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Abstract. We describe a simple, conceptual forward analysis procedursofor
complete WSTS. This computes theloverof a states, i.e., a finite description
of the closure of the cover ofy. When& is the completion of a WSTE, the
clover in & is a finite description of the cover . We show that this applies
exactly when¥ is anw?-WSTSa new robust class of WSTS. We show that our
procedure terminates in more cases than the generalized Karp-Millezduce
on extensions of Petri nets. We characterize the WSTS where ourdonecter-
minates as those that aslever-flattable Finally, we apply this to well-structured
counter systems.

1 Introduction

Context. Well-structured transition systems (WSTS) are a generabadinfinite-state
systems where coverability—given states, decide whethes (>;—*;>) ¢, i.e,,
whethers > s; —* t; > ¢ for somes, t;—is decidable, using a simple backward
algorithm [14,1%,19)2].

The starting point of this paper and of its first partl[17] is dasire to derive similar
forward algorithms, namely algorithms computing tbever | Post*(| s) of s. While
the cover allows one to decide coverability as well, by testihethet € | Post*(| s),
it can also be used to decid&boundedness, i.e., to decide whether there are only fi-
nitely many statesin the upward-closed sét and such tha¢ (>; —*) t. No backward
algorithm can decide this. In fadt/-boundedness is undecidable in general, e.g., on
lossy channel systenis|[9]. So the reader should be warneddheputing the cover is
not possible for general WSTS. Despite this, the known fodvedgorithms are felt to
be more efficient than backward procedures in general:ferggssy channel systems,
although the backward procedure always terminates, oelyntm-terminating forward
procedure is implemented in the tool TREX [1].

State of the art. Karp and Miller [27] proposed an algorithm, for Petri netfigh com-
putes a finite representation of thever, i.e., of the downward closure of the reachab-
ility set of a Petri net. Finke[[14,15] introduced the WST8&nrework and generalized
the Karp-Miller procedure to a class of WSTS. This was aclidwe building a non-
effective completion of the set of states, and replaciraccelerations of increasing se-
guences of states (in Petri nets) by least upper bounds (fuff)2[15] a variant of this
generalization of the Karp-Miller procedure was studiedt, o guarantee was given
that the cover could be represented finitely. There were fextdfe finite representa-
tions of downward closed sets inJ15]. Finkel[16] modifiee tkarp-Miller algorithm

to reduce the size of the intermediate computed treek. g&ntly proposed a weaker



acceleration, which avoid some possible underapproxanatin [16]. Emerson and
Namijoshi [12] took into account the labeling of WSTS for adlagtthe generalised
Karp-Miller algorithm to model-checking. They assume tRkestence of a compatible
cpo, and proved that for broadcast protocols (which arevedgit to transfer Petri nets),
the Karp-Miller procedure can be generalized. Howevemieation is then not guar-
anteed[[1B], and in fact neither is the existence of a finiggagentation of the cover.
Abdulla, Colomb-Annichini, Bouajjani and Jonsson progbadorward procedure for
lossy channel systenis [3] using downward closed regulguiages as symbolic repres-
entations. Ganty, Geeraerts, Raskin and Van Bégin [21 2pjgsed a forward proced-
ure for solving the coverability problem for WSTS equippedhan effective adequate
domain of limits, or equipped with a finite sét used as a parameter to tune the pre-
cision of an abstract domain. Both solutions insure thatyestewnward closed set has
a finite representation. Abdulkt al. [3] applied this framework to Petri nets and lossy
channel systems. Abdulla, Deneux, Mahata and Nylén prab@sgmbolic framework
for dealing with downward closed sets for Timed Petri nels [4

Our contribution. First, we definecomplete WST8&s WSTS whose well-ordering is
also a continuous dcpo. This allows us to design a conceptaaekdureCloverg that
looks for a finite representation of the downward closurehefreachability set, i.e., of
the cover[[15]. We call such a finite representatiaziaver (for closure ofcovel). This
clearly separates the fundamental ideas from the datatstescused in implementing
Karp-Miller-like algorithms. Our procedure also termiaain more cases than the well-
known (generalized) Karp-Miller procedure J12,15]. Weadsish the main properties
of clovers in Sectiofil3 and use them to pr@evergs correct, notably, in Sectidd 5.

Second, we characterize complete WSTS for wiitbvers terminates. These are
the ones that have a (continuous) flattening with the sameecldhis establishes a
surprising relationship with the theory of flattening [8].

Third, and building on our theory of completions [17], we caerize those WSTS
whose completion is a complete WSTS in the sense above. Thegxactly thev?-
WSTSi.e., those whose state spacefswao, as we show in Sectidh 4.

Finally, we apply our framework of complete WSTS to countestsyns in Sectionl 6.
We show that affine counter systems may be completechinmomplete WSTS iff the
domains of the monotone affine functions are upward closed.

2 Preliminaries

Posets, dcposWe borrow from theories of order, as used in model-check2{@9],
and also from domain theor{/1[6,23]. duasi-ordering< is a reflexive and transitive
relation on a seKX. Itis a (partial)orderingiff it is antisymmetric.

We write > the converse quasi-ordering, the associated strict ordering. (\ >),
and> the converseX \ <) of <. A setX with a partial ordering< is aposet( X, <), or
just X when< is clear. Thaupward closurg E ofasetEis{y € X | 3z € E-z < y}.
Thedownward closurd Eis{y € X | 3z € E -y < z}. A subsetE of X is upward
closedifand only if & = 7 E. Downward closedets are defined similarly. A downward
closed (resp. upward closed) dethas abasisA iff £ = | A (resp.F = 1 A); F has a
finite basigff A can be chosen finite.



A quasi-ordering isvell-foundedff it has no infinite strictly descending chair >
x1 >...>z; > ....Anantichainis a set of pairwise incomparable elements. A quasi-
ordering iswell iff it is well-founded and has no infinite antichain. We abbate well
posets asvpos

An upper boundz € X of £ C X is such thaty < x for everyy € E. The
least upper bound (lul)f a setE, if it exists, is writtenlub(E). An elementz of E is
maximal(resp. minimal) ifff 2 N E = {z} (resp.| 2 N E = {z}). Write Max E (resp.
MinFE) the set of maximal (resp. minimal) elementstof

A directed subsetf X is any non-empty subsé2 such that every pair of elements
of D has an upper bound iP. Chains, i.e., totally ordered subsets, and one-element
set are examples of directed subsetgiopois a poset in which every directed subset
has a least upper bound. For any subBetf a dcpoX, let Lub(E) = {lub(D) |
D directed subset af’}. Clearly, E C Lub(FE); Lub(F) can be thought of? plus all
limits from elements of.

Theway belowrelation< on a dcpoX is defined byr < y iff, for every directed
subsetD such thatub(D) < y, there is a € D such thatr < z. Write |E = {y €
X | 3z € E -y < x}. X is continuousiff, for every z € X, |z is a directed subset,
and hase as least upper bound.

