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Introducing routings in a Petri net is, in some sense, an impoverishment since it removes thenon-determinacy in the evolution: routing resolves all conicts. On the other hand, it providesthe right framework for an important enrichment of the model: the introduction of time.In the last section, we consider live and bounded timed routed Free Choice nets in a stochasticsetting. We assume the routings (at the places with several output transitions) to be randomand the �ring of a transition to take some random amount of time. The successive routings at aplace and the successive �ring times of a transition form sequences of i.i.d. r.v. (independent andidentically distributed random variables). Using the so-called `monotone-separable framework'(see [6, 10, 14]), we prove a �rst order limit theorem: each transition in the net �res with anasymptotic rate. The ratio between the rates at two di�erent transitions is explicitly computableand depends only on the routing probabilities and not on the �ring times. At the end of Section5, we briey discuss two types of extensions: (i)- �rst order results under stationary assumptionsfor the routings and the �ring times; (ii)- second order results, that is, the existence of a uniquestationary regime for the marking process.First order results under stationary assumptions for the �ring times were already known forthe class of unbounded Single-Input Free Choice nets [7] (a subclass of FCN) and for boundedand unbounded Jackson networks [5, 8] (a subclass of Single-Input FCN). Here, we considerbounded FCN with general topology, thus generalizing from the Jackson setting and allowingfor synchronization and splitting of streams. The probabilistic setting, however, is mainly limitedto the i.i.d. case.2 Preliminaries on Petri NetsA Petri net is a 4-tuple N = (P;T;F;M), where (P;T;F) is a �nite bipartite directed graphwith set of nodes P [ T and set of arcs F � (P� T)[ (T� P), and where M belongs to NP. Toavoid trivial cases, we assume that the sets P and T are non-empty. The elements of P are calledplaces, those of T transitions; an element of NP is a marking, and M is the initial marking. Toemphasize the role of the initial marking, we sometimes denote the Petri net N = (P;T;F;M)by (N;M).We apply the standard terminology of graph theory to Petri nets. We assume throughout (andwithout loss of generality) all Petri nets considered to be connected.A Petri net N0 = (P0;T0;F0;M 0) is a subnet of N = (P;T;F;M), written N0 = N[P0 [ T0], ifP0 � P;T0 � T;F0 = F \ � (P0 � T0) [ (T0� P0) � ;and M 0 is the restriction of M to P0, i.e. M 0 = M jN0 . If X is a subset of P [ T, the subnetgenerated by X is the subnet N[X ]. We use the classic graphical representation for Petri nets:circles for places, rectangles for transitions, and tokens for markings; see for example Figure 1.We write x! y if (x; y) 2 F, and denote by�x = fy : y ! xg; and x� = fy : x! yg ;the sets of input/output nodes of a node x. The incidence matrix N 2 f�1; 0; 1gP�T of N isde�ned by N(p; t) = 1 if (t ! p; p 6! t), N(p; t) = �1 if (p ! t; t 6! p), and N(p; t) = 0otherwise. 2



Let T� be the free monoid over T, that is, the set of �nite words over T equipped with theconcatenation product. We denote the empty word by e. Let TN be the set of in�nite wordsover the alphabet T. Consider a (�nite or in�nite) word u; we denote by juj its length (inN[ f1g) and, for a 2 T, by juja the number of occurrences of a in u. The pre�x of length k ofu (k 2 N, k 6 juj) is denoted by u[k]. Further, let ~u 2 (N[ f1g)T denote the Parikh vector orcommutative image of u, that is, ~u = (juja)a2T.In a Petri net, the marking evolves with the �ring of transitions. A transition a is enabled inthe markingM if for all place p in �a,M(p) > 0; an enabled transition a can �re; the �ring of atransforms the markingM intoM 0 =M +N �~a, writtenM a�!M 0. We say that a word u 2 T�is a �ring sequence of (N;M) if for all k 6 juj, we have M +N � ~u[k] > (0; : : : ; 0); we say that utransformsM into M 0 =M +N � ~u, in which case we write M u�!M 0. An in�nite word over Tis an in�nite �ring sequence if all its pre�xes are �ring sequences. The notation M u�! meansthat u is a (in�nite) �ring sequence of (N;M). A marking M2 is reachable from a marking M1if there exists a �ring sequence u 2 T� such that M1 u�! M2. The set of reachable markings of(N;M) is R(N;M) = fM 0 : 9u 2 T�;M u�! M 0g. We write R(M) instead of R(N;M) whenthere is no risk of confusion.The Petri net (N;M) is live if: 8M 0 2 R(M); 8a 2 T; 9M 00 2 R(M 0);M 00 a�!. A simpleconsequence of this de�nition is that a live Petri net admits in�nite �ring sequences. The Petrinet is bounded if: 9K 2 N; 8M 0 2 R(M); 8p 2 P;M 0p 6 K.A Petri net N = (P;T; F;M) is a� T-net (or event graph, or marked graph) if: 8p 2 P; j�pj = jp�j = 1;� S-net (or state machine) if: 8q 2 T; j�qj = jq�j = 1;� Free Choice net (FCN) if: 8(p; q) 2 F \ (P� T); p� = fqg _ �q = fpg.An equivalent de�nition for a FCN is: 8q1; q2 2 T; q1 6= q2; (p 2 �q1 \ �q2)) (�q1 = �q2 = fpg):Obviously, every T-net is a FCN and every S-net is a FCN as well.In this paper, we study the class of live and bounded Free Choice nets. The membership of agiven Petri net to this class can be checked in polynomial time (in the size of the net), see forinstance [18], Chapter 6.We use the notation N� = N n f0g and R� = Rn f0g. We denote by x 6 y the coordinate-wiseordering of Rk, and write x < y if x 6 y and x 6= y.3 Blocking a Transition in a Free Choice netLet (N;M) be a Petri net. A transition a is a non-conicting transition if for all p 2 �a; jp�j = 1;otherwise a is a conicting transition. We set Rq(M) (resp. R0q(M)) to be the set of markingsreachable fromM (resp. reachable fromM without �ring transition q) and in which no transitionis enabled except q:Rq(M) = nM 0 : M 0 2 R(M); �~q 2 T; M 0 ~q�! ) ~q = q�o (3.1)R0q(M) = nM 0 : M 0 2 Rq(M); 9� 2 (T� fqg)�;M ��!M 0o :3



As previously, we extend the notation to Rq(N;M) (resp. R0q(N;M)) when there is a possibilityfor ambiguity.The next theorem is the heart of the article.Theorem 3.1 (Blocking one transition). Let (N;M0) be a live and bounded Free Choice net.If b is a non-conicting transition, then there exists a unique reachable marking Mb in which theonly enabled transition is b. Furthermore, Mb can be reached from any reachable marking andwithout �ring transition b.Using the above notations, the result can be rephrased as: 8M 2 R(M0); Rb(M) = R0b(M) =fMbg. As the proof of Theorem 3.1 is rather long, we postpone it to Appendix A.3.We call Mb the blocking marking associated with b. Note that a blocking marking is a homestate, meaning that it is reachable from any reachable marking.Example 3.2. To illustrate Theorem 3.1, consider the live and bounded Free Choice net repre-sented on the left of Figure 1.
Figure 1: Blocking markings associated with the non-conicting transitions.The blocking markings associated with the three non-conicting transitions have been representedon the right of the �gure.Now the natural question is: do there always exist non-conicting transitions? The answer isgiven in the next lemma.Lemma 3.3. Let N be a live and bounded Free Choice net. If N is not a S-net, then it containsnon-conicting transitions.Proof. The net N is strongly connected (Theorem A.3), hence each node has at least one prede-cessor and one successor. Due to the Free Choice property, a su�cient condition for a transitiona to be non-conicting is that j�aj > 1. Assume that all transitions a are such that j�aj = 1.Since N is not a S-net, there exists at least one transition t such that jt�j > 1. If we haveM a�! M 0; a 2 T; then PpM 0p = PpMp + ja�j � j�aj. Since j�aj = 1 for all a in T, the4



total number of tokens never decreases. On the other hand, if we have M t�! M 0, thenPpM 0p >PpMp + 1. Since the net is live, there exists an in�nite �ring sequence � 2 TN suchthat t occurs an in�nite number of times in �. We deduce that the total number of tokens alongthe markings reached by � is unbounded. This is a contradiction.
Figure 2: A live and bounded S-net without any non-conicting transition.On the other hand, it is possible for an S-net to contain only conicting transitions. An exampleis displayed in Figure 2; there exists no marking in which only one transition is enabled.It is worth noting that none of the three assumptions in Theorem 3.1 (liveness, boundedness,Free Choice property) can be dropped. Figure 3 displays four nets which are respectivelynon-live, unbounded and not Free Choice for the last two. When blocking the transition ingrey in these nets, several blocking markings may be reached. More precisely, for each net inFigure 3, we have jRb(M0)j � 2 and jR0b(M0)j � 2. For the net on the left, we even havejRb(M0)j = jR0b(M0)j =1.

