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Stefan Göller1 and Anthony Widjaja To2

1 Universität Bremen, Institut für Informatik, Germany
2 Oxford University Computing Laboratory, UK

Abstract. Ground tree rewrite systems (GTRS) are an extension of pushdown systems with the ability
to spawn new subthreads that are hierarchically structured. In this paper, we study the following prob-
lems over GTRS: (1) model checking EF-logic, (2) weak bisimilarity checking against finite systems,
and (3) strong bisimilarity checking against finite systems. While they are all known to be decidable,
we show that problems (1) and (2) have nonelementary complexity, whereas problem (3) is shown to
be incoNEXP by finding a syntactic fragment of EF whose model checking complexity is complete
for PNEXP. The same problems are studied over a more general but decidable extension of GTRS called
regular GTRS (RGTRS), where regular rewriting is allowed. Over RGTRS we show that all three prob-
lems have nonelementary complexity. We also apply our techniques to problems over PA-processes, a
well-known class of infinite systems in Mayr’s PRS (Process Rewrite Systems) hierarchy. For example,
strong bisimilarity checking of PA-processes against finite systems is shown to be incoNEXP, yielding
a first elementary upper bound for this problem.

1 Introduction

Pushdown systems (PDS) are natural abstractions of sequential programs with unbounded recursions. The
problems of verifying pushdown systems have hitherto been well-studied (cf. [2, 25, 26]). In addition to re-
cursions, concurrency is indisputably another feature that commonly arises in real-world programs. Multi-
threading is often introduced by design, e.g., to achieve speedup or to make programming more convenient.

Ground tree rewrite systems (GTRS) (cf. [4, 8, 9, 14]), whichwere also studied under the name ground
term rewrite systems in the rewriting community, are an extension of PDS with the ability to spawn new
subthreads that are hierarchically structured, which in turn may terminate and return some values to their
parents. While the rules of a PDS rewrite a prefix of a given word, the rules of a GTRS rewrite asubtree
of a given tree. The decidability status for many standard verification (i.e. model checking and equivalence
checking) problems over GTRS is well-known. For example, reachability, recurrent reachability, and fair
termination are decidable (cf. [4, 7, 14, 22]). Moreover, model checking first-order logic with reachability
predicates is decidable [9], which implies the decidability of model checking the common fragment of
Computation Tree Logic (CTL) known as EF-logic. In turn, by areduction to EF-logic (as shown in [11]),
we also obtain the decidability of the problems of weak/strong bisimilarity checking against finite systems
over GTRS. In fact, most of these decidability results are known to hold for regular GTRS (RGTRS)
[14], which are a well-known extension of GTRS with more general rewrite rules that are given by tree
automata1. On the negative side, it is known that most linear-time and branching-time logics — such as
LTL and CTL — have undecidable model checking problems over GTRS (cf. [14, 24]). This is in stark
contrast with pushdown systems, over which model checking monadic second-order logic is still decidable
[17].

The precise complexities of some verification problems overGTRS and extensions thereof are also
known. For example, reachability and recurrent reachability are polynomial time solvable even for RGTRS
(cf. [14]). In contrast, model checking first-order logic with reachability predicates over GTRS has nonele-
mentary complexity [21] since the infinite binary tree with adescendant can be easily generated by a fixed
GTRS (in fact, by a one-state pushdown system). The precise complexity of EF-logic model checking over
GTRS (and extensions thereof) was stated as an open questionin [14]. The best known upper bound is
currently nonelementary, while the best known lower bound is only PSPACE (which holds already for
pushdown systems [2, 26]). Likewise, for the problems of strong/weak bisimilarity checking against finite

1 This extension is analogous to howprefix-recognizable systems[5] extend PDS.



systems over GTRS (and RGTRS), the best known upper bound is nonelementary, while the best known
lower bound is onlyPSPACE (which holds already for pushdown systems [13, 20]). Interestingly, the same
nonelementary gaps are also currently present (cf. [20]) when these three problems are considered over
similar infinite-state models like PA and PAD processes, which are well-known classes of infinite systems
in Mayr’s PRS (Process Rewrite Systems) hierarchy (cf. [16]). Note that these three problems are only
PSPACE-complete over pushdown systems (cf. [2, 13, 20, 26]).

Contributions. We investigate the following verification problems over GTRS (and the extension RGTRS):
(1) model checking EF-logic, (2) weak bisimilarity checking against finite systems, and (3) strong bisimi-
larity checking against finite systems. Such problems are arguably the most basic verification problems over
infinite-state systems, especially in the concurrent setting (cf. [16]). Our main contribution is to pinpoint
the complexity of these problems.

The starting point of our paper is a proof that EF-logic modelchecking over GTRS has a nonelementary
complexity, already when considering EF formulas with two occurrences of EF operators that are nested.
This shows that the existing automata-based algorithms forthe problem (cf. [7, 9, 14]) are in some sense
optimal answering Löding’s open question [14]. The lower bound proof is achieved by an exponential
reduction from the decidable first-order theory over finite words, which is well-known to have a nonele-
mentary complexity [21]. With the same arguments one can also show that Hennesy-Milner logic (i.e. the
fragment with no EF operators) suffice to show the nonelementary lower bound over the more general class
of RGTRS.

We then proceed to look at the fragmentEF1 of EF-logic consisting of formulas with EF operator nest-
ing depth at most one (i.e. in the parse tree of the formula, every branch has at most one occurence of the
operator EF). This fragment is interesting for two reasons.Firstly, as mentioned above, our proof of the
nonelementary lower bound for problem (1) over GTRS requires precisely two nested occurrences of EF
operators. Secondly, there is a polynomial time reduction from problem (3) to the problem of model check-
ing EF1 formulas over GTRS if the formulas are represented as DAGs, which are single-exponentially
more succinct than the standard tree representation of formulas. Our result is that the problem of model
checkingEF1 over GTRS isPNEXP-complete (i.e. within the second level of the exponential hierarchy).
This result cannot be obtained by simply applying the existing automata-based algorithms for EF-logic
model checking (cf. [7, 9, 14]). Moreover, a further analysis of our proof shows that problem (3) is solvable
in coNEXP. This has substantially closed the nonelementary gap with the best known lower bound for
the problem, which isPSPACE. In fact, these proof techniques can be easily applied to derive better up-
per/lower bounds for verification problems PA-processes: (1) strong bisimilarity checking of PA-processes
against finite systems is solvable incoNEXP giving the first elementary upper bound for this problem (cf.
[20]), and (2) model checking EF-logic over PA-processes isPNEXP-hard improving the best known lower
bound ofPSPACE for the problem (cf. [16]).

We then consider two natural extensions of the problem of checking strong bisimilarity against finite
systems over GTRS: (i) checking strong bisimilarity against finite systems over the more general class
RGTRS, and (ii) checking weak bisimilarity against finite systems over GTRS. In contrast, it turns out
that both of these extensions have a nonelementary complexity. These results are the most technically
involved in this paper with the lower bound proof of problem (ii) building upon the lower bound proof of
problem (i). Bisimilarity checking has a standard interpretation as a game between two players (cf. [13])
called Attacker (who aims to show non-bisimilarity) and Defender (who aims to show bisimilarity). The
difficulty of proving a complexity lower bound for bisimilarity checking problem is due to the asymmetry
between the power of Attacker and Defender (Attacker is often more powerful) in such games. Known
lower bound techniques for bisimilarity checking, a.k.a. “Defender’s forcing”, are often implemented by
the help of finite control unit, which many infinite-state models have (e.g. PDS and Petri nets). The difficulty
of providing Defender’s forcing techniques in the absence of finite control unit is witnessed by the plethora
of open problems concerning decidability/complexity of equivalence checking over infinite-state models
like PA and PAD processes (cf. [20]). The lack of global finitecontrol unit often means that Defender does
not have animmediateway of punishing Attacker (i.e. forcing him not to do something bad). In the case of
GTRS or RGTRS, this means that at any given time Attacker may replace any of (potentially unbounded
number of) the subtrees that are present in the current configuration (i.e. a tree). In this paper, we provide
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Model
checking

GTRS RGTRS

EF0 PSPACE-complete

EF1 PNEXP-complete

EFk, k≥2 NONELEMENTARY

Bisimilarity
against finite

systems
GTRS RGTRS

∼ PSPACE · · · coNEXP

≈ NONELEMENTARY

Table 1.Overview of our results

the first methods for implementing Defender’s forcing technique over infinite-state models that lack finite-
control unit resulting in strong (i.e. nonelementary) lower bounds.

Our results for (R)GTRS are summarized in Table 1.

Related work. Other related problems over GTRS have been shown to be decidable: confluence (cf. [8]),
model checking fragments of LTL [23], and generalized recurrent reachability [24].

Several other extensions of PDS with multithreading capabilities have been considered in [3, 12, 16,
19]. Among these extensions, the class of process rewrite systems [16], which generalize both Petri nets
and pushdown systems by providing hierarchical structuresto threads, seem to have tight connections with
GTRS. It is interesting to note that there is also a nonelementary gap between the best known upper/lower
bounds for EF-logic model checking and strong/weak bisimilarity checking against finite systems over
two proper subclasses of process rewrite systems known as PA-processes and PAD-processes (cf. [15, 16,
20]). PA-processes have also been shown to be a good abstraction of parallel programs for the purpose of
interprocedural data-flow analysis (cf. [10]).

Organization. Section 2 contains preliminaries. In Section 3, we analyze the complexity of model check-
ing EF-logic (and its fragments). We prove a nonelementary lower bound for strong bisimilarity checking
against finite systems in Section 4. Results concerning weakbisimilarity checking against finite systems
for GTRS are discussed in Section 5. Section 5 depends on Section 4 which in turn depends on Section 3.1.

Finally, in Section 6 we show applications of our techniquesto problems over PA-processes.

2 Preliminaries

2.1 General notations

LetX be a set and letR,S ⊆ X×X be a binary relation. ByR+ (resp.R∗) we denote thetransitive (resp.
reflexive transitive) closureofR and byR ◦S = {(x, y) | ∃z ∈ X : (x, z) ∈ R and(z, y) ∈ S} we denote
the compositionof R andS. By Z we denote theintegersand byN we denote the set ofnon-negative
integers. For eachi, j ∈ Z, we denote by[i, j] the interval{i, i + 1, . . . , j − 1, j}. Let f : X → Y be
a partial function. Then we denote by dom(f) = {x ∈ X | ∃y ∈ Y : f(x) = y} the domainand by
ran(f) = {y ∈ Y | ∃x ∈ X : f(x) = y} the rangeof f . Throughout the rest of this paper, we fix a
countable set ofaction labelsAct.
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2.2 Complexity theory

We assume familiarity with Turing machines (TMs), alternating Turing machines (ATMs) and the standard
complexity classes. In this paper we the following complexity classes are of relevance:

– P: Deterministic polynomial time.
– PSPACE: (Non)deterministic polynomial space.
– AP: Alternating polynomial time. It is well-known thatAP = PSPACE.
– NEXP: Nondeterministic exponential time.
– coNEXP: The complements of all languages inNEXP.
– PNEXP: The problems solvable in deterministic polynomial time with oracle access to some language

in NEXP. This class is contained in the second level of the exponential hierarchy which is in turn
contained inEXPSPACE. By a recent result of Allender, Koucky, Ronneburger and Roy[1] it is known
thatPNEXP = PSPACENEXP.

– k-EXP: Deterministick-fold exponential time.
– ELEMENTARY:

⋃
k k-EXP

Unless stated otherwise,reductionsare always polynomial time many-to-one reductions. Let us define
the tower functionTOWER : N → N asTOWER(0) = 1 andTOWER(n + 1) = 2TOWER(n) for each
n ∈ N. For a thorough introduction to complexity theory, we referthe reader to the textbook [18].

2.3 First-order logic over words

A (binary)word is a finite sequencea1a2 . . . an, whereai ∈ {0, 1} for eachi ∈ [1, n]. We identify such a
word with the logical structure

w = (U,P0, P1, <)

with universeU = [1, n], unary predicatesPa = {i ∈ [1, n] | ai = a} for eacha ∈ {0, 1} and the binary
predicate<.

Formulas of first-order logic are given by the following grammar, wherex andx′ range over a countable
set of variables:

ϕ ::= P0(x) | P1(x) | x < x′ | ¬ϕ | ϕ ∧ ϕ | ∃x.ϕ

We introduce the usual abbreviations∀x.ϕ andϕ1 ∧ ϕ2. A sentenceis a formula that does not contain any
free variables. We assume that formulas of first-order logicare given in prenex normal form. Let us define
the following decision problem.

FIRST-ORDER THEORY OVER WORDS

INPUT: A first-order sentence∃x1∀x2 . . . ∃x2n−1∀x2n ϕ(x1, . . . , x2n) in prenex normal-form.
QUESTION: Doesw |= ϕ hold for allw ∈ {0, 1}∗?

The following result is a well-known result due to Stockmeyer.

Theorem 1 ([21]).The first-order theory over words is nonelementary.

2.4 Logic and strong/weak bisimulation equivalence

A transition systemis a tupleS = (C,A, {
a
−→| a ∈ A}), where

– C is a set ofconfigurations,
– A ⊆ Act is some finite set ofactions, and
– a
−→⊆ C × C is a set of transitions for each actiona ∈ A.

Let us fix a subsetΣ ⊆ A of S’s actions. By
Σ
−→ we abbreviate

⋃
a∈Σ

a
−→. We prefer to use the infix

notationc
a
−→ d instead of(c, d) ∈

a
−→. Similar remarks apply to

Σ
−→. We say thatS is finite in caseC is

finite – we often use the identifierF to refer to finite transition systems.
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Logic Let us fix a finite set of actionsA ⊆ Act. Formulas of EF-logic are given by the following grammar,
whereΣ ⊆ A:

ϕ ::= true | ¬ϕ | ϕ ∧ ϕ | 〈Σ〉ϕ | 〈Σ∗〉ϕ

We introduce the usual abbreviationsfalse = ¬true, ϕ1 ∨ ϕ2 = ¬(¬ϕ1 ∧ ¬ϕ2), [Σ]ϕ = ¬〈Σ〉¬ϕ,
and[Σ∗]ϕ = ¬〈Σ∗〉¬ϕ. Sometimes we avoid the usage of negation and assume that these abbreviations
are used (however, we say this explicitly when abbreviations are used). All of our lower bound proofs can
easily be adapted for the more restricted version ofEF logic that does not allow to parametrize over subsets
Σ (rather onlyΣ = A is allowed).

For each transition systemS = (C,A, {
a
−→| a ∈ A}) and each EF-formulaϕ (overA) define the set

of all configurations[[ϕ]]S ⊆ C that satisfyϕ by induction on the structure ofϕ as follows:

[[true]]S = C

[[¬ϕ]]S = C \ [[ϕ]]S

[[ϕ1 ∧ ϕ2]]S = [[ϕ1]]S ∩ [[ϕ2]]S

[[〈Σ〉ϕ]]S = {c ∈ C | ∃d ∈ [[ϕ]]S : c
Σ
−→ d}

[[〈Σ∗〉ϕ]]S = {c ∈ C | ∃d ∈ [[ϕ]]S : c
Σ
−→

∗

d}

We write(S, c) |= ϕ wheneverc ∈ [[ϕ]]S. TheEF nesting depthnd(ϕ) of anEF-formulaϕ is inductively
defined as follows:

nd(true) = 0

nd(¬ϕ) = nd(ϕ)

nd(ϕ1 ∧ ϕ2) = max{nd(ϕ1), nd(ϕ2)}

nd(〈Σ〉ϕ) = nd(ϕ)

nd (〈Σ∗〉ϕ) = nd(ϕ) + 1

For eachi ≥ 0, we denote byEFi the syntactic fragment ofEF restricted to formulas of EF nesting depth
at mosti. We remark thatEF0 is Henessy-Milner logic (HM).

Strong bisimulation equivalence Let S1 = (C1,A, {
a
−→1| a ∈ A}) andS2 = (C2,A, {

a
−→2| a ∈ A})

be two transition systems over a common set of actionsA. A relationR ⊆ C1×C2 is astrong bisimulation
if for each(c1, c2) ∈ R the following two conditions hold for eacha ∈ A:

– for everyc1
a
−→1 c

′
1 there is somec2

a
−→2 c

′
2 with (c′1, c

′
2) ∈ R.

– for everyc2
a
−→2 c

′
2 there is somec1

a
−→1 c

′
1 with (c′1, c

′
2) ∈ R.

We say thatc1 is strongly bisimilarto c2 (abbreviated byc1 ∼ c2) whenever there is a strong bisimulation
R such that(c1, c2) ∈ R.

Weak bisimulation equivalence Let us fix asilent actionτ 6∈ A and letAτ = A ∪ {τ}. Moreover let
S1 = (C1,Aτ , {

a
−→1| a ∈ Aτ}) andS2 = (C2,Aτ , {

a
−→2| a ∈ Aτ}) be two transition systems over

the common set of actionsAτ . We define the binary relations
τ

=⇒i= (
τ
−→i)

∗ and
a

=⇒i= (
τ
−→i)

∗◦
a
−→i

◦(
τ
−→i)

∗ for eacha ∈ A and for eachi ∈ {1, 2}. A binary relationR ⊆ C1 ×C2 is aweak bisimulationif
for each(c1, c2) ∈ R the following two conditions hold for eacha ∈ Aτ :

– for everyc1
a
−→1 c

′
1 there is somec2

a
=⇒2 c

′
2 with (c′1, c

′
2) ∈ R.

– for everyc2
a
−→2 c

′
2 there is somec1

a
=⇒1 c

′
1 with (c′1, c

′
2) ∈ R.

We say thatc1 is weakly bisimilarto c2 (abbreviated byc1 ≈ c2) whenever there is a weak bisimulationR
such that(c1, c2) ∈ R.
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Game characterization of strong/weak bisimulation equivalence Strong (resp. weak) bisimilarity can
also be described by simple pebble games between two players: Attacker and Defender. Attacker’s goal
is to prove that two given processes arenot strongly (resp.not weakly) bisimilar, while Defender tries to
prove otherwise. We will refer to Attacker ashim and to Defender asher. In every round of the game,
there is a pebble placed on a unique state in each transition system. Attacker then chooses one transition
system and moves the pebble from the pebbled state to one of its successors by an action

a
−→, wherea ∈ A

(resp.a ∈ Aτ ). Defender must imitate this by moving the pebbled state from the other system to one of
its successors by the same action

a
−→ (resp.

a
=⇒). If one player cannot move, then the other player wins.

Defender wins every infinite game. Two configurationsc1 andc2 are strongly/wealy bisimilar (resp. not
strongly/weakly-bisimilar) if and only if Defender (resp.Attacker) has a winning strategy on the game with
initial pebble configuration(c1, c2).

