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class
Count Is 1..3;
JObS is 1..4;
Cores is 1..4:

domain
JK Is <Jobs, Counl>;
JKC Is <Jobs. Count, Cores>;
CJKC is <Cores. Jobs. Count. Cores>;

var
j in Jobs;
x, xl, x2.)(3, z 1r1 Cores;
k in Count;

Fig. 5. The multi-thre.1d system modelled with a SN

c1ess
Countls 1,.3;
JObS is 1..4;
Cores Is 1,.4:

domain
JK is <Jobs. Counl>;
JKC is <Jobs, Count, Cores>; k in Count;
CJKC is <Cores. Jobs. Count. Cores>; VI. V2 in bag(Cores);
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Fig. 6. The multi-thread system modelled with a SNB

• the set of cores i partitioned according to some hard­
ware configuration;

• all thread a ociatcd with one job are as igned to lave
core simultaneou Iy;

• every core can manage imultaneously a fixed maximal
number of thread (denoted in the sequel by Max­
ThreadsPerCore).

]) The SN model: [n figure 5 a job i initially generated
by transition GenJobs. A triple containing the job number,
the number of cOITesponding threads and the master core
J put to wait for being handled in place JobsWait. Thi
corresponds to the execution of an initialisation phase. ote
that place JobsGen contains the different configurations
that can occur in the y tem (marking M - for example
< J ,2>+<2,3> means that job 1 has two threads and job
2 has three thread ).

Then, depending on the numbcr of thread required, one
of the four tran ition lbk TCi assign k core with config­
uration i to the k threads. These cores, having the same
configuration as de cribed in Confl and Conf2 (the initial
markings of these places are respectively K and K'), are
removed from the set of FreeCores (with initial marking
M'= MaxThTeadsPeTCoTe x <Cores.all».

Markings K and 'is express d in a ymbolic way:
K = Zl + Z2 and K' = Z2 + Z3' Zi are called "dynamic
ubcla e" ( ee definition in ection TlI-B) whatever their

values. Z2 is the part Ihal is duplicated in places Con1] and
Conf2, Z\ the part located in Calif] only and Z3 the part
located in Conf2 only.

The information logged with the AllocatedCores is a 4-

tuple with the lave core, the job identifier, the number
of thread for this job, and the master core. This allows
for ensuring a clean termination at a later stage. When a
thread execution i finished (tran ition TEnds), the lave
core becomes free again. When all threads have finished,
a final phase takes place: the terminated thread (place
TennThreads) are discarded by transition JobEnds and the
master core is released, terminating the job execution.

One can note that there i a po ible deadl ck in thi
model when master threads consume cores that cannot then
be allo ared to lave rhread . In the ner, thi ca e corre p nd
to too many occurrence of GenJobs preventing the firing of
any lbk TGj transition.

This example reveals a major drawback of Symmetric
ets, represented by the V-shape in the upper part of figure 5.

We mu t duplicate the transitions in order to capture the
con umption of a variable number of token. It means that,
if we change the Count colour domain (denoting the number
of threads to associate with a given job), we must adapt the
series of transitions lbk TCi . This is nor very convenienr for
modellers. F1II1hermore, the ystem cannot be parameterised
ea ily, which i a problem.

2) The SNB model: A new version for the multi-threads
example is hown in figure 6. Th modified part i framed.

One can note that the numerou tran ition lb k TGi in the
net of figure 5 are now expressed using a single transition:
LbThreads. Configurations are now stored in one place:
Conjigs that contains Bag(Cores) tokens. Let us note that
the marking of Conjigs, K" is defined from K and K' by
K" = {K} U {K'} = whole(Z\ U Z2) U\ hole(Z2 U Z:J).

A bag of cores Y1 is selected among the free core', with
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the same cardinality as the number of threads to execute
(this i specified in the guard of transition LbThreads with
formula card (Y 1) =ord (k»). For the transition to be fired,
an available configuration where Yl <= Y2 (i.e. IIYIII ~
111.1"211 ) must be found (thi is expressed by the econd term
of the guard).

The job ends when all corresponding threads are ter­
minated, and they are removed simultaneously from place
TermThread as in the Symmetric et vel' ion of the example.

III. SYMBOLIC REACHABILITY GRAPH FOR S B

The symboli rea hability graph aim at reducing the
reachability graph size (thu rend ring v rification amenable)
by regrouping some "equivalent" marlcings into symbolic
markings and using a symbolic firing rule compatible w.r.t.
the normal firing rule. Thus, many properties of the model
like acces ibility, boundne or livene s can directly be
checked on the symbolic rea hability graph, allowing for the
analysis of larger pecifications.

A. Symbolic markings

Symboli marking are ba ed on the notion of admissible
permutations in the set of colour classes. An admissible
permutation i a family (J "" {ai}iEI uch that a permutation
(Ji of i fulfils: I) \:I ;.q, ai(Ci,q) "" i,q i.e., any item
of a tmic ubcla Ci •q of Ci i mapped to an item of
the same subclass and 2) if Ci is an ordered class then
admissible permutation are re tricted to rotation (the order
of an ordered class caml0t be modified).

