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Abstract. We define strong monads obntinuous (lower, upper) previsiorend

of forks modeling both probabilistic and non-deterministic cleoi€this is an el-
egant alternative to recent proposals by Mislove, Tix, Kadinand Plotkin. We
show that our monads are sound and complete, in the senghdlyanodel ex-
actly the interaction between probabilistic and (demaamgelic, chaotic) choice.

1 Introduction

Moggi’s computationah-calculus [17] has proved useful to define various notions of
computations on top of the lambda-calculus: side-effésfsjt-output, continuations,
non-determinism [27], probabilistic computation [20] iarpcular. But mixing monads

is hard, and finding the “right” monad that would combine bitin-determinism and
probabilistic choice has taken quite some effort. (We reviecent progress below.)

The purpose of this paper is to introduce simple monads thttialjob well. These
are monads ofontinuous previsionsvhich can be seen as continuation-style monads.
The idea of considering previsions comes from economicsstatibtics [4, 12].

Outline. After stating some required preliminaries in Section 2, eeail the no-
tion of gameintroduced in [5], arguing why these are natural extensmnsotions
of continuous valuations~ measures) that also accommodate demonic and angelic
non-deterministic choice. These notions induce functorap, Cpo, Pcpo (pointed
cpos), but fail to yield monads. We analyze this failure ist®a 4 by moving, through
a Riesz-like representation theorem, to the new notionsotlihear previsions, and
previsions. We then show that indeed previsions yield gtroonads, giving a simple
semantics to a rich-calculus [17] with both probabilistic and non-determiitghoice.
Finally, we show in Section 5 that our monad model is not oplyral but complete.

This work is a summary of most of Chapters 10-12 of [6].

Related Work. Finding a monad combining both probabilistic and non-deieistic
choice can be done by using general monad combination plasciThe right way to
combine monads in general is open to discussion. Lith [ldjgses to combine mon-
ads by taking their coproduct in the category of monads. Thmoduct exists under
relatively mild assumptions [10]. However, in general to@roduct of two monads is
an inscrutable object. A simpler, explicit description @&nfound in specific cases. For
example, when taking coproducts of twdeal monads [2]. In particular, combining
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non-blockingnon-determinism and probabilistic choice falls into thése. The result-
ing monad is relatively unenlightening, though: it is themad of all sequences of
choices, both probabilistic and non-deterministic [2,repée 4.3].

Varacca [25, 26] also proposed a monad combining non-détem with proba-
bilistic choice. Ghani and Uustalu [2] note that the aboveroduct monad is close to
Varacca’s synchronization trees. The works closer to aucemputer science are those
of Mislove [16] and Tix [23, 24]. While this won’t be entireybvious from our defini-
tions, we will establish a formal connection between theadels and ours (Section 5).
Outside computer science, previsions have their rootsan@uics and statistics [28].
However, we consider previsions on topological spacegusbbn sets.

This paper can be seen also be seen as a followup to [5], irdsariprevisions
are strongly tied to notions of convex and concave gamesp@wisions can also be
seen as predicate transformers; as such, and modulo mitadlsdthey were discovered
independently by Keimel and Plotkin [9] (K. Keimel, persboammunication).

Acknowledgment. Thanks to Nadia Tawbi for inviting me in July 2004 in Québec
City. Thanks to Vincent Danos, Josée Desharnais and Franguiiolette, through
whom | came to study related problems, namely [5]. Thanksr&kdsh Panangaden
for his warm support, to all people who showed interest is thork [6], to Michael
Mislove, and to Klaus Keimel.

2 Preliminaries

We assume the reader to be familiar with (point-set) topglag particular topology
of Ty but not necessarily Hausdorff spaces, as encountered iniddheory. See [3, 1,
15] for background. Leint(A) denote the interior of4, cl(A) its closure. TheScott
topologyon a posetX, with ordering<, has as opens the upward-closed sub&ets
(ie.,z € U andx < yimply y € U) such that for every directed famil;), .,
having a least upper bourdp, ; z; insideU, somez; is already inU/. Theway-below
relation< is defined byr < y iff for any directed family(z;),., with a least upper
boundz such thaty < z, thenxz < z; for somei € I. A poset iscontinuousiff
ly = {z € X|z < y} is directed, and hag as least upper bound. Then every ojéen
can be writter J ., 1z, wherelz = {y € X|z < y}, and each of these sets is open.
Every topological spac& has a specialization quasi-orderingdefined byx < y
iff every open that containg containsy. X is Tj iff < is a (partial) ordering. The spe-
cialization ordering of the Scott topology of a quasi-omdgr is < itself. Every open
is upward-closed, and a subsetC X is saturatedf and only if A is the intersection of
all opens that contain it; equivalently, iff is upward-closed ir<. Let T A denote the
upward-closure ofd under a quasi-ordering, | A its downward-closure. A} space
is soberiff every irreducible closed subset is the closui¢r} =] 2 of a (unique)
pointz. The Hofmann-Mislove Theorem implies that every sober spswell-filtered
[8]: given any filtered family of saturated compacts;),.,; in X, and any opert/,
Nic; Qi C U iff Q; C U for somei € 1. In particular,),.; Q; is saturated compact.
X is locally compactiff wheneverxz € U (U open) there is a saturated compért
such thatr € int(Q) € Q C U. Every continuous cpo is sober and locally compact
in its Scott topologyX is coherentiff the intersection of any two saturated compacts



is compact. (Some authors také to be coherent iff finite intersections of saturated
compacts are compact. This would imply compactness, whieldan't assume.) A
coherent, well-filtered locally compact space is calitably locally compactStably
compactspaces are those that are additionally compact, and have@evial theory
(see, e.g., [8]). We consider the spétef all reals with the Scott topology of its natural
ordering<. Its opens ar@, R, and the interval$t, +0), t € R. Any closed interval
of R, e.g.,[0, 1], is a stably locally compact, continuous cpo with the Sagtibtogy.
Because we equi with the Scott topology, ourontinuoudunctionsf : X — R are
those usually calletbwer semi-continuouim the mathematical literature.