Live FCN, unbounded Bounded FCN, non-live Live and bounded, not free-choiceFigure 3: Several nets with non-unique blocking markings.In the following we use Theorem 3.1 in the context of stochastic Petri nets, where the blockingmarking is used as a regeneration point. We believe that the result may also be of interest inveri�cation or in fault management, with the blocking of a transition modelling some breakdownin the system. 5



4 Blocking a Transition in a Routed Free Choice netIn a live and bounded Free Choice net, some but not all transitions lead to a blocking marking,see Theorem 3.1. Furthermore, given any transition (even non-conicting) there exist in generalin�nite �ring sequences not containing it. This is for instance the case in the net of Figure 1.In the present section, we introduce routed Free Choice nets and we show that there exists ablocking marking associated with any transition and that there is no in�nite �ring sequenceavoiding a given transition.A routed Petri net is a pair (N; u) where N is a Petri net (set of places P) and u = (up)p2P,up being a function from N� to p�. For the places such that jp�j 6 1, the function up is trivial.Below, it will be convenient to consider up as de�ned either on all the places or only on theplaces with several successors, depending on the context. We call u the routing (function). Toinsist on the value of the initial marking M , we denote the routed Petri net by (N;M; u).A routed Petri net (N;M; u) evolves as a Petri net except for the de�nition of an enabledtransition. A transition t is enabled in (N; u) if it is enabled in N and if in each input placeat least one of the tokens currently present is assigned to t by u. The assignment is de�ned asfollows: (1) in the initial marking of place p, the number of tokens assigned to transition t 2 p�is equal toPMpi=1 1fup(i)=tg (where 1A is the indicator function of A); (2) the n-th token to enterplace p during an evolution of the net is assigned to transition up(n+Mp), where the numberingof tokens entering p is done according to the \logical time" induced by the �ring sequence.Modulo the new de�nition of enabling of a transition, the de�nitions of �ring, �ring sequence,reachable marking, liveness, boundedness and blocking transition remain unchanged. We also saythat a �ring or a �ring sequence is compatible with u. Let (N;M; u) be a routed Petri net andlet us consider M ��! M 0; the resulting routed Petri net is (N;M 0; u0) where the routing u0 isde�ned as follows. In the marking M 0, the number of tokens of place p assigned to transitiont 2 p� is equal to M 0pXi=1 1fu0p(i)=tg = KXi=1 1fup(i)=tg � j�jt; K =Mp +Xt2�p j�jt ; (4.1)and the n-th token to enter place p is assigned to u0p(n +M 0p) = up(n +Mp +Pt2�p j�jt). Forsimplicity and with some abuse, we use the notation (N;M 0; u) instead of (N;M 0; u0). We keepor adapt the notations of Section 2. For instance, the reachable markings of (N;M 0; u) aredenoted by R(M 0; u) (or R(N;M 0; u)). We also use the notations Rb(M;u) and R0b(M;u) forthe analogs of the quantities de�ned in (3.1). For details on the semantics of routed Petri nets,see [19].Clearly, we have R(N;M; u) � R(N;M); hence, if N is bounded, so is (N; u). The converseis obviously false. The liveness of N or (N; u) does not imply the liveness of the other. Forinstance, the Petri net on the left of Figure 4 is live but its routed version is live only for therouting ababa � � � (a being the transition on the left and b the one on the right). For the Petrinet on the right of the same �gure, the routed version is live for the routing ababa � � � but the(unrouted) net is not live.We need an additional de�nition: the routing u is equitable if8p 2 P; 8t 2 p�; Xi2N�1fup(i)=tg =1 : (4.2)6



Figure 4: Compare the liveness of the routed and unrouted versions of the above Petri nets.In words, a place that receives an in�nite number of tokens assigns an in�nite number of them toeach of its output transitions. The next two results establish the relation between the unroutedand routed behaviors of a net.Lemma 4.1. Let N be a Petri net. The following statements are equivalent:1. (N; u) is bounded for any routing u;2. N is bounded.Proof. Clearly, 2. implies 1. Assume that (N;M0) is unbounded. Classically, this impliesthat there exists M1 2 R(M0) and M2 2 R(M1) such that M2 > M1. This is proved usinga construction by Karp and Miller, see [21] or Chapter 4 in [26]. Consequently, there existsa sequence of reachable markings (Mi)i2N� and a �ring sequence � such that Mi ��! Mi+1and such that the total number of tokens of Mi is strictly increasing. Let �0 be such thatM0 �0�! M1 and let � be the in�nite sequence de�ned by � = �0�� � � � . Choose a posterioria routing u compatible with � . Clearly, (N; u) is unbounded and we have proved that non-2.implies non-1.Lemma 4.2. Let N be a Free Choice net. The following propositions are equivalent:1. (N; u) is live for any equitable routing u;2. N is live.Proof. First note that if (N; u) is live then clearly u must be equitable. Let us prove that 1.implies 2. LetM0 be the initial marking and considerM 2 R(N;M0) and an arbitrary transitionq of N. Clearly there exists en equitable routing u such thatM 2 R(N;M0; u). Since (N;M0; u)is live, (N;M; u) is also live and there is a �ring sequence of (N;M; u) which enables q. Thesame sequence enables q in (N;M).Now let us prove that 2. implies 1. We assume that there exists an equitable routing u suchthat (N; u) is not live. There thus exists a transition q which is never enabled in (N; u), aftersome �ring sequence �. Set X = fqg. By equitability of the routing u, this implies that �qcontains a place p which receives only a �nite number of tokens after �. Then the transitions in�p �re at most a �nite number of times after �. Set X = X [ fpg [ �p. For each one of the newtransitions in X , we use the argument �rst applied to q and repeat the construction recursively.Since the net is �nite, this construction terminates and we end up with a set of nodes X . Theset X \ P is non-empty and a siphon (see Section A.2). By construction, there is a �nite �ringsequence leading to an empty marking in the siphon X \ P. We deduce that the siphon cannot7



contain an initially marked trap, hence N cannot be live by Commoner's Theorem A.9 (this iswhere we need the Free Choice assumption).Lemma 4.3. Let N be a live and bounded Petri net and let u be an equitable routing. For anyin�nite �ring sequence � of the routed net (N; u) and for any transition t, we have j�jt =1.Proof. We say that a transition q is �-live if j�jq = 1 and �-starved otherwise. We are goingto prove that all transitions are �-live. Obviously, since � is in�nite, it is not possible for alltransitions to be �-starved. Assume there exists a transition s which is �-live and a transition twhich is �-starved. Since N is strongly connected by Theorem A.3, there are places p1; : : : ; pnand transitions q1; : : : ; qn�1 such that s = q0 ! p1 ! q1 ! � � � ! qn�1 ! pn ! qn = t. Thereexists an index i such that qi is �-live and qi+1 is �-starved. Since u is equitable, an in�nitenumber of tokens going through pi+1 are routed towards qi+1. By assumption, qi+1 consumesonly �nitely many of them under �, which implies that the marking of pi+1 is unbounded. Thisis a contradiction.Using the above lemma, we obtain for routed Free Choice nets a stronger version of Theorem3.1: all transitions yield a blocking marking, provided the routing is equitable.Theorem 4.4. Let (N;M0) be a live and bounded Free Choice net. For any transition b, thereexists a blocking marking Mb such that for every equitable routing u and all M 2 R(M0; u), wehave Rb(M;u) = R0b(M;u) = fMbg.The proof is postponed to the Appendix, where it will be carried out for a class of nets slightlymore general than FCN. Here, we now prove some additional results on routed Petri nets to beused in Section 5.Lemma 4.5. Consider a live and bounded routed Free Choice net (N;M0; u). Let b be a tran-sition and Mb the associated blocking marking. For any n 2 N, there exists a �ring sequence �of (N;M0; u) such that j�jb = n and M0 ��! Mb. If � and �0 are �ring sequences of (N;M0; u)such that j�jb = j�0jb;M0 ��! Mb; and M0 �0�! Mb, then we have ~� = ~�0. If � and � are �ringsequences such that j� jb � j�jb, and M0 ��!Mb, then we have ~� 6 ~�.Proof. The existence of � such that j�jb = n andM0 ��!Mb follows by induction from Theorem4.4.We give the proof of the remaining points in the case � 2 (T � fbg)�. The general case canbe argued in a similar way. The argument is basically the same as for Part 2. of the proof ofTheorem 3.1, see the appendix. Let u1 and u2 be two �ring sequences of (N;M0; u) such that~u1 = ~�; ~u2 = ~�0, and with the longest possible common pre�x. We set u1 = xv1 and u2 = xv2where x is the common pre�x. If v1 = v2 = e, then obviously ~� = ~�0. Assume that v1 6= e, andlet a be the �rst letter of v1. Let ~M be such that M0 x�! ~M . Since ju1ja > 0, we deduce thata 6= b. The transition a is enabled in ~M . Furthermore, by de�nition, a is not enabled in Mb.However, in a routed net, once a transition is enabled, the only way to disable it is by �ring it.This implies that the �ring sequence v2 must contain a; so, set v2 = yaz with jyja = 0. Since ais enabled in ~M , it follows that ayz is a �ring sequence and ~M ayz�!Mb. To summarize, we havefound two �ring sequences u1 and u02 = xayz leading to Mb, with respective Parikh vectors ~�and ~�0 and with a common pre�x at least equal to xa. This is a contradiction.Now let us consider a �ring sequence � 2 (T � fbg)� and let M 0 be such that M0 ��! M 0.By Theorem 4.4, there exists a �ring sequence � of (N;M 0; u) such that � 2 (T � fbg)� andM 0 ��!Mb. Applying the �rst part of the proof, we get that ~� + ~� = ~�.8