When< is a well partial ordering that also turd$ into a dcpo, we say that is a
directed complete well ordeor dcwa If additionally X is continuous, we say tha
is acdcwa

A subsetJ of a dcpoX is (Scott-ppeniff U is upward-closed, and for any directed
subsetD of X such thatub(D) € U, some element oD is already inU. A map
f+ X — X is (Scott-rontinuousiff f is monotonic £ < y implies f(z) < f(y))
and for every directed subs@ of X, lub(f(D)) = f(lub(D)). Equivalently, f is
continuous in the topological sense, i.£-,1(U) is open for every opefy.

A closedset is the complement of an open set. Every closed set is dawdsiosed.
Theclosurecl(A) of A C X is the smallest closed set containiAgThis should not be
confused with thénductive closurdnd(A) of A, which is obtained as the least get
containingA and such thak.ub(B) = B. In general,l] A C Lub(] A) C Ind(] A) C
cl(A), and all inclusions can be strict. However, whEns acontinuougicpo, andA is
downward closed ¥, Lub(A4) = Ind(A) = cl(A). (See, e.g.[117, Proposition 3.5].)
Well-Structured Transition Systems. A transition systenis a pair& = (S, —) of a
setS, whose elements are callsthtes and atransition relation— C S x .S. We write
s — s’ for (s,s') € —. Let> be the transitive and reflexive closure of the relatien
We write Posts(s) = {s' € S| s — §'} for the set of imnmediate successors of the
states. Thereachability sebf a transition systen® = (.5, —) from an initial states
is Post’s(sg) = {s € S| sop = s}.

A transition systen{.S, —) is effectiveiff S is r.e., and for every state Posts(s)
is finite and computable. Aarderedtransition system is a tripl& = (S, —, <) where
(S, —) is a transition system and is a quasi-ordering 0. We say thats, —, <) is
effectivaf (S, —) is effective and if< is decidable.

S = (5,—, <) is monotone(resp.strictly monotongiff for every s,s’,s; € S
such thats — s’ ands; > s (resp.s; > s), there exists ar) € S such thats; = s/



ands| > s’ (resp.s} > ¢). G is strongly monotondf for every s, s’, s; € S such that
s — s’ ands; > s, there exists am} € S such thats; — s} ands| > s'.

Finite representations dPosts (s) ,e.9., as Presburger formulae or finite automata,
usually don'’t exist even for monotone transition systentt @ven speaking of being
computable). TheoverCovers(s) = | Posts (] s) (= | Postg(s) when& is mono-
tone) is better behaved. Note that being able to computeayer @llows one to decide
coverability s (>;—*;>) tiff t € Coverg(s). In most cases we shall encounter, it
will also be decidable whether a finitely represented cosdinite, or whether it meets
a given upward closed sét in only finitely many points. Thereforeoundednesés
Post(s) finite?) andU-boundedness Post (s) N U finite?) will be decidable, too.

An ordered transition syste@@ = (.5, —, <) is aWell Structured Transition System
(WSTS$iff & is monotone ands, <) is wpo. This is our object of study.

For strictly monotone WSTS, it is also possible to decide thendledness problem,
with the help of the Finite Reachability Tree (FRT)[15]. Hever, thel/-Boundedness
problem (called the place-boundedness problem for Pe) nemains undecidable for
strictly monotone WSTS (for instance, for transfer Petrishebut it is decidable for
Petri nets. It is decided with the help of a richer structtwentthe FRT, the Karp-Miller
tree. The set of labels of the Karp-Miller tree is a finite eg@ntation of the cover.

We will consider transition systems defined by a finite setrangition functions

for simplicity. This is as in[[1F7]. Formally, &unctional transition syster(]S,i) is
a labeled transition system where the transition relatieris defined by a finite set

I of partial functionsf : S — S, in the sense that for every; s’ € 9, s LN
iff s = f(s)forsomef € F.Amapf : S — S is partial monotoniciff dom f
is upward-closed and for alt,y € dom f with z < y, f(z) < f(y). An ordered

functional transition systerns an ordered transition syste& = (.5, ﬂ, <) whereF’
consists of partial monotonic functions. This is alwaysesgly monotonic. Aunctional
WSTSs an ordered functional transition system wherés well.

A functional transition systens, 5) is effectiveif every f € F'is computable:
given a states and a functionf, we may decide whether € dom f and in this case,
one may also computg(s).

3 Clovers of Complete WSTS

Complete WSTS and their clovers All forward procedures for WSTS rest on com-
pleting the given WSTS to one that includes all limits. E lge $tate space of Petri nets
is N*, the set of all markings oh places, but the Karp-Miller algorithm works 0¥,
whereN,, isN plus a new top element. We have defined general completions of wpos,
serving as state spaces, and have briefly described coordetf (functional) WSTS
in [17]. We temporarily abstract away from this, and consicempleteVSTS directly.

Generalizing the notion of continuity to partial mapspartial continuousmap
/X — X, where(X, <) is a dcpo, is such thatom f is open (not just upward-
closed), and for every directed subgetin dom f, lub(f(D)) = f(lub(D)). Equival-
ently,dom f is open andf~!(U) is open for any opety. The composite of two partial
continuous maps is again partial continuous.



Definition 1. A completeWSTS is a (functional) WSTS = (S, L, <) where(S, <)
is a cdcwo and every function ifi is partial continuous.

The point in complete WSTS is that one caoteleratdoops:

Definition 2. Let (X, <) be a dcpo,f : X — X be partial continuous. Th&ub-
accelerationf> : X — X is defined bydom f°° = dom f, and for anyz € dom f,
if z < f(z) thenf(z) = lub{f"(z) | n € N}, elsef>(z) = f(x).

Note that ifz < f(z), thenf(z) € dom f, and f(z) < f?(x). By induction, we can
show that{ /" (z) | » € N} is an increasing sequence, so that the definition makes
sense.

Complete WSTS are strongly monotone. One may not decide riarge whether
a recursive functiory is monotone[[18] or continuous, whether an ordered SeK)
with a decidable orderings, is a dcpo or whether it is a wpo. We may prove that
given an effective ordered functional transition systene oannot decide whether it is
a WSTS, or a complete WSTS. However, the completioaryffunctionalw?-WSTS
is complete, as we shall see in Theofdm 1.

In a complete WSTS, there iscanonicalfinite representation of the cover:

Definition 3 (Clover).Let& = (5, 5, <) be acomplete WSTS. TtleverCloverg (so)
of the statesy € S is Max Lub(Covers(so)).

Proposition 1. Let& = (S, 5, <) be acomplete WSTS, angle S. ThenClovers(so)
is finite, andcl(Covers (sg)) = | Clovers(so).

Proof. Lub(Coverg(sg)) = cl(Coverg(sp)) sinceCoverg(sp) is downward closed,
andJS is a continuous dcpo. Sinceis a wpo, it is Noetherian in its Scott topolody [25,
Proposition 3.1]. Sincé is a continuous dcpd is also sobel [6, Proposition 7.2.27],
so Corollary 6.5 of[[25] applies: every closed subBaif S is such thalMax F is finite
andF = | Max F. Now let F' = Lub(Covers(so)). O

For any other representative, i.e., for any finite Betuch that| R = | Clovers(so),
Clovers(so) = Max R. Indeed, for any two finite sets, G C S such that] F' = | G,
Max F' = MaxG. So Clover is the minimal representativef the cover, i.e., there
is no representativ® with |R| < |Clovers(sp)|. The clover was called the minimal
coverability set in[[15].