By acapacityon X, we mean any function from O(X), the set of all opens oX,
to R, such that/(f) = 0 (a.k.a., aset functio). A gamer is amonotonic capacity
i.e.,U C Vimpliesv(U) < v(V)™. A valuationis amodulargamev, i.e., one such that
v(UUV)4+v(UNV)=v(U)+v(V)forevery opend/, V. A game iscontinuousff
v(U,er Us) = sup;¢; v(U;) for every directed familyUs; ), . ; of opens, andiormalized
iff »(X) = 1. Continuous valuations have a nice theory that fits topolegly [7, 8].

TheDirac valuationd,, atz € X is the continuous valuation mapping each open
to1if x € U, to0 otherwise. Continuous valuations are canonically ordesed < v’
iff v(U) < v/ (U) for every operiJ of X.

A monadon a categor{C may be presented in several different ways. One is based
on triples(T,n, u) of an endofunctor o, a unit, and a multiplication natural trans-
formation. A presentation that is easier to grasp is in teofKleisli triples [14]. A
Kleisli triple is a triple (T, n, _T), whereT maps objects\ of C to objectsT X of C,
nx is a morphism fromX to T'X for eachX, andf' (theextensiorof f) is a morphism
fromT X toTY for each morphisnf : X — TY, satisfying: (L x = idzx; (2) for
everyf : X - TY, flfonx = f; (@) foreveryg: X — TY, f:Y — TZ, then
ffogh=(fto g)T. Kleisli triples and monads are equivalent.

3 Continuous Games, Convexity, Concavity

We follow [5]. A gamev on X is convexiff v(UUV) +v(UNV) > v(U) + v(V)
for every opend/, V. It is concavef the opposite inequality holds. Convex games are
a cornerstone of economic theory [4, 18].

One fundamental example of a game that is not a valuatioreigrtanimity game
ua (A # 0), defined byus (U) = 1if A C U, uas(U) = 0 otherwise. As we argue in
[5], u4 is a natural “probability-like” description of demonic naleterministic choice,
in the sense that drawing “at random” accordingutp means that some malicious
adversaryC will choose an element ofi for you. This is perhaps best conveyed by
a thought experiment. You, the honest plafemwould like to draw some element
from X with distribution» (a game). Imagine you would like to know your chances
of getting one from some (open) subgebf X. If v is a probability distribution, then
your chances will be equal to(U). This is standard. For genenal continue to define

! The name “game” is unfortunate, as there is no obvious oeisliip between this and games as
they are usually handled in computer science, in particuitir stochastic games. The notion
stems from (cooperative) games in economics, whéis the set of players, not of states.



your chances ag(U). If v = uu, andU does not contaim, thenv(U) = 0, and your
chances are zero: intuitivelg will pick an element inA, but outside/—on purpose.
The only case wher€ is forced to pick an element id which will suit P (i.e., be in
U, t00), is whend C U—and therP will be pleased with probability one.

It is clear thatu 4 is convex. It is in fact more. Call a gametotally convexff:

Qo) o) e

n} I#£D i€l

for every finite family(U;);._, of opens { > 1), where|I| denotes the cardinality df

A belief functionis a totally convex game. The dual notiontofal concavityis obtained
by replacing| J by (" and conversely in (1), and turning into <. A plausibility is

a totally concave game. If is replaced by= in (1), then we retrieve the familiar
inclusion-exclusion principle from statistics. In pactiar any (continuous) valuation is
a (continuous) belief function. Any belief function is a ¥ex game, but not conversely
[4,5].

Every game of the forn) " " aug,, witha; € RT, and@; compact saturated and
non-empty, is a continuous belief function, which we cathplebelief function in [5].
When}"" | a; = 1, drawing an element fronX “at random” (in the sense illustrated
above) according to the simple belief functier= >, a;ug, intuitively corresponds
to drawing one compaa®; at random with probabilityz;, then to let the malicious
adversaryC draw some element, demonically, fragy [5].

Let us turn to integration. Let be a game oiX, andf be continuous fronk to R™
(i.e., lower semi-continuou® ™ comes with the Scott topology). Assunfioounded,
t0o, i.e.,sup,c x f(z) < +oo. TheChoquet integrabf f alongw is:

“+oo
j fl)dv = / V(1 (¢, +o0))dt @
rzeX 0

where the right hand side is an improper Riemann integras iBhwell-defined, since
f~L(t,+0) is open for every € RT by assumption, and measures opens. Also,
sincef is bounded, the improper integrals above really are orgiR&mann integrals
over some closed intervals. The functiors v(f~1(¢, +oc)) is decreasing, and every
decreasing (even non-continuous, in the usual sense)idanist Riemann-integrable,
therefore the definition makes sense.

Alternatively, anystep function)_'" , a;xv,, whereag € R*, ay,...,a, € RY,
X =Uy, 2U; 2 ... 2U,isadecreasing sequence of opens, gnddenotes the
indicator function ofU (xy(z) = 1if € X, xy(z) = 0 otherwise) is continuous: its
integral along’ thenequaly "' a,v(U;)—for anygamev. Itis well-known that every
bounded continuous functioﬁ can be written as the least upper bound of a sequence

of step functionsfx = a + 5% Zk 1 @2 fo,l(HLK_JFOO)(x), K € N, wherea =
%

infrex f(z), b =sup,cx f(x). Then the integral of alongv is the least upper bound
of the increasing sequence of the integralgefalongv.