2.5 (Regular) ground tree rewriting systems

Ranked trees Let� denote the prefix order onN∗, i.e.x � y for x, y ∈ N∗ if there is somez ∈ N∗ such
thaty = xz, andx ≺ y if x � y andx 6= y. A ranked alphabetis a collection of finite and pairwise disjoint
alphabetsA = (Ai)i∈[1,k] for somek ≥ 0. For simplicity we identifyA with

⋃
i∈[1,k]Ai. A ranked tree

(over the ranked alphabetA) is a mappingT : DT → A, whereDT ⊆ [1, k]∗ satisfies the following:

– DT is non-empty, finite and prefix-closed,
– for eachx ∈ DT with T (x) ∈ Ai we havex1, . . . , xi ∈ DT andxj 6∈ DT for eachj > i.

We say thatDT is thedomainof T – we call these elementsnodes. In caseT (x) ∈ A2 for some nodex,
thenx1 is the left child andx2 the right child of x. A leaf is a nodex with T (x) ∈ A0. We also refer to
ε ∈ DT as theroot of T . By TreesA we denote the set of all ranked trees over the ranked alphabetA.

Let T be a ranked tree and letx be a node ofT . We definexDT = {xy ∈ [1, k]∗ | y ∈ DT } and
x−1DT = {y ∈ [1, k]∗ | xy ∈ DT }. By T ↓x we denote thesubtree ofT with root x, i.e. the tree with
domainDT↓x = x−1DT defined asT ↓x(y) = T (xy). Let S, T ∈ TreesA and letx be a node ofT .
We defineT [x/S] to be the tree that is obtained by replacingT ↓x in T by S, more formallyDT [x/S] =
(DT \ xDT↓x) ∪ xDS with

T [x/S](y) =

{
T (y) if y ∈ DT \ xDT↓x

S(z) if y = xz with z ∈ DS.

Define|T | as the number of nodes in a treeT . We will also use the identifiert to refer to ranked trees, in
particular to refer to subtrees.

Regular tree languagesA nondeterministic tree automaton (NTA)is a tupleA = (Q,F,A,∆), where
Q is a finite set ofstates, F ⊆ Q is a set offinal states, A = (Ai)i∈[1,k] is a ranked alphabet, and
∆ ⊆

⋃
i∈[1,k]Q

i × Ai × Q is thetransition relation. A run of A on some treeT ∈ TreesA is a mapping
ρ : DT → Q such that for eachx ∈ DT with T (x) ∈ Ai we have(ρ(x1), . . . , ρ(xi), t(x), ρ(x)) ∈ ∆.
We sayρ is acceptingif ρ(ε) ∈ F . By L(A) = {T ∈ TreesA | there is an accepting run ofA onT }. A
set of treesS ⊆ TreesA is regular if S = L(A) for some NTAA. Thesizeof an NTAA is defined as
|A| = |Q|+ |A|+ |∆|. By Trees

≤n
A = {T ∈ TreesA : |T | ≤ n} we denote the set of all trees overA with

at mostn nodes.

Ground tree rewriting systems and regular ground tree rewriting systems A ground-tree rewriting
system (GTRS)is tupleR = (A,A, R), whereA is a ranked alphabet,A ⊆ Act is finite set of actions, and

R is finite set of rewriting rules of the formS
a
→֒ S′, whereS, S′ ∈ TreesA anda ∈ A. The transition

system defined byR is S(R) = (TreesA,A, {
a
−→| a ∈ A}), where for eacha ∈ A, we haveT

a
−→ T ′ if

and only if there is somex ∈ DT and some ruleS
a
→֒ S′ in R such thatT ↓x = S andT ′ = T [x/S′]. A

regular ground tree rewriting system (RGTRS)is a tupleR = (A,A, R), whereA andA is the same as for

GTRS but whereR is finite set of rewriting rulesL
a
→֒ L′, whereL andL′ are regular tree languages given
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as NTA. The transition system defined by a RGTRSR is S(R) = (TreesA,A, {
a
−→| a ∈ A}), where for

eacha ∈ A, we haveT
a
−→ T ′ if and only if there is somex ∈ DT and some ruleL

a
→֒ L′ ∈ R such that

T ↓x = S andT ′ = T [x/S′] for someS ∈ L and someS′ ∈ L′.

2.6 Decision problems

In this paper we will be interested in the following decisionproblems.

EF MODEL CHECKING

INPUT: A (R)GTRSR = (A,A, R), T ∈ TreesA and an EF-formula formulaϕ.
QUESTION: Does(S(R), T ) |= ϕ hold?

The analogous question can be asked for the syntactic fragmentsEFi of EF. The following upper bound on
EF model checking is proven in the PhD thesis of Löding[14].

Theorem 2 ([14]). EF model checking of (R)GTRS is decidable in timeTOWER(O(n)).

STRONG BISIMILARITY CHECKING AGAINST FINITE SYSTEMS

INPUT: A (R)GTRSR = (A,A, R), T ∈ TreesA, a finite transition systemF = (C,A, {
a
−→| a ∈

A}) and a configurationc ∈ C.
QUESTION: DoesT ∼ c hold in the pair of transition systems(S(R),F)?

WEAK BISIMILARITY CHECKING AGAINST FINITE SYSTEMS

INPUT: A (R)GTRSR = (A,Aτ , R), T ∈ TreesA, a finite transition systemF = (C,Aτ , {
a
−→|

a ∈ Aτ}) and a configurationc ∈ C.
QUESTION: DoesT ≈ c hold in the pair of transition systems(S(R),F)?

The following two propositons state that strong and weak bisimilarity checking can be reduced to model
checking (syntactic fragments of)EF logic: Both reductions were proven in [11], but we also referthe
reader to [13].

Proposition 3 ([11], [13] Corollary 1). The following is computable in polynomial time:
INPUT: An instanceR, T,F, c of strong bisimilarity checking against finite systems.
OUTPUT:EF0 formulasϕ1, ϕ2 in DAG-representation such that

T ∼ c if and only if (S(R), T ) |= ϕ1 ∧ [A∗]ϕ2.

Proposition 4 ([11], [13] Theorem 1). The following is computable in polynomial time:
INPUT: An instanceR, T,F, c of weak bisimilarity checking against finite systems.
OUTPUT: AnEF formulaϕ in DAG-representation such that

T ≈ c if and only if (S(R), T ) |= ϕ.

3 Model Checking

3.1 EF2 (resp.EF0) is nonelementary over GTRS (resp. over RGTRS)

In this section we prove that model checkingEF2 over GTRS has nonelementary complexity. Very similarly
one can prove thatEF0 model checking over RGTRS is nonelementary. For this, let usfix a first-order
sentence interpreted over binary words

ψ = ∃x1∀x2 . . . ∃x2n−1∀x2n ϕ(x1, . . . , ϕ2n).
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For technical reasons, we will assume without loss of generality that w 6|= ψ for each binary wordw
with |w| < 2. Our goal is to compute in exponential time a GTRSR = (A,A, R), some initial tree
start ∈ TreesA ∩A0 and anEF2-formulaθ such that

∃w ∈ {0, 1}∗ : w |= ϕ if and only if (S(R), start) |= θ.

Intuitively speaking, the wordw that witnessesw |= ϕ will be represented by the yield string of some tree
(i.e. the string that one obtains by ordering the leaves in a standard preorder traversal) that is ’downward’
reachable from the singleton treestart of the GTRS. After this tree has been guessed, it will be checked
via a bottom-up simulation of some NTA whether the yield string of this reached tree indeed satisfiesψ.

We define as action labelsA = {ai | i ∈ [1, 2n]} ∪ {down, up0, up1, up2}. Let us define the set of
proper leaf labelsP .

Definition 5 (Proper leaf labels). P =
((

2[1,2n] ∪ {⊥}
)
× {0, 1}

)
.

We define the ranked alphabetA = (Ai)i∈{0,1,2} ofR as follows, where the setQ will be defined later:

A0 = {start} ∪ P ∪Q

A1 = {root}

A2 = {⋆}

The first-component label⊥ will not be relevant in this proof, however we will need this label in
subsequent proofs.
The regular tree languageCombs consists of precisely those treesT ∈ TreesA that satisfiy the following
conditions:

1. T−1(root) = {ε}, i.e. the (one and) only node ofT that is labeled withroot is the root ofT .
2. For every leafx of T we haveT (x) ∈ P .
3. For each inner nodex 6= ε of T we have

– T (x) = ⋆.
– x has a left child that is a leaf.

4. There is at least one inner nodex (in particularT (x) = ⋆ holds by Point 3.) that is a child of the root
ε.

For eachI ⊆ [1, 2n] define the regular tree languageCombsI to consist of precisely those combsT ∈
Combs that satisfy the following conditions:

– For every leafx of T we haveT (x) ∈ 2I × {0, 1}.
– For each two distinct leavesx, x′ of T with T (x) = (J, α) andT (x′) = (J ′, α′) we haveJ ∩ J ′ = ∅.
– I =

⋃
{J | x is a leaf ofT andT (x) = (J, α)}

Example 6.Example for a tree inCombs{2,3,5,7}

root

⋆⋆

(∅, 0) ⋆

({2, 5}, 1) ⋆

({3}, 1) ⋆

(∅, 0) ({7}, 1)
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Let us fix a combT ∈ Combs. Intuitively, think of the sequence of thesecond componentsof leaf labels
of T (i.e. the second-component projection of the labels of the yield of T ) to correspond to a binary word,
and moreover, for each leafx of T , think of thefirst componentof T (x) to correspond to the index set of
variables{x1, . . . , x2n} of ϕ that have been bound to the corresponding position in the word. Hence every
comb inCombsI corresponds to a unique binary word along with a variable valuation with domainI.

By Combsϕ (resp.Combsϕ) we denote the trees fromCombs[1,2n] whose word and variable assignment
interpretation satisfies (resp. does not satisfy)ϕ.

The following rules allow to reach all members ofCombs∅ from the singleton treestart:

start
down
→֒

root

⋆

(∅, α) ⋆

⋆
down
→֒

⋆

(∅, α) ⋆

⋆
down
→֒ (∅, α)

Next, we add the following rules that allow to rewrite the leafs of combs with the intended meaning to
assign variablexi to the leaf via the actionai:

(I, α)
ai

→֒ (I ∪ {i}, α) for eachi ∈ [1, 2n] and for eachα ∈ {0, 1}

In a next step, we compute in exponential time in|ψ| a nondeterministic tree automatonA = (Q,F,A,∆)
that acceptsCombsϕ. We add the state setQ toA0 of our GTRSR. Then we add the following rewriting
rules toR:

– For every rule(q, q′, a, q′′) ∈ ∆ ∩
(
Q2 ×A2 ×Q

)
we add the following rewriting rule:

a

q q′

up2
→֒ q′′

– For every rule(a, q′) ∈ ∆ ∩ (A0 ×Q) we add the following rewriting rule:

a
up0
→֒ q′

– Finally, for each rewriting rule(q, root, q′) ∈ ∆ ∩ (Q× {root} ×Q) whereq′ ∈ F we add the
following rewriting rule:

root

q

up1
→֒ root

Finally by settingθ = 〈{down}∗〉 〈a1〉[a2] · · · 〈a2n−1〉[a2n]
〈
{up0, up2}

∗〉 〈{up1}〉 true one can easily
check that

∃w ∈ {0, 1}∗ : w |= ϕ if and only if (S(R), start) |= θ.

Theorem 7. Model checkingEF2 over GTRS is nonelementary.

By adjusting the proof apropriately, one can show analogously the following corollary.

Corollary 8. Model checkingEF0 over RGTRS is nonelementary.
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3.2 Model checkingEF1 over GTRS is inP
NEXP

In this section we prove the following theorem.

Theorem 9. Model checking anEF-formula of the form〈Σ∗〉ϕ, whereϕ is anEF0 formula, is inNEXP

over GTRS.

Before proving this theorem, we shall mention the followingcorollary.

Corollary 10. Model checkingEF1 over GTRS is inPNEXP.

Proof. The proof idea is as follows. We first show that this model checking problem is inAPNEXP =
PSPACENEXP. Since it is known thatPSPACENEXP = PNEXP (cf. Corollary 25 in [1]), the desired upper
bound follows.

Let us now show that the model checking problem is inAPNEXP. We are given a GTRSR = (A,A, R),
a treeT0 ∈ TreesA, and anEF1-formulaϕ0. We assume thatϕ0 does not contain any negations, i.e. by the
usage of the abbreviationsfalse, ∨,[ ] negations can be removed.

We now describe the behaviour of some alternating Turing machineM that checks some current tree
T and some current subformulaϕ of ϕ0 whether(S(R), T ) |= ϕ holds.

For this proof, let us say that a subformulaϕ of ϕ0 is atomicif it is of the form〈Σ∗〉ψ or [Σ∗]ψ, where
ψ is an HM formula. Suppose thatK is the maximum number of nodes appearing in a tree on the right
hand side of any rule inR. Our ATMM works by recursion on the structure the current formulaϕ. For a
base caseϕ = true (resp.ϕ = false), the machineM simply accepts (resp. reject). Another base case
is whenϕ = 〈Σ∗〉ψ (resp.[Σ∗]ψ), in which caseM simply invokes theNEXP oracle from Theorem 9 for
evaluating such formulas. We now proceed to inductive cases. On seeing a formula of the formϕ = ψ1∨ψ2

(resp.ϕ = ψ1 ∧ ψ2), our ATMM existentially (resp. universally) guesses to exploreψ1 orψ2. On seeing
a formula of the form〈Σ〉ψ (resp.[Σ]ψ), our ATMM existentially (resp. universally) guesses an action
a ∈ Σ and a treeT ′ such thatT

a
−→ T ′. Observe that|T ′| ≤ |T |+K. Observe that, along the computation

ofM, the maximum size of the guessed tree is|T0|+K|ϕ0|, which is polynomial in the size of the input.
Therefore,M runs in polynomial time. ⊓⊔

Before proving Theorem 9, let us make a remark that the standard automata construction (cf. [14]) for the
set of trees satisfying a given HM formula with respect to a given GTRS suffers from a nonelementary
blow-up and is therefore insufficient for proving Theorem 9.We now present a proof for Theorem 9. Let
us first recall the definition of modality ranks of HM formulas. Given anEF0 formulaϕ, the modality
rank of ϕ, denoted bymrank(ϕ), is the maximum nesting depth of modal operators in the formula: (i)
mrank(true) = 0, (ii) mrank(¬ϕ) = mrank(ϕ), (iii) mrank(ϕ ∧ ψ) = max{mrank(ϕ),mrank(ψ)},
and (iv) mrank(〈Σ〉ϕ) = mrank(ϕ) + 1. Also, without loss of generality, we will make the following
assumption in our proof:

Convention 1 There exists a letter inA with rank 2.

This convention is done only for technical convenience and does not affect the result in this paper.
Let us now suppose that〈Σ∗〉ϕ is the given formula,R = (A,A, R) is the given GTRS, andT0 ∈

TreesA is the input tree. We wish to check whether(S(R), T0) |= 〈Σ∗〉ϕ. First off, we can compute in
polynomial time an NTAA recognizing the setpostΣ

∗

R (T0) of configurations ofR reachable by applica-
tions of rules with labels fromΣ (cf. [14]). Therefore, to complete the proof, it suffices to show that (1)
[[ϕ]]S(R) can be expressed as a union of regular tree languages, each ofwhich can be expressed by a tree
automatonAi of singly-exponential size, and (2) we can check whether someL(Ai) intersects withL(A)
in nondeterministic time polynomial in|A| and exponential in|ϕ| and|R|.

Lemma 11. We have[[ϕ]]S(R) =
⋃

i∈I L(Ai), for a family{Ai}i∈I , where|Ai| = exp(|ϕ|, |R|). One can
nondeterministically check whetherL(A) intersects with someL(Ai) in timepoly(A) · exp(|ϕ|, |R|).

Remark 12.As we shall see in our proof below, the parameter|ϕ| in the above lemma can be replaced by
mrank(ϕ). As a corollary, this yields the sameNEXP upper bound for the model checking problem when
ϕ is given as a DAG.
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We now give a proof of Lemma 11. Letr = mrank(ϕ). We start by defining a standard equivalence
relation onTreesA based on the modality rank ofEF0 formulas.

Definition 13 (First equivalence).Given two treesT, T ′ ∈ TreesA andi ∈ N, we writeT ≃i T
′ if and

only if for everyEF0 formulaψ with mrank(ψ) ≤ i:

(S(R), T ) |= ψ ⇐⇒ (S(R), T ′) |= ψ.

In other words,T ≃i T
′ if and only if T andT ′ agree on every formulaψ with modality rank at most

i. It is obvious that≃i is an equivalence relation and thatT ≃i+1 T
′ impliesT ≃i T

′. Furthermore, it
is well-known that the equivalence relation≃i is of finite index, i.e., the number of equivalence classes
of ≃i is finite. For each equivalence classC corresponding to≃r, it is clear that either(S(R), T ) |= ϕ
for all T ∈ C, or (S(R), T ) 6|= ϕ for all T ∈ C. For the former case, we say that the equivalence class
C is positive; otherwise, it isnegative. Therefore, one idea is to define the family{Ai}i∈I of NTAs by
associating an NTA for each positive equivalence classC corresponding to≃r. Two problems with this
approach, however, are: (1) it is unclear how to compute an NTA for each positive equivalence class, and
(2) this does not reveal an upper bound on the index of≃r.

We shall now define a finer relation≡i (for eachi ∈ N) that will give extra information which will help
us solve these two problems. To this end, letK be the the maximum number of nodes in trees appearing
in any rewrite rule inR. Given any treeT : D → A, we define theith type (or simply type) typei(T )
of T as the set of alls ∈ D such thatT ↓s has at mostNi = i · K nodes, It is clear that, for two nodes
u, v ∈ D satisfyingu � v, we haveu ∈ typei(T ) impliesv ∈ typei(T ). Likewise, we havetypei−1(T ) ⊆
typei(T ). Given a treet ∈ TreesA and a subsetS ⊆ typei(T ), we also usemt,S to denote the number of
nodesu in S such thatT ↓u is isomorphic tot. Next, we define an equivalence relation≡i onTreesA.

Definition 14 (Second equivalence).Given two treesT, T ′ ∈ TreesA and i ∈ N, we writeT ≡i T
′

if for each treet ∈ TA with at mostNi nodes, either (mt,typei(T ) ≥ Ni andmt,typei(T
′) ≥ Ni) or

mt,typei(T ) = mt,typei(T
′).