Despite the fact that the clover is always finite, it is nomgpaitable in general (see
Propositiof# below). Nonetheless, it is computabldélancomplete WSTS, and even
on the larger class aflover-flattablecomplete WSTS (Theore 3 below).
Completions. There are numberous WSTS which are not complete: thid’sef states
of a Petri net withk places is not even a dcpo. The set of states of a lossy charsteirs
with k& channels(X*)*, is not a dcpo for the subword ordering either. We have defined
general completions of wpos, and of WSTS|[inl[17], which wealleguickly.

ThecompletionX of a wpo(X, <) is defined in any of two equivalent ways. First,
X is theideal completiondl(X) of X, i.e., the set of ideals of, ordered by inclusion,
where andealis a downward-closed directed subsetf This can also be described
as the sobrificatios (X, ) of the Noetherian spac¥,, but this is probably harder to



understand (although it makes proofs simpler). We consMexs a subset ok, by
equating each elementc X with | z € Idl(X). For instance, ifX = N¥, e.g., with
k = 3, then(1, 3, 2) is equated with the idedl(1, 3, 2), while {(1,m,n) | m,n € N}
is alimit, i.e. an element of \ X; the latter is usually writter{1,w,w), and is the
least upper bound of alll, m, n), m,n € N. The downward-closure dfl,w,w) in X,
intersected withX, gives back the set of non-limit elemertd, m,n) | m,n € N}.

This is a general situation: one can always wiiteas the disjoint uniorX’ U L, so
that any downward closed subdetof X can be written as{ N | A, whereA is afinite
subset ofX U L. ThenL, the set of limits, is aveak adequate domain of limf¢/ADL)
for X—uwe slightly simplify Definition 3.1 of[[17], itself a slighteneralization of [211].
In fact, X' (minus.X) is thesmallestWADL [L7| Theorem 3.4].

X = IdI(X) is always a continuous dcpo. In fact, it is even algebidi®[@posi-
tion 2.2.22]. It may however fail to be well, hence to be a cdcsee Lemmal1 below.

We have also described a hierarchy of datatypes on which lepiops are effect-

ive [17, Section 5]. NotanyN = N, A = Afor any finite poset, amﬂf:l X, =
Hf’ 1 X;. Also, X* is the space oproductson X, as defined in[ﬂl] i.e., regular ex-
pressions that are productsaibm|c expressiond™* (A € Pyin(X ) Where}P’f.n denotes

the set offinite subsets) ot” (a € X) In any case, elements of completloﬁshave a
finite description, and the orderirig on elements ok is decidable[[1]7, Theorem 5. 5.3].

Having defined the completloﬁ of awpoX We can define the completia = X
of a (functional) WSTSX = (X, RN ,<) as(X, L ,C), whereSF = {Sf | f € F}
[17, Section 6]. For each partial monotonic maps F, the partial continuous map
Sf:8— S|ssuchthatiom8f {Ce X | CNdom f # 0}, andSf(C) = | f(C)
for everyC € X. In the cases of Petri nets or functional- -lossy channelkesyst the
completed WSTS is effective [17, Section 6].

The important fact, which assesses the importance of theeglés the following
(see Appendik’A for a proof).

Proposition 2. Let& = X be the completion of the functional WSXS- (X, £, <).
For every statesg € X, Coverx(sg) = Coverg(sg) N X = | Cloverg(so) N X.

Coverg(sg) is contained, usually strictly, i Clovers(sg). The above states that,
when restricted to non-limit elements (i), both contain the same elements. Tak-
ing lub-acceleration$S f)> of any compositionf of maps inF leavesCoverg (so),
but is always contained i Clovers(sg) = cl(Covers(sp)). So we can safely lub-
accelerate irS = X to compute the clover i5. While the clover is larger than the
cover, taking the intersection back with will produce exactly the covef'overx (so).

4 A Robust Class of WSTSw?-WSTS

The construction of the completiod = X of a WSTSX = (X,ﬂ, <) is almost
perfect: the only missing ingredient to show tigats a complete WSTS is to check that
X is well-ordered by inclusion. We have indeed seen ftia$ a continuous dcpo; and
& is strongly monotonic, becausgf is continuous, hence monotonic, for evgng F.



We show that, in some case, is indeednot well-ordered. TakeX to be Rado’s
structureXRado[lB], i.e.,{(m,n) € N2 | m < n}, ordered by<radgs (m,n) <Rado
(m/,n')iff m =m/ andn < n’,orn < m/'. Itis well-known that<gragois a well quasi-
ordering, and thalP(Xrado) is not well-quasi-ordered by, defined ast <%, B
iff for every y € B, there is ar € A such thatr <graqo v [26]; see for example]5,
Example 3.2] for a readable reference. One can show (seendipdB]) thatm =
1dl(XRrado) is comprised of all elements Afrado plus infinitely many elementsy, w1,

.y Wiy -+, @ndw, so that(i,n) < w; foralln > i+ 1, w; < wforalli € N, and
{w; | # € N} is an antichain. We note that the latter is infinite. So:

- . . .
Lemma 1. XRraqois not well-ordered by inclusion.

A well-quasi-orderX is w?-wqoif and only if it does not contain an (isomorphic
copy of) Xrado See e.g[126]. We show that the above is the only case thajachad:

Proposition 3. Let S be a well-quasi-order. Thef is well-quasi-ordered by inclusion
iff S is w2-wqo.

Let anw?-WSTSe any WSTS whose underlying posetiswao. It follows:

Theorem 1. Let S = (S, i, <) be a functional WSTS. Theéhis a (complete, func-
tional) WSTSiff5 is anw?-WSTS.

All wpos used in the literature, and in fact all wpos arisingnfi the hierarchy of
data types of [17, Section 5] ax€-wqo. This follows from the fact that they are even
better-quasi-ordered—seé [5] for a gentle introductiorhtolatter concept.

Effective complete WSTSThe completlorG of a WSTSG is effective iff the comple-
tion S of the set of states is effective anddf is recursive for allf € F. S is effective
for all the data types of [17, Section 5]. AlsS is indeed recursive for alf € F,
whether in Petri nets, functional-lossy channel systemsgafaof recasting lossy chan-
nel systems as functional WSTS [17, Section 6]), resetfieari®etri nets notably. As
promised, we can now show:

Proposition 4. There are effective complete WS®Ssuch that the magioverg :
S — Pn(S) is not recursive.