A deadlock is a reachable marking in which no transition is enabled.Lemma 4.6. Let (N;M0; u) be a routed Petri net admitting a deadlock Md. Then Md is theunique deadlock of (N;M0; u). If � and �0 are �ring sequences of (N;M0; u) such that M0 ��!Md;M0 �0�!Md, then we have ~� = ~�0. Furthermore if � is a �ring sequence of (N;M0; u), then~� 6 ~�.The proof mimics the one of the second point in Lemma 4.5 (which does not require usingTheorem 4.4 and is valid for any routed Petri net).5 Stationarity in Stochastic Routed Free Choice nets5.1 Stochastic routed Petri netA timed routed Petri net is a routed Petri net with �ring times associated with transitions. (Herewe do not consider holding times associated with places for simplicity. As usual, this restrictionis done without loss of generality. Indeed a timed Petri net with �ring and holding times can betransformed into an expanded Petri net with only �ring times.) The �ring semantic is de�nedas follows. The timed evolution of the marking starts at instant 0 in the initial marking. Let abe a transition with �ring time �a 2 R+ and which becomes enabled at instant t. Then,1. at instant t, the �ring of a begins: one token is frozen in each of the input places of a. Afrozen token can not get involved in any other enabling or �ring;2. at instant t + �a, the �ring of a ends: the frozen tokens are removed and one token isadded in each of the output places of a.Obviously, this semantic makes sense only if a given token can not enable several transitionssimultaneously. In a routed Petri net, this is the case. With this semantic, an enabled transitionimmediately starts its �ring, we say that the evolution is as soon as possible. Timed routedPetri nets were �rst studied in [3].The �ring times at a given transition may not be the same from �ring to �ring. In general, the�ring times at transition a are given by a function �a : N� ! R+, the real �a(n) is the �ringtime for the n-th �ring at transition a. The numbering of the �rings is done according to theinstant of initiation of the �ring (the \physical time"). Let u be the routing; recall that up(n) isthe transition to which u assigns the n-th token to enter place p. Here again, we assume that thenumbering of the tokens entering place p is done according to the \physical time" (as opposedto the untimed case, where the numbering was done according to the \logical time" induced bythe underlying �ring sequence).Let (
; S; P ) be a probability space. From now on, all random variables are de�ned with respectto this space. A stochastic routed Petri net is a timed routed Petri net where the routingsand the �ring times are random variables. More precisely, a stochastic routed Petri net is aquadruple (N;M; u; �) where (N;M) is a Petri net (places P and transitions T), where u =[(up(n))n2N�; p 2 P] are the routing sequences, and where � = [(�a(n))n2N�; a 2 T] are the �ringtime sequences. Furthermore, we assume that� for each place p, (up(n))n2N� is a sequence of i.i.d. r.v. (the so-called Bernoulli routing);� for each transition a, (�a(n))n2N� is a sequence of i.i.d. r.v. and E(�a(1)) <1;9



� the sequences (up(n))n2N� and (�a(n))n2N� are mutually independent.For details and other approaches concerning stochastic Petri nets, see for instance [1, 12].By the Borel-Cantelli Lemma, we have for any place p and any transition t 2 p�:Pf +1Xi=1 1fup(i)=tg = +1 g = (1 if Pfup(1) = tg > 00 otherwise.When 8p 2 P; 8t 2 p�; Pfup(1) = tg > 0, the random routing is said to be equitable (since it isequitable in the sense of (4.2) for almost all ! 2 
).5.2 Existence of asymptotic throughputsThis section is devoted to the proof of the following result.Theorem 5.1. Consider a live and bounded stochastic routed Free Choice net with an equitablerouting. For any transition b, there exists a constant b 2 R+ such thatlimn!1 Xb(n)n = limt!1 tXb(t) = b a:s: and in L1 ;where Xb(n); n 2 N�; is the instant of completion of the n-th �ring at transition b and whereXb(t); t 2 R+; is the number of �rings completed at transition b up to time t.The quantity �1b is the asymptotic throughput at transition b. To prove Theorem 5.1, we needsome preparations.Let N = (N;M; u; �) with N = (P;T;F;M) be a live and bounded stochastic routed Free Choicenet with an equitable random routing (SRFC in the following). We select a transition b and wedenote by Mb the associated blocking marking.Lemma 5.2. Assume that �b(n) = +1 for n 2 N�, the other �ring times and the routings beingunchanged. Let � be the �rst instant of the evolution when the marking reaches Mb (� = 1 ifMb is never attained). The r.v. � is a.s. �nite and integrable.Proof. According to Theorem 4.4, we have R0b(N;M; u) = fMbg which means precisely thatthere exists a �ring sequence x such that jxjb = 0 and M x�! Mb. De�neT = Xa2T�fbg jxjaXi=1 �a(i) :Let us consider the timed evolution of the Petri net and let v be the �ring sequence up to a giveninstant t 2 R+. Since �b(n) = +1, we have jvjb = 0. According to Lemma 4.5, this impliesthat ~v � ~x. Due to the as soon as possible �ring semantics, N is non-idling: at all instant atleast one transition is �ring. Furthermore, if the marking is di�erent from Mb, there is alwaysat least one transition other than b which is �ring. We deduce that if t � T , then we must have~v = ~x; in other words, we have � � T . This shows in particular that � is a.s. �nite.To prove that � is integrable, we need a further argument. A consequence of Lemma 4.5 is that~x depends only on the routings and not on the timings in the SRFC. This implies in particularthat the r.v. ~x is independent of the random sequences (�a(n))n; a 2 T, and henceE(T ) = Xa2T�fbgE(jxja)E(�a(1)): (5.1)10



We specialize the SRFC to the case where all the �ring times are exponentially distributed withparameter 1, i.e. Pf�a(1) > zg = exp(�z). Let Mt be the marking at instant t. The process(Mt)t is a continuous time Markov chain with state space R(M). Let Tn be the instants of jumpsof Mt and set Mn =MTn . Then (Mn)n is a discrete time Markov chain and Pa jxja is preciselythe time needed by the chain to reach the marking Mb starting from M . Using elementaryMarkov chain theory, we get that E(Pa jxja) < 1. Using (5.1), this yields the integrability of� .From now on, we assume without loss of generality that M =Mb, that is, the initial marking isthe blocking marking. Let us de�neK = maxfk : M bk�!g : (5.2)By construction, we have K � 1. We now introduce an auxiliary construction, the OpenpI  (N)Nb bipbbo IFigure 5: Open Expansion of a Free Choice net.Expansion of an SRFC, which is characteriesd by an input transition I without input placesand a splitting of b into an immediate transition bo and a transition bi that inherits the �ringduration of b.De�nition 5.3. The Open Expansion associated with N and b is the stochastic routed FreeChoice net  (N) = ( (N);  (M);  (u);  (�)) with  (N) = ( (P);  (T);  (F);  (M)) and�  (P) = P [ fpb; pIg�  (T) = (T� fbg) [ fI; bi; bog�  (F) = (F� f(p; b) 2 F; (b; p) 2 Fg) [f(p; bo) : (p; b) 2 F; (b; p) 62 Fg [ f(bi; p) : (b; p) 2 F; (p; b) 62 Fg [f(bi; p); (p; bi) : (p; b) 2 F; (b; p) 2 Fg [ f(I; pI); (pI; bi); (bo; pb); (pb; bi)g�  (M)p = 8>><>>: Mp : p 2 P� (�b)Mp �K +K1fp2b�g : p 2 (�b)K : p = pb0 : p = pI�  (�)a(n) = 8<: �a(n) : a 2 (T� fbg)�b(n) : a = bi0 : a = bo�  (u)p(n) = up(n) : 11