The main properties of Choquet integration are as follovirst fthe integral is in-
creasing in its function argument: ff < ¢ then the integral of alongv is less than or



equal to that ofy alongw. If v is continuous, then integration is also Scott-continuaus i
its function argument. The integral is also monotonic angktSoontinuous in the game
v. Integration is linear in the game, too, so integrating gIdn."_, a;v; is the same
as taking the integrals along eaef) and computing the obvious linear combination.
However, Choquet integration it linear in the function integrated, unless the game
v is a valuation. Still, it igpositively homogeneouisitegratinga f for o € R yieldsa
times the integral of . And it is additive onrcomonotonidunctionsf, g : X — R (i.e.,
there is no pair, 2’ € X such thatf(z) < f(«’) andg(x) > g(z')).

Returning to the example of a simple belief functior= Y., a;uq,, the proper-
ties above imply that the integral gfalongv is -, a; min,cq, f(z) [5, Proposi-
tion 1]. (Note thatf (z) indeed attains its minimum ové};, which is compact.) Another
way to read this is as follows. Imagifepublishes how much money(z), she would
earn if you pickedz. When_" | a; = 1, it is legitimate to say that the integral ¢f
alongr should be some form of expected income. The formula abotesstiaat, when
v is a simple belief function, your expected income is exaathat you would obtain
on average by drawin@; at random with probability:;, then letting the malicious ad-
versaryC pick some element af); for you—minimizing your earningg (). In other
words, integrating along a simple belief function compuesrage min-payoffs

This can be generalized to all continuous, not just simpéebfunctions [5, The-
orem 4]. More precisely, the spa€kl<; (X) of all continuous belief functions on X
such thav(X) < 1is isomorphic to the spacé<; (2(X)) of continuous valuations*

(of total mass at modif) over theSmyth powerdomaifd(X) of X, providedX is well-
filtered and locally compacf(X) is the cpo of non-empty compact saturated subsets
of X, ordered by reverse inclusiah, and is a model of demonic non-determinism. (A
similar result holds fonormalizedgames and valuations i.e., such that(X) = 1:

v — v* is again an isomorphism fro®d; (X) to V;(Q(X)).) The construction of*

from v is relatively difficult, however it is noteworthy that when= >""_, a;uq, is
simple, then/* is exactly the simple valuation.-_, a;d¢,, which describes the choice

of an elemen®); at random with probability;;, as intuition would have it.

Similarly, the spac®b<;(X) of all continuous plausibilities with v(X) < 1is
isomorphic toV <1 (H, (X)) whenX is stably locally compact, and whe?€é,,(X) is
the topological Hoare powerspace, defined as the set of mutyeclosed sets ok,
with topology generated by the sub-basic open $dis = {F closedFF N U # 0},
U open inX. (This is the upper topology of, which in general does not coincide
with the Scott topology, unless e.d. is a continuous cpoJ{, (X) is used to model
angelic non-determinism. We do not develop this here (speHéwever, we mention
that the correspondingimpleplausibilities are of the forn}_""_| a;er,, WhereF; is a
non-empty closed subset &f (an element ofH(, (X)), and theexample gamep is
defined so thatr(U) = 1 if F meetsU, ep(U) = 0 otherwise: in this case€ tries to
help you, by finding some elementinthat would also be i, if possible.

Recall that every belief function is convex. One may show @tzoquet integration
alongv is super-additivgthe integral off + g is at least that of plus that ofg) when
v is convex, andub-additive(the integral off + ¢ is at most that off plus that ofg)
whenv is concave. See [4] for the finite case, [6, chapitre 4] forttiplogical case.



In the sequel, lef (X)), V J(X), A J(X) be the spaces of plain, convex and con-
cave continuous games respectively (“plain” meaning witladded property).

4 Continuous Previsions

For any spaceX, let (X — R™) be the space of all bounded continuous functions
from X to R*, with the Scott topology. Each continuous gamen X gives rise to a
functionalae (v) from (X — RT) to R™, mappingf to its Choquet integral along.

Think of f(x) again as defining how much money you would earn whéschosen
from X, by some computation process. We intentionally leave thi®@maf computa-
tion process undefined. This may be the process of drawingfaom” along a game
v, asin Section 3. In the sequel, we shall explore the viewitligthe output of an arbi-
trary program, defined in some non-deterministic and pritiialfunctional language.
l.e., any program returns a valug€_L on non-termination, say), and if $oearnsf(x).
For purely probabilistic programs (no non-deterministioice), a previsior¥’ is es-
sentially a function mapping earning functiofigo their average valu€'( f), over all
possible executions. Slightly more generally, for anydfdlinctionw, there is a previ-
sionae(v) that maps eacli € (X — R™T) to the average min-payoff we get when our
final earnings are given by. Milking out the properties ofe (), we arrive at:

Definition 1 (Prevision). A previsionis a functional ' from (X — R*) to R* such
that F' is positively homogeneougor everya > 0, F(af) = aF(f)), andmonotonic
(if f < g [pointwise], thenF'(f) < F(g)).

F is alower previsiorif moreoverF' is super-additivei.e., F'(f+g) > F(f)+F(g).
F is anupper previsionff F' is sub-additive F(f + ¢g) < F(f) + F(g). F is collinear
iff F'is additive on comonotonic pairs, i.e., if wheneyeand g are comonotonic, then
F(f +g) = F(f) + F(g). A previsionF is lineariff F(f + g) = F(f) + F(g) for
everyf,g € (X — R™).