In other words,T ≡i T
′ if and only if each subtree with at mostNi nodes appears inT andT ′ the same

number of times (up to the thresholdNi). As before, it is easy to check that≡i is an equivalence relation
and thatT ≡i+1 T

′ impliesT ≡i T
′. To complete the proof of Lemma 11, we proceed as follows: (1)

show that≡i is finer than∼i, (2) checking whether a functionf : Trees
≤Ni

A → [0, Ni] actually describes
an equivalence class of≡i can be done rather efficiently, (3) testing whether an equivalence class of≡i is
positive (with respect toϕ) can be done rather efficiently, and (4) for each positive equivalence classC of
≡i, an NTAAC recognizingC can be computed rather efficiently. As we will see, these willimply Lemma
11. Let us first show (1).

Lemma 15. For each treeT, T ′ ∈ TreesA, it is the case thatT ≡i T
′ impliesT ≃i T

′.

Intuitively, this lemma holds since satisfaction ofEF0 formulas of modality ranki is only affected by the
number of occurences of trees of depthNi (up to some threshold).

Proof. LetD (resp.D′) denote the domain ofT (resp.T ′). The proof is by induction oni ∈ N. The base
case ofi = 0 is vacuous. Leti > 0 and letψ be anEF0 formula with mrank(ψ) = i. We shall only
prove one direction:(S(R), T ) |= ψ implies (S(R), T ′) |= ψ; the converse is symmetric. Suppose that
(S(R), T ) |= ψ. We proceed by cases depending on the structure ofψ. The cases of boolean combinations
are immediate. Therefore, assume thatψ = 〈a〉ψ′. Then, there exists a treeT1 = T [u/t2] ∈ TreesA such

thatt1
a
→֒ t2 is a rule inR, u is a node inT such thatT ↓u = t1, and(S(R), T1) |= ψ′. SinceT ≡i T

′,
there exists a nodeu′ in T ′ such that(T ′)↓u′

= t1. In fact,u′ can be chosen in such a way that ifw andw′

are respectively the topmost ancestors ofu andu′ in typei(T ) andtypei(T
′), thenT ↓w is isomorphic to

(T ′)↓w′

; for, otherwise,T ↓w is a subtree ofT that is not a subtree ofT ′, contradicting the assumption that
T ≡i T

′. This situation is depicted in Figure 1. We now letT ′
1 = T ′[u′/t2].

It suffices to prove thatT1 ≡i−1 T
′
1; for, if this is the case, we have(S(R), T ′

1) |= ψ′ by induction
hypothesis and so(S(R), T ′) |= ψ. This fact shall be proven by considering separately the nodes in
typei−1(T1) (resp.typei−1(T

′
1)) that are in the subtree rooted atw (resp.w′), which contains all nodes

in T (resp.T ′) that might be affected by the application of the rulet1
a
→֒ t2. Observe now that ifv ∈
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T T’

w w’

u’u

Fig. 1.A depiction of treesT andT ′. The nodes below the broken lines are intypei(T ) andtypei(T
′) respectively. The

nodesw andw′ lie at the borders, i.e., their parents are no longer intypei(T ) andtypei(T
′). We haveT ↓w = (T ′)↓w′

.

typei−1(T1) (resp.v′ ∈ typei−1(T
′
1)) and v is an ancestor ofu (resp.u′), thenv ∈ typei(T ) (resp.

v′ ∈ typei(T
′)) since the number of nodes can increase/decrease only by at mostK − 1 (i.e. the absolute

value of|t1| − |t2| is at mostK − 1). In particular, each suchv (resp.v′) must be a descendant ofw (resp.
w′). In the following, letD1 (resp.D′

1) denote the domain ofT1 (resp.T ′
1). Define

E = {v ∈ D : ∃s(v = ws)} ∩ typei−1(T ),

E1 = {v ∈ D1 : ∃s(v = ws)} ∩ typei−1(T1),

E′ = {v ∈ D′ : ∃s(v = w′s)} ∩ typei−1(T
′),

E′
1 = {v ∈ D′

1 : ∃s(v = w′s)} ∩ typei−1(T
′
1).

These are precisely the nodes of the subtrees of (respectively) T , T ′, T1 andT ′
1 rootedw orw′ with at most

Ni−1 < Ni −K nodes. Let

S = typei−1(T ) \ E,

S1 = typei−1(T1) \ E1

S′ = typei−1(T
′) \ E′,

S′
1 = typei−1(T

′
1) \ E

′
1.

Observe thatS = S1 andS′ = S′
1. In particular, for each treet ∈ TreesA with at mostNi−1 nodes, we

havemt,S = mt,S1 andmt,S′ = mt,S′
1
. Furthermore, sinceT ↓w = (T ′)↓w′

andT ↓w
1 = (T ′

1)
↓w′

, we have
mt,E = mt,E′ andmt,E1 = mt,E′

1
. Therefore, since

mt,typei−1(T ) = mt,S +mt,E ,

mt,typei−1(T1) = mt,S1 +mt,E1 ,

mt,typei−1(T
′) = mt,S′ +mt,E′ ,

mt,typei−1(T
′
1) = mt,S′

1
+mt,E′

1
,

we have
mt,typei−1(T1) −mt,typei−1(T ) = mt,typei−1(E1) −mt,typei−1(E)

which is in turn equal to

mt,typei−1(T
′
1) −mt,typei−1(T

′) = mt,typei−1(E′
1)
−mt,typei−1(E

′).

Let us therefore analyzemt,typei−1(E1) −mt,typei−1(E) more precisely. We need to count the possible
occurrences of subtreest of T1 of size at mostNi−1 that are rooted inE1 and compare this with the number
of occurrences oft in T rooted inE . Conversely, we need to count the possible occurrence of subtreest
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of T of size at mostNi−1 that are rooted inE and compare this with the number of occurrences oft in T1

rooted inE1. Firstly, assume thatt occurs inT1 and the root oft is a descendant ofu. Then by the applied
rewriting rule we can introduce at mostK such many copies oft in T1 which were potentially not present
in T . Analogously, ift occurs inT and the root oft is a descendant ofu, then by the applied rewriting rule
we can remove at mostK such many copies oft in T1. Secondly, assume thatt occurs inT1 and the root of
t is inE1 and this root is an ancestor ofu. Then at most one such tree can be introduced inT1 which was
potentially not present inT . Conversely, assume thatt occurs inT1 and the root oft is inE1 and this root
is an ancestor ofu. Then at most one such tree can be introduced inT1 which was potentially not present in
T . Thirdly, assume that the root oft is neither a descendant nor an ancestor ofu. Then the applied rewriting
rule can neither have introduced nor removed this tree. Thus, we have that the absolute value of

mt,typei−1(E1) −mt,typei−1(E)

and hence that of
mt,typei−1(T1) −mt,typei−1(T )

is bounded byK. The latter difference is equal tomt,typei−1(T
′
1) −mt,typei−1(T

′).
One now verifies easily that eithermt,typei−1(T1) = mt,typei−1(T ′

1)
or (mt,typei−1(T1) ≥ Ni−1 and

mt,typei−1(T
′
1) ≥ Ni−1). ⊓⊔

Let us now proceed to step (2). Recall that each equivalence classC of ≡r can be described by a function
fC : Trees

≤Nr

A → [0, Nr]. The converse, however, is false, e.g., it is impossible to have a classC with
fC(T ) > 1 for a treeT with two nodes butfC(T ′) = 0 for all treesT ′ with 1 node. Also observe that
each tree has non-empty domain. Hence the function that mapsevery tree fromTrees

≤Nr

A to 0 cannot
correspond to an equivalence class of≡r. We will need to be able to check whether a given function
f : Trees

≤Nr

A → [0, Nr] actuallydescribes an equivalence class of≡r.
To this end, recall first that any functionf that describes an equivalence class of≡r counts each subtree

of treesT in Trees
≤Nr

A with fC(T ) > 0, i.e., if t is a subtree ofT , thent contributes to the value off(t).
We will first define a new functiong : Trees

≤Nr

A → [0, Nr] that avoids this “double counting”. This can be
done by the following algorithm:

Repeat the following for each T ∈ Trees
≤Nr

A with f(T ) > 0
(ordered by the number of nodes, starting from the largest):

(1) Let f(T ) := f(T )− 1.
(2) Let g(T ) := g(T ) + 1.
(3) Go through all nodes u of T and substract f(T ↓u) by 1
(if becomes negative, then terminate abruptly).

Note thatg(t) counts the number of times the treet occurs as a subtreeT ↓u in T such thatu is the
root of T or the subtree rooted at the parent ofu has more thatNr nodes. Observe that if this algorithm
terminates abruptly, thenf does not actually describe an equivalence class ofC. Let us analyze the running
time of the algorithm. By taking Cayley’s formula as an upperbound, there are at mostNNr−2

r many
unlabeled unrooted trees withNr nodes. Hence there at mostNr · NNr−2

r many unlabeled rooted trees
with Nr nodes. And thus there are at mostN2

r · N
Nr−2
r many unlabeled rooted trees withat mostNr

nodes. For each of these trees there are at most|A|Nr many possibilities of coloring it with labels fromA.
Thus,|Trees

≤Nr

A | = exp(r, |R|). Hence, the algorithm runs in time exponential inr ≤ |ϕ| and|R|. Now,
suppose that the functiong has been successfully computed from the given functionf . This implies that
g describes aforestF with each treeT ∈ Trees

≤Nr

A occurringg(T ) many times. The original functionf
then describes an equivalence class if and only if such a forest can be further “connected into a big tree”.
This last check can be done using the following lemma.

Lemma 16. The functionf : Trees
≤Nr

A → [0, Nr] describes an equivalence class in≡r if and only if the
functiong : Trees

≤Nr

A (and the forestF corresponding to it) has been successfully computed fromf by the
above algorithm and one of the following conditions is satisfied:
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1.
∑

t∈Trees
≤Nr
A

g(t) = 1.

2.
∑

t∈Trees
≤Nr
A

g(t) > 1, and there must exist a lettera with rankh and treest1, . . . , th occuring in the

forestF such that the treeT =
a

t1 · · · th
has more thanNr nodes.

Observe that this lemma completes step (2) since this test can be performed in time exponential inr and
|R|.

Proof. We start with “only if” direction. Suppose thatf describes an equivalence class in≡r. The function
g will then be successfully computed. Now if Condition (1) is violated, then by the construction of the
functiong, it must be the case that

∑
t∈Trees

≤Nr
A

g(t) > 1. Furthermore, using the representative from the

equivalence class described byf there exist a lettera with rankh and treest1, . . . , th occuring in the forest
F such that the treeT (defined above) has more thanNr nodes.

Conversely, if Condition (1) is satisfied, then obviouslyf describes an equivalence class in≡r (con-
taining the single tree counted byg). If Condition (2) is satisfied, then we may construct a treeT ′ that
realizes the functionf as follows. Let us first construct the treeT0 = T , whereT is given in the statement
of Condition (2). For each treet in the forestF that is still not connected, we may define a new treeT1

by choosing a lettera with rank2, which we assumed to exist, and define the new treeT1 to be
a

T0 t
obtained via linkingT0 to t. We then continue to another treet′ in the forest and defineT2 by connecting
t′ to T1 in the same way. This procedure continues until all the treesin the forest have been connected.
The desired treeT ′ is defined to be the final tree obtained by this procedure. The fact thatT ′ witnessesf
follows since eachT i has more thanNr nodes and therefore is not counted byf . ⊓⊔

We now proceed to step (3). This step is rather easy.

Lemma 17. Checking whether an equivalence classC of ≡r described by a functionfC : Trees
≤Nr

A →
[0, Nr] is positive can be done in time|f |poly(r,|R|) · exp(r, |R|).

Proof. The proof of Lemma 16 tells us that there exists a treeT ∈ C of size exponential inr and |R|
that witnessesfC . This treeT can also be computed in time exponential inr and|R|. We may then check
whether(S(R), T ) |= ϕ in as follows. Firstly, compute a finite transition systemF whose domain contains
the set of all configurations ofR of distance at mostr in S(R) (i.e. all r-neighbours ofT in S(R)) and
whose transition relations are simply the restriction of the transition relations ofS(R) to this neighborhood.
SinceT is exponential inr and|R|, it follows that |F| is also exponential inr and|R|. We may then use
the standard algorithm for model checking HM formulas to evaluate whether(F, T ) |= ϕ, which runs in
time polynomial in|F| and|ϕ|. ⊓⊔

We now proceed to step (4), which is the final step. For this, weneed to show how to compute an NTA
recognizing an equivalence classC of≡r described by a functionfC : Trees

≤Nr

A → [0, Nr]. The following
lemma says that we can do this in time exponential inr and|R|.

Lemma 18. Given a functionf : Trees
≤Nr

A → [0, Nr] that witnesses an equivalence classC of ≡r, we
can compute an NTA recognizing preciselyC in time |f |poly(r,|R|) · exp(r, |R|).

Proof. Givenf , we first compute the functiong : Trees
≤Nr

A → [0, Nr] (using the above algorithm). For
anyT ∈ C, recall thatg(t) counts the number of timest occurs as a subtreeT ↓u in T such thatu is the root
of T or the subtree rooted at the parent ofu has more thanNr nodes.

Let U denote all treest ∈ Trees
≤Nr

A such thatg(t) = Nr. Let t1, . . . , tm be an enumeration of all
treest ∈ Trees

≤Nr

A with g(t) > 0 withoutcounting multiplicities. Let us fix a treeT ∈ TreesA. Define
yields(T ) to be the set of incomparable nodesu of T (with respect to� ordering) such that|T ↓u| ≤ Nr

and eitheru is the root or the subtree rooted at the parent ofu has more thanNr nodes. We can now color
yields(T ) with them + 1 colorst1, . . . , tm andU such that for eachu ∈ yields(T ) we have that ifu is
colored withU we haveT ↓u ∈ U and wheneveru is colored withti we haveT ↓u = ti. It now holds that
T ∈ C if and only if exactlyg(ti) nodes inyields(T ) can be colored withti for eachti with g(ti) > 0 and
all remaining nodes fromyields(T ) can be colored withU .
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We now sketch how an NTA recognizingC can be computed. LetT be an input tree. Initially, for each
leaf nodew of T , the NTA will guess one of them + 1 colors by which the unique ancestoru of w that
is in yields(T ) will be colored. It is now standard to check whether this guessing was consistent just until
u is reached. For eachti with with g(ti) > 0 the NTA stores a counter to count the number of elements
of yields(T ) that are colored withti. It is easy to see that the described NTA recognizesC and can be
computed in time exponential inr and|R|. ⊓⊔

To summarize, the proof of Lemma 11 can now be done as follows.The NTAsAi in the statement of
Lemma 11 will correspond to positive equivalence classesC described by some functionsfC : Trees

≤Nr

A →
[0, Nr]. Using the last step above, the NTAAi can be computed in time exponential inr and|R| if f is
given as an input. Checking whetherL(A)∩L(Ai) 6= ∅ for somei requires us to nondeterministically guess
one such functionf , verify if it describes a positive equivalence class, compute the NTAAi corresponding
to it, and check for language intersection withA in the standard way.

3.3 Model checkingEF1 over GTRS is hard for P
NEXP

Goal of this section is to provide a matching lower bound to the PNEXP upper bound forEF1 from
Section 3.2. We proceed in two steps. In step one, we prove that model checkingEF1 formulas of the kind
〈A∗〉ϕ, whereϕ is anEF0 formula, is hard forNEXP. In step two we extend the latter proof to prove that
EF1 model checking is hard forPNEXP.

Step one

A tiling systemis a tupleS = (Θ,H, V ), whereΘ is a finite set oftile types,H ⊆ Θ×Θ is ahorizontal
matching relation, andV ⊆ Θ × Θ is avertical matching relation. For each wordw = w1 · · ·wn ∈ Θ

n,
n ≥ 1, we say a mappingσ : [0, k − 1]× [0, k − 1]→ Θ (wherek ≥ n) is ak-solution tow with respect
to S if for all (x, y) ∈ [0, k − 1]× [0, k − 1] the following holds:

– if σ(x, y) = θ andσ(x + 1, y) = θ′, then(θ, θ′) ∈ H and
– if σ(x, y) = θ andσ(x, y + 1) = θ′, then(θ, θ′) ∈ V and
– σ(x, 0) = wx+1 for eachx ∈ [0, n− 1].

For such a tiling systemS we define the2n × 2n tiling problem forS as follows:

2n × 2n TILING PROBLEM FOR TILING SYSTEMS = (Θ,H, V )

INPUT: A wordw ∈ Θn.
QUESTION: Is there a2n-solution tow with respect toS?

The following proposition is folklore, see also [18].

Proposition 19 ([18]). There is some fixed tiling systemS0 whose2n × 2n tiling problem isNEXP-hard.

We now proceed to prove step one.

Theorem 20. The following problem is hard forNEXP:

INPUT: A GTRSR = (A,A, R), a treeT0 ∈ TreesA, and a formulaϕ ∈ EF0.
QUESTION:(S(R), T0) |= 〈A∗〉ϕ?

Proof. Let us fix the tiling systemS0 = (Θ,H, V ) of Proposition 19 whose2n × 2n tiling problem is
NEXP-hard. Letw = θ1 · · · θn ∈ Θn be an input of the2n × 2n tiling problem w.r.t.S0. We will compute
in polynomial time a GTRSR = R(S0, w) = (A,A, R), some treeT0 = T0(S0, w) ∈ TreesA and some
formulaϕ ∈ EF0 such that

there is a2n-solution tow w.r.t.S0 if and only if (S(R), T0) |= 〈A
∗〉ϕ.

First, let us define the ranked alphabetA. We putA = A0 ⊎A2 ⊎An, where
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– A0 = {⋆} ∪ {θ(i), θ(i), θ̂(i), θ(i, α, β), θ(i, α, β), ̂θ(i, α, β) | θ ∈ Θ, i ∈ [0, n− 1], α, β ∈ {0, 1}},
– A2 = {�}, and
– An = {♣}.

Before we define the rewriting rulesR, we introduce some auxiliary notions.

Let L = {θ(i, α, β) | θ ∈ Θ, i ∈ [0, n − 1], α, β ∈ {0, 1}} ⊆ A0 denote the set of allreal leaves. A
superleafis a tree of the following kind, whereθ ∈ Θ andαi, βi ∈ {0, 1}:

♣

θ(0, α0, β0) θ(1, α1, β1) · · · θ(n− 1, αn−1, βn−1)

The intuition is that each superleaf corresponds to theθ-labeled grid element(x, y) ∈ [0, 2n − 1] ×

[0, 2n − 1], theαi representx and theβi representy in binary, more precisely we havex =
∑n−1

i=0 αi · 2i

andy =
∑n−1

i=0 βi · 2i. We also call this aθ-labeled(x, y)-superleaf. The idea is to reach fromT0 via
A
−→

∗

some treeT with superleafs that satisfiesψ(S0, n), whereψ(S0, n) is now a conjunction ofEF0 formulas
expressing the following:

(1) Every leaf (that has a label fromA0)2 is a real leaf.
(2) A (0, 0)-superleaf exists.
(3) For each(x, y) ∈ [0, 2n − 1]× [0, 2n − 1] our treeT has aθ-labeled(x, y)-superleaf for at most one

θ ∈ Θ.
(4) If T has aθ-labeled(x, y)-superleaf, wherex < 2n − 1, thenT has aθ′-labeled(x + 1, y)-superleaf

with (θ, θ′) ∈ H .
(5) If T has aθ-labeled(x, y)-superleaf, wherey < 2n − 1, thenT has aθ′-labeled(x, y + 1)-superleaf

with (θ, θ′) ∈ V .

