions. One notes
that the asymmetric version of the Kantorovich-Rubinstein that we proved in (Goubault-
Larrecq, 2008b) also rests heavily on yet another variant, \Wich occurs as a simpli cation
of the latter when applied to 1-Lipschitz maps.

It is certainly not our goal to reprove these results here. Ou purpose is to establish
duality theorems for previsions and forks. Some of the basicesults appear in (Goubault-
Larrecq, 2008a), with only proof sketches or no proof, and tk duality results themselves,
which we establish below, are new.

For any topological spaceX, let X | R*i be the poset of all bounded continuous
maps from X to R*. Recall that we take R* with the Scott topology, whose non-trivial
opens are the open intervalst( +1 ), t 2 R*, and orderhX ! R*i pointwise. Similarly,
let X I R*i be the dcpo of all continuous maps fromX to R*.

De nition 7.1 (Previsions, Forks). A prevision F on a topological spaceX is a
monotonic map F from hX ! R*i to R* such that F(af) = aF(f) for every a 2 R*
(positive homogeneity.

F is continuous i it is Scott-continuous.

Fisloweri F(h+h% F(h)+ F(h9 forall h;h® upperi F(h+h% F(h)+ F(h9
for all h;h® linear i F(h+ h% = F(h)+ F(h9, normalizedi F(a+ h)= a+ F(h) for
every function h and every constanta 2 R*, subnormalizedi F(a+ h) a+ F(h) for
every h and constant a.
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A fork is a pair (F ;F™*) of continuous previsions, whereF is lower, F* is upper,
and Walley's condition:

F (h+hY) F (h+F*(h9) F*(h+h

holds for all h; h%. A fork is normalized, resp. sub-normalized, whenever botlF and F*
are. .
We let P1(X) be the poset of all continuous normalized previsions orX, P1(X),

P.(X) and P‘l1 (X) be the dcpos of those continuous normalized previsions thaare
lower, resp. upper, resp. linear.F (X )_is the space of all normalized forks onX .

We write P1wk(X), Prwk(X), Prwk(X), P‘l‘Wk (X) the corresponding spaces
with the weak topology generated by the subbasic opend [> r ], de ned as the subset
of those previsionsF suchthat F(f)>r,f 2hX | R*i,r 2 R*. F1uw (X) is the space
F1(X) with thea weak topology de ned as the one induced by the product topology on

lek(x) lek(x)-

It is easy to show that P1(X), P1(X), a P.(X), and P‘l1 (X) are dcpos, using the
fact that addition is Scott-continuous on R*. Again, the weak topologies are just the
topologies of pointwise convergence.

It was shown in (Goubault-Larrecq, 2007b) that, among the cantinuous normalized pre-
visions, the lower brand was an adequate model of mixed proldlistic and demonically
non-deterministic choice, the upper brand was one of mixed mbabilistic and angeli-
cally non-deterministic choice, while normalized forks wee an adequate model of mixed
probabilistic and erratically non-deterministic choice. Moreover, they give risée to strong
monads, something that is not true of any of the game construgons J;, J;, Cdg,
or Pb.

The Scott topology is always ner than the weak topology. When X is a contin-
uous pointed dcpo, the two topologies coincide for continuos linear previsions, i.e.,
P71 (X) = P7(X). This can be shown as follows. First,V 1w (X) = V1(X): as we
have seen in Section 6, this is a consequence of (Tix, 1995,t8al.10) and Edalat's
trick. Second, V 1(X) is isomorphic to P‘l1 (X). In one direction, one I?_yilds a continuous
linear prevision ¢( ) forany 2 V(X) by integration: ¢( )(h)= _,, h(x)d . Con-
versely, any continuous linear previsionG gives rise to a continuous probability ¢(G):

c(G)(U) = G( uy), where for every openU,  is the (continuous) map from X to
R* that sendsx to 1 if x 2 U, to 0 otherwise. This is an isomorphism, as noted by
(Jung, 2004), who refers to Tix (Tix, 1995, Satz 4.10), who dies Kirch (Kirch, 1993,
Satz 8.6). This isomorphism extends to a homeomorphism beteenP? ,, (X) and the
spaceV 1Q() equipped with the topology generated by subbasic opend[>r ] = f 2
Vi(X)] ,,x f(X)d >r g f 2hX ! R"i,r 2 R". The latter is what Jung calls the
weak topology onV 1(X) (Jung, 2004; Alvarez-Manilla et al., 2004); but the latter is
exactly the weak topology in our sense, which Jung calls the y@duct topology (Jung,
2004, Theorem 3.3).

The two maps ¢ and ¢ extend to generﬁl continuous games and previsions. We
de ne instead ¢( ) as the Choquet integral c ,, h(x)d (Goubault-Larrecq, 2007b).
This integral is extensively studied in (Denneberg, 1994)using the more general setting
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of integration of measurable maps, and games de ned not on adpology but on general
algebras. For the sake of completeness, we give a summary difet basic properties of this
integral. Since we integrate continuous maps only, integréon will commute with sups of
directed sets, not just of increasing sequences.

The Choquet integral of h 2.hX ! R*i along an arbitrary game is de ned as
the ordinary Riemann integral 0+1 (h 1(t;+1 ))dt. This is de ned, as the mapt 7!
(h (t;+1)) is non-increasing, and maps everyt  sup,,x h(x) to 0; note that ev-
ery non-increasing map, even non-continuous, is Riemanmiegrable on any bounded

interval.

Proposition 7.2.  For any (continuous) game on the topological spaceX, the map
F = ¢( ) is a (continuous) prevision, and ¢( c( ))= .If is (sub)normalized, then
so isF.