Finally, F is continuousff it is Scott-continuous: for every directed familg;), . , of
bounded continuous functions with least upper bofinBl (sup;c; fi) = sup;c; F(f;).

We writeP (X)), V P(X), A P(X) respectively the spaces of all continuous previsions,
of continuous lower previsions, of continuous upper plievis equipped with the Scott
topology of the pointwise ordering. The space®* (X), V P*(X), A P*(X) will

be the subspaces of those that are collinear.

We do not quite follow standard naming conventions. Statig428], a lower pre-
vision is just a real-valued functionaloherentiower previsions (taking a more read-
able definition from [13]) are thosE such thatF'(f) > >"""_, \;F(f;) + Ao Whenever
f> Z?:l Aifi + Ao A > 0, Ag € R. In our case, we reserve the “lower” adjective, so
as to have a dual notion apperprevision.

It is clear that any continuous gamedefines a continuous collinear prevision
ae(v). Moreover, ifv is convex, therve (v) is lower, and ifv is concave, thene (v)
is upper. The following isomorphism result, akin to RiesggResentation Theorem, is
known as Schmeidler’s Theorem for convex games on disavptadgies. Letye (F),
for any previsionF, be the capacity such that/(U) = F(xy) for every operlJ of
X . Order previsions pointwise, then:



Theorem 1. ae 1 v¢ is a Galois connection from (plain, convex, concave) gamies i
(plain, lower, upper) collinear previsions, withe injective. That ise and~e are
monotonicae(ye(F)) < F for every collinear previsiorF, andve(ae(v)) = v for
every game.

Moreover, when restricted to continuous previsions and emme and ve define
an isomorphism betweek{ X)) andP* (X), betweerl/ J(X) and{/ P*(X), between
AJ(X)and A\ P*(X).

Proof. Thate(F) is a game for any prevision is easy. Whenis lower, note that
xvuv andxpny are comonotonic, anfyuy + xvny = xu + xv- So0ve(F)(U U
V) +ye(F)(UNV) = F(xvuv + xunv) (sinceF is collinear)= F(xu + xv) >
F(xu) + F(xv) (since F is super-additive)= ~ve(F)(U) + ve(F)(V). Similarly,
~ve(F) is concave ifF is upper.

For the converse, we first show that: (A) for any collineawjsien F' on X, for any
step functionf, writtena + Y_."  a;xu, With Uy 2 ... D Uy, a € R, aq,...,ay, €
R*, then the Choquet integral gfalongye (F') equalsF( f). This is an easy exercise as
soon as one realizes th@f’;ol a;xu, andag xp, are comonotonic for every, 1 < k <
m. The equalityye(ae(v))(U) = v(U) is obvious,ae andve are clearly monotonic.
To show thatoe (ve(F)) < F, we must show that the Choquet integral follong
~ve(F) is less than or equal t&'( f). Using the step functiongx, K € N, by (A) the
Choquet integral off is less than or equal t6'( fx ). The least upper bound of the
Choquet integrals of x, K € N is that of f, and the least upper bound Bf f ) is at
mostF(f). Soae(ve(F))(f) < F(f). WhenF is continuous, the least upper bound
of F(fk) is exactlyF(f), whencene(ve(F)) = F. O

One easy, well-known consequence of this is thatand~e define an order iso-
morphism between the spad& X ) of continuous valuations and thBt* (X) of con-
tinuous linear previsions ([7, Theorem 6.2], [22, Satz Y.16tuitively, any continuous
gamev gives rise to a continuous collinear previsiog(v) that computes a generalized
form of expectation along, and every continuous collinear prevision arises this way.

It is easy to check that, V J, A J, V, P¥, \VP*, A P* P# define functord
from Top to Top, whereT op is the category of topological spaces.

To define a monad structure @, we need aunitny : X — TX, natural in
X. This is defined by x (z) = §,. However, there is in general no extensiphof
f: X — TY. The natural candidate is:

F)v) = 9( @

whenT is a game functorX, \VJ, AJ, V), or fI(F)(h) = F(Ax € X - f(x)(h))
whenT is a prevision functorP*,  P*, A P*, P~). While this indeed works when
T = V [7, Section 4.2], or whefl’ = P% using the isomorphism betweéi and
the latter, it fails for the other functors. To understandywiakeT = {/ P*, and
considerX = {1,2}, Y = {xj1, *12, %21, *22} (With their discrete topologiesy =
ae(u{l’g}), i.e., F(h) = min(h(1),h(2)) for everyh : Y — Rt, f: X - TY
defined byf(1) = ae(3/404,, + 1/4d.,,) andf(2) = ae(1/304,, +2/3d.,,), SO that
Ff()(h) = 3/4h(*11) + 1/4h(*12) and f(2)(h) = 1/3h(*21) + 2/3h(*92) for every



h 1Y — R*. Leth andh’ be defined byh(x11) = 0.3, h(x12) = h(*22) = 0.1,
h(*gl) = 0.7, h/(*ll) = 0.5, h/(*lg) = h/(*gg) =0, h/(*gl) = 0.7, thenfT(F)(h) =
0.25, fT(F)(h') = 0.233..., fI(F)(h+h') = 0.533 ..., but fT(F)(h)+ fT(F)(h') =
0.4833... # f1(F)(h + h'), althoughh andh’ are comonotonic. In other words,’
does not preserve collinearity.

In everyday terms, collinear previsions, or more speciijdaglief functions repre-
sent a process wheRedraws at random first, thechooses non-deterministically [5].
The example above is a non-deterministic choice (amdng}) followed by proba-
bilistic choices. In other words, the non-deterministiayarC plays first, followed by
the probabilistic playeP. But it is well-known that you cannot permute non-determin-
istic and probabilistic choices, and the example above satyes to restate this.

