














the same cardinality as the number of threads to execute
(this is specified in the guard of transition LbThreads with
formula card(Y1)=ord (k)).For the transition to be fired,
an available configuration where Y1 <= Y2 (ie. [|[Y1| C
[[¥2]| ) must be found (this is expressed by the second term
of the guard).

The job ends when all corresponding threads are ter-
minated, and they are removed simultaneously from place
TermThread as in the Symmetric Net version of the example.

III. SYMBOLIC REACHABILITY GRAPH FOR SNB

The symbolic reachability graph aims at reducing the
reachability graph size (thus rendering verification amenable)
by regrouping some “equivalent” markings into symbolic
markings and using a symbolic firing rule compatible w.r.t.
the normal firing rule. Thus, many properties of the model,
like accessibility, boundness or liveness can directly be
checked on the symbolic reachability graph, allowing for the
analysis of larger specifications.

A. Symbolic markings

Symbolic markings are based on the notion of admissible
permutations in the set of colour classes. An admissible
permutation is a family o = {0} such that a permutation
o; of C; fulfils: 1) YC; 4, 0i(Ciq) = Ci,4 ie., any item
of a static subclass Cj, of C; is mapped to an item of
the same subclass and 2) if C; is an ordered class then
admissible permutations are restricted to rotation (the order
of an ordered class cannot be modified).

Given these restrictions, the action of a permutation o
on a colour ¢ of a place p, ¢ = Qicsjct i€ €

C(p), is defined by o(c) = @icric1. eiip) oi(c!). We can
define the action of o on a marking m by Vp € P.Ve €
C(p),o.m(p)(a(e)) = m(p)(c). Note that the enabling rule
for a transition is preserved when applying an admissible
permutation on a marking and on a transition occurrence:

m(t,e)ym’ <= o.m|(t,o(c)))o.m’

Thus, markings obtained with the application of a permu-
tation for a given marking m are “equivalent” in terms of
behaviour. Therefore an equivalence class of markings can be
defined: m ~ m' <= Jo|o.m = m’, yielding equivalence
classes named symbolic marking and denoted M.

The first problem 1s the representation of a symbolic
marking. Describing an equivalence class of a set with its
own elements is obviously very expensive in terms of storage
and brings no advantage w.r.t. the explicit reachability graph.
To tackle this problem, a first approach [12], [13] represents
an equivalence class with one of its elements (i.e. a marking).
This method reduces the storage requirement for markings
but does not provide any saving w.rt. the state transitions
issued from these markings.

An alternative approach [7] consists in a symbolic repre-
sentation of both the markings (inside an equivalence class)
and the transitions issued from these markings. Observe that
the number of transitions issued from a marking of a SN
may be exponential w.r.t. the size of the SN and thus, the
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symbolic firing rule is mandatory in order to manage large
models.

B. Symbolic marking representation

Let mn be an explicit marking, Roughly speaking, we first
partition every static subclass (C ) such that inside the
partition, two colours have the same distribution of token
components corresponding to the class C'; for m. Then,
forgetting the identities of colours inside any partition but
memorizing the size of this partition leads to our symbolic
marking representation.

More formally, we define for every class C'; a set of
dynamic subclasses {Z7}1<j<, such that every Z7 has two
attributes: its cardinality (cmd(Z‘f)) and the index of the
static subclass it belongs to (d(Z])). Given these partitions,
the symbolic marking (mark) is represented as an ordinary
marking where the dynamic subclasses are substituted to
colours. The following definition formalises the character-
istics of a symbolic marking representation.

Definition 12 (Symbolic marking representation):
A symbolic marking representation of a
M = (m, card,d,mark) is defined by:

o m: [+ IN" defines the number of dynamic subclasses

for every class C;. m(i) is also denoted m; and C; =

{Z! | 0 < j < m;} denotes the set of dynamic

subclasses of C;.

o card : |J;c;Ci — IN" denotes the size of every
dynamic subclass.

o d:Uic; C; +— IN* denotes the index of the correspond-
ing static subclass to which every dynamic subclass be-
longs. Hence d and card fulfil the following constraints:

1) d(Z) e {1,...,s} ie.d(Z)) is the index of a static
subclass of ;.

2) Z{I(ZJJ q(ard(Z) = njq the size of a static
subclass is the sum of the sizes of the dynamic
subclasses that belong to it. )

3 Vie LVl <5< <m,dZ!) <dZ): the
dynamic subclasses are ordered w.rt. the order of
static subclasses.

« mark associates with every placc p a symbolic content:
mark(p) € Bag(®,;( Ci)® ®;c; Bag(Cy)“i»).
Then, dynamic subclasses act as colours for ordinary
markings.

The semantics of a symbolic marking representation is a

set of equivalent ordinary markings.

Definition 13 (Symbolic representation semantics): Let
M be a symbolic marking representation. Then the set [M]
of associated ordinary markings is defined by m € [M] iff:

e Vi € I,da; : C; — CA,',- ; «; distributes the colours
among the dynamic subclasses. As usual, we linearly
extend «; to a mapping from Bag(C;) to Bag(C;).

e VZ! € 0., la; Y(Z))| = card(Z!) ; these mappings
must preserve the size constraints.

. C‘f.(.t,-‘l(Zf) C Cf.d(zj) ; these mappings must pre-
serve the static subclass constraints.