Proof. Let & be the completion of a functional-lossy channel sysfer$Ezttion 6] on
the message alphahEt By Theoreni LS is a complete WSTS. It is effective, too, see
op.cit., or [1, Lemma 6]Clovergs(so) can be written as a tuple of control states and of
simple regular expressioR, +. . .+ P, representing the contents of channels. EBcis

a product of atomic expressiors (A € Psin(X)) ora’ (a € X). Now Post(so) is fi-
nite iff none of these atomic expressions is of the fotin So computing”lovers (so)
would allow one to decide boundedness for functional-latg@nnel systems. However
functional-lossy channel systems are equivalent to loBapigel systems in this respect,
and boundedness is undecidable for the lakter [9]. The saguenent also applies to
reset Petri net$ [11]. O



5 A Conceptual Karp-Miller Procedure

We say that an effective complete (functional) WS&S= (S, i, <) is co-effective
iff every function g* is computable, for every € F*, where F'* is the set of all
compositions of map it#'. E.g., the completion of a Petri netds-effective: not only
is N¥ a wpo, but every composition of transitiopss F* is of the formg(z) = = + 4,
whered € Z*. If x < g(z) thens € N¥\ {0}. Write , theith component ofe, it
follows thatg> () is the tuple whoséth component ig; if §; = 0, w otherwise.

Let S be ancc-effective WSTS, and writed = B iff | A C | B, i.e., iff every
element ofA is below some element 8. The Procedure Clovers (sg) :
following is a simple procedure which computes A « {s,};
the clover of its inputsy € S (when it termin- 2. while Posts(A) Z A do
ates): (a) Choose fairly(g,a) € F* x A
Note thatCloverg is well-defined and all its such that: € dom g;
lines are computable by assumption, provided(b) A «— AU {g>=(a)};
we make clear what we mean by fair choice @ return Max A;
line (a). Call A,, the value ofA at the start of
the (m — 1)st turn of the loop at step 2 (so in
particular Ag = {so}). The choice at line (a) ifair iff, on every infinite execution,
every pair(g,a) € F* x A, will be picked at some later stage> m.

Our procedure is more conceptual than the existing proppadiich generally build
atree[21,15,16,22] or a gragh ]12] for computing the cloVés shall see that termina-
tion of Cloverg has strong ties with the theory fattening[8]; but this paper requires
one to enumerate sets of the fogh(x), which is sometimes harder than computing
just the elemeng> (). For example, ify : N* — NF is an affine mag(z) = Ax + b
with A > 0 andb > 0 theng*(z) is computable as a vector N [18, Theorem 7.9],
but g*(x) is not even definable by a Presburger formula.

Finally, we use dixpoint test(line 2) that is not in the Karp-Miller algorithm; and
this improvement allow€loverg to terminate irmore caseshan the Karp-Miller pro-
cedure when it is used for extended Petri nets (for reset et for instance, which
are a special case of the affine maps above), as we shall seleciie whether the
current setd, which is always an under-approximation@fovers (so), is the clover, it
is enough to decide wheth&sts(A) C A. The various Karp-Miller procedures only
test each branch of a tree separately, to the partial exzeptithe minimal coverability
tree algorithm[[15] and the recent coverability algoritiB®2], which compare nodes
across branches. That the simple tBsists(A) C A does all this at once does not
seem to have been observed until now.

By Propositiod #, we cannot hope to ha®verg terminate on all inputs. But:

Fig.1: TheCloverg procedure

Theorem 2 (Correctness)If Cloverg (so) terminates, then it computégovers (so).

If the generalized Karp-Miller Tree procedufe [15] terntemthen it has found a
finite setgy, go, ..., g, Of maps to lub-accelerate. These lub-accelerations vt &le
found by Cloverg, by fairness. From the fixpoint tesGlovers will also stop. The
reset Petri net of [11, Example 3], with an extra transitibattadds a token to each
place, is an example where the generalized Karp-Miller ¢doce does not terminate,
while Cloverg terminates. So:



Proposition 5. The procedure&Cloverg terminates in more cases than the generalized
Karp-Miller procedure.

Termination is however undecidable, using Proposl(iiond Emeoreni .

Proposition 6. There is anoc-effective complete WSTS such that the termination of
Cloverg is undecidable.

We now characterize those transition systems on w@iclverg terminates.

A functional transition systertiS, i) with initial statesy is flat iff there are finitely
many wordswy, we, ..., wi € F* such that any fireable sequence of transitions fsgm
is contained in the languaae w3 ...w;,. (We equate functions iR’ with letters from the
alphabet, and understand words as the corresponding compositioap$ MGinsburg
and Spaniei[24] call thislaoundedanguage, and show that it is decidable whether any
context-free language is flat.

Not all systems of interest are flat. For an arbitrary systgnflattening[8] con-
sists in finding a flat systerf’, equivalent taS w.r.t. reachability, and computing on
S’ instead ofS. We adapt the definition in]8] to functional transition sysis (Wlthout
an explicit f|n|te control graph). A functional transitiogstem 51
G, = (Sl, =), together with a mag : S; — S, and a map,
also writteny, from £} to FQ, is aflatteningof a functional i
transition systenﬁg = (S, 53) iff (1) &, is flat and (2) for | é@
all (s,s") € Si, for all f; € Fy such thats € dom f; and <>l
s = fi(s), < ) € domp(f1) andg(s') = wl(f2)((s). (1., 0=
 is a morphism of transition systems.) Let us recall (i@t s, )
is Post*-flattableiff there is a flattening>, of & and a state; Fig. 2: Flattening
of &; such that p(s1) = so and Postg(so) =  @(Posts, (s1)).
A flattening iscontinuousiff &; is an complete transition system apd: S; — S5
is continuous. Correspondingly, we say tfi@&t, so) is clover-flattableiff there is an
continuous flattening>;, ¢ of & and a states; of &; such thaty(s;) = sy and
Cloverg(so) C p(Clovers, (s1)).

We obtain the following. The (non-trivial) proof appearsfippendiXE-.

e

Theorem 3. LetS be ancco-effective complete WSTS. The procedtimverg termin-
ates onsy iff (S, sg) is clover-flattable. Then we can even require that the coiotirs
flattening has the same clover upgoi.e., Cloverg(sg) = Max ¢(Cloverg, (s1)).

6 Application: Well Structured Counter Systems

We now demonstrate how the fairly large class of counteresgstfits with our the-

ory. We show that counter systems composed of affine mondtorations with up-

ward closed definition domains are complete (strongly mamc) WSTS. This result
is obtained by showing that every monotone affine functiocoistinuous and its lub-
acceleratiory° is computable. Moreover, we prove that it is possible todiegihether

a general counter system (given by a finite set of Presbuedgtions) is a monotone
affine counter system, but that one cannot decide whetreait¥STS.



Definition 4. A relational counter systerfwith n counters), for short ank-counter
system C is a tupleC = (Q, R,—) where( is a finite set of control stated} =
{r1,ra,...rr} is afinite set of Presburger relatioms C N x N* and—C Q x R x Q.

We will consider a special case of Presburger relationsetivehich allow to code the
graph of affine functions. A (partial) functiofi : N* — N" is non-negative affine
for shortaffineif there exist a matrixd € N™"*" with non-negative coefficienend
a vectorb € Z" such that for alle € dom f, f(x) = Az + b. When necessary,
we will extend affine mapy : N” — N" by continuity tof : N, — N, by
f(lubsen(z;)) = lubjen(f(x;)) for every countable chaife;);cn in N™.