Our cure is simple: drop the collinearity condition. We $ttarefore consider mon-
ads of continuous (plain, lower, upper) previsions. Pebc be the category of posets
with Scott-continuous map<€;po its full subcategory of cpos. We consider posets
equipped with their Scott topology, whence these two categare full subcategories
of Top. Note thatP(X), \V P(X), A P(X) are only posets, not cpos.

Theorem 2. DefineT X asP(X), resp.\V P(X), resp. AP(X). Letnpx(z) = A\h €
(X — RY) - h(z),and f1(F)(h) = F(\x € X - f(z)(h)) for everyf : X — TY.
ThenT is a monad orop, i.e., (T,n,_") is a Kleisli triple. OnPosc, T is a strong
monadty y : X xTY — T(X xY) definedasx y (x, F)(h) = F(A\y € Y-h(z,y))
is a tensorial strength.

Proof. We must first show that, for everfy: X — TV, f1 is indeed a continuous map
fromT X toTY . Foremost, we must make sure that for every continuousn(gdtawer,
upper) prevision® on X, fT(F) is a continuous (plain, lower, upper) prevision Bn
This is easy, but relatively tedious verification. Now ndtattthe formulae defining,
_T, t are exactly the formulae defining tkentinuation monad17]. It follows that the
Kleisli triple axioms also hold in our case.

Contrarily to what might be expecteld; y is not defined on all aI'op—it may fail
to be continuous. ORosc, this is repaired by the fact that a function of two arguments
is continuous iff it is continuous in each argument sepérdgefact that fails inTop).
The tensorial strength equations [17] are checked as fardhgnuation monad. 0O

That the formulae for unit, extension, and tensorial stiieage the same as for the
continuation monad is no accident. Imagifie= T X is the semantics of a (probabilis-
tic and non-deterministic) program expected to return altasof type X . As we have
already argued, wheR = «¢(P), with P a continuous valuation, theffi(h) is theav-
eragepayoff, defined as the (Choquet) integrahgf:) alongP. WhenF = «ae(v) with
v a continuous belief function, thefi(h) is the average min-payoff, where minima are
taken over (demonically) non-deterministic choices. Whesa not collinear, then more
complicated “averaging” processes are involved. In paldic we allow taking means
of mins of means of mins... representing plays wher€, P, C, ...take turns. That
arbitrarily many turns can be chained in a (not necessaoilinear) prevision will be
a consequence of the fact that prevision functors define dsyrzand in particular have
a well-defined multiplication. This is standard in the maapproach to side-effects
[17]: multiplication is the key to defining sequential corsfimn—here, of plays.



More explicitly, taken continuous functiong; : Xg — T X, fo : X1 — TX,,
corfn i Xn1 — TX,,. Then,wheTisamonad/iof! jo...offofi: Xg —TX,
is the sequential compositiofi; fo;...; fn Of f1, fo, ..., fn_1, fn in this order: given
xg € Xp, the procesg; (z¢) computes some element € X, (in our case, by drawing
it “at random”, say; deterministic computations are of cmuallowed, too), theif (1)
computes some, € X, etc. The monad laws then say that composing with the idle
procesg)x : X — T'X does nothing, and that sequential composition is asseeiati

While Theorem 2 then establishes a form of soundness (whicbhall make more
precise below), the goal of the next sections will be to sh@tthe prevision axioms are
complete, in the sense that there is no junk: every contisilower, upper) prevision
is a mix of (demonic, angelic) non-deterministic and pralistic choices.

One may wonder what the equivalentradrmalizedgames ¢(X) = 1) andsub-
normalizedgames ¢(X) < 1) would be through the correspondence of Theorem 1.
Requiring F(xx) to be equal (resp. less than or equal)ltis the obvious choice.
However, this is not preserved by whenF is not collinear. So we define:

Definition 2. A previsionF’ on X is normalized resp.sub-normalizediff for every
[ €(X — Rt), foreverya € RY, F(a+f) = a+F(f) (resp.F(a+ f) < a+ F(f)).

WeletJ,(X),V P?(X), VP, (X),...,bethe subspaces of normalized games/previsions,
andJ<1(X),V P?l (X), VP<1(X), ..., those of sub-normalized games/previsions.

Proposition 1. Theorem 1 again holds for normalized (continuous) gamespaed-
sions, and for sub-normalized (continuous) games and gicns.

Now the spaces of sub-normalized and normalized continpisésions are cpos. The
spaces of sub-normalized continuous previsiongaieted i.e., they have a least el-
ementl, the constand function. If X is itself pointed, then the spaces of normalized
continuous previsions are pointed, too, with least elemeri6 , ) (a continuous linear
prevision). The latter maps € (X — R™) to h(.L). Let Cpo the category of cpos,
Pcpo that of pointed cpos. It follows:

Proposition 2. LetTX beP<1(X), VP<1(X), AP<1(X), P1(X), VP1(X), or
AP1(X). (T,n,u,t) is a strong monad o6’po and onPcpo.

Theorem 2 allows us to give a semantics to-e@alculus with both probabilistic and
non-deterministic choices. Consider the syntax of ternastgpes:

M,N,P ==z variable
| ¢ constant
| MN application o
| Az -M abstraction T ‘_ : ::)aseeot%/(p;es
() empty tuple yp
| (M, N) pair | 77 prodgct
| fst M first projection } ;% T Ejor;ﬁtlztna?i/gﬁf es
| snd M second projection T P yp
| valM trivial computation
|

letvalxz = M in N let-expression

The typing rules, as well as the categorical semantics ir@QLC, are standard [17].
Note thatCpo and Pcpo are Cartesian-closed. Together with the strong monads of



Proposition 2, they form let-CCCs. The typing rules for canapion types are: if " -
M :7rthen'-valM : Tr;andif ' M : Ty andI,x : m; B N : T then
I'Fletvale =M in N : T'1s.