Proof. The Choquet integral is monotonic in the integrated function: if h  hC, then
h X(t;+1) hO 1(t; +1 ) for every t 2 R*. Let us show that ¢( ) is continuous as
soon as isRJf h2hx! R+'j2 is thessup of a directed famil;h(hi)i2| of elements ofhX !
R*i, then c,, h(x)d = [ (G by HG+1)dt = F sup,, (b Yt +1)dt
(because is continuous) = sup;,; ¢, hi(x)d . The latter equality uses the fact that
Riemann integrals are Scott-continuous in the integrated ron-increasing function, as
noticed in (Tix, 1995, Lemma 4.2). (This would not hold with other classes of integrated
functions. For example, we need to use the Lebesgue integrathstead of the Riemann
integral just to prove that integration commutes with sups of countable non-decreasing
sequences of integrable functions.)

Next, ¢( ﬁgis positively homogeneous: for alla 2 R*, ¢( )(af) =0 if a=0, else
c( )af) = O+1 (f (t=a;+1))dt :Ra c( )(f) by change oﬁvariables.

Then, c( c( N(U)= () v)= o (' G+1)dt= "5 (Udt+ ;" odt
(U),so c( c( )=
Finally, let be (sub)normSIized.Then%ve compute c( )(f+a)= ¢, (f (x)+a)d
ol (Mt arl)dt= o (Xdt+ POt a+l)di=a (X)+ o )(F).
This is less than or equal toa+ ¢( )(f)is is subnormalized, and equal to it if is
normalized. L]

Further connections between games and previsions are obtaed by appealing to step
functions.

De nitlg)n 7.3.  Afunction f : X | R is a step function if and only if it is of the
form {“:0 a u,whereX = Uy U; ::: Uy isasequence of opens, andy 2 R,

It is well-known that any element f of X | R i is the sup of a directed family of step
functions, namelyfx = a+ Z%P oo a2 e fias ke1) K 2N, where a is any lower
bound for f and bis any upper bound forf .

The following characterizes Choquet integration on step fuctions that take non-

negative values. In this caseag also is inR* .
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P
Lemma 7.4. For any step function f with non-negative values i”:O a u,, WwhereX =

Up U ::: U, isasequence of opens, angy;a;;:::;an 2 R™:
Z X
c f(xd = a (Ui)
x2X i=0

R
Proof. Split the Riemann integral 0+ ! (f (t;+1))dt as the sum of integrals from
O0toag, fromagtoag+ ag, ..., fromag+ :::+a, (toag+ :::+ an 1+ a,, and from

ap to +1 , then rearrange the sum. ]

Since Choquet integration is continuous, this in fact charaterizes it completely. Our
de nition of Choquet integral assumes the integrated functon takes only non-negative
values. There is a more complicated fongqua in the case of genal real-valued functions.

However, we notice that we can denec_,, f(x)d , whenf is no longer non-negative,

as\ c( )(f) (see De nition 7.7 below); then the formula of Lemma 7.4 hotls even when
apg < 0.

Lemma 7.5. Let X be a topological space, and 2hX ! R*i.
For every credibility on X, if exists (e.g., whenX is well- Itered and locally
compact, see Theorem 6.18), then:

z
c f(x)d = ¢ min f (x)d
X2 X Q20 (X) X2Q
For every plausibility on X, if  exists (see Theorem 6.26), then:
Z
c f(x)d = ¢ supf (x)d
x2 X F2H y (X)) x2F

Proof. First, the map Q 7! miny,q f (X) is well-de ned and continuous. It is well-
de ned because the image byf of any non-empty compactQ is compact inR* , therefore
its saturation is of the form [r; +1 ) for somer 2 R*. Then r = min,,q f (x). It is
continuous because the inverse image of;(+1 ) is 2f 1(t;+1 ) forall t 2 R*. Now:

z YA +1 Z +1 z
C minf (x)d = (2f Yt;+1))dt= (f Y(;+1)dt= C f(x)d

Q20Q (x) X2Q 0 0 X2 X
using Theorem 6.18 in the middle equation. The other claim isproved similarly, using
the fact that the inverse image of (; + 1 ) by the map F 7! sup,¢ f (x)is 3f (t;+1).

Ll

When the assumptions of Theorem 6.18 are satis ed, this makeit clear how continuous
credibilities encode probabilistic choice rst, of someQ 2 Q (X ), drawn at random along
the valuation , followed by demonic non-deterministic choice.Demonic takes a clear
meaning here: the non-deterministic player tries tominimize the gain f (x) by computing
minyz o T (x) for each choice ofQ. Similary, under the assumptions of Theorem 6.26, where

is a continuous plausibility, an angelic player tries to maximize the gain.

The formulae above are probably a bit clearer if one rt]n:alizemat integrating f along
the valuation  yieldsf (x). When is a simple credibility i“:l aug,, exists, without
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P
any assumption onF;he ambient spaceX , and equals | -1 & q;, SO ¢( ) maps each

h2hX ! R"ito ;_; amink2q, h(x): this is the average of all possible least gains
miny» g, , when Q; is chosen with probability a;|a megn of minsin the words of (Gilboa
and Schmeidler, I:_|,994 Theorem 4.3). Similarly, if = i”:l aier, is a simple plausibility,
then c( )(h)= ., & sup,f, h(x).