Let us now give the rewrite rules ofR. These implictly give us the set of actionsA. We have the following
rules for eachi ∈ [0, n− 1], θ ∈ Θ andα, β ∈ {0, 1}.

– a
a
→֒ a for eacha ∈ A0: We make the presence of each leaf (label) visible toS(R).

– Expansion of the tree:

⋆

dummy

→֒ �

⋆ ⋆

– A stepwise creation of a superleaf without specifying the information of the children.

⋆

dummy

→֒ ♣

θ(0) θ(1) · · · θ(n− 1)

– θ(i)
dummy
→֒ θ(i, α, β): We allow to generate all kinds of real leaves but stay with the indexi.

– θ(i, α, β)
mark
→֒ θ(i, α, β): We can mark each real leaf with.

– θ(i, α, β)
forget
→֒ θ(i): We can forget the information of each-labeled child of a superleaf.

– θ(i, α, β)
m̂ark
→֒ ̂θ(i, α, β): A second way to mark a real leaf witĥ.

– ̂θ(i, α, β)
f̂orget
→֒ θ̂(i): We can forget the information of eacĥ-labeled child of a superleaf.

2 In ourPNEXP lower bound proof in step two we will allow leaves with labelsthat are not inA0, for those leaves, we
require nothing.
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–
♣

θ(0) θ(1) · · · θ(n− 1)

shrink

→֒ ♣

Allows to check if marked real leaves belong to the same superleaf.

–
♣

θ̂(0) θ̂(1) · · · ̂θ(n− 1)

ŝhrink

→֒ ♣

Allows to check if marked real leaves belong to the same superleaf.

Let us realize each of the above-mentioned properties(1) up to(6) by EF0 formulas:

(1) Every leaf is a real leaf: ∧

a∈A0\L

¬〈a〉true

Note that by construction ofR this implies that all leaves ofT are unmarked real leaves and are
children of superleaves.

(2) A (0, 0)-superleaf exists:
∨

θ∈Θ

〈mark〉n 〈θ(0, 0, 0)〉〈θ(1, 0, 0)〉 · · · 〈θ(n− 1, 0, 0)〉 〈forget〉n〈shrink〉true

(3) For each(x, y) ∈ [0, 2n − 1]× [0, 2n − 1] our treeT has aθ-labeled(x, y)-superleaf for at most one
θ ∈ Θ.

[
mark

]n
[
m̂ark

]n (〈
forget

〉n
〈

f̂orget
〉n 〈

shrink
〉 〈

ŝhrink
〉
true −→ ¬χsame

)
, where

χsame =
∨

θ,θ′∈Θ

θ 6=θ′

∧

i∈[0,n−1]
α,β∈{0,1}

(〈
θ(i, α, β)

〉
true←→

〈
̂θ′(i, α, β)

〉
true

)

(4) If T has aθ-labeled(x, y)-superleaf, wherex < 2n − 1, thenT has aθ′-labeled(x + 1, y)-superleaf
with (θ, θ′) ∈ H .

[
mark

]n







〈
forget

〉n 〈
shrink

〉
true ∧

∨

i∈[0,n−1],θ∈Θ

β∈{0,1}

θ(i, 0, β)


 −→

〈
m̂ark

〉n




〈
f̂orget

〉n 〈
ŝhrink

〉
true ∧

∨

(θ,θ′)∈H

samey(θ, θ′) ∧ incx(θ, θ′)







where

samey(θ, θ′) =
∧

i∈[0,n−1]

∨

α,α′∈{0,1}
β∈{0,1}

〈
θ(i, α, β)

〉
true←→

〈
̂θ′(i, α′, β)

〉
true

incx(θ, θ′) =
∨

i∈[0,n−1]
β∈{0,1}

(〈
θ(i, 0, β)

〉
true ∧

〈
̂θ′(i, 1, β)

〉
true ∧ carry(i, θ, θ′) ∧ samex(> i, θ, θ′)

)

carry(i, θ, θ′) =
∧

0≤j<i

∨

β∈{0,1}

〈
θ(j, 1, β)

〉
true ∧

〈
̂θ′(j, 0, β)

〉
true

samex(> i, θ, θ′) =
∧

i<j≤n−1

∨

α∈{0,1}
β∈{0,1}

〈
θ(j, α, β)

〉
true←→

〈
̂θ′(j, α, β)

〉
true
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(5) If T has aθ-labeled(x, y)-superleaf, wherey < 2n − 1, thenT has aθ′-labeled(x, y + 1)-superleaf
with (θ, θ′) ∈ V : This can be done similarly as the formula for case(4).

Recall thatw = θ1 · · · θn. We now define a formulainput(S0, w) that expresses thatT has aθi+1-
labeled(i, 0)-superleaf for eachi ∈ [0, n− 1]. Let us assume thatα0(x− 1)α1(x− 1) · · ·αn−1(x− 1) is
the binary encoding ofx− 1, i.e.x− 1 =

∑
i∈[0,n−1] αi(x− 1)2i, for each positonx ∈ [1, n] of w. Recall

thatw = θ1 · · · θn. The required formula is

input(S0, w) =
∧

x∈[1,n]

〈
mark

〉n


〈

forget
〉n 〈

shrink
〉
true ∧

∧

i∈[0,n−1]

〈
θx(i, αi(x− 1), 0)

〉
true


 .

By puttingT0 = ⋆ andϕ = ψ(S0, n) ∧ input(S0, w) one can now verify that

there is a2n-solution tow w.r.t.S0 if and only if (S(R), T0) |= 〈A
∗〉ϕ.

⊓⊔

Step two

Without loss of generality we assume that for the fixed tilingsystemS0 = (Θ,H, V ) of Proposition 19
whose2n × 2n-tiling problem isNEXP-hard we haveΘ = {0, 1}k for some (fixed)k ∈ N. We define the
predicate

D(w) =

{
1 there is2n × 2n solution tow with respect toS0

0 otherwise
for eachw ∈ Θn.

In the following we treat elements ofΘ∗ as elements of{0, 1}∗ and conversely elementsw ∈ {0, 1}∗,
where|w| is a multiple ofk, as elements ofΘ∗. A domino circuit of oracle sizen is a sequence of assign-
mentsC = (xi := yi)i∈[1,l], where eachyi is either of the following expressions,

(1) yi = 1,
(2) yi = ¬xj for somej ∈ [1, i− 1],
(3) yi = xj ∧ xh, wherej, h ∈ [1, i− 1], or
(4) yi = D(w) wherew ∈ {xj | j ∈ [1, i− 1]}k·n.

We define inductivelyeval(xi) ∈ {0, 1} as follows:

eval(xi) =





1 if yi = 1

1− eval(xj) if yi = ¬xj

min{eval(xj), eval(xh)} if yi = xj ∧ xh

D

(∏k·n
r=1 eval(xjr

)
)

if yi = D(xj1 · · ·xjk·n
),

where
∏

denotes the concatenation of bits. We defineeval(C) = eval(xl). We can now formulate the fol-
lowing decision problem.

DOMINO CIRCUIT

INPUT: A domino cicuitC.
QUESTION: eval(C) = 1?

The following propsition can be proven by standard arguments.

Proposition 21. Domino circuit isPNEXP-complete.

Theorem 22. Over GTRS model checkingEF1 is PNEXP-hard.
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Proof (sketch).We reduce from domino cicuit. LetC = (xi := yi)i∈[1,l] be an instance of domino circuit.
Our goal is to compute a GTRSR′ = (A′,A′, R′), some initial treeT ′

0 ∈ TreesA′ and anEF1 formulaϕ′

such that
eval(C) = 1 if and only if (S(R′), T ′

0) |= ϕ′.

Let us compute in polynomial time the GTRSR = (A,A, R) (we recycle the proof of Theorem 20) such
that for eachw ∈ Θn we haveD(w) if and only if (S(R),⋆) |= 〈A∗〉(ψ(S0, n) ∧ input(S0, w)). Recall
thatA = A0 ⊎A2 ⊎An. Assume w.l.o.g. thatn 6∈ {0, 2, l+1}. We putA′ = A′

0 ⊎A
′
2 ⊎A

′
n ⊎A

′
l+1, where

– A′
0 = A0 ⊎ {•i, •i(0), •i(1) | i ∈ [1, l]},

– A′
2 = A2,

– A′
n = An, and

– A′
l+1 = {root}.

Let us first consider our initial treeT ′
0:

T ′
0 =

root

•1 •2 · · · •l ⋆

The idea is now simple. The rewriting rulesR′ consist of those already present inR and the rules that we

will now explain. We allow the leaf rewriting rules•i
seti
→֒ •i(0) and•i

seti
→֒ •i(1) that correspond to setting

the variablexi to 0 and1 respectively, for eachi ∈ [1, l]. Additionally, via the rules•i(0)
geti(0)
→֒ •i(0)

and•i(1)
geti(1)
→֒ •i(1) we allow to get the value of each of the variables, for eachi ∈ [1, l]. Note that by

definition, for the circuitC we havey1 = 1. Now we define the following formulasi, for eachi ∈ [1, l]:

value1 = 〈set1〉〈get1(1)〉true

and for eachi ∈ [2, l] we define

valuei = valuei−1 ∧ 〈seti〉





〈geti(1)〉true if yi = 1

〈geti(1)〉true↔ ¬〈getj(1)〉true if yi = ¬xj

〈geti(1)〉true↔ (〈getj(1)〉true ∧ 〈geth(1)〉true) if yi = xj ∧ xh

〈geti(1)〉true↔ 〈A∗〉(ψ(S0, n) ∧ input(S0, w)) if yi = D(w)

where the formulainput(S0, w) needs to adjusted in such a way that the values each of thexj that appear

in w are reflected in the tree, that is reached via
A

∗

−→, in the appropriate superleaf. Details are left to the
reader. We putϕ′ = valuel. Observe that|ϕ′| can be computed fromC in polynomial time. We have

eval(C) = 1 if and only if (S(R′), T ′
0) |= ϕ′.

⊓⊔

4 Strong bisimilarity against finite systems

Let us first state upper bound for strong bisimilarity checking.

Theorem 23. Strong bisimilarity checking of RGTRS against finite systems is decidable in timeTOWER(O(n)).

Proof. By Proposition 3 strong bisimilarirty checking against finite systems can be reduced to EF model
checking of formulas in DAG-representation. By Theorem 2 EFmodel checking is decidable in time
TOWER(O(n)). ⊓⊔

However, for GTRS we can prove an elementary upper bound for strong bisimilarity checking against finite
systems.

Theorem 24. Strong bisimilarity checking of GTRS against finite systemsis in coNEXP.
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Proof. LetR = (A,A, R) be a GTRS, letT ∈ TreesA be an initial tree, letF = (C,A, {
a
−→F| a ∈ A})

be a finite system and letc ∈ C be an initial configuration ofF. By Proposition 3 we can compute in
polynomial timeEF0 formulasϕ1, ϕ2 in DAG-representation such that

T ∼ c if and only if S(R) |= (ϕ1 ∧ [A∗]ϕ2).

By a simple polynomial space procedure one can even check if(S(R), T ) |= ϕ1 holds. By Theorem 9
checking(S(R), T ) |= [A∗]ϕ2 is in coNEXP. Hence checking if(S(R), T ) |= ϕ1 ∧ [A∗]ϕ2 holds, is in
coNEXP. ⊓⊔

As a main result of this section we prove that strong bisimilarity checking between a RGTRS and a
finite system has nonelementary complexity. We reuse some ofthe notation that was introduced in Section
3. Again, let us fix a first-order sentence interpreted over binary words

ψ = ∃x1∀x2 . . . ∃x2n−1∀x2nϕ(x1, . . . , ϕ2n)

and let us assume againw 6|= ψ for each binary wordw with |w| < 2. Our goal is to compute in exponential
time a RGTRSR = (A,A, R), some initial treestart ∈ TreesA, some finite transition systemF =

(C,A, {
a
−→F| a ∈ A}), and a configurations∅ ∈ C such that

∃w ∈ {0, 1}∗ : w |= ϕ if and only if start 6∼ s∅.

We call a subsetI ⊆ [1, 2n] game-conformif I = [1, k] for somek ∈ [0, 2n]. Any other setI ⊆ [1, 2n] is
callednon-game-conform. Analogously, we call a combT ∈ CombsI , whereI ⊆ [1, 2n], game-conform
(resp.non-game-conform) if I is game-conform (resp. non-game-conform). Note that the empty set is
game-conform. Let us fix some game-conform subsetI = [1, k], i.e. k ∈ [0, 2n], and some binary word
w = w1 · · ·wl that we want to know whether it satisfiesψ. An I-assignment ofw is a mappingν : I → [1, l]
that assigns each variable from the index setI some position inw. Theν-restrictionϕ[ν] of ϕ is obtained
fromϕ by relacing, for eachi ∈ I,

– each occurrence ofP0(xi) by true if wν(i) = 0 and byfalse if wν(i) = 1.
– each occurrence ofP1(xi) by true if wν(i) = 1 and byfalse if wν(i) = 0.
– each occurrence ofxi that occurs next to ’<’ by ν(xi).

We analogously define

ψ[ν] = Qk+1xk+1 · · ·Q2nx2n ϕ[ν], where

{
Qi = ∃ if i is odd and

Qi = ∀ if i is even.

In particular, note that in caseI = [1, 2n] we haveψ[ν] = ϕ[ν].
In caseI ⊂ [1, 2n] andi ∈ [1, 2n] \ I we say a treeT ′ ∈ CombsI∪{i} is ani-extensionof T if T ′ can

be obtained fromT by choosing exactly one leafx and replacing its labelT (x) = (J, α) by (J ∪ {i}, α).
Recall that byCombsϕ (resp.Combsϕ) we denote the trees fromCombs[1,2n] whose word and variable
assignment interpretation satisfies (resp. does not satisfy) ϕ. Recall that everyT ∈ CombsI corresponds to
a unique pair(w, ν), wherew is a binary word andν = νT is anI-assignment ofw that is inherited from
T . Thus, we can writeT |= ψ[νT ] to mean that the yield string ofT satisfiesψ under the valuationνT .

In our finite systemF for each game-conformI we havetwo configurationssI andsI . For each non-
game-conformI we haveonecorresponding configurationuI in F. In addition our finite systemF has the
configurationssucc andfail. We define the set of actions asA = {ai | i ∈ [1, 2n]} ∪ {ϕ}.

4.1 The idea of the bisimulation game and difficulties that arise

The high level idea of the strong bisimulation game goes as follows, and uses Defender’s forcing techniques
as e.g. in [13]:

(0) Attacker playsstart
a1−→ T in the infinite systemS(R) and hereby chooses a combT from Combs[1,1]

for which he claims thatT |= ψ[νT ] holds. Defender can only responds∅
a1−→F s[1,1] in F. Hence the

new pebble configuration is(T, s[1,1]).

20



We repeat the following round, where the current pebble configuration is(T, s[1,k]) whereT ∈ Combs[1,k]

for each roundk = 1, . . . , 2n− 1:

(∀) If k is odd, then Attacker is supposed to move inF, namelys[1,k]
ak+1
−→F s[1,k+1] although the move

s[1,k]
ak+1
−→F s[1,k+1] is possible. Defender is now forced to move inS(R), namelyT

ak+1
−→ T ′ for some

k + 1-extensionT ′ of T . This response corresponds to the universal quantification∀xk+1 in ψ.

(∃) If k is even, then Attacker is supposed to move inS(R), namelyT
ak+1
−→ T ′ for somek + 1-extension

T ′ of T . This move corresponds to the existential quantification∃xk+1 in ψ. Defender’s only possible

response inF is s[1,k]
ak+1
−→F s[1,k+1].

Finally, when we are in the pebble configuration(T, s[1,2n]), whereT ∈ Combs[1,2n], the actionϕ can be
performed that allows Attacker to win (via a rule inR that containsCombsϕ on the left-hand side) if and
only if T |= ϕ[νT ].

When trying to implement such a game, several obstacles arise. Let us discuss these obstacles for the step
(∀) and give solutions to them: In step (∀), how can we force Attacker make inF the moves[1,k]

ak+1
−→F

s[1,k+1]?

1. Difficulty: What if Attacker movess[1,k]
ak+1
−→F s[1,k+1] (which will exist in F)? Solution: We add

the ruleCombs[1,k]

ak+1

→֒ s[1,k+1] to R such that Defender has the possibility to establish syntactic

equivalence by respondingT
ak+1
−→ s[1,k+1] in S(R) and hence wins.

2. Difficulty: What if Attacker moves inS(R), namelyT
ak+1
−→ T ′ for somek + 1-extension ofT

rather that playing inF? Solution: Defender can react inF, depending on whetherT ′ |= ψ[νT ′ ] or
T ′ 6|= ψ[νT ′ ]. In caseT ′ |= ψ[νT ′ ] she can move tos[1,k+1] and can win. In caseT ′ 6|= ψ[νT ′ ] she can
move tos[1,k] and can win.

3. Difficulty: What if Attacker playsT
ai−→ T ′ wherei ∈ [1, k]? I.e. Attacker plays an action that has

already been played (i.e. assigns a variable in the tree thathas already been assigned).Solution: We
allow a simple transition to the configurations[1,2n] in F from which Defender can surely win.

4. Difficulty: What if Attacker plays inT
ai−→ T ′ in S(R) wherei > k + 1? I.e. Attacker deviates

from playing a sequence of actionsa1 · · · ak that correspond to assigning variables to the tree. We also
say that the current pebble configuration is non-game-conform. Solution: We allow in F a special
transition for Defenders[1,k]

ai−→ u[1,k]∪{i} that allows her to win.