Definition 5. An affine counter systerfwith n. counters) (ACSY = (Q, R,—) is a
R-counter system where all relationsare (partial) affine functions.

The domain of mapg in an affine counter systerC'S are Presburger-definable. A
reset/transfer Petri net is ahC'S where every line or column of every matrix contains
at most one non-zero coefficient equallt@and, all domains are upward closed sets. A
Petri netis an ACS where all affine maps are translations with upwaoded domains.

Theorem 4. One can decide whether an effective relational counteesyss anAC'S.

Proof. The formula expressing that a relation is a function is a Rreger formula,
hence one can decide whettiers the graph of a function. One can also decide whether
the graphG; of a function f is monotone because monotonicity of a Presburger-
definable function can be expressed as a Presburger forFinklly, one can also de-
cide whether a Presburger formula represents an affineium¢tz) = Ax + b with

A e N"*™ andb € Z" from [10]. O

For counter systems (which include Minsky machines), momicity is undecid-
able. Clearly, a counter syste@ is well-structured iff& is monotone: so there is no
algorithm to decide whether a relational counter systemWSI'S. However, an ACS
is strongly monotonic iff each mapis partial monotonic; this is equivalent to requiring
thatdom f is upward closed, since all matricéshave non-negative coefficients. This
is easily cast as Presburger formula, and therefore deleidab

Proposition 7. There is an algorithm to decide whether &S is a strongly mono-
tonic WSTS.

We have recalled that Petri net functiorf§{) = z+b, b € Z" anddom( f) upward
closed) can be lub-accelerated effectively. This result generalized to broadcast pro-
tocols (equivalent to transfer Petri nets) by Emerson anahjshi [12] and to a class
of affine functionsf(x) = Az + b such thatd € N**", b € N" anddom(f) is up-
ward closed([18]. Antonik recently extended this result tesBurger monotone affine
functions: for everyf(x) = Az + b with A € N"*" p € Z™ anddom( f) Presburger-
definable, the functiorf® is recursive([7]. We deduce the following strong relatiapsh
between well-structured ACS and complete well-structuxed.

Theorem 5. The completion of adllC'S S is an oc-effective complete WSTS §ffis a
strongly monotonic WSTS.
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Proof. Strong monotonicity reduces to partial monotonicity of leamap f, as dis-
cussed above. Well-structuretl”'S are clearly effective, sinc®ost(s) = {t | 3f €
F - f(t) = s} is Presburger-definable. Note also that monotone affinetiftmare con-
tinuous, andN?” is cdcwo. Finally, for every Presburger monotone affine fiomcf, the
function f°° is recursive, so the considereld”' S is co-effective. O

Corollary 1. One may decide whether the completion of &f.S is an occ-effective
complete WSTS.

So the completions of reset/transfer Petri nets [11], bcaatprotocols[13], self-
modifying Petri nets[[30] and affine well-structured néi8][dre co-effective complete
WSTS.

7 Conclusion and Perspectives

We have provided a framework ebmplete WSTS&nd ofcompletionsof WSTS, on
which forward reachability analyses can be conducted,gusatural finite representa-
tions for downward closed sets. The central element of ttasty is theclover, i.e., the
set of maximal elements of the closure of the cover. We hage/stihat, for complete
WSTS, the clover is finite and describes the closure of thercexactly. When the
original WSTS is not complete, we have shown the the generaptation of WSTS
defined in[[17] is still a WSTS, iff the original WSTS is art-WSTSThis charaterize
a new, robust class of WSTS. We have also defined a simple prezéa computing
the clover foroo-effective complete WSTS, and we have shown that it termgniite
the WSTS ilover-flattable iff it contains a flat subsystem having the same clover. We
have also observed procedure terminates in more casedih#&atp-Miller procedure
when applied to extensions of Petri nets.

In the future, we shall explore efficient strategies for cding sequenceg € F™*
to lub-accelerate in th€loverg procedure. We will also analyze wheth@loverg
terminates in models such as BVASS]|[31], transfer Data @8k feconfigurable nets,
timed Petri nets[[4], post-self-modifying Petri ndits][3@dastrongly monotone affine
well-structured nets [18)), i.e., whether they are cloflattable.
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A Proof of Proposition 2

We first need a useful lemma.

Lemma 2. For any downward closed subsEtof X, cd(F)NX = FNX,wherecl is
closure inX.

Proof. Since X = Idl(X) is a continuous dcpayl(F) = Lub(F). Take anyz €
cl(F) N X, thenz is the least upper bound (i) of a directed subseb of F N X.
That is,| = is the union of all| y, y € D. Hence thereis ap € D such that: € | y. In
particular,z < y. Sincey € F andF' is downward-closedy is in F. Sox € Fn X.
We have provedi/(F') N X C F'N X. The converse inclusion is obvious. O

We show that (Propositidd 2): for every statec X, Coverx(sg) = Coverg(sg)N
X = | Clovers(sp) N X.

The first equality actually follows from Proposition 6.1 @f7], but a direct proof
will be clearer. This will be a consequence of (1) and (2) ixelbhe second equality is
a consequence of Propositigh 1 and Leniina 2.

First, we show that: (1L 'overgs(sg) N X C Coverx(so). Leta be any element of
Covers(so) N X. Thatis, up to the identification of elements X with | = € )A(, lz
is in Coverg(so). By definition, there is a natural numblerk + 1 elements’y =| so,
Ci,...,Crin X, andk partial monotonic mapgi, .. ., fx in I such that + C C%, and
C; =S8f;(Ci—y) foreveryi, 1 <i<k.Sincelz C Cr = Sfi(Cr—1) = | fx(Cr-1),
there is an element;,_; € Ci_1 Ndom f;, such thate < fi(zr—1). Similarly, there
anxy_o € Cp_oNdom fr_1 such thatr,_; < fkfl(xkfg), ...,anr; € CyNdom fy
such thatrs < f3(z1), and anzy € Cy N dom f; such thatz; < fi(zg). Since
Co = | sg, we havexry < sg. Using the fact thaffy, ..., fi are partial monotonic,
r < fk(fk—l( .. (f2(f1(50)))), SOx € COUGT}-(S()).

Second, we show: (ZP'overx(sg) C Covers(sg) N X. Letx € Coverx(so).
So there is a natural numbér € N and k& maps fi, ..., fr in F such thatr <
Jru(fe—1(--. (f2(f1(s0))))), where the latter expression is defined. Foriall < i <
k, defineC; as | fi(fi—1(... (f2(f1(s0))))). We claim that whenever > 1, C; =
Sfi(Ci-1). Indeed S fi(Ci—1) = | fi(Ci—1) = | fi(l fi—1 (... (f2(f1(s0))))). Since
f; is partial monotonic) fi(ly) = | fi(y) for everyy. SoSf;(C;_1) = C;. Next,
Cy = |lspg;and | x C Cy, sincex € Cy andC}, is downward closed. Sz is in
Covers(] so). Equating| « with z € X and| s with s as usualg is in Covers(sp)N
X.