The demonic variant of Shapley's Theorem (Goubault-Larre), 2007b, Theorem 4)
states that any continuous normalized lower previsionF has a non-empty continuous
heart CCoeuri(F) = fG 2 P‘I X)jF Gg, provided X is stably compact. This
i& up to isomorphism, the core of F, namely the set of all probabilities p such that

C,,x N(x)dpis greater than or equal toF (h) for all h 2 hX ! R*i. The demonic vari-
ant of Rosenmullers Theorem (Goubault-Larrecq, 2007b, Treﬁrem 5) states that, if we
x h2hX ! , then there is even one suclp such that c,,, h(x)dp IsquaIsF(h)
In particular, for aII h, F(h) =min g2 ccoeur 1 (F) G(N) = MIN 5 in the core of F C,p5 N(X)dp,
showing that continuous normalized lower previsions oper a mixed choice. This time,
the demonic player plays rst, and nds a probability that mi nimizes the average gain
of the random player|Ja min of means. This is the starting point of (Goubault-Larrecq,
2008a), where we show that the space of continuous normaliddower previsions is iso-
morphic to the subspace of so-called strongly convex eleme&nof Q(V 1 wk (X)). This is
the demonic case. The angelic and erratic cases are also dealth, using convex-concave
duality; this culminates in theorems showing that the prevision and fork models are
isomorphic to the Mislove-Tix-Keimel-Plotkin models on stably compact, continuous,
pointed dcpos. We won't go as far: we shall have enough work tstudy convex-concave
duality itself.

We nish our study of the relations between games and previgins by the following.

Proposition 7.6. If is a continuous convex game, then ¢( ) is a continuous lower
prevision. If is a continuous concave game, then ¢( ) is a continuous upper prevision.
If is a continuous valuation, then ¢( ) is a continuous linear prevision.

Proof. The main ingredient is to notice that, for any opensU, V of X, yyv b uv =
n

ut+ v.Let be aconvex game. Letg be a step function of the form i1 Uis
U, T Un, > 0. By convention let U; = X for all i P 0, and U; = ; for all
i > n. We rst observe that for any open V, g+ v = i”:ll w;, Where W; =

(U 1\ V)[ U forall i 2 Z forms a non-increasing family of opens. Indeed, (W) =
U vt U R ULV (since U; U 1), Ig.hen cancel the rst and last terms in pairs
in the sum. So ¢, ><(g(rx_s)+ v(x)d = iz (W) LU N V)+ (W)
U\ V)] = (V) + G,y 9(x)d , where the sign foIIows from the convexity of .
B¥ induction on m, it foIIowthhat whenever g¥(x) is aFgother step funﬁnon of the form
J =1 » V1 L o Cox (g(x) + go(x))d Cox go(x)d + C2x g(x)d For
all f;f 0 2 hX ' R"i, f is a sup of a directed family k). ,y (Se€ comment after
De nition 7.3, with a =0, = 1=2¢), and similarly for f° Taking g = fx, g°= f2,
we have just shown that ¢( )(fx +f2) c( )fk)+ c( )(fQ). By Scott-continuity
(Proposition 7.2), ¢( )(f + 9 c()YE)Y+ c()F9, so () is lower. The other
claims are proved similarly. In fact, <( ) is lower, resp. upper, resp. linear when is
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convex, resp. concave, resp. modular, without assuming tha is continuous (Goubault-
Larrecq, 2007, Section 4.3); this just requires a bit more ce. L]

One should note that the converse of Proposition 7.6 does ndtold: there are continuous
(lower, upper) previsions that do not arise from continuous (convex, concave) games.
E.g., on X = f1;2g with the discrete topology, any convex game is of the forma; 1 +
a, » + ajpuy , for some realsa;;a, 0 and a;, (not necessarily non-negative) such that
ain a; a; (Gilboa and Schmeidler, 1994). Then ¢( )(h) = a;h(1) + a;h(2) +
a;o min(h(1); h(2)). This is a piecewise linear function ofh(1), h(2). However, there are
other, non-piecewise linear functions that arise as continous convex previsions, e.g.,
the entropy functional F(h) = h(1t)1+(121(2) log h(l')‘flﬁ(z) h(1?+(221(2) log h(1;]+(221(2)' In fact,
all continuous previsions arising from games through ¢ are collinear, meaning that

c( )h+hY = ¢()h+hOforall h;h®2hX ! R*i that are comonotonic, i.e., such
that there are no two points x;x%2 X such that h(x) < h (x% and h%x% < h%x). One
can show that ¢ then de nes an isomorphism between spaces of continuous (oeex,
concave) games and of continuousollinear (lower, upper) previsions (Goubault-Larrecq,
2007b, Theorem 1). Again, this would lead us too far astray.

We turn to the core of this section: the convex-concave dualityon spaces of previsions.
This takes a very simple form, if we ignore technical details the dual of F should be
F? = h 2hX ! R*i F( h).If Fislower, then F? will be upper, and conversely,
moreoverF?? = F.

Unfortunately, F( h) is in general ill-de ned: First, h does not take its values inR*
(easy to repair, see below); second, h is far from being continuous fromX to R*: the
inverse image of the opentt +1 )by hish (1 ; t), of which we know nothing.
We shall therefore approximate continuous mapsh by perfect maps g (De nition 4.6),
noticing that whenever g: X ! R is perfect, thensois g:X%! R , as soon asX is
stably compact.

To correct the rst problem, extend any normalized prevision F on X to a new func-
tional P. Let X | R i be the space of all bounded continuous maps fronX to R, with
the Scott topology of the pointwise ordering.

De nition 7.7.  Let X be a stably compact space. For any normalized previsiofr on
X,dene@:hx ' Ri! R by:

B(h)= F(h+a) a
for any a infx2ox h(x).
This is independent ofa, becauseF is normalized, sol is well-de ned.