The solutions to Difficulty 1 and 2 are standard and are similar to a technique elaborated in [13]. The
solution to Difficulty 3 is straightforward. The real difficulty in the absence of a finite control(pushdown
systems have a finite control) in the game is Difficulty 4. We have to provide configurations inF that allow
to remember the set of variables in the current treeT that have been assigned. The difficulty that now
arises is that Attacker can continue labeling leafs inT and pretend some moves later that the current tree
T is game-conform all of a sudden (and hence threaten to play the above-mentioned punishing moves for
instance). We have to carefully design transitions inF that sooner or later punish Attacker since he was the
one who deviated from playing game-conform.
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4.2 The finite system

We now define the outgoing transitions ofs[1,k] and ofs[1,k], for each possiblek ∈ [0, 2n− 1]

s[1,k]
ak+1
−→F s[1,k+1]

s[1,k]
ak+1
−→F s[1,k+1]

s[1,k]
ak+1
−→F s[1,k+1] if k is odd

s[1,k]
ak+1
−→F s[1,k+1] if k is even

s[1,k]
ai−→F s[1,2n] for eachi ∈ [1, k]

s[1,k]
ai−→F s[1,2n] for eachi ∈ [1, k]

s[1,k]
ai−→F u[1,k]∪{i} for eachi ∈ [k + 2, 2n]

s[1,k]
ai−→F u[1,k]∪{i} for eachi ∈ [k + 2, 2n]

s[1,2n]
ϕ
−→F succ

s[1,2n]
ai−→F s[1,2n] for eachi ∈ [1, 2n]

s[1,2n]
ϕ
−→F fail

Moreover we have the following transition

fail
ai−→F fail for eachi ∈ [1, 2n].

We now define the outgoing transitions ofuI for each non-game-conformI ⊆ [1, 2n]:

uI
ai−→F s[1,2n] for eachi ∈ I

uI
ai−→F uI∪{i} for eachi 6∈ I for which I ∪ {i} is non-game-conform

uI
ai−→F sI∪{i} for eachi 6∈ I for which I ∪ {i} is game-conform

uI
ai−→F sI∪{i} for eachi 6∈ I for which I ∪ {i} is game-conform

s∅

s∅

s[1,1]

s[1,1]

s[1,2]

s[1,2]

s[1,3]

s[1,3]

s[1,4]

s[1,4]

s[1,5]

s[1,5]

· · ·

· · ·

s[1,n−1]

s[1,n−1]

s[1,2n]

s[1,2n]

succ

fail

u{2,3,4}

u{1,3,4} u{1,2,4}

u[1,4]∪{6} u[1,4]∪{7} u[1,4]∪{2n}
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Fig. 2. A snapshot ofF and the outgoing transitions ofs[1,4] in the strong bisimulation game (i ranges over[1, 2n]).
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4.3 The infinite system

Recall thatC denotes the set of configurations ofF and thatP denotes the set of proper leaf labels from
Definition 5, i.e.P = ((2[1,2n] ∪ {⊥})× {0, 1}). We define the ranked alphabetA = (Ai)i∈{0,1,2} of R
as follows:

A0 = {start} ∪ P ∪ C

A1 = {root}

A2 = {⋆}

We note that the only relevant trees (i.e. configurations) inS(R) in our reduction whose leafs are labeled
with C aresingleton trees. More precisely, we will have that every such singleton treec will be bisimilar
to c in the finite systemF. Hence, toR we add the rewriting rules

c
b
→֒ c′ for each transitionc

b
−→F c

′ in F.

We add the following leaf rewriting rules toR:

(I, α)
ai

→֒ (I ∪ {i}, α) for eachi ∈ [1, 2n] \ I and for eachα ∈ {0, 1}

(I, α)
ai

→֒ (⊥, α) for eachi ∈ I and for eachα ∈ {0, 1}

(⊥, α)
ai

→֒ (⊥, α) for eachi ∈ I and for eachα ∈ {0, 1}

The first rewriting rule allows to mimic the assignment of a variable xi to the current leaf (which
corresponds to some position of the word that is interpretedas a tree). The latter two rules label the current
leaf with⊥ in order to mimic that the current leaf is already assigned with this variable or the leaf already
is mal-formatted.

We define the regular tree languageCombs⊥ = Combs \
⋃

I⊆[1,2n] CombsI . In other words,Combs⊥
consists of those combsT ∈ Combs that satisfy at least one of the following conditions:

– There is some leafx of T with T (x) ∈ {⊥} × {0, 1}.
– There are two distinct leavesx, x′ of T with T (x) = (J, α) andT (x′) = (J ′, α′) such thatJ ∩J ′ 6= ∅.

Let us add for each possibleI ⊆ [1, 2n] andk ∈ [0, 2n− 1], the following rules toR:

Combs[1,k]

ak+1

→֒ s[1,k+1] if k is odd

Combs[1,k]

ak+1

→֒ s[1,k+1] if k is even

Combs[1,k]\{i}
ai

→֒ s[1,k] for eachi ∈ [1, k − 2]

Combs[1,k]\{i}
ai

→֒ s[1,k] for eachi ∈ [1, k − 2]

CombsI\{i}
ai

→֒ uI for eachi ∈ I if I is non-game-conform

CombsI
ai

→֒ s[1,2n] for eachi ∈ I

Combsϕ
ϕ
→֒ fail

Combsϕ ∪ Combs⊥
ϕ
→֒ succ

4.4 The correctness proof

Lemma 25. For everyT ∈ Combsϕ ∪ Combs⊥ we haveT ∼ s[1,2n].

Proof. LetX = Combsϕ ∪ Combs⊥. One easily verifies that

((
X ∪ {s[1,2n]}

)
× {s[1,2n]}

)
∪ ({succ} × {succ})

is a strong bisimulation that relatesT ∈ X ands[1,2n]. ⊓⊔

The following lemma is the central correctness proof of our reduction.
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Lemma 26. Let I ⊆ [1, 2n].

1. If I is game-conform, then the following three statements hold:

(a) sI 6∼ sI .
(b) ∀T ∈ CombsI : T 6∼ sI if and only ifT |= ψ[νT ].
(c) ∀T ∈ CombsI : T ∼ sI if and only ifT |= ψ[νT ].

2. If I is non-game-conform, then for eachT ∈ CombsI we haveT ∼ uI .

Proof. We prove the lemma by downward induction on|I| = 2n, 2n− 1, . . ..

Induction base.Let |I| be maximal, i.e.I = [1, 2n] and soI is game-conform. Thus, we only have to prove
Point 1.

a) We have to prove thats[1,2n] 6∼ s[1,2n]. Attacker moves froms[1,2n]
ϕ
−→F succ and hence reaches

a dead-end. Defender can only respond withs[1,2n]
ϕ
−→F fail and does not reach a dead-end. Thus

s[1,2n] 6∼ s[1,2n].
b) Let T ∈ Combs[1,2n]. On the one hand, assumeT |= ψ[νT ] or equivalentlyT |= ϕ[νT ]. Hence,

T ∈ Combsϕ by definition, so Attacker can moveT
ϕ
−→ fail in S(R) and thus reaches a configuration

that is not a dead-end, whereas Defender can only respond with s[1,2n]
ϕ
−→F succ in F which is a

dead-end. HenceT 6∼ s[1,2n]. On the other hand, assumeT 6|= ϕ[νT ]. HenceT ∈ Combsϕ. By Lemma
25 we haveT ∼ s[1,2n].

c) Let T ∈ Combs[1,2n]. On the one hand assumeT |= ϕ[νT ]. Hence,T ∈ Combsϕ. If Attacker plays

T
ϕ
−→ fail in S(R), then Defender responds inF by playings[1,2n]

ϕ
−→F fail. Analogously, if Attacker

playss[1,2n]
ϕ
−→F fail, then Defender respondsT

ϕ
−→ fail. If Attacker movesT

ai−→ T ′ in S(R), then

surelyT ′ ∈ Combs⊥. Thus, Defender can respond withs[1,2n]
ai−→F s[1,2n] in F and hence establishes

the pair(T ′, s[1,2n]) which is bisimilar by Lemma 25. Analogously, if Attacker plays s[1,2n]
ai−→F

s[1,2n] in F, then Defender can always moveT
ai−→ T ′ in S(R) for someT ′ ∈ Combs⊥. Thus,

Defender wins analogously.

Induction step.Let I ⊂ [1, 2n].

1. Let us assume thatI is game-conform, i.e.I = [1, k] for somek ∈ [2n− 1].

(a) If k is odd, then Attacker playss[1,k]
ak+1
−→F s[1,k+1] and Defender can only respond withs[1,k]

ak+1
−→F

s[1,k+1]. By induction hypothesis we haves[1,k+1] 6∼ s[1,k+1], sos[1,k] 6∼ s[1,k]. If k is even, then

Attacker playss[1,k]
ak+1
−→F s[1,k+1] and Defender can only respond withs[1,k]

ak+1
−→F s[1,k+1]. By

induction hypothesis we haves[1,k+1] 6∼ s[1,k+1], sos[1,k] 6∼ s[1,k].
(b) LetT ∈ Combs[1,k]. We make a case distinction on the parity ofk.

• k is odd: Then recall that

ψ[νT ] = ∀xk+1∃xk+2 · · · ∀x2nϕ[νT ].

On the one hand, assumeT |= ψ[νT ]. Hence, in other words, for eachk + 1-extensionT ′ of

T we haveT ′ |= ψ[νT ′ ]. Attacker can now plays[1,k]
ak+1
−→F s[1,k+1]. Defender cannot play

T
ak+1
−→ s[k+1] sinces[1,k+1] 6∼ s[1,k+1] by Point 1(a) of induction hypothesis. Defender only

has the possibility to respondT
a
−→ T ′ in S(R) for somek + 1-extensionT ′ of T . Since

T ′ |= ψ[νT ′ ] we haveT ′ ∼ s[1,k+1] by Point 1(b) of induction hypothesis, henceT 6∼ s[1,k].

On the other hand, assumeT 6|= ψ[νT ]. Thus, there is some extensionT ′ ∈ Combs[k+1] of T
such thatT ′ 6|= ψ[νT ′ ]. We have to show thatT ∼ s[1,k].
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∗ If Attacker playss[1,k]
ak+1
−→F s[1,k+1], then Defender respondsT

ak+1
−→ T ′ and wins by

Point 1(b) of induction hypothesis. Conversely, if Attacker playsT
ak+1
−→ T ′′ for some

extensionT ′′ ∈ Combs[1,k+1] of T , we distinguish two cases. In caseT ′′ 6|= ψ[νT ′′ ], then

Defender playss[1,k]
ak+1
−→F s[1,k+1] and wins by Point 1(b) of induction hypothesis. In

caseT ′′ |= ψ[νT ′′ ], then Defender respondss[1,k]
ak+1
−→F s[1,k+1] and wins by Point 1(c)

of induction hypothesis.
∗ If Attacker playss[1,k]

ak+1
−→F s[1,k+1], then Defender playsT

ak+1
−→ s[1,k+1] in T (R) and

vice versa. Defender wins by establishing syntactic equivalence.
∗ If Attacker playss[1,k]

ai−→F s[1,2n] for somei ∈ [1, k], then Defender respondsT
ai−→ T ′′

for someT ′′ ∈ Combs⊥ by labeling a leaf ofT and vice versa. By Lemma 25 we have
T ′′ ∼ s[1,2n], hence Defender wins.

∗ If Attacker playss[1,k]
ai−→F u[1,k]∪{i} for somei ∈ [k + 2, 2n], then Defender responds

T
ai−→ u[1,k]∪{i} and vice versa. Hence Defender by establishing syntactic equivalence.

∗ If Attacker playsT
ai−→ T ′′ for somei-extensionT ′ ∈ Combs[1,k]∪{i} of T wherei ∈

[k + 2, 2n], then Defender respondss[1,k]
ai−→F u[1,k]∪{i} and vice versa. By Point 2 of

induction hypothesis, we haveT ′′ ∼ u[1,k], hence Defender wins.
• k is even: Then recall that

ψ[νT ] = ∃xk+1∀xk+2 · · · ∃x2n−1∀x2nϕ[νT ].

On the one hand, assumeT 6|= ψ[νT ]. Hence, in other words, for everyk + 1-extension
T ′ ∈ Combs[1,k+1] of T we haveT ′ 6|= ψ[νT ′ ]. We have to proveT 6∼ s[1,k]. Attacker

can now plays[1,k]
ak+1
−→ s[1,k+1]. If Defender responds withT

ak+1
−→ s[1,k+1] then she loses,

sinces[1,k+1] 6∼ s[1,k+1] by Point 1(a) of induction hypothesis. If Defender respondswith

T
ak+1
−→ T ′ for somek + 1-extensionT ′ ∈ Combs[1,k+1] of T , then she loses as well since

due toT ′ 6|= ψ[νT ′ ] we haveT ′ 6∼ s[1,k+1] by Point 1(c) of induction hypothesis. Hence
T 6∼ s[1,k].

On the other hand, assumeT |= ψ[νT ]. Thus, there is ak + 1-extensionT ′ ∈ Combs[k+1] of
T such thatT ′ |= ψ[νT ′ ]. We have to showT ∼ s[1,k].

∗ If Attacker playss[1,k]
ak+1
−→F s[1,k+1], then Defender playsT

ak+1
−→ T ′ and wins by Point

1(c) of induction hypothesis.
Conversely, if Attacker playsT

ak+1
−→ T ′′ for somek+ 1-extensionT ′′ ∈ Combs[1,k+1] of

T , we distinguish two cases. In caseT ′′ 6|= ψ[νT ′′ ] Defender respondss[1,k]
ak+1
−→F s[1,k+1]

and wins by Point 1(b) of induction hypothesis. In caseT ′′ |= ψ[νT ′′ ], then Defender

respondss[1,k]
ak+1
−→F s[1,k+1] and wins by Point 1(c) of induction hypothesis.

∗ If Attacker playss[1,k]
ak+1
−→F s[1,k+1], then Defender respondsT

ak+1
−→ s[1,k+1] and vice

versa. Defender hence by establishing syntactic equivalence.
∗ If Attacker playss[1,k]

ai−→F s[1,2n] for somei ∈ [1, k], then Defender respondsT
ai−→ T ′′

for someT ′′ ∈ Combs⊥ by labeling a leaf ofT and vice versa. By Lemma 25 we have
T ′′ ∼ s[1,2n], hence Defender wins.

∗ If Attacker playss[1,k]
ai−→F u[1,k]∪{i} for somei ∈ [k + 2, 2n], then Defender responds

T
ai−→ u[1,k]∪{i} and vice versa. Hence Defender wins by establishing syntactic equiva-

lence.
∗ If Attacker playsT

ai−→ T ′′ for someT ′′ ∈ Combs[1,k]∪{i} wherei ∈ [k + 2, 2n], then

Defender respondss[1,k]
ai−→F u[1,k]∪{i} and vice versa. Defender wins by Point 2 of

induction hypothesis.
(c) This case can be proven analogously as (b).

2. LetI ⊆ [1, k] be non-game-conform and letT ∈ CombsI . We have to prove thatT ∼ uI .
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– If Attacker movesT
ai−→ T ′ for somei ∈ I and someT ′ ∈ Combs⊥, then Defender responds

with uI
ai−→F s[1,2n] and vice versa. Defender wins by Lemma 25.

– If Attacker movesT
ai−→ T ′ whereT ′ ∈ CombsI∪{i} is ani-extension ofT , wherei ∈ [1, 2n] \ I

andI ∪ {i} is non-game-conform, then Defender responds withuI
ai−→F uI∪{i} and vice versa.

Defender wins by Point 2 of induction hypothesis.
– If Attacker playsuI

ai−→F s[1,k] (resp.uI
ai−→F s[1,k]), i.e. in particularI ∪ {i} is game-conform,

then Defender responds withT
ai−→ s[1,k] (resp.T

ai−→ s[1,k]) and vice versa. Hence Defender
wins by establishing syntactic equivalence.

– If Attacker playsT
ai−→ T ′ for somei-extensionT ′ ∈ Combs[1,k] of T , i.e. I ∪ {i} = [1, k] is

game-conform, then Defender respondsuI
ai−→F s[1,k] in caseT ′ |= ψ[νT ′ ] and withuI

ai−→F

s[1,k] in caseT ′ 6|= ψ[νT ′ ]. In the former case Defender wins sinceT ′ ∼ s[1,k] by Point 1(b) of
induction hypothesis. In the latter case Defender wins sinceT ′ ∼ s[1,k] by Point 1(c) of induction
hypothesis.

⊓⊔

Finally, we add the following two rules toR:

start
a1
→֒ s[1,1]

start
a1
→֒ Combs[1,1]

Theorem 27. Strong bisimilarity of RGTRS against finite systems is nonelementary.

Proof. We first prove correctness of our reduction. We will show

∃T ∈ Combs∅ : T |= ψ if and only if start 6∼ s∅.

Recall thatψ = ∃x1∀x2 · · · ∃x2n−1∀x2nϕ(x1, . . . , x2n).
On the one hand, assumeT |= ψ for someT ∈ Combs∅. SinceT |= ψ there is some1-extensionT ′ ∈

Combs[1,1] of T such thatT ′ |= ψ[νT ′ ]. Attacker playsstart
a1−→ T ′. Defender can only responds∅

a1−→F

s[1,1]. SinceT ′ |= ψ[νT ′ ] we haves[1,k] 6∼ T
′ by Point 1(b) of Lemma 26. Hencestart 6∼ s∅.

On the other hand, assume that for allT ∈ Combs∅ we haveT 6|= ψ. This is equivalent to saying that for all
T ∈ Combs[1,1] we haveT 6|= ψ[νT ]. We have to showstart ∼ s∅. If Attacker playsstart

a1−→ s[1,1], then

Defender respondss∅
a1−→F s[1,1] and vice versa. If Attacker playsstart

a1−→ T for someT ∈ Combs[1,1],

then Defender respondss∅
a1−→F s[1,1] and vice versa. SinceT 6|= ψ[νT ] we know thatT ∼ s[1,1] by Point

1(b) of Lemma 26. Hencestart ∼ s∅

Let us now argue that the whole translation is computable in exponential time. The size of the label set
A is linearly bounded in|ψ|. The finite systemF hasexp(|ψ|) many configurations and transitions. The
size of the alphabetA of R is bounded byexp(|ψ|). InR we haveexp(|ψ|) many rules that can each be
represented by pairs of NTAs each of sizeexp(|ψ|). It is straighforward to see that the whole reduction is
computable in exponential time. ⊓⊔

5 Weak bisimilarity against finite systems

Before we discuss a nonelementary lower bound for weak bisimilarity of GTRS against finite systems, let
us state an upper bound (which follows from known results).

Theorem 28. Weak bisimilarity checking of GTRS against finite systems isdecidable in timeTOWER(O(n)).