Now the first equalityCoverx(sg) = Coverg(sp) N X is by (1) and (2). For the
second equality, note thaClovers (so)NX = cl(Coverg(so))NX by PropositiofiL.
By Lemmd2, this is jus€overg(so) N X. O

B Proofs of Sectiorf4

Proof of Lemmal[l. -
We exploit the fact thaKrado = Idl(XRrado), and examine the structure of directed
subsets 0fXraqo In fact, we claim that the downward closed directed subseliado
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apart from those of the fornj(m,n), are of the formw; = {(i,n) | n > i+ 1} U
{(m,n) € XRado| n < i—1}, 0rw = Xrado See Figurgl3 for a pictorial representation

of w;.
i b

O N NN
AR YA
CaSmS)
G

Fig. 3. Ideals in Rado’s Structure

Take any downward closed directed subBebf Xraqo Consider the sef of all
integersi such that soméi, n) is in D. If I is not bounded, the®» = Xgagdo INdeed,
for every (m,n) € Xrado Sincel is not bounded, there is dm, n') € D with i > n.
Then(m,n) < (i,n), so(m,n) € D.

If I is bounded, on the other hand, ldte the largest element éf Then(i,i + 1)
is in D: by assumptior{i,n) is in D for n > i + 1, hence(i,i + 1) also, sinceD is
downward closed.

There cannot be anfi’, j/) € D with i < ¢ andj’ > 4. Otherwise, sincd is
directed, there would be afi”, ;) € D with (i,i + 1), (i',5') <grado (i",7"); the
casei” = i is impossible, since thefi’, j') <rado (¢”, ;") would imply i’ = " and
j' < j" (impossible sinc&’ < 1), orj’ < i’ (impossible since this would entaik ",
contradicting the maximality of in T); so, since” = i and(i,7 + 1) <rado (¢, "),
i’ > i+ 1, again contradicting the maximality ¢fn I.

On the other hand, sindg, + 1) is in D, then the lower triangle af;, as shown
in Figure[3, must be iD: these are the pointsn, n) with n < 7.

If the set of integers: such that(i, n) is in D is bounded, say byi,,..x, then the
only elements inD are those of the fornf, j) with j < nu.x, and those of the form
(m,n) with n < 7. One checks easily that this j$i, nmax) iIN Xrado Otherwise, then
D contains all(i,n) with n > i + 1, and thereforeD containsw;. It cannot contain
more, soD = w;. Then one checks that; is indeed directed and downward closed.

S0 XRrado = Idl(XRrado) IS Obtained by adjoining infinitely many elements, w1,
iy Wiy« .., @ndw to XRado They are ordered so thét,n) < w; foralln > i+ 1,
w; < w foralli € N, and no other ordering relationship exists that involves ohthe
fresh elements. In particular, note that; | ¢ € N} is an infinite antichain, whence
S(XRado o) = Tdl(XRado) IS NOt WQO. O

Proof of Proposition[3.
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Jartar [26] shows thaf is w?-wqo if and only if P(.S) is well-ordered byg”RadU
Recall thatB; gﬁeado B, if and only if for everyys € B, there isy; € B; with
y1 <radoya- Note thatB, <%_, By ifandonlyif] B, D | By.

We need to remember that the Alexandroff topology on a poastdil upward
closed subsets as opens. Witig for S with its Alexandroff topology. Any set of the
form 1 B in S is Alexandroff-open (i.e., upward closed), and any Alexaifffdopen is
of this form, with B finite, becausé is well. In other words, the s€2(.S,,) of all opens
(upward closed subsets) 6fis well-ordered by reverse inclusian if and only if S is
w?-wqo.

Recall that theHoare powerdomairt (S, ) of S, is the set of all non-empty closed
subsets o, (the downward-closed subsets$), ordered by inclusion. It follows that
H(S,) is well-ordered by inclusio if and only if S is w?-wgo. Then we recall that
S = 8(S,) is the subspace d(.5) consisting of all irreducible closed subséts][25].

WhenS is w?-wqo, sinceH(S,) is well-ordered by inclusion, the smaller et=
S(S,) is also well-ordered by inclusion.

Conversely, assume that = S(S,) is well-ordered by inclusion. IS was not
uf—wqo, then it would contain a subskt that is order-isomorphic t0(rado Hence

= 8(S,) would containY = Idl(Y'). However by Lemm&al¥di(Y") contains an
infinite antichain: contradiction. a0

C Cover and Clover of Ordered Transition Systems

Lemma 3. If (&, so) be amonotone transition system, tHeRost & (| so) = | Post(so).

Proof. Let us show| Post’s (] so) C | Posts(so). Letty < so andty — ¢; such that

s < t1. Then by monotonicity o6, there iss; such thats % s, andt; < s1. Hence
s < sy ands € | Post(so). O

Proposition 8. Let & be a complete ordered transition system a#ich finite set of
states. Thelloverg(so) C A if and only if Post§ (so) C A.

Proof. Let F be any closed subset of states. By Proposfion@joverg(sq) C F iff
cl(Covers(sg)) € F. Now cl(Covers(so)) = cl(] Postg(so)) = cl(Post(so)).
So| Cloverg(sg) C Fiff cl(Postg(so)) C F,iff Posts(so) € F, sinceF is closed.
Now takeF = | A, which is closed becaustis finite. O

D Proofs of Sectior b

The following two propositions are used to prove the comess (Theoreid 2) @lovers.
We first show that ifCloverg terminates then the computed sétis contained in
Lub(Postg(so). Itis crucial thatLub(F) = cl(F') for any downward-closed sef,
which holds because the state sp&ds a continuous dcpo. We use this through invoc-
ations to Propositiofl 1.

Lemma 4. LetS = (S, i, <) be a complete (functional) WSTS. For any subsef
states,Post§ (cl(A)) C cl(Postg(A)).
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Proof. We first observe thaPosts (cl(A)) C cl(Posts(A)). Indeed, for anys €
Postgs(cl(A)), there is anf € F and some € dom f N ¢l(A) such thatf(¢) = s.
Let U be the complement af (Posts(A)): U is open by definition. Sincé is partial
continuousf~*(U) is open. Ifs were inU, thent would be inf~1(U), and incl(A). It
is a general property of topological properties that an aipene f ~1(U)) meetscl(A)
iff it meets A. So there is also a statein f~1(U) N A. Thatis,t’ € dom f, f(t') € U
andt’ € A. Butt’ € Aimplies f(t') € Posts(A) C cl(Posts(A)), contradicting the
factthatf(¢') € U. Sos cannot be i/, i.e.,s € cl(Posts(A)).

By an easy induction ok € N, it follows that Post (cl(A)) C cl(Postk(A)),
hence thaPost§ (cl(A)) C cl(Posts(A)). O

Proposition 9. Let & be anocc-effective complete functional transition system aind
be the value of the sed, computed by the procedufélovers on inputsg, after n
iterations of the while statement at lirie Then A4,, is finite, andA,, T A, C
Clovers(sp), for everyn € N.

Proof. It is obvious thatA,, is finite. Also, the inclusiord,, C | A+ is clear, and
entailsA, C A, 41.