Lemma 7.8. For any normalized prevision F, B is monotonic, i.e., for any two maps
h:h®2hX ! R i,if h hOthen B(h) B(hY; B is positively homogeneousi.e., for all
r2R" andh2hX ! R i, B(rh) = rB(h); P is normalized, i.e., a+ B(h) = B(a+ h)
for all a2 R; nally, B is lower, resp. upper, resp. linear wheneveF is.

Proof. Monotonicity is clear. Positive homogeneity: assume infox h(x) < 0, other-
wise the claim is clear; ifr = 0, then b(rh) = F() 0 =0, else pickr larger than
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infy,x h(x), then B(rh) = F(rh + ra) ra = r(F(h+a) a)= rB(h). Normaliza-
tion: for all a 2 R, let a° infxox (@+ h), then B(a+ h) = F(h+ a+ a9 a’=
F(h+(a+a)) (a+a)+ a= B(h)+ a. The last claim is clear. O

Solving the second problem will be done through the approximtion of continuous
maps by perfect maps, as we have said above. It has been obsedvseveral times that,
when X is stably compact, every continuous maph from X to R is the sup of a directed
family of perfect mapsg below h (Edwards, 1978); see also (Alvarez-Manilla et al., 2004,
Lemma 17), or (Lawson, 1991, Theorem 13). We give a proof in Fposition 7.11 below.

Then we will de ne F? (g) as b( g) for all (bounded) perfect mapsg: X9! R*,
and extend by continuity to all bounded continuous maps fromX 9 to R* .

We now observe that we can even approximaté by perfect mapsg  h. The following
lemma is due to one of the anonymous referees:

Lemma 7.9. Let X be a stably compact space, andj a perfect map fromX to R* . For
every > 0,the mapg :x 7! max(g(x) ; 0)is perfect andg ginhX ! R*i.

Proof. First, g is perfect, as a composition of perfect maps.

Second, let €;),,, be a directed family in X ! R*i such that sup,, f; exists and
g sup,, fi. For every x 2 X such that g(x) > , let ix be an element ofl such that
fi,(X)>g(x) =2. Then considerUy = fz2 X j fS(Z) >g(z) =2g. Note that Uy =
fz2X jOt2R fi (z)>tandt>g(z) =29= ,,f "(t+1)ng '[t+ =2+1)
is patch-open, sincef; is continuous andg is perfect. Also, Uy contains x.

Let Q = g ![;+1): this is compact sinceg is pgrfect, and therefore also patch-
closed, hence patch-compact. Sinc® is contained in x2x Uy, there is a nite set
A of elementsx 2 X with g(x) > =2 such that Q szg; )UX. That is, for every z 2 X
such that g(z) (i.e.,, z2 Q), there is anx 2 A such that f; (z) >g(z) =2. Since
(fi);,, is directed, pick ani 2 | such that f;,  f; for all x 2 A: for everyz 2 X such
that g(z) , we obtain that fi(z) > g(z) =2. It follows that fi(z) g (z) for all
z2 X.Sog @ L]

The Urysohn-Nachbin Lemma (Gierz et al., 2003, Exercise VI1.16) states that in any
monotone normal pospace, for every upward-closed closedlsset Q, for every downward-
closed closed subsef such that Q\ F = ;, there is a continuous order-preserving map
f X ! [0;1] that is identically O on F and identically 1 on Q. This certainly applies to
compact pospaces, by Proposition VI.1.8 of op.cit., so:

Lemma 7.10. Let X be stably compact. For every compact saturated subse@ and for
every closed subseF such that Q\ F = ;, there is a perfect mapg : X ! [0;1] that
is identically 0 on F and identically 1 on Q.

Proposition 7.11. Let X be stably compact. ThenhX ! R*i is a continuous poset,
with a basis of perfect maps;hX ! [0;1] i is a continuous dcpo, with a basis of perfect
maps.

Proof. SinceX is locally compact, for each open subset) of X, U is the union of the
directed family of all interiors int (Q) of compact saturated subsetsQ of U. Consider the
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family of all perfect mapsg: X ! [0;1] that are identically O outside of U. This is a
directed family, and Lemma 7.10 entails that for each compatsaturated subsetQ of U,
there is one element of this family that is identically 1 on Q. It follows that the sup of
this family is . =

In particular, any step function 1=2X E‘zl . is also the sup of a directed family of
perfect maps, namely those of the form £ E‘zl o« where for eachk, g is perfect,
with values in [0; 1], and identically, O outside of Ux. Given any directed family D of
perfect maps g whose sup is £2X Ezl u D() :Pfg j g2 Dgis also a directed
family of perfect maps, and these are way-below 22K 1’:‘:1 Uy -

Any bounded continuous mapf from X to R* is the sup of a directed family of step
functions (f;);,,. It is standard that if each f; is itself the sup of a directed family of
elements @ )jzj‘ way-below f; (here, consisting of perfect maps), thenf is itself the
sup of the family (g; )jizzJ'. , and the latter is directed. ]

We can now de neF? .

De nition 7.12 ( F?). Let X be a stably compact spaceF a normalized prevision on
X . The dual F? of F is the unique continuous map fromhXx 9! R*i to R* such that:

F7(hy= ©( h)
for all perfect mapsh from X9 to R* .

This is given by Scott's formula: F? (h) = a+sup, «, F(a @), where g ranges over
perfect maps fromX 9to R*, anda sup,y h(x). We use the notation 9 to make it
clear that we are using the way-below relation onhX 9! R*i, noton X | R*i.

Proposition 7.13.  Let X be stably compact,F a normalized prevision onX . Then F?
is a continuous, normalized prevision onX ¢. If F is continuous, thenF?? = F.