The construction is illustrated in Figure 5. Note that  (N) is neither live nor bounded. Themarking  (M) is a deadlock for the Petri net  (N) (no transition is enabled).In the de�nition of  (N), we have not speci�ed the value of (�I(n))n. This is on purpose.Assume �rst that transition I �res an in�nite number of times at instant 0 (8n; �I(n) = 0).Then this saturated version of the net  (N) behaves exactly as N (the �ring times of t 2 T�fbgare the same in the two nets and the �ring times of bi in  (N) are equal to the �ring times of bin N). We are going to use this remark below.Assume now that I �res a �nite number of times at positive instants. Then we can view  (N)as a mapping of the instants of (completion of) �rings of I into the instants of (completion of)�rings of bo. Let us make this point more precise.Let B be the borelian �-�eld of R+. A (positive �nite) counting measure is a measure a on(R+;B) such that a(C) 2 N for all C 2 B. For instance, a([0; T ]) can be interpreted as thenumber of events of a certain type occurring between times 0 and T ; this will be used below.We denote by Mf the set of counting measures. Given a set E, we denote by Mf (E) the setof all couples (m; �) where m 2 Mf and � = (�1; : : : ; �k); �i 2 E; k = m(R+). The elements ofMf(E) are called marked counting measures.Consider  (N)[1] =  (N). Assume that transition I �res only once. According to Lemma 4.5,transition bo will also �re once, and according to Lemma 5.2, the net will end up in the marking (M) after an a.s. �nite time � . We de�ne the random vector�1 = [(up(1); : : : ; up(kp)); p 2  (P); (�a(1); : : : ; �a(na)); a 2  (T)� fIg] ;where na is the number of �rings of transition a up to time � , and kp is the number of to-kens which have been routed at place p up to time � . Let us set  (u)[2] = [( (u)p(k +kp))k2N�; p 2  (P)] and  (�)[2] = [( (�)a(n + na))n2N�; a 2  (T) � fIg]. Consider now (N)[2] = ( (N);  (M);  (u)[2];  (�)[2]), still with the assumption that I �res only once. Wede�ne the random vector �2 associated with  (N)[2] in the same way as we de�ned the randomvector �1 associated with  (N)[1]. By iterating the construction, we de�ne (�n)n2N�. Obviouslythe sequence (�n)n2N� is i.i.d.Consider again the SRFC  (N) now with the assumption that transition I �res a �nite numberof times, say k. According to Lemma 4.5, the transition bo will also �re k times, and accordingto Lemma 5.2 the net will end up in the marking  (M) after an a.s. �nite time �k. It followsfrom Lemma 4.5 that the set of �rings and routings used up to time �k is precisely the unionof the ones in �1; : : : ; �k (although the order in which they are used may di�er from the oneinduced by �1; : : : ; �k). Assume furthermore that the instants of �rings of I are deterministicand given by a counting measure a 2Mf and set � = (�1; : : : ; �k). Then (a; �) belongs toMf(E)for an appropriate set E. Now let us set �(a; �) = (b; �) where b is the counting measure of theinstants of completions of the �rings of bo. This de�nes a mapping � :Mf (E)!Mf(E).We will now need some operations and relations on counting measures. For a 2 Mf , set jaj =a(R+), the number of points of the counting measure. For � = (a; �) 2 Mf (E), set j�j =jaj. For a 2 Mf , de�ne the smallest point min(a) = infft : a(ftg) � 1g and the largestpoint max(a) = supft : a(ftg) � 1g. For � = (a; �) 2 Mf(E), set max(�) = max(a)and min(�) = min(a). For a; b 2 Mf , de�ne a + b 2 Mf by (a + b)(C) = a(C) + b(C).For �; � 2 Mf(E); � = (a; �); � = (b; �);max(a) < min(b), let � + � 2 Mf (E) be given by�+ � = (a+ b; (�; �)). For a 2Mf ; t 2 R+, de�ne a+ t 2Mf by (a+ t)(C) = a(C � t), and if12



� = (a; �) 2Mf (E); t 2 R+, set � + t = (a+ t; �). De�ne a partial order on Mf as follows. Fora; b 2Mf , a � b if 8x 2 R+; a([x;1)) � b([x;1)) :Similarly, de�ne a partial order on Mf(E) as follows: For �; � 2Mf(E), � = (a; �); � = (b; �),� � � if a � b and �jaj = �jbj; �jaj�1 = �jbj�1; : : : ; �1 = �jbj�jaj+1 :The mapping � : Mf(E) �! Mf (E) is monotone-separable, i.e., satis�es the following proper-ties:1. Causality: � 2Mf(E) =) j�(�)j = j�j and �(�) � �;2. Homogeneity: � 2Mf(E); x 2 R+ =) �(�+ x) = �(�) + x;3. Monotonicity: �; � 2Mf (E); � � � =) �(�) � �(�);4. Separability: �; � 2Mf(E);max(�(�)) � min(�) =) �(�+ �) = �(�) + �(�).The monotone-separable framework has been introduced in [6]. Actually, the setting used hereis the one proposed in [14] and di�ers slightly from the one in [6]. The above properties of �are proved in a slightly di�erent and more restrictive setting in [7], Section 5. However, thearguments remain essentially the same. Consequently, we provide only an outline of the proof.The argument is based on the equations satis�ed by the daters associated with the net. Fora 2  (T); n 2 N�, let Xa(n) be the n-th instant of completion of a �ring at transition a withXa(n) = +1 if a �res strictly less than n times. It is also convenient to set Xa(n) = 0 for n � 0.The variables Xa(n) are called the daters associated with the SRFC.Assume that I �res k times, the instants of �rings being 0 � x1 � � � � � xk. Given a transitiona and a place p 2 �a, we de�ne �pa(n) = minfk : Pki=1 1fup(i)=ag = ng. The daters satisfy thefollowing recursive equations, see [3] for a proof:XI(1) = x1; : : : ; XI(k) = xk; XI(n) =1; 8n > k ;8a 2  (T)� fIg; Xa(n) = (maxp2�a " min(ni;i2�p) : Mp+Pi2�p ni=�pa(n) maxi2�p Xi(ni)#)+ �a(n) :Playing with the above equations, it is not di�cult (although tedious) to prove that the operator� is monotone-separable.Assume that I �res exactly k times with all the �rings occurring at instant 0. The correspondingmarked counting measure is �k = ((0; : : : ; 0) ; (�1; : : : ; �k)). Given that � is monotone-separableand that (�n)n2N� is i.i.d., we obtain using directly the results in [6, 14] that there exists b 2 R+such that limnmax(�(�n))=n = b a.s. and in L1.We have seen above that the �rings of bi in the saturated version of  (N) coincide with the onesof b in N. More precisely, consider k > K (we recall that K is de�ned in (5.2)) and let b1 � � � � �(bk = max(�(�k))) be the points of the counting measure of �(�k). The net  (N) with input �kcoincides with N up to the instant bk�K . Now it follows from Lemma 5.2 that E[bk�bk�K ] <1.This implies in a straightforward way that limkXb(k)=k = limkmax(�(�k))=k = b a.s. and inL1. This concludes the proof of Theorem 5.1. 13



5.3 Computation of the asymptotic throughputsThe section is devoted to proving that the limits (a; a 2 T) in Theorem 5.1 can be explicitlycomputed up to a multiplicative constant.Proposition 5.4. The assumptions and notations are the ones of Section 5.2 and Theorem 5.1.The constants �a = �1a ; a 2 T; are the throughputs at the transitions. Let us de�ne the matrixR = (Rij)i;j2T as follows:Rij = ( 1j�jjPp:i!p!j Pfup(1) = jg if 9p 2 P; i! p! j :0 otherwise :The matrix R is irreducible, its spectral radius is 1, and there is a unique vector x = (xa; a 2T); xa 2 R�+;Pa xa = 1, such that xR = x. The vector (�a; a 2 T) is proportional to x, i.e.,there exists c 2 R�+ [ f1g such that �a = cxa for all a 2 T.Proof. If there exists a transition a such that �a =1, then clearly � = (�a; a 2 T) = (1; : : : ;1)since the net is bounded. We assume �rst that the constants �a are �nite (the constants a arestrictly positive).We recall that for a transition a, the counter Xa(t) is the number of �rings completed at transitiona up to time t. We also de�ne for all a 2 T and p 2 �a, the counter Ypa(t) which counts thenumber of tokens assigned by the place p to the transition a up to time t. We haveXa(t) � Ypa(t) � Xa(t) +Mp ; (5.3)where Mp is the maximal number of tokens in place p (which is �nite since the net is bounded).We also have Ypa(t) = K(t)Xi=1 1fup(i)=ag; K(t) =Mp +Xb2�pXb(t) : (5.4)Going to the limit in (5.3) and (5.4), we getlimt Xa(t)t = limt Ypa(t)t = limt PK(t)i=1 1fup(i)=agK(t) � K(t)t :Applying Theorem 5.1 and the Strong Law of Large Numbers, we obtain�a = Pfup(1) = agXb2�p�b :Since the above equality holds for any p 2 �a, we deduce�a = 1j�ajXp2�aPfup(1) = agXb2�p�b :The above equality can be rewritten as � = �R, where R is the matrix de�ned in the statementof the Proposition.Since the Petri net is strongly connected, it follows straightforwardly that R is irreducible. ThePerron-Frobenius Theorem (see for instance [13]) states that R has a unique (up to a multiple)14