We show thatd,, C Clovergs(sp), i.e., thatd,, C | Clovers(so) by induction on
n. By Propositiofi L, it is equivalent to show thdt, C cl(Covers(sg))-

If n =0,40 = {s0}, S0Ag C Coverg(sg) C cl(Coverg(sp)). Assumed,, C
cl(Coverg(sp)), and let us prove thatl,, ;1 C cl(Covers(sp)). Let (g,a) be the
selected pair at line (a). We must show th&t(a) € cl(Coverg(sp)).

If a £ g(a), theng™(a) = g(a) is in Postg(a), and sincen € A, and A, C
cl(Covers(so)) by induction hypothesig(a) is in Post (cl(Covers(so))). The lat-
ter is contained irl(Postls (Covers (so))) by Lemmdd, i.e., inl(Covers(so)) by
monotonicity.

If a < g(a), theng®>(a) = lub{g™(a) | n € N} is a least upper bound of a direc-
ted chain of elements iPosty(a). S0g>(a) € Lub(Postg(a)) C cl(Postg(a)).
Sincea € A, and 4,, T cl(Coverg(sg)) by induction hypothesisg™ (a) is in
cl(Postg(cl(Covers(so)))). The latteris contained il (cl(Post g (Covers(so)))) =
cl(Postg(Covers(sg))) by Lemmdd, i.e., il (Coverg (so)) by monotonicity. O

If the procedureCloverg does not stop, it will compute an infinite sequence of sets
of states. In other word€§lovergs does not deadlock.

Proposition 10. Let & be anco-effective complete functional WSTS. The $etd,, is
finite if and only if the procedur€lovers stops on inpuk.

Proof. AssumeClovers does not stop on inpu. SinceA,, C A, 1, if A=J, Ax
is finite then there is an index such thatd,, = A,, foralln > m; alsoA = A,,.
Let (g,a) € F* x A be arbitrary. We shall show thata) C A, i.e., there is an
elementa’ € A such thatg(a) < «’. Sincea € A,,, by fairness there is an € N
with n > m such that(g,a) is picked at line (a). Theg™>(a) C A,11 = A, SO
g(a) < g*(a) C Apyq1 = A. It follows that Posts(A) T A, so Posts(A) T A,
hence the procedure must stop afteturns of the loop: contradiction. Sé is infinite.
The converse implication is obvious. O
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While Cloverg is non-deterministic, this idon’t care non-determinisnif one ex-
ecution does not terminate, then no execution terminatédolvergs terminates, then
it computes the clover, and if it does not terminate, thenaahestep, the set4,, is
contained in the clover. Let us recall th&, = A, 1. We can now prove:

Theorem[Z : If Cloverg (so) terminates, then it computé€dovers (sg).

Proof. If the procedureCloverg terminates, then it returns a skifax A such that
Posts(A) C A, i.e., | Postg(A) C | A. By Propositiof P,A contains all4,,, hence
alsosy. So| A containsCoverg(so). SinceA is finite, | A is closed, sd A must also
containcl(Coverg (so)). By PropositiofiIL, it follows thaf A must contain Cloverg (so),
i.e., Cloverg(sg) £ A. However, by Propositiof]9 agai} T Clovergs(sg). So
Max A = Clovers(sp). O

We needed the above theorem so as to establish:
Proposition[d : There is amc-effective complete WSTS such that the termination of
Cloverg is undecidable.

Proof. Assume we can decide wheth@loverg terminates. IfClovers does not ter-
minate onsg, then the reachability set is infinite. Gloverg terminates, then it com-
putes the clover by Theoreh 2, and we can decide boundeds@sshe proof of Pro-
position[4, in the case of functional-lossy channel systefsimilar argument works
with reset Petri nets, where boundedness is also undeei{f&dil ad

We may also characterize the cover.

Proposition 11. Let S be anco-effective complete WSTS, obtained as the completion
of an w?-WSTSX. If the procedureClovers stops on inputsy and returnsA, then
Coverx(sg) = X N | A.

Proof. By Propositior.2 and Theoreln 2. O

Proposition[d : The procedure€loverg terminates more often than the Generalized
Karp-Miller Tree procedure.

Proof. It is clear that if the Generalized Karp-Miller Tree (GKMT)qgeedure termin-
ates therCloverg, too. As a matter of fact, if the GKMT procedure terminaté$yas
found the clover (the minimal coverability set) by usingtiéhy many lub-accelerations;
these lub-accelerations will be inevitably found Gfovers and from the fixpoint test
at line 2,Clovers will stop also.

Now, let us consider the reset Petri net(ofl[11, Example 3is Fias4 places, hence
defines an transition system &¥t. Its transitions aret; (ny, ny, n3,ny) = (n1,n2 —
1,n3,n4+1)if ng > 1,t2(n1,n2,n3,n4) = (n1—1,0,n3+1,n4), t3(n1,n2,n3,n4) =
(nl, no+1,n3,n4 — 1) if ng > 1, andt4(n1, ng, N3, 714) = (n1 +1,ns+1,n3—1, 0)
Note thatt,(t52(t2(¢72 (1, n2,0,0)))) = (1,n2 + 1,0,0) whenevern, > 1. Add a
new transitionts(ny, ne,n3,n4) = (n1 + L,ne + 1,n3 + 1,n4 + 1). The Gener-
alized Karp-Miller procedure does not terminate on this ified Petri net with ini-
tial marking (1, 1,0, 0) because there is a non-regular infinite path:1,0,0) 25"

titatsts titathts

(1,2,0,0) " =" (1,3,0,0)... "= (1,4 + 1,0,0)... going towards infinity (on
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the second component). The GKMT procedure cannot compaetdause the least up-
per bound of no repeated sequence along this path contgins &tence, the GKMT is
infinite because the second component unbounded alongnfimge non-regular path.
Now it is clear that the procedur@loverg will compute (by firing transitionts) the
maximal markingw, w, w,w), which is the sole element of the clover; hei@evergs
stops. O

E Proof of Theorem[3

We require the following auxiliary lemma:

Lemma 5. LetS be well-ordered by<, and(s,,),,.y @ sequence of elementsSnThen
eithersy < s for somek < &', or (s,,),,c Only contains finitely many elements.

Proof. By definition, there aré: < &’ such thats; < sx (x). Assume the inequality
(x) cannot be made strict. Let = {s,, | n € N}. We note that every strictly increasing
chain in A is finite. Indeed, ifs,, < s,, thenn > n; because otherwisg) could be
made strict withk = n, k¥’ = ny. (Note thatn = n; is impossible.)

So build a tree as follows. There is a distinguished root, sehgons are decorated
with the maximal elements ol. Since they are all incomparable andis well, there
are only finitely many sons of the root. Also, because eveigtht increasing chain in
A is finite, every element afl is below some element decorating a root’s son.

For each constructed leaf decorated with A, add as many sons to it as there are
maximal elements in A with b < a, each decorated with some distibcRepeat until
no new node can be added.

Since< is well-founded, all the branches of the final tree are firlit@s is a finitely-
branching tree, so by Kdnig’s Lemma, the tree is finite. Hoavegvery element oft
ends up decorating some node in the tree ASse finite. a0

We first show:

Proposition 12. Let& be anco-effective complete WSTS. Assuies,) clover-flattable.
ThenCloverg terminates orxg.