Proof. By Lemma 5.7, F? is continuous (and monotonic). We must show that it is
positively homogeneous. First,F? (0)= F( 0) =0 since 0 is perfect. For every > 0,
by Lemma 7.8F? (h )= F ?(h) wheneverh is perfect, so the maph 7! 1F?(h)is a
(necessarily continuous) map fromhX ¢! R*i to R* that coincides with F? on perfect
maps. By uniqueness, they are equal, i.eF” (h) = F ?(h) for all continuous h. We
show that F? is normalized, i.e., that F? (a+ h) = a+ F? (h) for all h, in a similar way,
considering the maph 7! F? (a+ h) a. That F?> = F whenF is continuous follows
from the fact that F?? and F coincide on perfect maps. O

Our next step is to show that F? is lower wheneverF is upper and conversely. This
requires us to show that addition onhX ¢! R*i preserves and re ects ¢ (recall Def-
inition 5.8). The cone X ¢! R*i will then be additive, a notion de ned for d-cones in
(Keimel, 2006, De nition before Lemma 4.2).

We deal with hX | R*i instead of X9 1 R*i, to avoid carrying d exponents. That
addition reects  follows from the fact that addition is Scott-continuous:

Lemma 7.14. Let X be stably compact, andf, g two bounded continuous functions
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from X to R*.If h  f + g, then there are perfect mapsf % g°from X to R* such that
haveh 9+ ¢%f% f andg® g

Proof. Let B¢ the set of all perfect mapsf ®such that f®  f, B that of all perfect
maps g° such that g°  g. By Proposition 7.11, f = sup;o,g, f° g=supgps, g° Since
addition is Scott-continuous, f + g = SUP; g, o2, f %+ g% Moreover, Bs and Bq are
directed, soBs By is, too. Sinceh  f + g, there aref 02 B and ¢°2 By such that
h %+ ¢° O

Addition also preserves

Lemma 7.15. Let X be stably compact. For all bounded continuous functionsf , f %, h,
hofrom X to R*,iff handf® hOthenf +f% h+ ho

Proof. By Proposition 7.11, we can appeal to interpolation: there ae perfect mapsg
andg’suchthatf g handf® g° h° Since @), , is a directed family whose
sup isg, and f g, for every small enough > O, f g . Similarly, we may require
that > O be small enough thatf® g% Thenf +f° g +¢° (g+ ¢9, so that
f+f% g+ ¢® by Lemma 7.9. Thereforef + f° h+ hC O

Proposition 7.16. Let X be stably compact, F a normalized prevision onX. If F is
lower, then F? is upper. If F is upper, thenF? is lower.

Proof. Let F be lower, i.e., super-additive. Then for eachh;h®2 hX 91 R*i, letting
a sup,y h(x)and a® sup,,x h9x):

F7(h)+ F7 (h9 a+ sup ( F(a g)+a’+ sup ( F@ ¢

g perfect dh g0 perfect  dho

= a+a’ sup ( F(a g F@ @)
g perfect  %h
g° perfect  9h°

0 0
a+a’+ sup ( F(a+a g ¢Y)

g perfect  °h
g° perfect  9h°

= a+a’+ sup ( F(a+a® g% = F?(h+ h9

g% perfect  dh+ ho

where in the last line we have used that addition preserves (Emma 7.15) and re ects

(Lemma 7.14) 9. Similarly, F? is lower wheneverF is upper. L]
Recall that we say that _? is involutive i _*? is the identity map. To sum up:
Theorem 7.17 (Duality, Previsions, Order-Theoretic). Let X be a stably compact

space. For every normalized previsionF on X, F? is a normalized prevision onX ¢.
Moreover: (1) F? is continuous; (2) if F is lower, then F? is upper; (3) if F is upper,
then F” is lower; (4) if F is linear, then so isF? ; (5) if F is continuous, thenF?? = F;
6)if F FOthen F¥ F?.

It follows that F 7! F? is an involutive order-isomorphism:
| from P1(X)* to Py(X dy;
| from P1(X)Pto Py(X9);
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. .
| from  Py(X)®to Py(X9;
| from P (X)°Pto P (X9).

Proof. (1) and (5) are by Proposition 7.13. (2) and (3) are by Proposiion 7.16. (4) is
a trivial consequence of (2) and (3). (6) is obvious. The resis trivial. L]

As in Corollary 6.12, this impléles correspondingaorder—ismorphisms from P (X )°P to
Pi(X°), from Pi(X)® to P(X°), from P(X)? to P.(X°), and nally
from P7 (X)% to P7 (X°P), when X is a stably bicontinuous bicpo. The resulting
spaces are again stably bicontinuous bicpos. This is a congeence of the above results
and (Goubault-Larrecq, 2008a, Theorem 3, Theorem 6), whoseroofs depend on Theo-
rem 7.17 above, but require too much extra machinery to be inlwded here.

Corollary 7.18 (Duality, Forks, Order-Theoretic). Let X be stably compact. For
every normalized forkF = (F ;F*),dene F? as(F*?;F? ). Then F? is a normalized
fork on X9, and _? de nes an involutive order-isomorphism from F1(X ) to F1(X 9).

Proof. The only thing to check is that F? satis es Walley's condition. For every h; h°2
X91 R*i,with a sup,yx h(x)and a® sup,yx h%x),

F? (+F*?(h) = a+ sup (F (a g)+a’+ sup ( F'@ g9

g perfect dh g0 perfect  dho

= a+a’ sup (F (a g F" (@ ¢9
g perfect  %h
g° perfect  9h°

ata’+ sup ( F'(a+a g @9

g perfect  %h
g° perfect  9h°

using the right-hand side of Walley's condition on (F ;F*). Since addition preserves
and reects ¢ (Lemma 7.15, Lemma 7.14), the latter equalsF*? (h + h9. This yields
the left-hand side of Walley's condition on (F*?;F ? ). The other side is similar. [

Again, if X is a stably bicontinuous bicpo, this induces an involutive ader-isomorphism
from F1(X)° to F1(X°P). Also, F1(X) is a stably bicontinuous bicpo, as a consequence
of (Goubault-Larrecq, 2008a, Section 6).