Given these restrictions, the action of a permutation a
on a colour c of a place p, = Q9iEf.jEl.. I(p) c1 E

C(P), i defined by a(e) = Q9iEf.jEl..e,(p) ai(c{). We can
define the action of a on a marking rn by Vp E P, \:Ie E
C(p),<1.m(p)(O'( )) = m(p)(c). ote that the enabling rule
for a transition i' preserved when applying an admi sible
permutation on a marking and on a transition OCCUITence:

rn[(t, c))rn' {:=} a.rn[(t,a(c))}a.rn'

Thus, markings obtained with the application of a permu­
tation for a given marking m are "equivalent" in terms of
behaviour. Therefore an equivalence class of markings can be
defined: m ~ rn' {:=} 3ala.rn = rn', yielding equivalence
classes named symbolic marking and denoted M.

The first problem is the repre entation of a symb lie
marking. De cribing an equivalence class of a set with its
own elements is obviously very exp nsive in terms of storage
and brings no advantage W.r.t. the explicit rea hability graph.
To tack Ie thi. problem, a fi r. t approach [12], [13] r presen~

an equivalence class with one of its elements (i.e. a marking).
This method reduces the storage requirement for markings
but doe not provide any aving W.r.t. the tate tran ition
issued from these marking .

An alternative approach [7) con i t in a symbolic repre-
entation of both th marlcings (inside an equivalence cia s)

and the transitions i ued from these marlcing . Ob erve that
the number of transitions issued from a marking of a S
may be exponential W.r.t. the size of the S and thus, the
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ymbolic firing rule is mandatory Ln order to manage large
models.

B. Symbolic marking representation

Let m be an explicit marking. Roughly peaking, we fir t
partition every static subcla s (C;,q) such that inside the
partition, two colours have the same distribution of tok n
component corresponding to the class i for m. Then,
forgetting the identitie of colour inside any partition but
memorizing the ize of this partition lead to our ymbolic
marking representation.

More formally, we define for every clas i a set of
dynamic subclasses {Z1 h;";j;";m; such that every Z{ has two
attribute: its cardinality (card(Z{)) and the index of the
static subcla it belongs to (d(Z{)). Given these partition,
the symbolic marking (rnrwk) is represented as an ordinary
marking where the dynamic ubclas e are ub tituted to
colours. The following definition formalises the character­
istics of a symbolic marking representation.

Definition 12 (Symbolic marking representation):
A ymbolic marking representation of a S B,
M = (m,card,d,mark) is defined by:

• m: I >--4 IN' defines the number of dynamic ubclasses
for every class Ci . m(i) is also denoted mi and C; =
{Z{ I 0 < J ~ mil denote the set of dynamic
subcla ses of Ci .

• card : UiEl Oi >--4 IN" denote the size of every
dynamic ubcla s.

• d: UiEf Oi >--4 • denotes the index of the correspond-
ing static subcla s to which every dynamic subclass be­
longs. Hence d and card fulfil the following constraints:

I) d(Z1) E {I,... oil i.e. d(Z{) i the index ofa tatic
ubcla of Ci .

2) L;d(zf)=q card(Zl) = ni,q: the size of a static
ubc1ass is the urn of the sizes of the dynamic
ub las es that belong to it.

3) \:Ii E I VI ~ j < j' ~ mi,d(Zi) ~ d(Z{): the
dynamic subcla ses are ordered W.r.t. the order of
tatic ubclasses.

• rna1'k a ociate with everx place p a ymbolic content:
rna1'k(p) E Bag(Q9iEl( ;) ;(v)Q9iEfBag(~i)e:(p»).
Then dynamic. ubclas. e. act as colour. for ordinary
markings.

The semantics of a symbolic marking repre entation is a
et of equivalent ordinary markings.

Definition 13 (Symbolic representation semantics): Let
M be a symbolic marking representation. Then the set ffMD
of associated ordinary marking is defined by rn E ffMD iff:

• \:Ii E I, 30'i : Ci >--4 8i ; O'i distributes the colours
among the dynamic ubcla ses. A usual, we linearly
extend O'i to a mapping from Bag(Ci) to Bag(Oi)'

• \:Iz.{ E Gi ,IO';l(Zl)1 = card(Z1) ; these mappings
mu t preserve the ize con traint .

• \:I 1,0:;1 (Z1) ~ Ci ,d(Z1) ; these mappings must pre­
serve the tatic subclass constraint .
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Fig. 7. Example of symbolk firing

• 'rip E P, 'ric E C(p) with

c =0 iEJ.jEl..e,(P) Ci,j 0 iE J.jEl..e;(p) bi .j :

m(p)( ) = mark(p)(0iEJ.jEl..e,(p) ai(Ci.j)

0iEJ.jEI.. ;(p) ai(bi .j ))

the marking of a place must be preserved by the
symbolic transformation.