Proof. Let &1, ¢ be a continuous flattening @, ands; be a state of5; such that
©(s1) = sp andCoverg(sg) = | p(Covers, (s1)). Write &1 as(S1, ﬂ, <). Since&;
is flat, everyg, € F is inwjws ... w},, for some fixed sequenae;, wo, ..., w,, €
Fy.

Let againA,, be the value of the sed, computed by the proceduf@loverg on
input sy, aftern iterations of the while statement at ligeLet A =  J,, .y An.

We shall show that there is a natural numhesuch thatCloverg(sg) T A,,
under the apparently more general assumption ¢at) < so andCloverg(sg) C
o(Clovers, (s1)).

Consider any open subsét of S that intersects, Cloverg(sg). ThenU must
also intersect p(Clovergs, (s1)). Sincep(Clovers, (s1)) is finite, its downward clos-
ure is closed, hence equals its closure. By elementary aggpthe operiJ then in-
tersects| ¢(Cloverg, (s1)), soU intersectsp(Clovers, (s1)), S0~ (U) intersects
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Clovers, (s1)), s0 ¢~ *(U) intersects| Cloverg, (s1)) (becausep=t(U) is upward
closed, sincé/ is andy is monotonic). By Propositidd 13~ (U) intersects!(Covers, (s1)).
Sincey is continuousy ! (U) is open, so by elementary topology agaim,! () must
intersectCoverg, (s1). SoU intersectsp(Coverg, (s1)), say ata. In particular, there

is ana; € S; such thatw < ¢(ay), anda; < wiwh? .. whr(s,), for some natural
numbersky, ko, ..., k.. We shall show that is in A,, for somen that isindependent

of U, a, a1, k1, ks, - .., k. Thatis, for anyU, a, anda;, we get the same.

Extend the actionop : F; — Fonwords byp(f1fa... fx) = e(f1)e(f2) ... o(fr)-
The basic idea is to let the proced@dvergs lub-accelerateo(w,,) to simulate the
computation ofw® (s;). But something that easy won't work.

So we require a technical detour. Consider the sequépte,,,)*(so)),cy in S.
SincesS is wqo, there are two indices < k' such thato(w,,)*(so) < @(wm)* (so).
Choosek minimal such that for somé’ > k, the strict inequalityp(w,,)*(so) <
¢(wm)* (so) holds, if possible (call this case I). Otherwise, the seqaép(wn, )* (s0)) ey
only contains finitely many distinct elements by Lennha 5.His tase, lek be some
number such thatg, o (w.,)(s0), ©(wm)%(s0), -, ¢(wm)*(s0) contains every ele-
ment of the sequence (call this case II).

By application of fairness, the procedutdoverg will eventually select the pair
(p(wm),s0); If k > 1, s0 £ o(wn)(so) by the minimality ofk, sop(w,,)™ (s¢) =
©(wnm)(s0). Similarly, the pair(¢(w,,), ¢(w.,)(so)) will eventually be selected, then
(o(wm), @(wm)Q(SO))' then ... ther{p(wy,), ‘P(wm)kil(so))v yielding (p(wm)k(So).

In case llyp(w,, ) (s0) is already among the elements o (w,, ) (s0), ©(wm)?(s0),

-, o(wm)*(s0). In case I, another application of fairness shows that tieegxure
Clovers will eventually select the paitg, a’) = (p(wm)* =%, (wm)*(s0)). Then
a’ < g(a’) by the definition ofk, so we addy>(a’) to the current value o4, and
clearly p(w,)" (so) < g>(a’).

In any case, this whole sequence/ofin case Il), respk + 1 (in case I) lub-
accelerations eventually forces some elemgrabovey(w,, )" (sq) into A,,,, where
ny only depends of;, which in turns depends oy andw,,, but certainly not ork,,,
orU,a,ora;.

Now repeat the argument, replacing by s} ands; by s} = wk=(s;). Note
thata < ¢(a;), anda; < whtwh? ...wi:”:f(s%), while ¢(s1) < si. The latter

inequality comes from the fact thai(si) = p(wm,) " (p(s51)) < ©(wm)* (s0).

Then there is another step > n; such thatA4,,, contains some elemen{ above
O(Wm—1)Fm=1(s8) = p(wlm 7 wkm)(s0), andn, again depends only oy, w,, and
wpm,—1. Iterating, we eventually obtaim,, > n,,_1 > ... > ny such that4,,  contains
some element]* abovep(wi wh? . .. wkm)(s0), andn,,, depends only 0Rg, w,, ...,
w9, W1.
sincea < p(a1) < p(wfwh . whr)(p(s1)) < @wfwh? . whp)(so) <

sgt, ais in | A, . Sincen,, is independent ot and U, we may now defind/ to

be the complement of 4,,, (the latter is closed). I/ intersected|, Clovers(sg) =

cl(Covers(so)), then we would findw € U N ¢(Coverg, (s1)), anda would be in
| A, ; thisis what we have just proved above. Budannot be both i/ andin| A4, ,

whose intersection is empty. 36 N cl(Covergs(sg)) = 0. Socl(Coverg(sy)) C

| An,,-
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By Proposition D, the converse inclusion holds. We concltndg the procedure
Cloverg stops after the,,,th turn of the loop. O

Proposition 13. Let & be ancco-effective complete WSTS.Gfovergs terminates on
s0, then(&, sg) is clover-flattable. Moreover, we can even require that thetinuous
flattening has the same clover upgoi.e., Cloverg(so) = Max ¢(Clovers, (s1)).

Proof. Write & as (S, 5, <). Assume thaClovergs terminates orsy. Then it returns
some finite setd such thatd = Cloverg(so) by Theoreni 2 Each elemeatof A is
obtained ag){>g5™ ... gn *(s0), where eacly{ is in ['*. Enumerate the elements
a1, ..., a; of A, and create a fresh control staig for every,j with 1 < 7 < E,

1 < j < ng, plus another one written We enumerate < Qing, <---<q2<qn <
Q2ng, <00 < Go2 < g2 < ... < (g2 < qp1 (the allowed order of application of each
g}“). Let &, be the WSTS whose set of stategjsx< S, whereQ is the set of control
states;;, and letf;" (¢, s) be defined iffg < ¢;; ands € domg;*, as(g;;,g;*). The
ordering onS; is defined adq, s) < (¢/,¢') iff ¢ = ¢’ ands < s’. The mapy sends
(q, s) to s, and is clearly continuous.

By repeated application of Lemnia 4, and since each elemeiitA is obtained
asgi=gs> ... gn <(s0), (¢,a) is also incl(Coverg, (s0)) for some control state.
S0 p(cl(Covers, (so))) containsA. By Propositior 1,4 C (| Clovers, (so)) =
L p(Clovers, (so)), henceAd = Cloverg(sg) C ¢(Clovers, (so)). The converse in-
equality holds by construction, $8loverg (sg) = Max p(Clovers, (s1)). O

21



	Forward Analysis for WSTS, Part II: Complete WSTS
	 Alain Finkel  Jean Goubault-Larrecq  