As should be expected, the semantics has a strong continugior. For each
term M of type 7 in contextI” = z1 : 71,...,%, : Ty, [M] is @ morphism (a con-
tinuous map) from[I'] = ] x ... x [r,] to [7]. The cases foral andlet are
given by: [val M] (vy,...,v,) = A € ([7] — R*) - h([M] (v1,...,v,)), and
[letvalz = M in N| (v1,...,v,) = A € ([r2] — RT) - [M] (v1,...,v,)(Av €
[m1] - [N] (v1,-..,vs,v)(Rh)). Let bool be a base type, witlfibool] = S, where
S = {0, 1} is Sierphski space({ < 1). Constantg may include a least fixpoint operator
in Pcpo, the Boolean constantalse, true, a case construckse : bool X 7 X7 — T
with [case] (0,vg, v1) = vo and[case] (1,vg,v1) = v1. The interpretation of” as a
monad of previsions allows us, additionally, to give megnia a coin-flipping op-
eratorflip : Tbool, with [f1ip] = ae(1/200 + 1/261) = Ah € (S — RT) -
1/2(h(0) + h(1)), and a non-deterministic choice operatat : Tbool. WhenT
is V Py, amb is the demonic choice (of a Booleafimb] = ae(ug,13) = A €
(S — RT) - min(h(0), k(1)) (the chosen Boolean is the one that minimizes payoff
h(x)). WhenT is A\ P, we get angelic choicglamb] = ac(efo,13) = A € (S —
R*) - max(h(0), k(1)) (maximize payoff).

One might think that lettind” be P; would lead to chaotic choice. This certainly
accommodates both demoniaifi) and angelic choicenfax). However,P; is a very
large space, and seems to contain objects that do not congspany mixture of prob-
abilistic and non-deterministic choice. The right notissuggested by [6, section 7.5].

Definition 3 (Fork). A fork on X is any pairF = (F~, F*) where F~ is a lower
prevision,F'* is an upper prevision, and for amy, ' € (X — R™T),

F=(h+h) < F~(h)+ FT(h') < Ft(h+ 1) 3)

F'is continuous resp.normalized sub-normalizedcollinear, whenever bottt"~ and
FT are.

While the above definition was found from purely mathematcguments, Walley [28,
Section 2] defines essentially the same notion in finance.ddew we allow any pair
(F~, F) satisfying these conditions to be a fork. Walley only obsserthat whenever
F~ is a coherent prevision (in his sense), on a discrete spaee lettingF+(h) =
—F~(—h)yields a fork(F~, FT).

One may think ofF"~ as the pessimistic part df, which will give us the least ex-
pected payoff, whileF'* is the optimistic part, yielding the greatest expected ffayo
Taking ' = 0 in (3) shows indeed that—(h) < F*(h) for eachh. Let F(X) be the
space of continuous forks d¥, ordered by< x <. The subspacds,; (X) andF <, (X)
of normalized and sub-normalized forks are cpos. The l&tpointed (with least ele-
ment(0,0)) and the former is as soon &Sis (with least elemenfae (51 ), ae(dL))).
The semantics is essentially the pairing of two continuesemantics, e.glval M] (vy,

vp) = (F~,FT),whereF'~ = F* = \h € ([r] — RT) - h([M] (v1,...,vs))
(alinear prevision); [let valz = M in N| (v1,...,v,) = (M € {[r2] — RT) -
F~(w € [nn] - F; (), A\ € ([r2] — RT) - F*(\w € [r1] - F;f(h))), where



(F~,F*) = [M] (v1,-..,v,) and(F;, E;F) = [N] (v1,-..,vn,v). The constants
with the most interesting semantics ateb, where[amb] = (Ah € (S — RT) -
min(h(0), (1)), Ak € (S — R*)-max(h(0),h(1))) (i-e., it computes both pessimistic
and optimistic outcomes), arflip, where[flip] = (F~, F*) with F~ = Ft =

Ah € (S — R*Y)-1/2(h(0) + h(1)). For the rest of the language, we rely on [17] and:

Proposition 3. LetT' X be defined a¥F'(X ), F<(X),orF,(X). Letnx(z) = (F~,F™)
with F~ = F* = A € (X — RT) . h(z), and for everyf : X — TY, let
fIIF,Ft) =AM e (Y = RY)-F~(Az € X f~(2)(h)),\h € (Y — RT).
Ft(\z e X-f*(x)(h))), where by conventiofi(z) = (f~(x), fT(x)). Then(T,n, )
is amonad off’op. Together witltx y : X xTY — T(X xY') defined by x v (z, (F~,
FH)) =M ey = RT)-F~(A\y € Y-h(z,y),\h € Y - RT)- Ft(\y €
Y - h(z,y))), it forms a strong monad o€'po and Pcpo.