Proof. By Proposition 4 weak bisimilarity checking against finite systems can be reduced toEF model
checking of formulas in DAG-representation. By Theorem 2EF model checking is decidable in time
TOWER(O(n)). ⊓⊔
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The main result of this section is that weak bisimilarity checking of GTRS against finite systems has
nonelementary complexity. We reuse definitions and notionsthat were introduced in Section 4. In analogy
to the nonelementary lower bound presented in Section 4 let us fix a first-order sentence interpreted over
binary words

ψ = ∃x1∀x2 . . . ∃x2n−1∀x2nϕ(x1, . . . , ϕ2n).

As in Section 4, we will assume without loss of generality thatw 6|= ψ for each binary wordw with |w| < 2.
Our goal is to compute in exponential time a GTRSR = (A,Aτ , R), some initial treestart ∈ TreesA∩A0,
some finite systemF = (C,Aτ , {

a
−→F| a ∈ Aτ}), and a configurations∅ ∈ C such that

∃w ∈ {0, 1}∗ : w |= ϕ if and only if start 6≈ s∅.

We putA = {ai | i ∈ [1, 2n]} ∪ {ϕ, reject}. Recall that∆τ = ∆ ∪ {τ}.

Organization of this section In Section 5.1 we discuss the idea behind the overall reduction, name the
difficulties that arise (especially in comparison to Section 4), formally defineF and finally prove that certain
configurations ofF are not weakly bisimilar. In Section 5.2 we add toR some rewriting rules that mimic
bottom-up computations of the tree languages of Section 4. In Section 5.3 we prove the main correctness
lemma of our reduction. We conclude the reduction in Section5.4.

5.1 How to design the finite system and why

Recall that in Section 4 we provided in the RGTRS rules of the kind

Combs[1,k]

ak+1

→֒ s[1,k+1], Combs[1,k]\{i}
ai−→ s[1,k], CombsI\{i}

ai−→ uI and Combsϕ
ϕ
−→ fail

and the same fors[1,k] (resp.s[1,k+1]) replaced bys[1,k] (resp.s[1,k+1]). These rules allowed Defender to
punish Attacker in case e.g. Attacker played inF rather than inS(R) or Attacker deviates from play-
ing game-conform. However, since in GTRS the rewriting rules only allow to rewrite explictly given
(sub)trees rather than (trees from) a tree language, we haveto find a way way of simulating the com-
putations of tree automata. We follow an obvious approach and simulate each such rewriting rule (such as

Combs[1,k]

ak+1

→֒ s1,k+1) by a sequence ofτ -transitions inS(R) that correspond to abottom-up computa-
tion of the respective tree automaton.
Let us fix a, say game-conform, combT . However, themajor difficulties that now arise are the following:

1. Due to theabsenceof a finite control unit in our GTRSR we must provide in the rewriting rules ofR
the possibility to simulate fromT all possibletree automata. Hence Defender must have the possibility
to react inF to each of such computations.

2. Assume that we construct in our finite systemF a response for Defender to react to an initialization of
a bottom-up computation of a tree language. We have to guarantee inF that each two such responses
are not weakly-bisimilar in order to distinguish different(intializations of) tree languages.

3. Since we allow the bottom-up computation forCombsϕ, Attacker in theory initialize fromT a bottom-
up computation forCombsϕ althoughT ∈ CombsI for some strict subsetI ⊂ [1, 2n], i.e. not all of the
variables have yet been assigned. In doing so, Attacker might add toT the remaining variables that have
not yet been assigned and threaten to label the leaves of the combduring the bottom-up computation.
We have to provide a mechanism for Defender to win always as soon as Attacker initializesCombsϕ
too early.

Let us now define the set of configurationsC of our finite systemF.

Firstly, we add the following configurations which mostly already appeared in the configuration set of the
finite system of Section 4:

– reject: This configuration mimics that the current bottom-up computation for the languagesCombsJ

(whereJ ⊆ [1, 2n]) is rejecting.
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– succ, fail1, andfail2: These configurations can be seen as analogies to the configurationssucc andfail

of the finite system of Section 4.
– sI andsI for each game-conform subsetI ⊆ [1, 2n]: Analogously to the corresponding configurations

of the finite transition system of Section 4.
– uI for each non-game-conform subsetI ⊂ [1, 2n]: Analogously to the corresponding configurations

of the finite transition system of Section 4.

To simulate the bottom-up computation of these NTA, we provide inR rules that allow us to rewrite the
right-most subtree of size three of each comb via some non-silent action. From this point onτ -transitions
are executed and eventually allow to pass the computed information to the root and eventually move to
some appropriate configuration of the finite systemF. To which configuration ofF we concretely move,
depends on the information of the run on the tree.

The following configurations are designed to overcome the above-mentioned difficulties.

– vI for each subsetI ⊂ [1, 2n]: These configurations allow Defender to react to difficulty 3, i.e. these
configurations allow Defender to win always in case Attackerinitialized a bottom-up computation for
acceptingCombsϕ just in case not all of the variables have yet been assigned. So if the bottom-up
computation forCombsϕ has just been initialized from some comb fromCombsI (by rewriting the
rightmost subtree of size three of this comb) via the actionϕ, then this initialized tree will be weakly
bisimilar tovI .

– zI,J,l for each subsetsI ⊆ J ⊂ [1, 2n] and eachl ∈ [1, 2n] \ J : These configurations allow Defender
to react (via the actional ∈ A) in case Attacker wants to initialize a bottom-up computation for
acceptingCombsJ and the current combT belongs toCombsI . More precisely, the tree from which
this bottom-up computation has been initialized (via the action al) is fromCombsI , whereI ⊆ J . This
computation might be accepting if additional leaves will belabeledduring the bottom-up computation.
We will have that this initialized tree will be weakly bisimilar tozI,J,l.

– z⊥: This configuration is designed to be weakly bisimilar to each T ∈ Combs⊥— in particularevery
bottom-up computation that starts in such aT will be rejecting.

Let us define the outgoing transitions of eachzI,J,l andreject:

zJ,J,l
τ
−→F





uJ∪{l} if J ∪ {l} is non-game-conform

s[1,k+1] if J = [1, k] andl = k + 1 is even

s[1,k+1] if J = [1, k] andl = k + 1 is odd

s[1,k+1], s[1,k+1] if J = [1, k + 1] \ {l} andl ≤ k

zI,J,l
aj

−→F zI∪{j},J,l for eachj ∈ J \ I
zI,J,l

τ
−→F reject for eachI ⊂ J

zI,J,l
ak−→F reject for eachk ∈ I ∪ ([1, 2n] \ J)

reject
reject
−→F reject

reject
ai−→F reject for eachi ∈ [1, 2n]

Next, let us define the outgoing transitions of eachvI , of succ, fail1, fail2, and ofz⊥:

vI
ai−→F succ for eachi ∈ I

vI\{i}
ai−→F vI for eachi ∈ I

v[1,2n]\{i}
ai−→F succ for eachi ∈ [1, 2n]

v[1,2n]\{i}
ai−→F fail1 for eachi ∈ [1, 2n]

fail1
ai−→F succ for eachi ∈ [1, 2n]

succ
ai−→F succ for eachi ∈ [1, 2n]

fail1
τ
−→F fail2

z⊥
ai−→F z⊥ for eachi ∈ [1, 2n]

z⊥
ϕ
−→F succ

z⊥
ai−→F reject for eachi ∈ [1, 2n]
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Next, let us define the outgoing transitions ofsI and ofsI for each game-conformI ⊆ [1, 2n] and each
possiblek ∈ [0, 2n]:

s[1,k]
ak+1
−→F s[1,k+1]

s[1,k]
ak+1
−→F s[1,k+1]

s[1,k]
ak+1
−→F s[1,k+1] if k is odd

s[1,k]
ak+1
−→F s[1,k+1] if k is even

s[1,k], s[1,k]
ai−→F reject for eachi ∈ [1, 2n]

s[1,k], s[1,k]
ai−→F z⊥ for eachi ∈ [1, k]

s[1,k], s[1,k]
ai−→F u[1,k]∪{i} for eachi ∈ [k + 2, 2n]

s[1,k], s[1,k]
al−→F z[1,k],J,l for each[1, k] ⊆ J ⊂ [1, 2n] and eachl ∈ [1, 2] \ J

s[1,k], s[1,k]
ϕ
−→F v[1,k] if k ∈ [0, 2n− 1]

s[1,2n]
ϕ
−→F succ

s[1,2n]
ϕ
−→F fail1

Finally, we conclude the definition ofF by defining outgoing transitions of eachuI :

uI
ai−→F uI∪{i} if i 6∈ I and bothI andI ∪ {i} are are non-game-conform

u[1,k+1]\{i}
ai−→F s[1,k+1], s[1,k+1] for eachi ∈ [1, k]

uI
ai−→F reject for eachi ∈ [1, 2n]

uI
al−→F zI,J,l for eachI ⊆ J andl ∈ [1, 2n] \ J

uI
ϕ
−→F vI

uI
ai−→F z⊥ for eachi ∈ I

s∅

s∅

s[1,1]

s[1,1]

s[1,2]

s[1,2]

s[1,3]

s[1,3]

s[1,4]
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· · ·

s[1,n−1]

s[1,n−1]

s[1,2n]

s[1,2n]

succ

fail1fail2

u{2,3,4}

u{1,3,4}

u{1,2,4}

u[1,4]∪{6}

u[1,4]∪{6,7}u[1,4]∪{6,7}

v[1,4] z⊥

z[1,4],[1,4],7

z[1,4],[1,6],8

reject

a7

τ

τ

a8

ak,k∈[1,4]

ϕ
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Fig. 3.A snapshot ofF and the outgoing transitions ofs[1,4] (i ranges over[1, 2n]).
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Lemma 29. Letk ∈ [1, 2n]. Then the following configurations ifF are not weakly bisimilar:

1. s[1,k] 6≈ s[1,k],

2. if k is even andz[1,k−1],J,k
τ
−→

∗

F c, thens[1,k] 6≈ c.

3. if k is odd andz[1,k−1],J,k
τ
−→

∗

F c, thens[1,k] 6≈ c.

Proof. We prove the lemma by downward induction onk = 2n, 2n− 1, . . ..

Induction base:For the induction base we havek = 2n.

1. Attacker playss[1,2n]
ϕ
−→F succ. If Defender responds withs[1,2n]

ϕτ
−→F fail2, then Attacker obviously

wins sincefail2 is a dead-end andsucc is not. If Defender responds withs[1,2n]
ϕ
−→F fail1, then from

the resulting game position(succ, fail1) Attacker plays in the next roundfail1
τ
−→F fail2. Defender can

only respond by staying insucc. As above, the resulting position(succ, fail2) is winning for Attacker.
2. Sincek = 2n andk 6∈ J only I = J = [1, 2n− 1] is possible. Assumez[1,2n−1],[1,2n−1],2n

τ
−→

∗

F c. In
casec = s[1,2n] Attacker wins by Point 1 of induction base. In casec = z[1,2n−1],[1,2n−1],2n Attacker

playsz[1,2n−1],[1,2n−1],2n
τ
−→F s[1,2n] and Defender can only stay ins[1,k]. Again, Attacker wins by

Point 1 of induction base.
3. Nothing to be proven sincek = 2n is even.

Induction step:Let 0 ≤ k < 2n.

1. First, let us consider the case whenk is odd. We will prove that Attacker has a winning strategy when
he makes the moves[1,k]

ak+1
−→F s[1,k+1]. We distinguish the possible responses of Defender.

– Assume Defender respondss[1,k]
ak+1
−→F reject. Then in the next move Attacker playsreject

reject
−→F

reject and wins sinces[1,k+1] has no outgoingreject-transition.

– Assume Defender respondss[1,k]
ak+1
−→F s[1,k+1]. Then Attacker wins by Point 1 of induction

hypothesis.
– Assume Defender respondss[1,k]

ak+1
−→F z[1,k],J,k+1

τ
−→

∗

F c. Thenk+ 1 is even and Attacker wins
by Point 2 of induction hypothesis.

Now, let us assumek is even. We prove that Attacker has a winning strategy when heplayss[1,k]
ak+1
−→F

s[1,k+1]. We distinguish the possible responses of Defender.

– Assume Defender respondss[1,k]
ak+1
−→F reject. Then in the next move Attacker playsreject

reject
−→F

reject and wins sinces[1,k+1] has no outgoingreject-transition.

– Assume Defender respondss[1,k]
ak+1
−→F s[1,k+1].Then Attacker wins by Point 1 of induction hy-

pothesis.
– Assume Defender respondss[1,k]

ak+1
−→F z[1,k],J,k+1

τ
−→

∗

F c. Thenk + 1 is odd and Attacker wins
by Point 3 of induction hypothesis.

2. Assumek is even. On the one hand, if[1, k − 1] = J andz[1,k−1],J,k
τ
−→

∗

F c, we distinguish the
following possibilities forc:

– c = s[1,k]: Then Attacker wins by Point 1 (no induction hypothesis used).

– c = z[1,k−1],[1,k−1],k: Then Attacker playsz[1,k−1],[1,k−1],k
τ
−→F s[1,k] and Defender can only

stay ins[1,k], hence Attacker wins by Point 1 (no induction hypothesis used).

On the other hand, if[1, k − 1] ⊂ J andz[1,k−1],J,k
τ
−→

∗

F c, we distinguish the following possibilites
for c:

– c = reject: Then Attacker playsreject
reject
−→F reject and wins sinces[1,k] has no outgoingreject-

transition.
– c = z[1,k−1],J,k: Then Attacker playsz[1,k−1],J,k

τ
−→F reject and Defender can only stay in

s[1,k]. In the next round, Attacker playsreject
reject
−→F reject and wins sinces[1,k] has no outgoing

reject-transition.
3. Assumek is odd. On the one hand, if[1, k − 1] = J andz[1,k−1],J,k

τ
−→

∗

F c, we distinguish the
following possibilities forc:
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– c = s[1,k]: Then Attacker wins by Point 1 (no induction hypothesis used).

– c = z[1,k−1],[1,k−1],k: Then Attacker playsz[1,k−1],[1,k−1],k
τ
−→F s[1,k] and Defender can only

stay ins[1,k], hence Attacker wins by Point 1 (no induction hypothesis used).

On the other hand, if[1, k − 1] ⊂ J andz[1,k−1],J,k
τ
−→

∗

F c, we distinguish the following possibilites
for c:

– c = reject: Then Attacker playsreject
reject
−→F reject and wins sinces[1,k] has no outgoingreject-

transition.
– c = z[1,k−1],J,k: Then Attacker playsz[1,k−1],J,k

τ
−→F reject and Defender can only stay in

s[1,k]. In the next round, Attacker playsreject
reject
−→F reject and wins sinces[1,k] has no outgoing

reject-transition.
⊓⊔

5.2 The GTRS and its bottom-up computations

Recall thatC denotes the set of configurations ofF andP denotes the set of proper leaf labels (Definition
5). Let us define the ranked alphabetA = (Ai)i∈{0,1,2} of our GTRSR as follows, where the setQ will
be specified later:

A0 = {start} ∪ C ∪ P ∪Q

A1 = {root}

A2 = {⋆,♣}

For reasons of presentation, we will define the rewriting rules ofR step by step. First we allow the
following rewriting rules that allow to label leafs in analogy to Section 4.

(I, α)
ai

→֒ (I ∪ {i}, α) for eachi ∈ [1, 2n] \ I and for eachα ∈ {0, 1}

(I, α)
ai

→֒ (⊥, α) for eachi ∈ I and for eachα ∈ {0, 1}

(⊥, α)
ai

→֒ (⊥, α) for eachi ∈ I and for eachα ∈ {0, 1}

Moreover, we allow each transition of the finite systemF, i.e.

c
λ
→֒ c′ for eachc

λ
−→F c

′ whereλ ∈ Aτ .

Before we explicitly define them, let us give some explanation of the rewriting rules(J, l) for each
J ⊂ [1, 2n] and eachl ∈ [1, 2n] \ J . These rewriting rules will be applied to combs.

1. The initial rewriting ruleINIT(J, l) is done via the actional at the rightmost part of the comb.
2. If the tree automaton scanned some tree fromCombs⊥ or from CombsI whereI 6⊆ J , then the copy

reject of F can be reached viaτ -transitions.
3. If the tree automaton scanned some tree fromCombsI , whereI ⊆ J , thenzI,J,l can be reached via
τ -transitions.

Let us define the rewriting rules precisely. For eachJ ⊂ [1, 2n] and eachl ∈ [1, 2n]\J we add the following
rewrite rules toR by first adding toQ (and hence toA0) the following additional nullary symbols

Q(J, l) = {qrej(J, l)} ∪ {qI(J, l) | I ⊆ J}.

The stateqrej(J, l) is intended to express that there is no more way (by labeling leaves of the tree) of
accepting any tree fromCombsI , whereI ⊆ J , whereas statesqI(J, l) express that so far we have collected
the subsetI ⊆ J .
If I = ⊥ or I ′ = ⊥ or I ∩ I ′ 6= ∅ or (I ∪ I ′) 6⊆ J we add the following rule
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INIT (J, l)

⋆

(I, α) (I ′, α′)

al
→֒ qrej(J, l)

and otherwise we add

INIT (J, l)

⋆

(I, α) (I ′, α′)

al
→֒ qI∪I ′(J, l)

Let us give some intuition on the previously defined rules. The idea of applying these rules is as follows.
Let us fix some combT . The only rule that is applicable atT is the first rule (one of the two that is labeled
with INIT (J, l)). Having done this (necessarily with action labelal), we have replaced the three rightmost
nodes ofT by some state of a deterministic bottom-up tree automaton that intends to accept some tree
T ∈ CombsI for someI ⊆ J and then goes to the configurationzI,J,l of F (to reject otherwise). The
following rules mimic this bottom-up computation and should be self-explanatory.

⋆

(I, α) qrej(J, l)

τ
→֒ qrej(J, l)

If I = ⊥ or I ∩ I ′ 6= ∅ or I 6⊆ J we add

⋆

(I, α) qI′(J, l)

τ
→֒ qrej(J, l)

and otherwise

⋆

(I, α) qI′(J, l)

τ
→֒ qI∪I ′(J, l)

If the automaton is in stateqI(J, l), then the automaton has collected from the bottom of the treeto
the current node, the setI ⊆ J of indices. If it scans a leaf that is labeled by(⊥, α) or with (I, α) where
I 6⊆ J and whereα ∈ {0, 1} we move to the rejecting stateqrej(J, l) since thenT surely is not inCombsI
for any I ⊆ J . The transitions of the tree automaton (except for the initial al-transition) are realized by
τ -transitions inR. The following rules are transitions to states of the finite system.

For eachI ⊆ J we add

root

qI(J, l)

τ
→֒ zI,J,l

and finally we add the rule

root

qrej(J, l)

τ
→֒ reject

Note that onceal has been done, all of the bottom-up rules areτ -rules. However, due to the possibility of
rewriting leafs, it is possible that leafs are modified by executingai transitions intermediately.
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Definition 30. The (J, l)-successorT(J,l) of a combT is the unique tree that is obtained by applying
rewrite ruleINIT(J, l) at (the rightmost part of)T .