SNB,
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e VYp € P, Ve e C(p) with
c= ®fen,’el..c.(p) Cij ®iel.jel..c;(p) bi,;:

m(p)(c) = mark(p)(Qicr jer..e.p) @ilci)
iel,jel..ei(p) “‘i(bid‘ ))

the marking of a place must be preserved by the

symbolic transformation. )

o When C; is ordered, ¥Z/3¢ € a;'(Z]) such that
a;(le) € Z}Jvmoa M)+l and Vo' € oy (21, ¢ #
e,a;(¢') € Z! ; the instantiation via a; of dynamic
subclasscs must preserve the order of C';.

It must be emphasized that different representations yield
the same set of explicit markings. However, it is possible to
define and compute a canonical representation as developed
in the appendix [18]. Roughly speaking, a symbolic repre-
sentation is canonical if the number of dynamic subclasses is
minimal and the numbering of dynamic subclasses ensures
that the representation is minimal w.r.t. some lexicographic
ordering.

C. Symbolic firing rule

The second step in the symbolic reachability graph con-
struction is the design of a symbolic firing rule for symbolic
markings. Our goal is to “produce™ and “consume” dynamic
subclasses instead of colours. A dynamic subclass is selected
for each occurrence of a class in the colour domain. However,
assume that we instantiate variable Xé with the dynamic
subclass ZF. Such an instantiation is sound iff card(ZF) = 1
(meaning that this subclass is reduced to a single colour).

Furthermore, the instantiation of Y7, ., should require
to select 1) only a subset of colours in some Z ,‘ and 2)
to select colours from different ZF. Thus in order for the
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symbolic rule to correspond to the explicit firing rule, we
need to preprocess a symbolic representation M. The goal
of this preprocessing, called splitting, is to produce M’ such
that [M] = [M’] and the cardinality of every dynamic
subclass of M' is 1.

Once this splitting has been performed, the transition is
fired as in definition 11 with dynamic subclasses instead of
colours; this leads to a new symbolic marking. However, this
firing includes an optimisation step that reduces the number
of possible instantiations.

Rather than formally define the optimisation, we illustrate
it on figure 7. It first shows the symbolic marking obtained
after the splitting. Applying usual instantiation, variable Y’
could be associated with any bag 3, ; Z{ for any J C
{1,....n1}, ny being the maximal cardinality of dynamic
subclasses in Y} ag(c,y- This would lead to 2™ different
firings.

However, we require that if a dynamic subclass Z{ occurs
in Y then any Z;’ with j° < j also occurs in Y. This re-
striction does not eliminate any associated explicit firing due
to the semantics of symbolic markings. Now, the number of
different firings is only n;. This constraint can be generalised
to any number of variables occurring in a transition by an
arbitrary order over these variables.

In this case, let Z;’ Z;"’ obtained by the splitting of
the same dynamic subclass with j' < j. We require tha’t
if Zf occurs in the instantiation of a variable, then Z ,J
occurs either in the instantiation of the same variable or
of a previous variable. We emphasize that this reduction is
impossible with the approach in [12], [13].

The last step is the canonisation of the representation. The
whole process is formally described in [18].



Example: Our approach preserves the use of symbolic
states together with bag functions. For example, let us
consider the model of figure 5 with M/’ containing 4 available
cores, and M containing 4 configurations (two requiring two
additional cores and two requiring three additional cores).
If there is at least 3 occurrences of GenJobs prior to any
occurrence of [b;TC;. the system will inevitably become
deadlocked in the following configuration: there is no token
in either AllocatedCores or FreeCore — one symbolic state.
In the SNB of figure 6, the same configuration is the single
symbolic state representing a deadlock.

Thus, the introduction of bags can only reduce the size of
the symbolic reachability graph.

Moreover, it may also reduce the number of symbolic
firings (those that are expensive in terms of CPU usage). For
example, the firing of both /b2TC] and [b2TC2 in the model
of figure 5 corresponds to only a single firing of LbThreads
in the model of figure 6.

IV. CONCLUSION

In this paper, we have extended the symbolic reachability
graph and its related symbolic firing to Symmetric Nets with
bags in tokens (SNB) as introduced in [13].

SNB have two main advantages. First, the use of bags in
Symmetric nets allows for easier and more readable mod-
elling. The Petri net specification can thus be parameterised
without changes in its structure (e.g. adding places or transi-
tions). Hence, the specifier does not have to concentrate on
choosing tricks or duplicating large parts of nets. Moreover,
these could lead to bad choices that would hamper the
analysis capabilities.

Second, it enables the use of the symbolic reachability
graph technique, thus allowing for analysing large Petri nets.
Our approach maintains a low complexity on the symbolic
reachability graph constructions, contrary to previous works
like [12], [13].

To achieve this goal, we provide a new consistent set of
definitions for SNB. We show on an example in figure 6
the advantages of SNB for a more concise modelling : a
single transition corresponds to several similar ones in the
SN model of figure 5. Then, we define for SNB the symbolic
reachability graph structure and the associated optimised
firing rule.

We plan to soon develop within the CPN-AMI Petri
net environment (http://move.lipé6.fr/software/
CPNAMI/) [19] both the extended formalism, the adaptation
of the symbolic reachability graph and the game-based
algorithms for control synthesis.
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