The order-theoretic duality above extends to a duality on spces with their weak
topologies, as before. We observe that and ¢ are nicely related. Up to some details,

g ¢ ¢ ‘g
Lemma 7.19. Let X be stably compact, and write  the way-below relation on hX !
R*i, 9 the way-below relation onhXx 9! R*i.

For all perfect mapsg, g°from X to R*, such that inf,»x g%x) > 0, for every constant
asuch thata sup,y gUx) and a> sup,,y 9(x),g ¢’i a ¢ 9a g

Proof. Assumeg  g° SincegCis the sup of the directed family of maps ¢%) . 5,9 ¢°
for some > 0. Pick also small enough that < inf,,x g%x), which is possible since
infyox g4x) > 0. Theng(x) ¢%x) forallx2 X,soa ¢qx) a g(x) forall
x2X.Soa ¢° (a @) ,whichimpliesa ¢° 9a gbyLemma 7.9.
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The converse direction is similar. ]
We shall also need the following lemma.

Lemma 7.20. Let X be compact. For every bounded continuous mag from X to R*,
and everya> 0,f a x i f a°x forsomea’2 R* with a®<a.

Proof. Assume f a x. Sincea x is the sup of the directed family of all a°
a’<a,f a x forsomea®with 0 a’<a. Conversely, assumd a° x with a®<a.
Let (fi);,, be any directed family of bounded continuous maps having a quabovea x .
Then (f; @k +1 ))i-, is a directed family of opens whose union containX : for every
X2 X,sup,, fi(x) a>a%sox2f '(a%+1) for somei 2 I. SinceX is compact,
X is contained in f; *(a%+1 ) for somei 2 I. So, for everyx 2 X, fi(x) >a® f(x).
Hencef f;. ]

The following theorem is proved using arguments that shouldbe familiar by now, so
we go faster.

Theorem 7.21 (Duality, Previsions, Topological Version). Let X be stably com-
pact, then Py« (X), Prw(X), P1w(X) and P‘l"wk(X) are stably compact, and
F 7! F? is an involutive homeomorphism:

| from Py (X)? to Py (X );
| fromalek(X)d to < Prwk(X%;
| from = Piw(X)¥to  Piw(X9);
| from lelwk(x )d to Péllwk (X d)'

Proof. For every perfect maph from X9 to R*, andr 2 R, let P,, , be the property
of normalized pre&isions de ned to hold of F i Ib( h)y r.
Consider Z = fonxt R [0;1] 5 Z is stably compact. For eachz 2 Z, write z

sup, o x f(X)=1
the f component ofz. For any conjunction P of properties of previsions among \lower",

\upper", \linear", \normalized", Py , for any h and r as above, letP"(X) be the
space of continuous subnormalized previsions satisfying, and PP (X) the space of all
subnormalized previsions satisfyingP. There is an obvious mape : PP (X) ! Z that
sendsF to the family of all F(f), f 2hX ! R*i, sup,,x f (x) = 1. Conversely, for any
family z=(z) ¢,nx1 ri Of elements of [01] , one de nes a positively homogeneous
sup,, x f(x)=1

functional m(z) frozm X I R*i to R* by: m(z)(0) =0, m(z)(f) = az-, whena =
supox f(x) > 0.

The subspacez® of Z of thosez such that m(z) is a subnormalized prevision satisfying
P is de nable by a system of patch-continuous inequalities, vith A = [0; 1] . We write
the following inequalities, depending onP:

|  Monotonic: we would like to write the inequality a _(f=a) — b _(g=b, for all
non-identically zero mapsf;g 2hX ! R*i suchthatf g, wherea=sup,,x f (x),
b = sup,,x 9(x). This states that m(z)(f) m(z)(g) forall f g, whenf 6 0; if
f =0, m(z)(f) m(z)(g) always holds. However, the two sides of the inequality may
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fail to be in [0; 1] , so we divide the two sides bybjthe normalization factor |, and
write & (f=a) — _(g=0.

| Subnormalized: @+ b) _((a+ f)=(a+ b)) —a+ b _(f=b) for every non-identically
zerof 2 hX ! R*i and everya > 0, whereb = sup,,y f(x); this states that
m(z)(a+f) a+ m(z)(f)foreveryf 6 0;whenf =0, m(z)(a)= a m(z)(a=a) a
always holds, and whena =0, m(z)(f) m(z)(f) is trivial. We again need to divide
by a normalization factor, here a+ b.

| Normalized: turn the above into an equality.

| Lower:a (f=a)+ b _(g=B —c _((f + g)=0 for all non-identically zero maps
fig 2hX ! Ri, wherea=sup,,x f(x), b=sup,,x 9(x), c=sup,,x f(X)+ g(x).
Again, we need a normalization factor, herea+ b.

| Upper:c ((f +g)=0 —a _(f=a)+ b _(g=bh, up to normalization factor a+ b,
for all f;g as above.

| Linear: this just the conjunction of lower and upper.

| Pn r:wewouldliketowritea+r _(a b)) _((a h)=(a b)) wherea=sup,,x h(x),
b=inf x2x h(x), wheneverh is not constant, ora+ r _0if h (= a= b) is constant.
This states that a+r m(z)(a h),ie.,r |E1(z)( h). Again, both sides of the rst
equation may failto be in [0;1] :if0 a+r a b, we divide by the normalization
factor a by if a+ r < 0, then write nothing (a+ r m(z)(a h) always holds); if
a+r>a b, then write some inconsistent inequality suchas1_0(a+r m(z)(a h)
never holds).