The following lemmas relate all possibleT(J,l) with the configurations of our finite transition systemF.

Lemma 31. LetT ∈ CombsI for someI ⊆ [1, 2n]. If I 6⊆ J andT(J,l)
τ
−→

∗
T ′, thenT ′ ≈ reject.

Proof. Let U = {T ′′ ∈ TreesA \ C | T(J,l) −→
∗ T ′′} be the trees (and not any of the singleton trees that

are copies of the configurationsC of the finite systemF) that are reachable fromT(J,l). Then notice easily
that

(U ∪ {reject})× {reject}

is a weak bisimulation that relatesT ′ ∈ U andreject. ⊓⊔

Lemma 32. LetT ∈ CombsI for someI ⊂ [1, 2n]. If I ⊆ J andT(J,l)
τ
−→

∗
T ′, thenT ′ ≈ zI,J,l.

Proof. Let U = {T ′′ ∈ TreesA \ C | T(J,l) −→
∗ T ′′} be the set of trees (which are not configurations

of the finite system) that are reachable fromT(J,l) in S(R). One can now partitionU into the following
subsets:

U⊥ = {T ′′ ∈ R | T ′′ τ
−→

∗
reject}

UI′ = {T ′′ ∈ R | T ′′ τ
−→

∗
zI′,J,l} for eachI ⊆ I ′ ⊆ J

One now verifies that

U⊥ × {reject} ∪
⋃

I⊆I′⊆J

UI′ × {zI′,J,l} ∪ {(c, c) | c ∈ C}

is a weak bisimulation that relatesT ′ ∈ UI andzI,J,l. ⊓⊔

Recall thatCombsϕ denotes the set of all combsT ∈ Combs[1,2n] such thatT |= ψ[νT ]. In analogy to
each of the rewrite rules(J, l) we will add a rule set with additional nullary symbolsQ(ϕ) to Q (and hence
toA0) that mimics a deterministic bottom-up tree automaton thatrealizes the tree languageCombsϕ, runs
on combs and that does the following (details are given in theappendix):

1. The initial rewrite ruleINIT(ϕ) is labeled with the actionϕ (instead ofal)
2. If the tree automaton scanned some tree fromCombsϕ, thenfail1 can be reached viaτ -transitions.
3. If the tree automaton scanned some tree fromCombsϕ ∪ Combs⊥, thensucc can be reached viaτ -

transitions.
4. If the tree automaton scanned a tree fromCombsI for someI ⊂ [1, 2n], thenvI can be reached via
τ -transitions.

We can now define the remaining nullary symbolsQ thatA0 contains. We define

Q = Q(ϕ) ∪
⋃
{Q(J, l) | J ⊂ [1, 2n], l ∈ [1, 2n] \ J} .

In analogy to a(J, l) successorT(J,l) of a combT , we define theϕ-successorTϕ of a combT .

Definition 33. Theϕ-successorTϕ of a combT is the unique tree that is obtained by applying the rewrite
rule INIT(ϕ) to T .

Next, we relate all possibleTϕ with configurations of our finite transition systemF.

Lemma 34. For everyT ∈ Combs⊥ the following three statements hold:

1. T(J,l) ≈ reject for eachJ, l.
2. Tϕ ≈ succ.
3. T ≈ z⊥.
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Proof. Points 1 and 2 are immediate since the bottom-up computations are rejecting and are designed to
go to reject or to succ, respectively. For Point 3, Defender has the following winning strategy: As long
as the current treeT stays inCombs⊥, Defender loops inz⊥ and vice versa. In case Attacker moves
T

al−→ T(J,l), then Defender respondsz⊥
al−→F reject and wins by Point 1 and vice versa. In case Attacker

movesT
ϕ
−→ Tϕ, then Defender repsondsz⊥

ϕ
−→F succ and vice versa and hence wins by Point 2. ⊓⊔

Lemma 35. LetT ∈ Combs[1,2n]. Then the following two statements hold:

1. T ∈ Combsϕ if and only ifTϕ ≈ fail1.
2. T ∈ Combsϕ if and only ifTϕ ≈ succ.

Proof. Let U = {T ′ ∈ TreesA \ C | Tϕ −→
∗ T ′} denote the set of all treesT ′ ∈ TreesA \ C that are

reachable fromTϕ.

1. On the one hand assumeT ∈ Combsϕ. We partitionU into the following two sets:

Uϕ =
{
T ′ ∈ U : T ′ τ

−→
∗

fail1

}
and Uϕ = U \ Uϕ.

One can now verify that

((Uϕ ∪ {fail1})× {fail1}) ∪
(
(Uϕ ∪ {succ})× {succ}

)
∪ ({fail2} × {fail2})

is a weak bisimulation that relatesfail1 andTϕ ∈ Uϕ.

On the other hand, assumeT ∈ Combsϕ. This impliesTϕ 6−→
∗ fail1. Attacker can playfail1

τ
−→F

fail2. For every responseTϕ
τ
−→

∗
T ′′ of Defender we have thatT ′′ has anai-successor (note that

T ′′ = succ is possible), whereasfail2 is a dead-end. Hence Attacker has a winning strategy.
2. On the one hand, assumeT ∈ Combsϕ. One verifies that

(U ∪ {succ})× {succ}

is a weak bisimulation that relatessucc andTϕ ∈ U .

On the other hand assumeT ∈ Combsϕ. Attacker can play a finite sequenceTϕ
τ
−→

∗
fail1

τ
−→ fail2

of τ -moves ending in a dead-end and Defender can only stay insucc. Hence Attacker wins.
⊓⊔

Lemma 36. LetT ∈ CombsI for someI ⊂ J . ThenTϕ ≈ vI .

Proof. LetU = {T ′ ∈ TreesA \C | T −→
∗ T ′} denote the set of trees that are reachable fromT not being

copies of configurations fromF. Observe that by definition of the rewriting rules for simulating Combsϕ,
we partitionU into the following sets

U⊥ = {T ′ ∈ U | T
τ
−→

∗
succ}

Uϕ = {T ′ ∈ U | T
τ
−→

∗
fail1}

UI′ = {T ′ ∈ U | T
τ
−→

∗
vI′} for eachI ⊆ I ′ ⊂ [1, 2n]

One can now easily verify that

(U⊥ ∪ {succ})× {succ} ∪ (Uϕ ∪ {fail1})× {fail1} ∪ {fail2} × {fail2}

∪
⋃

I⊆I′⊂[1,2n]

(UI′ ∪ {vI′})× {vI′}

is a weak bisimulation that relatesTϕ ∈ UI andvI . ⊓⊔
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5.3 Correctness of the reduction

The next lemma is the main correctness lemma of our reduction.

Lemma 37. Let I ⊆ [1, 2n] be non-empty.

1. If I is game-conform, then the following two statements hold:
(a) ∀T ∈ CombsI : T 6≈ sI if and only ifT |= ψ[νT ].
(b) ∀T ∈ CombsI : T ≈ sI if and only ifT |= ψ[νT ].

2. If I is non-game-conform, then for eachT ∈ CombsI we haveT ≈ uI .

Proof. We prove the lemma by downward induction on|I| = 2n, 2n− 1, . . ..

Induction base:Assume|I| = 2n, i.e.I = [1, 2n] and soI is game-conform. Thus, we only have to prove
Point 1.

(a) LetT ∈ Combs[1,2n]. On the one hand, assumeT |= ψ[νT ] or equivalentlyT ∈ Combsϕ. Attacker can

moveT
ϕ
−→ Tϕ and Defender can only respond withs[1,2n]

ϕ
−→F succ establishing the pair(Tϕ, succ)

which is winning for Attacker by Point 2 of Lemma 35.

On the other hand, assumeT 6|= ϕ[νT ] or equivalentlyT ∈ Combsϕ. We have to proveT ≈ s[1,2n].
1. If Attacker playsT

ϕ
−→ Tϕ, then Defender respondss[1,2n]

ϕ
−→F succ and wins by Point 2 of

Lemma 35 and vice versa.
2. If Attacker playsT

al−→ T(J,l) (resp.s[1,2n]
al−→ reject), then Defender respondss[1,2n]

al−→ reject

(resp.T
al−→ T(J,l) for some arbitrary possibleJ , sayJ = ∅) and wins sinceT(J,l) ≈ reject by

Lemma 31 (Lemma 31 is applicable sinceT ∈ Combs[1,2n] and[1, 2n] 6⊆ J due toJ ⊂ [1, 2n]).
3. If Attacker playsT

ai−→ T ′ for someT ′ ∈ Combs⊥ (resp. Attacker playss[1,2n]
ai−→F z⊥), then

Defender responds withs[1,2n]
ai−→F z⊥ (resp. withT

ai−→ T ′ for someT ′ ∈ Combs⊥) and
Defender wins by Point 3 of Lemma 34.

(b) On the one hand, assumeT 6|= ϕ[νT ]. Then Attacker playsT
ϕ
−→ Tϕ. If Defender respondss[1,2n]

ϕ
−→F

fail1, then Attacker wins by Point 1 of Lemma 35. If, however, Defender respondss[1,2n]
ϕ
−→F

fail1
τ
−→F fail2, then from the established pair(Tϕ, fail2) Attacker can win by forcing the game via

τ -moves to(succ, fail2) which is winning for him.

On the other hand, assumeT |= ϕ[νT ] or equivalentlyT ∈ Combsϕ. We have to showT ≈ s[1,2n].
1. If Attacker playsT

ϕ
−→ Tϕ, then Defender respondss[1,2n]

ϕ
−→F fail1 and wins by Point 1 of

Lemma 35 and vice versa.
2. If Attacker playsT

al−→ T(J,l) (resp.s[1,2n]
al−→ reject), then Defender respondss[1,2n]

al−→ reject

(resp.T
al−→ T(J,l) for some arbitrary possibleJ , sayJ = ∅) and wins sinceT(J,l) ≈ reject by

Lemma 31 (Lemma 31 is applicable sinceT ∈ Combs[1,2n] and[1, 2n] 6⊆ J due toJ ⊂ [1, 2n]).
3. If Attacker playsT

ai−→ T ′ for someT ′ ∈ Combs⊥ (resp. Attacker playss[1,2n]
ai−→F z⊥), then

Defender responds withs[1,2n]
ai−→F z⊥ (resp. withT

ai−→ T ′ for someT ′ ∈ Combs⊥) and
Defender wins by Point 3 of Lemma 34.

Induction step:Let I ⊂ [1, 2n] be non-empty.

1. Assume thatI is game-conform, i.e.I = [1, k] for somek ∈ [2n− 1]. We make a case distinction on
the parity ofk:
(a) This case can be proven analogously to case (b) below.
(b) We make a case distinction on the parity ofk.

• k is even: Recall that

ψ[νT ] = ∃xk+1∀xk+2 · · · ∃x2n−1 ∀x2nϕ[νT ].

On the one hand, assumeT |= ψ[νT ]. This means that there is somek + 1-extensionT ′ ∈
Combs[1,k+1] of T such thatT ′ |= ψ[νT ′ ]. We have to show thatT ≈ s[1,k].

Attacker plays in the finite system
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∗ If Attacker playss[1,k]
ak+1
−→F s[1,k+1], then Defender responds withT

ak+1
−→ T ′ and De-

fender wins by Point 1(b) of induction hypothesis.
∗ Assume Attacker playss[1,k]

ak+1
−→F s[1,k+1]. Recall thatT([1,k],k+1) is theak+1-successor

of T that initializes a bottom-up computation for acceptingCombs[1,k]. Since we have
T ∈ Combs[1,k] Defender can do the bottom-up computation viaτ -rules and can respond

with T
ak+1
−→ T([1,k],k+1)

τ
−→

∗
z[1,k],[1,k],k+1

τ
−→

∗
s[1,k+1] and wins by establishing

syntactic equivalence.
∗ If Attacker movess[1,k]

ai−→F reject for somei ∈ [1, 2n], then Defender responds with

T
ai−→ T(∅,i) and wins sinceT(∅,l) ≈ reject by Lemma 31 (note that sinceT ∈ Combs[1,k]

and[1, k] is non-empty thus[1, k] 6⊆ ∅, Lemma 31 is applicable).
∗ If Attacker movess[1,k]

ai−→F u[1,k]∪{i} for somei ∈ [k + 2, 2n], then [1, k] ∪ {i}

is non-game-conform and thus Defender repsonds withT
ai−→ T ′ for somei-extension

T ′ ∈ Combs[1,k]∪{i} of T and wins by Point 2 of induction hypothesis.

∗ If Attacker movess[1,k]
ϕ
−→ v[1,k], then Defender respnds withT

ϕ
−→ Tϕ and wins by

Lemma 36.
∗ If Attacker playss[1,k]

al−→ z[1,k],J,l, where[1, k] ⊆ J ⊂ [1, 2n] andl ∈ [1, 2n] \ J , then

Defender responds withT
al−→ T(J,l) and wins by Lemma 32 (note thatT ∈ Combs[1,k]).

∗ If Attacker playss[1,k]
ai−→F z⊥ for somei ∈ [1, k], then Defender respondsT

ai−→ T ′

for someT ′ ∈ Combs⊥ and wins by Point 3 of Lemma 34.

Attacker plays in the infinite system

∗ If Attacker playsT
ak+1
−→ T ′′ for somek + 1-extensionT ′′ of T , then we distinguish

two cases. IfT ′′ |= ψ[νT ′′ ], then Defender responds withs[1,k]
ak+1
−→F s[1,k+1] and wins

by Point 1(b) of induction hypothesis. IfT ′′ 6|= ψ[νT ′′ ], then Defender responds with

s[1,k]
ak+1
−→F s[1,k+1] and wins by Point 1(a) of induction hypothesis.

∗ If Attacker playsT
ai−→ T ′′, wherei ∈ [k + 2, 2n] andT ′′ ∈ Combs[1,k]∪{i}, then

[1, k] ∪ {i} is non-game-conform and Defender responds withs[1,k]
ai−→F u[1,k]∪{i} and

wins by Point 2 of induction hypothesis.
∗ If Attacker playsT

ai−→ T ′′ for somei ∈ [1, k] and someT ′′ ∈ Combs⊥, then Defender
responds withs[1,k]

ai−→ z⊥ and wins by Point 3 of Lemma 34.

∗ Assume Attacker playsT
al−→ T(J,l). Then we distinguish two cases. In case[1, k] ⊆ J ,

then Defender respondss[1,k]
al−→F z[1,k],J,l and wins by Lemma 32 (note thatT ∈

Combs[1,k]). In case[1, k] 6⊆ J , then we haveT(J,l) ≈ reject by Lemma 31. Hence

Defender wins by responding withs[1,k]
al−→F reject.

∗ If Attacker playsT
ϕ
−→F Tϕ, then Defender responds withs[1,k]

ϕ
−→ v[1,k] and wins by

Lemma 36.

On the other hand assumeT 6|= ϕ[νT ]. Thus for eachk + 1-extensionT ′ of T we have
T ′ 6|= ψ[νT ′ ]. We have to show thatT 6≈ s[1,k]. We will prove that Attacker can win by

playings[1,k]
ak+1
−→F s[1,k+1] (recall thatk is even):

∗ If Defender respondsT
ak+1
−→ T ′, whereT ′ ∈ Combs[1,k+1] is somek+ 1-extension ofT ,

we have thatT ′ 6|= ψ[νT ′ ]. Hence Attacker wins by Point 1(b) of induction hypothesis.

∗ If Defender respondsT
ak+1
−→ T(J,k+1)

τ
−→

∗
T ′ we distinguish two cases. In case[1, k] 6⊆

J , thenT ′ ≈ reject by Lemma 31. Attacker can now force the game fromT ′ to reject

via τ -moves and then movereject
reject
−→F reject whereas Defender has to stay ins[1,k+1],

which has no outgoingreject-transition. Hence Attacker wins. In case[1, k] ⊆ J , then we
haveT ′ ≈ z[1,k],J,k+1 by Lemma 32. But note thatk + 1 is odd and thusz[1,k],J,k+1 6≈
s[1,k+1] by Point 3 of Lemma 29.
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• k is odd: Recall that

ψ[νT ] = ∀xk+1∃xk+2 · · · ∀x2nϕ[νT ].

On the one hand, assumeT |= ψ[νT ]. This means that for eachk + 1-extensionT ′ ∈
Combs[1,k+1] of T we haveT ′ |= ψ[νT ′ ]. We have to show thatT ≈ s[1,k].

Attacker plays in the finite system

∗ If Attacker playss[1,k]
ak+1
−→F s[1,k+1], then Defender responds withT

ak+1
−→ T ′ for an

arbitraryk + 1-extensionT ′ of T and wins by Point 1(b) of induction hypothesis.
∗ If Attacker movess[1,k]

ai−→F reject for somei ∈ [1, 2n], then Defender responds with

T
ai−→ T(∅,i) and wins sinceT(∅,l) ≈ reject by Lemma 31 (note that sinceT ∈ Combs[1,k]

and[1, k] is non-empty thus[1, k] 6⊆ ∅, Lemma 31 is applicable).
∗ If Attacker movess[1,k]

ai−→F u[1,k]∪{i} for somei ∈ [k + 2, 2n], then [1, k] ∪ {i}

is non-game-conform and thus Defender repsonds withT
ai−→ T ′ for somei-extension

T ′ ∈ Combs[1,k]∪{i} of T wins by Point 2 of induction hypothesis.

∗ If Attacker playss[1,k]
ϕ
−→F v[1,k], then Defender responds withT

ϕ
−→ Tϕ and wins by

Lemma 36 (recall thatT ∈ Combs[1,k]).

∗ If Attacker playss[1,k]
al−→ z[1,k],J,l, where[1, k] ⊆ J ⊂ [1, 2n] andl ∈ [1, 2n] \ J , then

Defender responds withT
al−→ T(J,l) and wins by Lemma 32 (note thatT ∈ Combs[1,k]).

∗ If Attacker playss[1,k]
ai−→F z⊥ for somei ∈ [1, k], then Defender respondsT

ai−→ T ′

for someT ′ ∈ Combs⊥ and wins by Point 3 of Lemma 34.