eigenvector with coe�cients in R�+, and that the associated eigenvalue is the spectral radius.We conclude that the spectral radius of R is 1, and that � is de�ned up to a multiple by theequality � = �R.It remains to consider the case where (�a; a 2 T) = (1; : : : ;1). The only point to be provedis that R is of spectral radius 1. If this is the case, the statement of the Proposition holds withthe constant c = 1. However, the matrix R depends only on the routing characteristics andnot on the �ring times. Modify the stochastic routed net by setting all the �ring times to beidentically equal to 1. Then the new throughputs belong to R�+. The �rst part of the proofapplies, the vector of throughputs is a left eigenvector associated with the eigenvalue 1, and weconclude that the matrix R is indeed of spectral radius 1.A consequence of Proposition 5.4 is that the ratio �a=�b; a; b 2 T; depends only on the routingsof the models and not on the timings. On the other hand, the multiplicative constant c ofProposition 5.4 depends on the timings. A concrete application of Proposition 5.4 is proposedin Example 6.3.The vector � = (�a; a 2 T) is a strictly positive and real-valued T -invariant of the net, that is,a solution of N� = 0, where N is the incidence matrix of the net. The vector � is a particularT -invariant associated with the routing probabilities.An interesting special case is the one of live and bounded stochastic routed T-nets. For thisrestricted model, Theorem 5.1 was proved in [2] (see also [4]) with the additional result that(�a; a 2 T) = (�; : : :; �). This is consistent with Proposition 5.4. Indeed, for a T-net, thematrix R is such that (1; : : : ; 1) = (1; : : : ; 1)R, which implies according to Proposition 5.4 that(�a; a 2 T) = (�; : : : ; �). This is also consistent with Proposition A.4. It is well known thatthe value of � is hard to compute or even to approximate in T -nets, see [4], Chapter 8. Weconclude that for a general SRFC the multiplicative constant c of Proposition 5.4 must be evenharder to compute or approximate. Note, however, that this constant can be computed for auid approximation of the net, when the �ring times are all deterministic, by using dynamicprogramming and Howard-type algorithms, see [16].Stationary assumptions. The monotone-separable framework is designed to deal with moregeneral than i.i.d. stochastic assumptions. In our case, simply by using the results in [6, 14],we obtain the same results as in Theorem 5.1 under the following assumptions: the sequence(�n)n is stationary and ergodic, and the r.v. � de�ned in Lemma 5.2 is a.s. �nite and integrable.Proposition 5.4 also holds under the generalized assumptions.However, proving that � is integrable is a potentially di�cult point. In [9], closed Jackson net-works, a subclass of live and bounded Free Choice nets, are studied. The stochastic assumptionsare such that (�n)n is stationary and ergodic, and the main di�culty consists in proving thatE(�) <1.5.4 Stationary regime for the marking.The existence of asymptotic throughputs for all the transitions can be seen as a `�rst order' result.A more precise, `second order', result would be the existence and uniqueness of a stationaryregime for the marking process; we discuss this type of result here.The model is the same as in Theorem 5.1 and Mb is the blocking marking associated with atransition b. We make the following additional assumptions:(i) in the marking Mb, the enabling degree of b is equal to 1, i.e., minp2�b(Mb)p = 1;15



(ii) the distribution of �b is unbounded, i.e., Pf�b(1) > xg > 0; 8x 2 R+.Consider the continuous time and continuous state space Markov process (Xt)t formed by themarking and the residual �ring times of the ongoing �rings at instant t. Let (Tn)n be the instantswhen the marking changes and let Yn = XT�n . Then (Yn)n is a Markov chain in discrete time.Under the above assumptions, it is not di�cult to prove that f(Mb; 0)g is a regeneration pointfor (Yn)n. It follows using standard arguments that (Yn)n and (Xt)t have a unique stationaryregime.This result calls for some comments.� Assumption (i) is always satis�ed if transition b is recycled (i.e. fb�g \ �fbg = fpbg whereplace pb has an initial marking equal to 1). This is equivalent to the assumption thattransition b operates like a single server queue.� Closed Jackson networks are a subclass of live and bounded Free Choice nets (in whichassumption (i) is always satis�ed). Cyclic networks are a subclass of closed Jackson net-works. In [15, 27, 22], second order results for closed Jackson netwoks are proved. Theproofs are basically the same as the one sketched above. In the speci�c case of cyclic net-works, the second order results hold true under much weaker assumptions [11, 23, 24]. Thisshows that conditions such as (i) and (ii) are only su�cient conditions for the existenceand uniqueness of stationary regimes.� When removing assumption (i), it becomes much more intricate to get second order resultsunder reasonable su�cient conditions. For instance, second order results can be obtainedif the �ring time of b is exponentially distributed.6 Some Extensions6.1 Extended Free Choice netsIt is common in the literature to consider Extended Free Choice nets (EFCN) de�ned as follows:8q1; q2 2 T; p 2 �q1 \ �q2 ) �q1 = �q2 (this is even the de�nition of Free Choice nets in [18]).The results in Theorem 3.1 hold for EFCN. Indeed, given an EFCN, one can apply Theorem 3.1to the Free Choice net obtained from the EFCN by applying the local transformation illustratedon Figure 6.
Figure 6: Transformation of an Extended Free Choice net into a Free Choice net.16



On the other hand, the results from Sections 4 and 5 do not apply for EFCN. In fact, the routedversion of a live and bounded EFCN is in general not live.6.2 Petri nets with a live and bounded Free Choice expansionIn this section, we consider the class of Petri nets having a live and bounded Free Choiceexpansion. This class is strictly larger than the one of live and bounded Free Choice nets (andstrictly smaller than the one of live and bounded Petri nets). The results related to routed netsin Sections 4 and 5 extend to this class. On the other hand, it is easily checked that Theorem3.1 does not hold for this class.De�nition 6.1. Given a Petri net N = (P;T;F;M), we de�ne its Free Choice expansion'(N) = ('(P); '(T); '(F); '(M)) as follows:� '(P) = P [ fspq : p 2 P; q 2 p�g;� '(T) = T[ ftpq : p 2 P; q 2 p�g;� '(F) = F [ f(p; tpq); (tpq; spq); (spq; q) : p 2 P; q 2 p�g;� '(M) : 8p 2 P; '(M)p =Mp; 8p 62 P; '(M)p = 0.Note that ' acts in a functional way (its components mapping sets to sets), which justi�es ournotation. Obviously, the resulting net '(N) is Free Choice. An example of this transformationis displayed in Figure 7. ppq q0 tpq tpq0spq0q q0spqN '(N)
Figure 7: Free Choice expansion of a Petri net.It is easy to see that '(N) is bounded if and only if N is bounded. Liveness is more subtle. If'(N) is live then clearly N is also live. On the other hand, it is possible that N be live, butnot '(N). This is the case for the net on the left of Figure 4 (the net on the right of the same�gure is `almost' its Free Choice expansion). For a detailed comparison of the behaviors of Nand '(N), see [20].An example of a non-Free Choice Petri net such that '(N) is live and bounded is proposed inFigure 8.Lemma 4.1 and 4.2 undergo the following modi�cations.17