SoZP is patch-closed inZ, hence stably compact by Proposition 5.5. Bute and m form
an homeomorphism betweerz P and PP (X), so the latter is stably compact as well.
Next, dene r: PP(X) ! PP(X) by Scott's formula: r(F)(f) = supy, pertect ¢ F (D),
using the fact that perfect maps form a basis (Proposition 711). This is continuous
by Lemma 5.7.r(F) is subnormalized wheneverF is: for any constant a and any h 2
X1 R, r(F)(a+ h)= SUP goo perfect a x +h F(gog =SUpg %erfect ax F(O+ go) (since

perfect h
addition preserves and re ects ) SUPgo perrect h F(2F @ a+ r(F)(h).

Next, r(F) is also normalized whenevefF is. r(F)(a+ h) = a+ r(F)(h) is obvious when
a =0, so assumea > 0. Among the perfect mapsg a x, we nd the maps of the form
a’ x with0 a’<a, by Lemma 7.20. Thenr(F)(a+ h) = Supg perfect a x F(9+ @9

g° perfect h
SUPp 2%, F(ao+ gO) =Ssup a’<a (a0+ F(go)) = a+ r(F)(h).
g° perfect h g° perfect h
We show that r(F) is lower, resp. upper, resp. linear, whenevefF is, by appealing

again to the fact that addition preserves and re ects
Finally, if F is normalized and satis esP;, ;, whereh is perfect from X 9 to R*, then
we claim that r(F) also satis es P, . We shall show this under the extra assumption

that inf xox h(x) > 0: the general case reduces to it, SincE satises P, i F satises
Pns  forany > 0, using the fact that P is normalized (Lemma 7.8), and since
r(F) satises P+ | i it satises Py , by a similar argument (recall from above

that r(F) is normalized, hence aIsa‘éF)). So assume inf,x h(x) > 0. SinceF satis es
Ph r, b( hy r,ie,F(a h) a+r for some large enough constang, e.g., one
such that a > sup,,y h(x). For all perfect mapsg 9 h, SUPgo perfect  a g F(@) a+r:
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take indeedg®= a h, since by Lemma 7.19a h a g. We have just shown that
r(F)(a g) a r,ie, r‘éF)( g) r.Sincegis perfect, r(F)? (g) r. As this holds
for every perfect mapg ¢ h, and r(F)? is continuous, we also haver(F)? (h) r.
Sinceh is perfect, @F)( h) r. Sor(F) also satis es Py .

Together with the inclusion s : PP(X) ! PP (X), PP(X) is a retract of P?(X) by
Lemma 5.10, and is th%lrefore stably compact by Lawson's Lemen 5.12. In particular,
Piwk(X), Prwk(X), Pirwk(X)and P‘l‘wk(X) are stably compact.

In any of these space& of continuous normalized previsions, letth  ri be the set of
all F 2 Y such that F? (h) r, or equivalently Ib( h) r, where h is perfect from
X9 to R*. This is the image byr of the corresponding set of (not necessarily continuous)
normalized previsions satisfyingP;, ;. The above arguments then entail that, in any of
these spacesy, th  ri is a stably compact subspace, hence a compact subset. It is
clearly saturated. It follows that _? is continuous from P 1 i (X)9 to P 1w (X 9)|the
cases of spaces of lower, upper, and linear previsions is sian, and omitted. Indeed,
using Proposition 7.11, a subbasis of the weak topology oR 1 wi (X 9) is given by subsets
of the form [h > r ], where h is not just continuous, but perfect. The inverse image of
[h>r]by ? is the complement ofth ri, which is open inP 1y (X)C.

We now use an argument that is similar to the one of Propositim 6.8 to establish the
converse result.

Let Q be any compact saturated subset ofY , where Y is any one of the above spaces

of continuous normalized previsions. As a subset oftfK ! R*i! R*],, Q is again
compact. Write "Q the upward-closure ofQ in [(X ! R*i! R*],. This is compact
saturated. SincehX ! R*i is a continuous poset, Lemma 5.16 applies. sbQ is also
compact saturated in [iX ! R*i! R*] (i.e., with the Scott topology). The latter is
a bc-domain, hence a continuous dcpo, sbQ can be written as ltered intersection of
nitary compacts "E, E nite subset of [lX ! R*i! R*].
T Forany F 2 E, we claim that " F, the upward-closure ofF in[hX | R*i! R*], equals
g perfect: x @t r* D P( g)i , where we writehg ri for fFO2 [iX | R*i! R7]j
FY g) rg. Indeed,ifF°2" F, then for every perfect mapg : X d1 R*, gis perfect
from X to R, soFY g) B®( g). Conversely, if F°2 " v g B( )i,
then EY g) B( g)forall perfect mapsg: X 9! R*.Thisimpliesthat F{g) F (g9
for all perfect mapsg®: X | R* (take g= a g°for some large enough constang).
Since the perfect maps form a basis (Proposition 7.11), ané and F° are continuous,
FO2"F.