Proof. That the strong monad laws are satisfied is obvious. The dotteegoroof is
in showing that unit, extension, and tensorial strengthvaglt-defined. We deal with
extension. Recall thaﬂ(F*,FQ = (F'",F'"), whereF’~ = \h € (Y — RT).
F-Qz e X f~(z)(h)andF'" = h e (Y = RT)-Ft(\z € X - fT(z)(h))).
ThenF' (h+h)=Xe (Y - RT)-F- Az e X - f(x)(h+1)) <Ahe(y —
R*) - F~(Ax € X - f~(z)(h) + f*(2)(1)) (sincef(x) = (f~(2), f(z)) € TY
and F~ is monotonic)< \h € (Y — RT) - F~(Az € X - f~(x)(h)) + F*(\x €
X - fH(z)(h)) (since(F~,Ft) € TX) = F'" (k) + F'"(h'). Similarly, F'~ (k) +
F'Y () < F'T(h+ 1. 0

5 Hearts and Skins: Completeness

One of the fundamental theorems of the theory of coopergtivees is Shapley’s The-
orem, which states that every convex gamleas a non-empty core (on finite discrete
X)—the coreCore(v) being the set of measurgsuch that < p andv(X) = p(X).

A refinement of this is Rosenmuller’s Theorem, which stalte$ & game- is convex

iff its core is non-empty and for every functigh: X — R, the integral off along

v is the minimum of all integrals of alongp, p € Core(v). In particular, there is a
measurep such thatr < p, v(X) = p(X), and integratingf alongp gives the same
result as integrating it along [4].

We show that the same results hold in the continuous case ohpitre 10]. Re-
member that games correspond to collinear previsions. poge here is to show that
similar theorems hold on previsions that need not be callifgee [6, chapitre 11] for a
more complete development). The analogue of measuresenihbar previsions. We
drop the analogue of the( X) = p(X) condition, however we concentrate on normal-
ized games and previsions, because the technical treatsnslightly easier. We call
the analogue of cores hearts, and the dual notion skin.

Definition 4 (Heart, Skin). For any functionF from (X — R*) to R, its heart

Coeur(F) is the set of linear functional&’ such thatF < G. Its continuous heart
CCoeur(F) is the subset of thog@s that are continuous. Itskin Peau(F) is the set
of linear functionals such thatG' < F. Its continuous skirC Peau(F') is the subset
of those functional&s that are continuous.



Again, we letCoeury (F), CCoeury(F), ..., be the subsets of the corresponding
spaces consisting of normalized previsions only, and ainfyilC'oeur<y (F), ..., for
those consisting of sub-normalized previsions.

Most of the developments below rest on Roth’s Sandwich Téragf21], [24, Theo-
rem 3.1]), which states that on every ordered cOnéor every positively homogeneous
super-additive functiog : C — R and every positively homogeneous sub-additive
functionp : C — R such that < b impliesg(a) < p(b) (e.g., wherny < p and
eitherq or p is monotonic), then there is a monotonic linear functfonC' — R* such
thatg < f < p. HereR " is R+ plus an extra point at infinity-oo. A coneis a setC,
together with a binary operation turning it into a commutative monoid, and a scalar
multiplication- from R+ x C'to C, suchthatl -a =a,0-a =0, (rs)-a=r-(s-a),
r-(a+b)=r-a+r-b,and(r+s)-a=r-a+s-a. Anordered cones equipped
in addition with a partial orderingc making+ and- monotonic. We only use Roth's
Theorem on ordered cones of the fof& — R*). Our key result is:

Theorem 3. Let X be a stably locally compact spacg,a continuous lower prevision,
and f a bounded continuous function frofito R*. Then there is a continuous linear

functional G from (X — R™) toR " such thatF < G andF(f) = G(f).
Proof. Let F' be a lower prevision oX, andf € (X — R™). DefineF} by F/f(g) =

infycp+ [F(Af) = supye x_rt+y F'(R)|, taking this to bet-occ is there is no\ € R*
Af>g g+h<Af
such that\f > g. One checks thaﬁf is monotonic, positively homogeneous, sub-
additive, aboveF (F/f(g) > F(g) for all g), touchesF at f (F/f(f) = F(f)). Roth’'s
Sandwich Theorem then gives us a monotonic linear fundti6jasuch thatt" < G|,
and F(f) = Go(f). However,G, may fail to be continuous. One now observes that
(X — R™T) is a continuous poset, with a bagiconsisting of step functions. By Scott's
Formula, the functional defined byG/(f) = sup,c 4« 5 Go(g) is continuous; in fact,
the largest continuous functional bel@vy. It follows thatF' < G andF(f) = G(f).
The most difficult part of the proof is showing th@tis linear. This rests on the fact
that< is multiplicative i.e., forany. > 0, f < giff - f < a - g, and additive, i.e., if
h,f,g € (X — RT) are such that < f + ¢, thenh < f’' + ¢’ for somef’,¢’ € B
with f/ < f, ¢’ < g; and converselyf’ < fandg’ < gimply f'+¢ < f+g. O

Note thatG may take the value-co. We can refine this in the case of normalized
previsions (for sub-normalized previsions, see [6, sactib.4]):

Theorem 4. Let X be a stably locally compact spacé, a normalized continuous
lower prevision onX, and f a bounded continuous function frakto R*. Then there
is a normalized continuous linear previsiéhsuch thatF < G and F(f) = G(f).
Proof. Similar to Theorem 3. However, it may be th\ﬁ; reachestoo. Refine this by
letting Fyf(g) = inf cp+ E+€(g), and using?«“yf instead ofFf. One checks that, since

Fis normalizedeJrE is antitone ine. ThenFyf is again monotonic, positively homo-
geneous, sub-additive (using antitonyelp aboveF', and touched” at f. Moreover,



it is easy to see tha?ff(xx) = 1. We build Gy, thenG from ff, as in Theorem 3.
Additionally, we needX to be compact so as to establish tB4lyx) = 1. SinceG is
linear, it follows thatG is normalized. O