• When Ci is ordered, 'rIZ13c E ai1(Zl) such that
.(1 ) E z~j mod m;)+l d w' E ;-l(Zi) , -J.a, .C, an vC a, l' C r

C, <li(C') E Zf ; the in tantiation via <li of dynamic
subclasscs must prc crvc thc ordcr of C,.

It mu t be empha ized that different I' pre entation yield
the ame et of explicit marking . However, it i po ible to
define and compute a canonical repre entation a developed
in the appendix [18]. Roughly peaking a ymbolic repre­
sentation i canonical if th number of dynamic ubc)ass s is
minimal and the numbering of dynamic subclasses ensures
that the repre entation is minimal W.r.t. some lexicographic
ordering.

C. Symbolic firing rule

The second step in the symbolic reachability graph con­
struction is the design of a symbolic firing rule for ymbolic
markings. Our goal is to "produce" and "consume" dynamk
subclasses in tead of colours. A dynamic subclass is elected
for each occurrence of a class in the colour domain. However,
assume that we instantiate variable Xb, with the dynamic
$ubcla Z,k. Such an in tantiation i sound iff ca7'd(Zf) = 1
(meaning that this subcla i reduced to a ingle colour).

Furthermore, the in tantiation of y B
j

( ) hould requirea.g t

to select I) only a subset of colours in some Zt and 2)
to select colours from different zl:. Thus in order for the

ymbolic rule to correspond to the explicit firing rule, we
need to preprocess a symbolic representation M. The goal
of this preprocessing, called splitting, is to produce M I uch
that [MD = [MID and the cardinality of every dynamic
ubcla of M I i ).

Once thi plitting ha been performed, the tran ition i
fired as in dcfinition I I with dynamic ubcla scs in tcad of
colours; thi lead to a new symbolic marking. However, this
lring include. an optimi. ation step that reduces the number
of possible instantiations.

Rather than formally define th optimisation, we illu trat
it on figure 7. It first shows the symbolic marking obtained
after the plitting. Applying u ual in tantiation, variable Y
could be associated with any bag l:iEJ zi for any J ~
{I, ... , nil, nl being the maximal cardinality of dynamk

ubclasses in YJaO(c.)" Thi would lead to 2nl different
firing.

However, we re9uire that if a dynamic ubcla Zf occurs

in Y thcn any Zl with j' < j also occur in Y. This re­
striction does not eliminate any a ociated explicit firing due
to the semantics of symbolic markings. ow, the number of
differcnt firing i only nl. This constraint can be generali ed
to any number of variables occurring in a transition by an
arbitrary order over these variable .

In this case, let Z{, Z{ obtained by the splitting of
the arne dynamic subclass with j' < j. We require that

if zl occurs in the in tantiation of a variable, then Z{
occurs either in the instantiation of the same variable or
of a previous variable. We emphasize that this reduction is
impossible with the approach in [12], [13].

The last step is the canonisation of the repre entation. The
whole process is formally described in [18].
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Example: Our approach preserves the use of symbolic
states together with bag functions. For example, let us
consider the model of figure 5 with 1U f containing 4 available
core, and !VI containing 4 configuration (two requiring two
additional cores and two requiring three additional core ).
If there is at least: 3 occurrences of GenJobs prior to any
occurrence of IbiTCj the system will inevitably become
deadlocked in the following configuration: there is no token
in either AllocaledCores or FreeCore - one ymbolic state.
In the S B of figure 6, the ame configuration i the singl
symbolic state representing a deadlock.

Thus, the introduction of bag can only reduce the size of
the symbolic reachability graph.

Moreover, it may also reduce the number of symbolic
firings (those that are expensive in terms of CPU usage). For
example, the firing of both Ib2TCl and Ib2TC2 in the m del
of figure 5 correspond to only a ingle firing of LbThreads
in the model of figure 6.

IV. Co CL 10

In thi paper, we have extended the symbolic reachability
graph and its related symbolic firing to Symmetric ets with
bags in tokens ( B) as introduced in [13].

SNB have two main advantages. First the use of bags in
Symmetric nets allows for easier and more readable mod­
elling. The Petri net specification can thus be parameterised
without change in it tructure (e.g. adding place or tran i­
tions). Hence, the specifier doe not have to concentrate on
choosing tricks or duplicating large parts of net . Moreover,
these could lead to bad choices that would hamper the
analysi capabilitie.

Second, it enables the u e of the symbolic reachability
graph teChnique, thu allowing for analy ing larg P tri n t .
Our approach maintain a low complexity on th symbolic
reachability graph can truction , contrary to previou work
like [12], [13].

To achieve this goal, we provide a new consistent et of
definition for S B. We show on an example in figure 6
the advantages of S Boa more conc'se modelling: a
ingle tran ition corre ponds to everal imilar one in the

S model of figure 5. Then, we define for S B the symbolic
reachability graph tructure and the a ociated optimi ed
firing rule.

We plan to soon develop within the CP -AMI Petri
net environment (http://move .lip6. fr / software/
CPNAMI/) [19] both the extended formalism, the adaptation
of the ymbolic reachability graph and the game-ba ed
algorithm for control ynthe. i .
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