Lemma 6.2. Let N be a Petri net with Free Choice expansion '(N). We have the followingimplications:1. N is bounded () 2. '(N) is bounded () 3. (N; u) is bounded for any u;a. N is live (= b. '(N) is live () c. (N; u) is live for any equitable u.The equivalence between a: and c: which was proved in Lemma 4.2 for Free Choice nets is nottrue in general.Proof. We have just seen that 3. implies 1. and that 2. and 3. are equivalent. The proof of theequivalence between 1. and 3. was done in Lemma 4.1.Now let us prove the equivalence between b: and c. Assume there exists an equitable routing usuch that (N; u) is not live. Construct the set X of nodes of N as in the proof of Lemma 4.2 (theconstruction there does not require the Free Choice assumption). In '(N), the set '(X)\ '(P)is a siphon which can be emptied using the same �ring sequence as for X . We deduce that'(X)\'(P) cannot contain an initially marked trap, hence '(N) cannot be live by Commoner'sTheorem A.9.Lemma 6.2 shows that the liveness and boundedness of a routed Petri net is directly linked tothe one of its unrouted Free Choice expansion.Theorem 4.4, Lemma 4.5, Theorem 5.1, Lemma 5.2 and Proposition 5.4 still hold when replacingthe assumption live and bounded Free Choice net by the assumption Petri net with a live andbounded Free Choice expansion. In Appendix A.4, the proof of Theorem 4.4 is actually carriedout under the general assumption. As for the other results, it is not di�cult to extend them by�rst considering the Free Choice expansion and then showing that the results still hold for theoriginal Petri net.Example 6.3. Consider the live and bounded Petri net of Figure 8. Clearly, it is not a FreeChoice net, but its Free Choice expansion is live and bounded. Consider a stochastic routed
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0.2Figure 8: The values on the arcs are the routing probabilities.version of the Petri net. As detailed above, the results of Theorem 5.1 and Proposition 5.4apply. In particular, let R be de�ned as in Proposition 5.4 and let � = (�t; t 2 T) be the vectorof throughputs (the transitions being listed in alphabetical order). We have18



R = 0BBBB@ 0:4 0:3 0 0 00:4 0:4 0:4 0 00 0:1 0:4 0:3 0:70 0 0:5 0 00 0 0 0:3 0:7 1CCCCA ; � = c � 0:04 0:05 0:21 0:21 0:49 � :If we assume for instance that the routing probabilities of place p are Pfup(1) = dg = x; Pfup(1) =eg = 1� x, then we obtain � = c (2x; 3x; 12x; 12x; 12� 12x) =(12 + 17x).AcknowledgmentsWe would like to thank Javier Esparza whose suggestions greatly helped us when we were blockedin our attempts to block transitions.A AppendixA.1 Reverse �ringsLemma A.1. Let (N;M) be a T-net. We have 8q; r 2 T; q 6= r; M q�! M 0;M r�! M 00 )M 0 r�!;M 00 q�!. Moreover, we have 8q; r 2 T; M qr�!; q� \ �r = ; )M r�!.Proof. Firing a transition in a T-net does not disable any other transition.Let N be a Petri net. For a transition q and two markings M1 and M2, we writeM2 q��!M1 if M1 q�!M2 :Given u = u1 � � �un; ui 2 T; we set u� = u�n � � �u�1 . We write M2 u��! M1 if M1 u�! M2. Wesay that the �ring of u�, or the reverse �ring of u, transforms the marking M2 into M1. Let usde�ne T� = fq� : q 2 Tg, the set of reverse transitions. Given u 2 (T[ T�)�, its Parikh vectoris ~u = (juja � juja�)a2T. A generalized �ring sequence of (N;M) is a word u 2 (T [ T�)� suchthat for all k 6 juj, M +N � ~u[k] > (0; : : : ; 0).The following set of rewriting rules are fundamental in what follows.8a 2 T; aa� ; e; a�a; e; 8a; b 2 T; a 6= b; ab� ; b�a; b�a; ab� : (A.1)For two words u; v 2 (T [ T�)�, we write u �; v if we can obtain v from u by successiveapplication of a �nite number of rewritings.Lemma A.2. Let u; v 2 (T [ T�)� be such that u �; v. If u is a generalized �ring sequence,then v is also a generalized �ring sequence.Proof. The proof follows easily from the fact that, for two distinct transitions a and b, we havea� \ b� = ;. 19



A.2 Results on Free Choice netsWe list here some results used in the paper, in particular in the proof of Theorem 3.1. All ofthem are proved in [18]; for the original references, see the bibliographic notes of [18].Theorem A.3 ([18], Theorem 2.25). A live and bounded connected Petri net is strongly con-nected.A vector X 2 NT is a T-invariant if N � X = (0; : : : ; 0). If u is a �ring sequence such thatM u�!M then ~u is a T-invariant.Proposition A.4 ([18], Prop. 3.16). In a connected T-net, the T-invariants are the vectors(x; : : :; x) for x 2 N.Proposition A.5 ([25], Theorem 19). In a live T-net (N;M) with incidence matrix N , if avector x 2 NT is such that M +N �x > (0; : : : ; 0), then there exists a �ring sequence u such that~u = x.A Petri net is k-bounded if for every reachable markingM and for every place p, we haveMp 6 k.Proposition A.6 ([18], Theorem 3.18). A live T-net (N;M) is k-bounded if and only if, forevery place p, there exists a circuit which contains p and holds at most k tokens under M .A subnet N0 = (P0;T0;F0;M 0) of N is a T-component (resp. S-component) if N0 is a stronglyconnected T-net (resp. S-net) and satis�es: 8q 2 T0; �q; q� 2 P0 (resp. 8p 2 P0; �p; p� 2 T0).A set of subnets of N forms a covering of N if each node and arc belongs to at least one of thesubnets.Theorem A.7 ([18], Theorems 5.6 and 5.18). Live and bounded Free Choice nets are cov-ered by S-components and by T-components.The cluster [x] of a node x in N is the smallest subset of P [ T such that(i) x 2 [x]; (ii) p 2 P \ [x] ) p� 2 T \ [x]; (iii) q 2 T \ [x] ) �q 2 P \ [x].If G is a subnet of N, then the cluster [G] of G is the union of the clusters of all the nodes in G.Theorem A.8 ([18], Theorem 5.20). Let N0 be a T -component of a live and bounded FreeChoice net (N;M0). There exists a �ring sequence � containing no transition from [N0] and suchthat M0 ��!M and (N0;M jN0) is live.Actually, Theorem 5.20 in [18] states that the sequence � does not contain any transitions fromN0; however, the proof given in [18] also provides the result stated above (and this strong versionis the one we need).A siphon is a set of places S such that �S � S�. A trap is a set of places S such that S� � �S.In particular, if a siphon (resp. a trap) is empty (resp. non-empty) under marking M , then itremains empty (resp. non-empty) under all markings in R(M). The following theorem, knownas Commoner's Theorem, gives a necessary and su�cient condition of liveness in Free Choicenets.Theorem A.9 ([18], Theorems 4.21 and 4.27). A Free Choice net is live if and only if ev-ery siphon contains an initially marked trap. 20



A subnet N0 = (P0;T0; F 0;M 0) of N is a CP-subnet if (i) N0 is a non-empty and connected T-net;(ii) 8p 2 P0; �p; p� � T0; (iii) the subnet generated by (P� P0) [ (T� T0) is strongly connected.A way-in (resp. way-out) transition of a Petri net is a transition a such that �a = ; (resp a� = ;).Proposition A.10 ([18], Prop. 7.8). Let (N;M0) be a live and bounded Free Choice net, letN̂ be a CP-subnet of N and let T̂ be the set of transitions of N̂ and T̂in the set of way-intransitions of N̂. Then there exists a marking M and a �ring sequence � 2 (T̂ � T̂in)� suchthat M0 ��! M and M enables no transition of T̂ � T̂in. Furthermore, the subnet of (N;M)generated by (T� T̂) [ (P� P̂) is live and bounded.Proposition A.11 ([18], Prop. 7.10). Let N̂ be a CP-subnet of a live and bounded FreeChoice net and let T̂in be the set of way-in transitions of N̂. We have jT̂inj = 1.A.3 Proof of Theorem 3.1Let us recall the statement of Theorem 3.1.Let (N;M0) be a live and bounded Free Choice net. If b is a non-conicting transition, then thereexists a unique reachable marking Mb in which the only enabled transition is b. Furthermore,Mb can be reached from any reachable marking and without �ring transition b.We recall that Mb is the blocking marking associated with b.Proof. It follows from the de�nition that we have8M 2 R(M0); R0b(M) � Rb(M) � Rb(M0) : (A.2)According to Theorem A.7, there exists a covering of N by T-components that we denote byT1; : : : ;Tn. The proof will proceed by induction on n.We assume �rst that n = 1, that is, N is a T-net. Note that all the transitions are non-conicting.The proof has four parts, each showing one of the following auxiliary results. Given a transitionb, one has for all M 2 R(M0):1: R0b(M) 6= ; ; 2: jR0b(M)j = 1 ; 3: R0b(M) = R0b(M0) ; 4: Rb(M) = R0b(M) :1. The T -net N is covered by circuits with a bounded number of tokens, say K (PropositionA.6). We block transition b in the marking M 2 R(M0). If  is a circuit of the coveringcontaining b, it prevents any transition in  from �ring strictly more than K times. Now,let q be a transition such that there exist circuits 1; : : : ; l from the covering such that bbelongs to 1, q belongs to l, and i and i+1 have a common transition for i = 1; : : : ; l�1.Then q can �re at most l �K times. Since N is strongly connected, any transition can �reat most n �K times, where n is the number of circuits in the covering.2. The proof is almost the same as for Lemma 4.5. Let us consider M1;M2 2 R0b(M) withM �1�!M1 and M �2�!M2 and j�1jb = j�2jb = 0. We want to prove thatM1 =M2. Thereexist possibly several �ring sequences with Parikh vectors ~�1 and ~�2. Among these �ringsequences, we choose the two with the longest common pre�x, and we denote them byu1 = xv1 and u2 = xv2 (recall that ~u1 = ~�1 and ~u2 = ~�2). Let ~M be such that M x�! ~M .If v1 = v2 = e, then M1 =M2 = ~M . Assume that v1 6= e and let a be the �rst letter of v1.Since ju1ja > 0, we deduce that a 6= b. The transition a is enabled in ~M . Furthermore, by21