Attacker plays in the infinite system

∗ If Attacker playsT
ak+1
−→ T ′ for somek + 1-extensionT ′ of T , then we know thatT ′ |=

ψ[νT ′ ]. Hence Defender can respond withs[1,k]
ak+1
−→F s[1,k+1] and wins by Point 1(b) of

induction hypothesis.
∗ If Attacker playsT

ai−→ T ′′, wherei ∈ [k + 2, 2n] andT ′′ ∈ Combs[1,k]∪{i}, then

[1, k] ∪ {i} is non-game-conform and Defender responds withs[1,k]
ai−→F u[1,k]∪{i} and

wins by Point 2 of induction hypothesis.
∗ If Attacker playsT

ai−→ T ′′ for somei ∈ [1, k] and someT ′′ ∈ Combs⊥, then Defender
responds withs[1,k]

ai−→ z⊥ and wins by Point 3 of Lemma 34.

∗ Assume Attacker playsT
al−→ T(J,l). Then we distinguish two cases. In case[1, k] ⊆ J ,

then Defender respondss[1,k]
al−→F z[1,k],J,l and wins by Lemma 32 (note thatT ∈

Combs[1,k]). In case[1, k] 6⊆ J , then we haveT(J,l) ≈ reject by Lemma 31. Hence

Defender wins by responding withs[1,k]
al−→F reject.

∗ If Attacker playsT
ϕ
−→F Tϕ, then Defender responds withs[1,k]

ϕ
−→ v[1,k] and wins by

Lemma 36.

On the other hand assumeT 6|= ψ[νT ]. Thus there is ak + 1-extensionT ′ of T such that
T ′ 6|= ψ[νT ′ ]. We have to show thatT 6≈ s[1,k]. We will prove that Attacker can win by

playingT
ak+1
−→ T ′ (recall thatk is odd):

∗ If Defender responds withs[1,k]
ak+1
−→F s[1,k+1] then Attacker wins by Point 1(b) of induc-

tion hypothesis.

∗ If Defender respondss[1,k]
ak+1
−→F reject, then in the next round Attacker playsreject

reject
−→F

reject and wins since Defender cannot respond fromT with a reject-transition.
∗ Assume Defender responds withs[1,k]

ak+1
−→F z[1,k],J,k+1

τ
−→

∗

F c. Note that sinceT ′ 6|=
ψ[νT ′ ] we haveT ′ ≈ s[1,k+1] by Point 1(a) of induction hypothesis. Furthermorek+ 1 is
even, hences[1,k+1] 6≈ c by Point 2 of Lemma 29. ThusT ′ 6≈ c.
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2. AssumeI is non-game-conform. LetT ∈ CombsI . We have to proveT ≈ uI .

Attacker plays in the finite system

– If Attacker movesuI
ai−→F uI∪{i} wherei 6∈ I andI ∪ {i} is non-game-conform, then Defender

respondsT
ai−→F T ′ for somei-extensionT ′ ∈ CombsI∪{i} and wins by Point 2 of induction

hypothesis.

– If I = [1, k] \ {i} for some1 ≤ i < k and Attacker movesuI
ai−→F s[1,k]

(
resp.uI

ai−→F s[1,k]

)

then Defender establishes syntactic equivalence by responding T
ai−→ T(I,I,i)

τ
−→

∗
zI,I,i

τ
−→

s[1,k]

(
resp.T

ai−→ T(I,I,i)
τ
−→

∗
zI,I,i

τ
−→ s[1,k]

)
and thus wins.

– If Attacker movesuI
ai−→F reject for somei ∈ [1, 2n], then Defender responds withT

ai−→ T(∅,i)

and sinceI 6⊆ ∅ we haveT(∅,i) ≈ reject by Lemma 31 and thus Defender wins.

– If Attacker movesuI
al−→ zI,J,l, then Defender respondsT

al−→ T(J,l) and wins by Lemma 32.

– If Attacker movesuI
ai−→F z⊥ for somei ∈ I, then Defender responds withT

ai−→ T ′ where
T ′ ∈ Combs⊥ and wins by Point 3 of Lemma 34.

– If Attacker movesuI
ϕ
−→ vI , then Defender respondsT

ϕ
−→ Tϕ and wins by Lemma 36.

Attacker plays in the infinite system

– If Attacker playsT
ai−→ T ′ wherei ∈ [1, 2n] \ I, I ∪ {i} is non-game-conform, then Defender

responds withuI
ai−→F uI∪{i} and wins by Point 2 of induction hypothesis.

– If I = [1, k] \ {i} and Attacker playsT
ai−→ T ′ for someT ′ ∈ Combs[1,k], then we distinguish

two cases. In caseT ′ |= ψ[νT ′ ], then Defender respondsu[1,k]\{i}
ai−→F s[1,k] and wins by Point

1(b) of induction hypothesis. In caseT ′ 6|= ψ[νT ′ ], then Defender respondsu[1,k]\{i}
ai−→F s[1,k]

and wins by Point 1(a) of induction hypothesis.
– If Attacker playsT

ai−→ T ′ for somei ∈ [1, k] and someT ′ ∈ Combs⊥, then Defender responds
with uI

ai−→F z⊥ and wins by Point 3 of Lemma 34.
– Attacker playsT

al−→ T(J,l). Then we distinguish two cases. In caseI ⊆ J , then Defender re-

spondsuI
al−→F zI,J,l and wins by Lemma 32 (note thatT ∈ CombsI ). In caseI 6⊆ J , then we

haveT(J,l) ≈ reject by Lemma 31. Hence Defender wins by responding withuI
al−→F reject.

– If Attacker playsT
ϕ
−→ Tϕ, then Defender responds withuI

ϕ
−→ vI and wins by Lemma 36.

⊓⊔

5.4 Putting the pieces together

Finally, we add the the following rewriting rules that forceAttacker to move from the singleton treestart
to some combT ∈ Combs[1,1] such thatT |= ψ[νT ]. This will formally be proven below. We add the
following rules toR, whereα ∈ {0, 1}:

start

τ
→֒

root

(∅, α) ⋆

start

τ
→֒

root

({1}, α) ♣

⋆

τ
→֒

⋆

(∅, α) ⋆

⋆

τ
→֒

⋆

({1}, α) ♣

⋆

a1
→֒ ({1}, α)
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♣

a1
→֒ (∅, α) ♣

τ
→֒

⋆

(∅, α) ♣

Theorem 38. Weak bisimilarity of GTRS against finite systems is nonelementary.

Proof. We first prove the correctness of our reduction. We will prove

∃T ∈ Combs[1,1] : T |= ψ[νT ] if and only if start 6≈ s∅

On the one hand assumeT |= ψ[νT ] for someT ∈ Combs[1,1]. Attacker can now win as follows: He first

plays only inS(R) and forces to game fromstart to T via start
τ∗a1−→ T . Defender can only respond by

looping in s∅ and then responds∅
a1−→ s[1,1]. From the resulting pair(T, s[1,1]) Attacker has a winning

strategy by Point 1(a) of Lemma 37.

On the other hand, assume that for allT ∈ Combs[1,1] we haveT 6|= ψ[νT ]. Defender can now win
as follows: As long onlyτ -transitions have been played she stays ins∅. Attacker cannot do this forever,
otherwise he loses. Hence, as soon as Attacker plays the firsta1-transition, Defender responds as follows,
depending on the situation: If Attacker’sa1-move isT

a1−→ T ′, whereT ′ ∈ Combs[1,1], then Defender just

movess∅
a1−→F s[1,1] and wins by Point 1(b) of Lemma 37 (sinceT ′ 6|= ψ[νT ′ ]). Conversely, if Attacker

movess∅
a1−→F s[1,1], then Defender respondsT

τ∗a1−→ T ′ for someT ′ ∈ Combs[1,1] and wins analogously.
⊓⊔

6 Applications: PA-processes

PA is a common generalization of basic process algebras and basic parallel processes, but is incomparable
to pushdown systems and Petri nets [16]. PA has found applications in the interprocedural dataflow analysis
of parallel programs [10]. It is known that over PA model checking EF-logic and strong bisimulation against
finite systems are decidable in timeTOWER(O(n)) (cf. [15, 16, 20]), but it is open whether these upper
bounds are optimal. In this section, we will briefly mention how to adapt our upper bound techniques to
obtain elementary complexity for model checkingEF1 as well as strong bisimulation against finite systems
over the class of PA-processes. That our techniques can alsobe adapted to PA is not that surprising since
PA can be viewed as term-rewrite systems and have similar types of rewrite rules as GTRS (cf. [15]).

6.1 Definition of PA-processes

We review the basic definitions, following the presentationof [15]: we initially distinguish terms that are
equivalent up to simplification laws. Fix a finite setVAR = {X,Y, Z, . . .} of process variables.Process
termsoverVAR, denoted byFVAR, are generated by the grammar:

t, t′ := 0 | X, X ∈ VAR | t.t′ | t‖t′

where0 denotes a “nil” process, andt.t′ andt‖t′ are sequential and parallel compositions, respectively.
Process terms can be viewed as trees over the ranked alphabetA consisting of two binary node labels{‖, ·}
and nullary node labels{0} ∪ VAR. In particular, inner nodes are always labeled by ‘.’ or ‘ ‖’, while leaves
are labeled by elements inVAR ∪ {0}. Observe thatFVAR is a regular tree language, for which a small
NTA can be easily computed from any givenVAR. A PA declarationoverA is a tupleP = (A,FVAR, ∆),
where∆ is a finite of rewrite rules of the form(X, a, t), whereX ∈ VAR, a ∈ A, andt ∈ FVAR. We
setDom(∆) = {X : (X, a, t) ∈ ∆, for somet ∈ FV ar anda ∈ A}, andVAR∅ = VAR \ Dom(∆). A PA
declarationP generates a transition relationS(P) = (S,A, {

a
−→| a ∈ A}), whereS = FVAR and

a
−→ is

the smallest relation satisfying following inference rules:
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t1
a
−→ t′1

t1‖t2
a
−→ t′1‖t2

t1
a
−→ t′1

t1.t2
a
−→ t′1.t2 X

a
−→ t

(X, a, t) ∈ ∆

t2
a
−→ t′2

t1‖t2
a
−→ t1‖t′2

t2
a
−→ t′2

t1.t2
a
−→ t1.t

′
2

t1 ∈ IsNil

Here IsNil is the set of “terminated” process terms, i.e., those in which all variables are inVAR∅. PA is very
similar to GTRS in the sense that rewrite rules rewrite subtrees. However, this rewriting can only be done
if this subtreet has no ancestor which is a right child of a ‘·’-labeled node whose left child is not a member
of IsNil.

In the study of PA processes, it is common to use a structural equivalence on process terms. Let≡ be
the smallest equivalence relation onFV ar that satisfies the following:

t.0 ≡ t 0.t ≡ t t‖0 ≡ t t‖t′ ≡ t′‖t
(t‖t′)‖t′′ ≡ t‖(t′‖t′′) (t.t′).t′′ ≡ t.(t′.t′′)

We let[t]≡ stand for the equivalence class oft and[L]≡ for
⋃

t∈L[t]≡. We writeL/ ≡ for {[t]≡ : t ∈ L}. It
was shown in [15] that, for eacht ∈ FV ar, [t]≡ is a regular tree language of size exponential int, although
the set[L]≡ need not be regular even for regularL. Given a PA declarationP and the transition system
S(P) = (S,A, {

a
−→| a ∈ A}) generated byP , the equivalence≡ generates a new transition system

(SP/ ≡) = (S′,A, {
a

=⇒| a ∈ A}), whereS′ = [S]/ ≡, and[t]≡
a

=⇒ [u]≡ iff there existt′ ∈ [t]≡ and
u′ ∈ [u]≡ such thatt′

a
−→ u′. We need the following result:

Lemma 39 ([15]).The relation≡ is bisimulation: for allt, t′, u ∈ FV ar, if t ≡ t′ andt
a
−→ u, then there

existsu′ ∈ FV ar such thatt′
a
−→ u′ andu ≡ u′.

This lemma allows us to directly reduce EF-logic model checking as well as strong bisimilarity checking
against finite systems over PA modulo≡ to PA-processes (i.e. simply forget the congruence≡).

6.2 Two elementary upper bounds

The main result in this section is the following theorem:

Theorem 40. Model checking anEF-formula of the form〈Σ∗〉ϕ, whereϕ is anEF0 formula, is inNEXP

over PA.

An immediate corollary of this theorem is the following result, which can be proven in the same way as
Corollary 10.

Corollary 41. Model checkingEF1 over PA is inPNEXP.

Another corollary of Theorem 40 is the following theorem, which can be proven in the same way as
Theorem 24.

Theorem 42. Strong bisimilarity checking of PA against finite systems isin coNEXP.

The proof of Theorem 40 is analogous to the proof of Theorem 9 and so we will describe the differences.
Let us suppose that〈Σ∗〉ϕ is the given formula,P = (A,FVAR, ∆), and a treeT0 ∈ FVAR. We wish
to check whether(S(P), T0) |= 〈Σ∗〉ϕ. We may use the result of [15, 10] thatpostΣ

∗

P (A), for a tree
automatonA describing PA terms, can be computed in polynomial time. A crucial observation now is that
if T ∈ postΣ

∗

P (T0), thenT cannothave a subtree of the formt1.t2 such thatt1 6≡ ǫ andt2 is not a subtree
of T0 or a subtree that occurs in a rule ofP ; the reason for this being that, sincet1 6≡ ǫ, t2 must be either a
subtree ofT0 or a result of an application of a rewrite rule inP . Therefore, when following the approach of
the proof of Theorem 9 for proving Theorem 40, we may safely omit such unreachable configurations when
defining the equivalence relation≡i. Since a tree automaton for[T0]≡ can be computed in exponential time,
by Lemma 39 it suffices for each of our equivalence classes corresponding to≡i to subsume all reachable
configurationsmodulo≡.
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Let S be the set of all subtrees ofT0 and trees occuring in rules inP . Note that|S| is linear in |T0|
and |P|. Let Γ = S ∪ {‖} ∪ Dom(∆) be a ranked alphabet whereS are unary labels,‖ a binary label,
andDom(∆) be 0-ary labels. In this way, each tree inpost∗P(T0) can be represented as a tree overΓ as
follows: recursively replace each subtree of the formt1.t2 (in infix notation) byt2(t1) (i.e. t2 being a node
in the new alphabetΓ is a parent of the treet1). If r is the nesting depth ofϕ, we may adapt the proof of
Theorem 9 as follows. DefineNr to ber. The equivalence class≡i can be defined over trees overΓ (and
therefore over reachable PA terms) in the same way as in the proof of Theorem 9: we look at subtrees with
at mostNi non-nil atomic terms that occur inP , counting them up to thresholdNi, and connect them via
nodes labeled‖ andS. The rest of the proof is very similar to the proof of Theorem 9.

6.3 P
NEXP lower bound

We could also use thePNEXP lower bound technique for the GTRS to show that model checking EF1 over
PA processes is hard forPNEXP.

Theorem 43. Model checkingEF1 over PA-processes is hard forPNEXP.

To this end, we need to show that model checking formulas of the formEF (ϕ), whereϕ ∈ EF0 is NEXP-
hard. The proof of this can be adapted from the proof of Theorem 20 as follows. We replace the definition
of a superleaf by a comb-shaped tree whose internal nodes arelabeled by sequential compositions (i.e. ‘.’)
and whose leaves are labeled by bit information, as well as tile type, of the coordinates of squares in the
2n × 2n region. Furthermore, the internal nodes of the guessed hugetree (above the superleaves) are all
labeled by parallel compositions (i.e. ‘‖’). The rest of the proof is similar.
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APPPENDIX
Definition of the bottom-up computation for ϕ

Before we define these rewriting rules, we have to introduce the notion of a protocol.
A protocolis a sequenceπ = π1 · · ·πl over the alphabet2[1,2n] × {0, 1} such that

– If πi = (I, α), thenI 6= ∅ for eachi ∈ [1, l].
– If πi = (Ii, αi) andπj = (Ij , αj), thenIi ∩ Ij = ∅ for each0 ≤ i < j ≤ l.

Observe that a protocol has length0 ≤ l ≤ 2n and that the empty wordε is a protocol. ByΠ we denote
the set of all protocols. ByI(π) we denote

⋃
i∈[1,l] Ii we denote the set of all variable indices that have

been assigned. For eachI ⊆ [1, 2n] we denote byΠI = {π ∈ Π | I(π) = I} the set of allI-protocols.
Fix some wordw = w1 · · ·wm with wi ∈ {0, 1} for eachi ∈ [1,m] and some valuationν : I →
[1,m] for some set of variable indicesI ⊆ [1, 2n]. Moreover, letm1 < m2 · · · < mk be a strictly
increasing enumeration of ran(ν). The pair(w, ν) then corresponds to the (unique) protocolπ(w, ν) =
(ν−1(m1), wm1) · · · (ν

−1(mk), wmk
). In other words, a protocol not only collects the subset of variable

indices that were assigned byν, it additionally contains the information in which order the variables occur
in the word and which0/1-value they have. In particular, when|ν−1(mi)| ≥ 2, then at positionmi

of w the valuationν assigned at least two distinct variable (positions) tomi. Moreover if ν assigns all
variables some position (i.e.I = [1, 2n]), then the corresponding protocol is a[1, 2n]-protocol. Note that
this [1, 2n]-protocol suffices for determiningw satisfiesϕ underν. Hence we writeπ |= ϕ whenever
w |= ϕ[ν]. Analogously every combT ∈ CombsI defines a unique protocolπ(T ). In particular, for each
T ∈ Combs[1,k] and we haveT |= ϕ[νT ] if and only if π(T ) |= ϕ.
We extendB0 with the following nullary symbols:

Q(ϕ) = {qrej(ϕ)} ∪ {qπ | π ∈ Π}

For each leaf labelI ∈ 2[1,2n] × {0, 1} we define

π(I, α) =

{
ε if I = ∅

(I, α) otherwise

In caseI = ⊥ or I ′ = ⊥ or I ∩ I ′ 6= ∅ we introduce the rule

INIT (ϕ)

⋆

(I, α) (I ′, α′)

ϕ
→֒ qrej(J, l)

and otherwise

INIT (ϕ)

⋆

(I, α) (I ′, α′)

ϕ
→֒ qπ(I,α)·π(I ′,α′)

Next, we define the rules

⋆

(I, α) qrej(ϕ)

τ
→֒ qrej(ϕ)

In caseI = ⊥ or I ∩ I(π) 6= ∅ we have the rules
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⋆

(I, α) qπ

τ
→֒ qrej(ϕ)

and otherwise the rules

⋆

(I, α) qπ

τ
→֒ qπ(I,α)·π

We introduce the following final rule:

root

qrej(ϕ)

τ
→֒ succ

In caseπ ∈ ΠI whereI ⊂ [1, 2n] we add

root

π

τ
→֒ vI(π)

In caseπ ∈ Π[1,2n] andπ 6|= ϕ we add

root

π

τ
→֒ succ

Finally, in caseπ ∈ Π[1,2n] andπ |= ϕ we add

root

π

τ
→֒ fail1
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