So"E is a nite union of intersections of sets of the formhg ri . Therefore"Q, as a
ltered intersection of such sets"E, is an intersection of nite unions of sets of the form
hg ri .ltiseasytoseethatQ="Q\ Y,andthathg ri \' Y =hg ri, sothatthe
cocompact topology onY is exactly generated by the complements of the sethy  ri,
where g ranges over the perfect maps fromX 9 to R*, r 2 R. Again using the fact that
the weak topologies are generated by subsets of the forrh B r ], h perfect, we conclude
that _? is continuous from Py w (X 9) to P1wk (X)9, and similarly for spaces of lower,
upper, and linear normalized previsions. ]

Corollary 7.22 (Duality, Forks, Topological Version). Let X be stably compact.
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F1wk (X) is a stably compact space, and.?, as de ned in Corollary 7.18, de nes an
involutive order-isomorphism from F1(X )9 to F1(X 9).

Proof. Taking some notations from the proof of Theorem 7.21F; w (X) arises as a
retract of the subspaceFk of Zzz = z\lower", \normalized” Z \upper", \normalized" de ned
by the image of Walley's condition F (h+h% F (h)+ F*(h9 F*(h+ h9 through
the isomorphism de ned bye eandm m. Thatis, Fk is the set of those ¢ ;z*) 2
ZZ such that, for all non-identically zero h;h® 2 hX ! R*i, with a = sup,,yx h(x),
a’=sup,,x hqx), (a+ a9 Zihiho)=(ata®) Zp=a T %o (a+ @) Z(+h+ ho)=(a+ a%°
and such that for everyh 2 hX I R*i with sup,,x h(x) =1, z, z; . It is an easy
exercise to show thatFk is patch-closed inZZ , hence stably compact; this works as for
Proposition 5.5. It follows that F; w« (X) is stably compact, by Lawson's Lemma 5.12.

Now _?> maps normalized forks to normalized forks by Corollary 7.18 The rest of the
Corollary is an easy consequence of Theorem 7.21. ]

We nally observe that the duality F 7! F? on spaces of continuous normalized
previsions extends the duality 7! ? on spaces of continuous normalized games. Recall

that one can de ne the Choquet integral c,, g(x)d of a bounded continulgus map

g: X ! R, not necessarily with non-negative values, as c( )(g), i.e,as a+ c
g(x)d for a infyox g(X).

ox at

Proposition 7.23.  Let X be stably compact. For every continuous normalized previsin
FonX, c(F?)= <(F)?. For every continuous normalized game on X, ¢( )’ =
c( 7). In fact, for any perfect map g: X ! R*,
Z Z
C gd” = C  g(x)d 2)
x2Xxd X2 X
Proof. For every cocompact subseX nQ of X, ¢(F)? (XnQ) =1 infy open o F( u).
On the other hand, c(F?)(X NQ)= F”( xnq) = SUPg perfect ¢ o P 9)-
For any open subsetU containing Q, by Lemma 7.10, there is a perfect mapg® :
X ! [0;1] suchthat o ¢ y.Takeg=1 g%then B( g)= F(gQ+1
F( u) +1. Taking sups yields sup, perfect 4 "o Ib( 0) c(F)? (X nQ). However,

Supg perfect X nQ lb( g) = Supg perfect X nQ F? (g) = F?( X nQ) = C(F? )(X n Q).
sinceF? is continuous.

Conversely, let U° be the open subset ofX ¢ de ned as X nQ. Since X ¢ is locally
compact, U%is the directed union of all interiors (in X 9), int 9(Q9, of compact saturated
subsetsQCof X 9 such that Q°  U° In particular, yo= g is the sup of the directed
family of all a0y, Q° as above. So, for each perfect mag : X941 R* such that
g 9 xno, thereisaQ® U°as above such thatg int 9(Q0) qo. Let U be the
complement of Q% we have found an operlJ of X containing Q, and such that g X nuU -
Then B( g0 1 F( yu). Takingsups, c(F?)X nQ)  c(F)? (X nQ), whence the
equality.
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We now prove (2). On the one hand, lettinga  sup,,x 9(X),
z

Z
C gx)d’? = a C (a g(x)d’
x2Xd Zx2xCI
a
= a “((a @) '(t+1)dt
z, Z.
= a (X ng Ya t+1))dt= Y(g Ya t+1))dt
0 0

On the other hand,
Z Z Z

C g(x)d ) (g *(t;+1))dt= ) (g Y(a t+1))dt
0 0

x2X

Observe thatg (a t;+1) g *[a t;+1).Soevery open subsetl containingg ‘[a

t+%) also containsqql(a t;+1), whence (g (a t;+1)) Y(g Ya t+1)).
So ¢,y 9(x)d Cooxa 9(X)d 7. Conversely, for every > 0,9 '[a t;+1)is
contained inthe openg (a t ;+1),s0 Y(g [a t+1)) (g (a t ;+1)).

We deduce that:
Z Z

a
C g(x)d ? (9 '(a t ;+1)dt

x2X d 0
Z a

= (g '(a t ;+1)dt+ (X)

., z

= (9 '(a t+1)dt+ (X) C g()d + (X)
x2X
R
As > Ois arbitrary, ¢,y 9(x)d ? Ceox 9(X)d , from which (2) follows.
We now realize that the left-hand side of (2) is ‘c( ?)( @) = c( ?)? (g), while

the right-hand side is  ¢( )(g). So ¢( ?)? and ¢( ) coincide on all perfect maps
g: X ! R*. By Proposition 7.11 they are the same prevision. Replacing by ? and

??

using the fact that = ,weobtain ¢()” = (7). ]

8. Conclusion

We hope to have demonstrated that convex-concave duality is beautiful family of dual-
ities that extend de Groot duality to various domains of non-deterministic, probabilistic,
and mixed choice. This uncovers a hidden symmetry in powerdmains, whereby angels
and demons trade places, while nature remains intact.
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