de�nition, a is not enabled in M2. This implies that the �ring sequence v2 must containa; thus, we can set v2 = yaz with jyja = 0. Since a is enabled in ~M , it follows that ayzis a �ring sequence and ~M ayz�! M2. To summarize, we have found two �ring sequencesu1 and u02 = xayz with respective Parikh vectors ~�1 and ~�2 and with a common pre�x atleast equal to xa. This is a contradiction.3. Let � be such that M0 ��! M . If j�jb = 0, it follows from the previous point thatR0b(M) = R0b(M0). Let us assume that j�jb > 0. Let � = q1 � � �qn with qi 2 T andM0 q1�! M1 q2�! M2 � � �Mn�1 qn�! Mn = M . Let k be any index such that qk = b, thatis Mk�1 b�! Mk. Using Propositions A.4 and A.5, there exists a �ring sequence � withParikh vector ~� = (1; : : : ; 1) � ~b and such that Mk ��! Mk�1, that is Mk�1 ���! Mk(see Section A.1). By replacing every b by �� in �, we get a generalized �ring sequence�0 2 ((T� fbg)[ (T�� fb�g))� such that M0 �0�!M . Using the rewriting rules in (A.1)Mj Mj+1 Mk Mk+1 Mb b vuM0 wM 0~M� �
Figure 9: Using reverse �rings to avoid b.and applying Lemma A.2, we �nd a generalized �ring sequence �00 such that �0 �; �00and such that �00 = uv�; u 2 (T � fbg)�; v� 2 (T� � fb�g)�. Let ~M be the markingsuch that M0 u�! ~M v � M . Let M 0 be the unique element of R0b( ~M). Since we haveM v�! ~M with jvjb = 0, we obtain that R0b(M) = fM 0g. By de�nition there exists a �ringsequence w 2 (T� fbg)� such that ~M w�! M 0. We deduce that we have M0 uw�! M 0 withuw 2 (T� fbg)�. This implies that R0b(M0) = R0b(M). The whole argument is illustratedin Figure 9.4. Clearly we have R0b(M) � Rb(M). For the converse, consider ~M 2 Rb(M) and u 2 T�such that M u�! ~M . If jujb = 0 then ~M 2 R0b(M); so assume jujb > 0 and set u = vbwwith jwjb = 0. Let M̂ be the marking such that M vb�! M̂ . By construction, we have~M 2 R0b(M̂). Now, by point 3. above, this implies that ~M 2 R0b(M).Assume now that N is covered by the T -components T1; : : : ;Tn; with n > 2, and let b be anon-conicting transition. We also assume the covering to be minimal, i.e. such that no T -component can be removed from it. Let Pi and Ti be the places and transitions of Ti. SetN+ = N[Sn�1j=1 Pi [ Ti] and N� = N[(P� P+) [ (T� T+)], where P+ and T+ are the places andtransitions of N+. Since the covering is minimal, the subnet N� is non-empty.22



Now, it is always possible to re-number the Ti's such that b 2 N+ and N+ is strongly connected.This is shown in the �rst part of the proof of Proposition 7.11 in [18] (see also Proposition 4.5in [17]).On the other hand, the net N� has no reason to be connected. Let us denote by �1; : : : ; �m;the connected components of N�. According to Propositions 4.4. and 4.5 in [17], the nets �jare CP-subnets of N (see Appendix A.2). This result is also demonstrated in the second part ofthe proof of Proposition 7.11 in [18]. w2 w3�3�4�5 w4w5
�2w1�1 N+

Figure 10: The net N decomposed into N+ and the CP-subnets �1; : : : ; �m.The decomposition of N into N+ and �1; : : : ; �m; is illustrated in Figure A.3. By PropositionA.11, each �i has a single way-in transition denoted wi. Furthermore, wi has a unique inputplace that we denote pi. Indeed, let us consider p 2 �wi. We have p 2 N+. Since N+ is stronglyconnected, the set of successors of p in N+ is non-empty, and we conclude that jp�j > 1. Nowby the Free Choice property, p must be the only predecessor of wi.We �rst show that R0b(M0) is non-empty. We proceed as follows.a. Using Proposition A.10, for all i = 1; : : : ; m, there exists a �ring sequence ��i 2 (T�i �fwig)� such that no transitions in T�i � fwig is enabled after �ring ��i . Let M 00 be themarking obtained from M0 after �ring the sequence � = ��1 � � ���m . No transition fromN� is enabled in M 00 except possibly the way-in transitions.b. Consider the subnet (N+;M 00jN+). We �rst prove that it is live and bounded. By Proposi-tion A.10, under the marking M 00, the net N� �m is a live and bounded Free Choice net.Now, we can prove that �m�1 is a CP-subnet of N � �m by the same arguments as theones used to prove that �m�1 is a CP-subnet of N. Again by Proposition A.10, the netN� (�m [ �m�1) is a live and bounded Free Choice net. By removing in the same way allthe CP-subnets, we �nally conclude that (N+;M 00jN+) is a live and bounded Free Choicenet. Furthermore, N+ admits a covering by T -components of cardinality n � 1. By theinduction hypothesis, there exists a �ring sequence x avoiding b and which disables all the23



transitions in T+ except b. Let Mb be the marking of N obtained from M 00 after �ring x(now viewed as a �ring sequence of N).c. By construction, no transition from T+ except b is enabled in (N;Mb). Let us prove thatthe transitions wi are also disabled in Mb. The transition wi is enabled if its input placepi is marked. Let a be an output transition of pi belonging to N+. By the free choiceproperty, we have fpig = �a = �wi. Since a is conicting and b is non-conicting, wehave a 6= b, which implies that a is not enabled and that pi is not marked.Clearly, the above proof also works for (N;M) where M 2 R(M0). Hence we have8M 2 R(M0); R0b(M) 6= ; : (A.3)We have thus completed the �rst step of the proof. We now prove the following assertion.Assertion (A0): The T -net �i has a unique reference marking in which the only enabled transi-tion is wi. Furthermore, starting from the reference marking, if wi is �red hi times, then theother transitions can �re at most hi times. If all the transitions in �i are �red hi times, thenthe net goes back to the reference marking.Proof of (A0): First, according to Proposition 5.1 in [17], there is a reachable marking MRwhere no transition is enabled except wi. Now using the same argument as in point 2 above(or as in the proof of Lemma 4.5), we obtain that MR is the only such marking. According toProposition 5.2 in [17], a property ofMR is: for all transition q 6= wi, there is an unmarked pathfrom wi to q. The rest of assertion (A0) follows easily.By assertion (A0), the markings M 00, Mb, and M 0b coincide on all the subnets �i. We turn ourattention to the following assertion.Assertion (A1): If M 0 is a marking reachable from M 00 which coincides with M 00 on all the placesof �1; � � � ; �m, then the marking M 0 is reachable from M 00 by �ring and reverse �ring of transi-tions from N+ only.We �rst show how to complete the proof assuming (A1). Consider M 0b 2 Rb(M0). We want toshow that M 0b = Mb. Apply (A1) to the marking M 0b: it is reachable from M 00 by �ring andreverse �ring of transitions from N+ only. We have seen above that (N+;M 00jN+) is a live andbounded Free Choice net. It follows readily that (N+;M 0bjN+) is also live and bounded. Since N+admits a covering by T -components of cardinality n� 1, we can apply the induction hypothesisto N+: if M and M 0 are two markings of N+ such that M q�! M 0 or M q��! M 0 for some qin T+, then the blocking markings reached from M and M 0 are the same. By repeating theargument for all transitions (which are �red or reverse �red) on the path fromM 00jN+ toM 0bjN+ ,we get that M 0bjN+ = MbjN+ . It follows that M 0b = Mb, i.e. Rb(M0) = fMbg. Coupled with theresults in (A.2) and (A.3), it implies that Rb(M) = R0b(M) = fMbg for any reachable markingM . The only remaining point consists in proving assertion (A1).Proof of (A1): Let � be a �ring sequence leading from M 00 to M 0 and let hi = j� jwi fori = 1; : : : ; m. The proof proceeds by induction on h = h1 + � � �+ hm. The case h = 0 is trivial,since, under M 00, no transition in �1; : : : ; �m; can �re without �ring the way-in transitions �rst.24