One can deal with upper previsions instead, see [6, sectidi}, Lising a notion we
call convex-concave duality to reduce to the above. We thémim[6, théoréme 11.5.22]
that, whenX is stably compactF' is a normalized continuous upper prevision_gn
there is a normalized continuous linear previsi@on X such thatz < F'. Moreover,

foreveryf € (X — R*), F(f) = supgecpeau, () G(f).
Theorem 4 allows us to state a form of Rosenmuller’s Theorem:

Theorem 5. Let X be stably locally compact:’ a continuous normalized prevision
on X. ThenF is lower iff CCoeur, (F) # () and for everyf € (X — RT), F(f) =
inf ceccoeur, () G(f). INthis case, the infis attained?(f) = mingeccoeur, (r) G(f)-

There is, of course, a dual theorem on upper previsions aid gkins [6, théoréme
11.7.5]; infs are replaced by sups, which need not be attaine

Our completeness results to come are based on anotherggmispaces of previ-
sions: theveak topologys the coarsest that makes the functiom— F'(f) continuous,
for eachf € (X — RT). The Scott topology is in general finer. LgtP; .1 (X) be
V P (X) with the weak topology, and similarly for other spaces. Then

Proposition 4. Let X be stably compact;’ a normalized continuous lower prevision,
thenCCoeur, (F) is a non-empty saturated compact convex subsBtof, (X ).

Compactness follows from Plotkin’s version of the Banadheg§lu Theorem [19], or
using a technique by Heckmann and Jung [8, Section 3.2]ewelilvexity (i.e.oF' +
(1 —a)F"isin CCoeuri(F) as soon ag’ andF’ are,a € [0, 1]) is clear. That skins
are closed is much easier, while non-emptiness is by theRlosénmuller Theorem:

Proposition 5. Let X be a topological spacd; a normalized continuous upper previ-
sion, thenC Peau, (F') is a closed convex subsetEﬁwk(X). It is non-empty as soon
as X is stably compact.

Finally, call alensof a spaceX any non-empty intersectioh = Q) N F' of a saturated
compact) and a closed subsét. Then:

Proposition 6. Let X be a stably compact space. The continuous normalizesti/
CCorpsi(F) = CCoeuri(F~) N CPeau;(F*) of a continuous normalized fork
F = (F~,F") on X is a lens. MoreoverCCoeury(F~) = 1 CCorpsi(F) and
CPeauy(Ft) = | CCorpsy(F).

Proof. We show that(x) for eachG € CCoeuri(F~), thereisas’ € CCoeury(F~)

N CPeauy (F*) such thatG’ < G. Let F'(h) = infy ge(x_r+y/f4g>n(FT(f) +
G(g)). One checks that'~ < F’ < G, thatF’ is an upper prevision, so by Roth’s
Sandwich Theorem, there is a linear monotonic functi@gigkuch thatt'~ < Gy <
F'. SinceGy < F’, Gy does not take the valueco. Build G from G| using Scott's
Formula, as before. Itis easy to see tfyds a continuous, normalized, linear prevision.
SinceF~ < G', G’ € CCoeur(F™). SinceG’' < F' < F*,G" € CPeauy(FT).
SinceF’ < F' < G, G' < G follows.



By (x), CCoeur,(F~) N CPeauy(F*) is non-empty. ThaCCoeur,(F~) =
1 (CCoeury(F~) N CPeauy (F1)) is another easy consequence:of. Next we show
CPeauy(FT) = | (CCoeur (F~) N CPeau;(FT)) in a similar way, by defining
F"(h) = sup; o x g+, (F~(f) + G(9)), whereG € CPeau:(F~), and using"”

f+g<h
to show that there is sont® € CCoeury(F~)NCPeau,(F*)suchthatG < G'. O

These three propositions state that any normalized canimlower prevision, resp. up-
per prevision, resp. fork’ gives rise to an elemeiifCoeury (F'), resp.C Peau; (F),
resp.CCorps, (F') of the Smyth powerdomaiﬁ(PlAwk(X)) (demonic non-determin-
istic choice of a probability law—remember tHR{" (X) = V; (X)), resp. the Hoare
powerdomairH (P, (X)) overP2, (X) (angelic), resp. the Plotkin powerdomain
over P2 (X) (chaotic). This is a form otompletenessspaces of previsions and
of forks contain no junk, and really are no more than mixesaf-deterministic and
probabilistic choice. More explicitly, in the demonic calet F' be any nhormalized con-
tinuous lower prevision on stably compakt then F' is the sequential composition
for fi = A" o fo (applied to some dummy), wheref, (x) = ae(Uccoeur, (7)) (NON-
deterministic choice of som@ from the heart of’), and f1 (G)) = G (drawing at ran-
dom alongye(G)). We need Proposition 4 for this to be well-definét= ( fo; f1)(x)
follows from the definition of the heart and general promsrof the Choquet integral.
In the angelic case, any normalized continuous upper poevisis the sequential com-
position fo; f1, wherefo(x) = ac(eepeau, (7)), @nd againf; (G) = G.

In the converse direction, still assumidg stably compact, there is a map :
Q(PlAwk(X)) — VP1(X) defined by[ | K(f) = mingex G(f), andCCoeur; 4
[]is a Galois connection consisting of continuous maps [Grém@e 11.7.11], while
there is a continuous mgp| : J{(wak(X)) — VP1(X) defined by |C(f) =
supgec G(f), sothaf_| 4 C'Peau, is a Galois insertion.

We conclude by noticing that, whek is a continuous cpo with a least element,
wak(X) is homeomorphic td/; (X ) with the weak topology, and the latter coincides
then with the Scott topology [8]. Apart from spurious detdé.g., we bound our valu-
ations byl instead of+00), there is therefore a strong connection with the models of
Mislove [16] and Tix [23, 24]. This is explored, under a ditfet light, in [9].
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