Now let us consider the case where h1+ : : :+hm > 0. Since M 00 and M 0 coincide on �1; : : : ; �m,it follows from (A0) that all the transitions in �i have �red hi times in the sequence � .Without loss of generality (by re-numbering the �i's) we can assume that the last way-in transi-tion �red in the sequence � is w1. By commuting the last occurrence of w1 with the transitions in� which can �re independently of it, we can assume that all the transitions in �i for i = 2; � � � ; m;have �red hi times and all the transitions in �1 have �red h1 � 1 times before w1 is �red forthe last time. This means that the marking M1 reached just before w1 is �red for the last timecoincides with M 00 on all the �0is.Let ��i be a �ring sequence of �i leading from the reference marking of �i to itself (see (A0)).We have j��i jt = 1 for t 2 �i; and j��i jt = 0 otherwise (see (A0)). By further commutation oftransitions which can �re independently, the sequence � can be rearranged and decomposed asdisplayed in (A.4), where arrows + mean \only transitions in �1; : : : ; �m are �red"; arrows *mean \only transitions in N+ are �red"; and arrows (* mean \only transitions and reversetransitions from N+ are �red":M0 �+M 00 v(*M1 ��1+ M2 u*M 0: (A.4)The �ring sequence M 00 v(* M1, with v being a generalized �ring sequence containing only(reverse) transitions from N+, exists by the induction hypothesis on (A1). In the subnet �1, the�ring sequence ��1 leads from the reference marking to itself. However the sequence has someside e�ects in the net N+, since a token has been removed from the place p1 and one token hasbeen added in each output place of a way-out transition of �1. The challenge is now to \erase"this change in N+ while using only transitions from N+.To do this, consider the subnet G = N+ [ �1. We have proved in point b. above that the net(N+;M 00jN+) is a live and bounded Free Choice net. It follows clearly that G is live and boundedunder the marking M 00jG. This implies that G is also live and bounded under the marking M1jG(since, in N, the marking M1 is obtained from M 00 by �ring and reverse �ring of transitionsfrom G). By Theorem A.7, the net (G;M1jG) can be covered by T -components. Let Z be a T -component of the covering which contains w1. By de�nition, Z must also contain all the placesin w�1. Since Z is strongly connected, it must contain the unique output transition of each placein w�1. By repeating the argument, we get that the whole subnet �1 is included in Z.In the following, we play with the three nets N, G and Z (with Z � G � N). To avoid veryheavy notations, we use the same symbol for the marking in one of the three nets and itsrestrictions/expansions to the other two. For instance we use M1 for M1;M1jG or M1jZ. Wehope this is done without ambiguity.Applying Theorem A.8 to (G;M1), there exists a marking M3 and a �ring sequence x such thatM1 x�! M3, the subnet (Z;M3) is live and x contains no transition from [Z]. Recall that [Z]is the cluster of Z. By construction, x contains only transitions from N+. In particular, themarkings M1 and M3 coincide on the subnet �1; moreover, no transition of �1 except possiblyw1 is enabled in M3. Now we claim that w1 is enabled in M3. By de�nition of a cluster, theinput place p of w1 belongs to [Z], as well as all the output transitions of p. We deduce that xdoes not contain the output transitions of p, and w1 is enabled in M3 since it was enabled inM1.Consequently, the sequence ��1 is a �ring sequence in (Z;M3). Let M4 be the marking de�nedby M3 ��1�! M4. Let TZ be the set of places of Z. We consider the vector X 2 NTZ de�ned by25



Xt = 0 if t belongs to �1 and Xt = 1 otherwise. By construction and Assertion (A0), we haveX + ~��1 = (1; : : : ; 1). According to Proposition A.4, this implies that M4+NZ �X =M3, whereNZ is the incidence matrix of Z. According to Proposition A.5, there exists a �ring sequence �of (Z;M4) such that ~� = X . This implies that �� is a generalized �ring sequence leading fromM3 to M4.Now we want to prove that x is a �ring sequence of (N;M2). The �ring of �1 involves only placesfrom Z (the places from �1, the input place of the way-in transition, and the output places ofthe way-out transitions). This implies that M1 and M2 coincide on the places which do notbelong to [Z]. Now x contains only transitions outside of [Z], and if t is a transition outside of[Z] then the input places of t do not belong to [Z] either. Since x is a �ring sequence of (N;M1),we deduce that it is also a �ring sequence of (N;M2). We haveM2 +N � ~x =M1 +N � (~��1 + ~x) =M3 +N � ~��1 =M4 :Hence we obtain M2 x�! M4 and M4 x��! M2. Summarizing the above steps, we have obtainedthat $ = vx��x�u is a generalized �ring sequence leading from M 00 to M 0 and involving onlytransitions and reverse transitions from N+. This concludes the proof of (A1). The various stepsare illustrated in Figure 11, with the shaded area highlighting $.M 00 M1vM0 M 0uM2 �x M3 M4� x�K1�K1Figure 11: Proof of assertion (A1).A.4 Proof of Theorem 4.4We prove the result for Petri nets whose Free Choice expansion is live and bounded, along thelines of Section 6. Here is the precise statement proved below.Let (N;M0) be a Petri net whose Free Choice expansion '(N) is live and bounded. For anytransition b, there exists a blocking marking Mb such that for every equitable routing u and allM 2 R(M0; u), we have Rb(M;u) = R0b(M;u) = fMbg.Proof. Consider '(N) and set P0 = '(P)�P and T0 = '(T)�T, The function ' maps a markingM of N into a marking '(M) of '(N) as de�ned above. Now, we de�ne a reverse transformation : N'(P)! NP which transforms a marking ~M of '(N) into a marking  ( ~M) of N: ( ~M) = ( ( ~M)p)p2P and  ( ~M)p = ~Mp + X(p;q)2F ~Mspq :Note that for any marking M in N, we have  � '(M) =M .26



A pointed marking (M; f) of N is a pair formed by a marking M and an assignment f of eachtoken of the marking to an output transition. Formally, f is an application from f(p; t); p 2P; t 2 p�g to N, satisfyingPt2p� f(p; t) =Mp for all place p. In (N;M0; u), givenM0 ��!M 0, wedenote by (M 0; u; �) the pointed marking formed by M 0 and the assignment induced by u and�: the tokens in place p are assigned as in (4.1). To a pointed marking (M; f) of N, we associatethe marking '(M; f) in '(N) obtained from '(M) by �ring all the transitions in T0 which arecompatible with the assignment. Note that we have  � '(M; f) =M . We have illustrated thisin Figure 12; small letters next to a token indicate the transition to which the token is routed.a a b ba b a b a b(M; f) �(M) �(M; f)Figure 12: The original net with pointed marking (M; f) (left) and the e�ect of '.Consider the Free Choice net '(N). By construction, any transition b of T is a non-conictingtransition for '(N). Using Theorem 3.1, there exists a marking M 0b in '(N) such that for allM 2 R('(N); '(M0)), we have Rb('(N);M) = R0b('(N);M) = fM 0bg. Let us set Mb =  (M 0b).Consider now the routed Petri net (N;M0; u). We want to prove �rst that Mb is such thatRb(N;M; u) = fMbg for all M 2 R(N;M0; u). Assume that there exists M 0 2 Rb(N;M; u) andlet �; � be such that M0 ��! M ��! M 0. Let us consider the pointed marking x = (M 0; u; ��)and the marking '(x) of '(N). Assume that there is a transition t 6= b of '(N) which is enabledin '(x). By construction, we have t 2 T, and t is also enabled in  � '(x) = M 0, which is acontradiction. We conclude that b is the only transition enabled in '(x), that is '(x) = M 0b,which implies that M 0 =Mb.Now we prove that R0b(N;M; u) is non-empty for any reachable marking M . Starting from M ,we build a �ring sequence of the routed net by always �ring an enabled transition di�erent fromb. By Lemma 4.3, it is impossible to build an in�nite such sequence. Hence, we end up in amarking such that no transition is enabled except b, this marking belongs to R0b(N;M; u). SinceR0b(N;M; u)� Rb(N;M; u), this �nishes the proof.References[1] M. Ajmone-Marsan, G. Balbo, S. Donatelli, G. Franceschinis, and G. Conte. Modellingwith generalized stochastic Petri nets. Wiley Series in Parallel Computing. Wiley, New-York, 1995.[2] F. Baccelli. Ergodic theory of stochastic Petri networks. Annals of Probability, 20(1):375{396, 1992.[3] F. Baccelli, G. Cohen, and B. Gaujal. Recursive equations and basic properties of timedPetri nets. J. of Discrete Event Dynamic Systems, 1(4):415{439, 1992.27
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