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Abstract. Post's Embedding Problem is a new variant of Post's Correspondence
Problem where words are compared with embedding rather than eqlidiig

been shown recently that adding regular constraints on the form of sithteis
solutions makes the problem highly non-trivial, and relevant to the stulhssy
channel systems. Here we consider the infinitary version and its appfidatio
recurrent reachability in lossy channel systems.

1 Introduction

Post’s correspondence probleror shortlyPCP, can be stated as the question whether
two morphismau,v: Z* — '* agree non-trivially on some input, i.e., whethgo) =
v(a) for some non-emptg € =*. This undecidable problem plays a central role in com-
puter science because it is very often easier and more htdymave undecidability by
reduction fromPCP than from, say, the halting problem for Turing machines.

In a recent paper, we introduc®EP, the Post Embedding Problena variant of
PCP where one asks whethe(o) is a (scatteredubwordof v(o) for someo [CS07].

The subword relation, also called embedding, is denoted W C w ® w can be
obtained fromw by erasing some letters, possibly all of them, possibly n@veealso
introducedPEP'™9, an extension oPEP where one adds the requirement that a solution
o belongs to a regular languageC >*.

PEP is a trivial, hence not very interesting, problem. Howeward quite surpris-
ingly, PEP™9 behaves very differentlyPEP'? is decidable but it is not primitive re-
cursive. In fact it is (non-trivially) equivalent to the @ability problem for lossy
channel systems. ThuRBEP™? is a new representative of the strange computational
niche that hosts lossy channel systems and other problertiméd automata and
logics [LWO05,ADOWO05,0W06,0W07], concurrency models [AMO2l0&LNO"07],
temporal and modal logic [DL06,GKWZ06,KWZ05,Kur06], and ethareas [JLO7].
We could also us®EP™9 to solve open problems on unidirectional channel systems
combining one reliable and one lossy channel. These untthral systems, introduced
in [CS07], are currently under our active scrutiny becadgbeir fundamental role in
the classification of channel systems that mix reliable ametliable channels along
arbitrary network topologies [ChaO7].

* Work supported by the Agence Nationale de la Recherche, grant AN&=TIN-001.



Thew-regular Post Embedding Problenn this paper we consider infinitary extensions
of PEP™9 1 most prominentlyPEP® "9 where one asks for anfinite 0 € % such
thatu(o) C v(o), and where amo-regular constraint can further be imposed ujon
Our motivation is twofold. Firstly, we aim at deepening oaderstanding oPEP and
PEP'™Y, two exciting new problems. Secondly, and based on theiegisesults for
the finitary case, we expect that connections can be esteblisetweePEP® ™9 and
recurrent reachability questions on channel systems.

Our contribution. In this paper, we show the equivalence betw®&®P“ ™9 and re-
current reachability questions for unidirectional chdrsystems. This equivalence is
shown using th@-dimensional correspondence+embedding probleraPCEP, a new
intermediary problem that leads to a clearer, more abstratimore modular approach.
The approach handles both the finitary and the infinitarysasa single way.

We also show thaPEP“"™9 can be reduced tBEP'™Y, so that the two problems
are equivalent. HenceEP“ ™9 is decidable. This has the surprising consequence that
recurrent reachability for unidirectional channel sysdémdecidable. It further shows
that the links we established between unidirectional chbsystems and lossy channel
systems (in [CS07]) do not carry over from reachability toureent reachability.

Finally, we show that recurrent reachability for lossy amelnsystems can be re-
duced toPEPg, ", the variant ofPEP® "9 where we look fordirect solutions (infor-
mally, solutions where(ag) must be ahead af(o) at all times whero grows frome
to its final value). Henc®EP§ % is undecidable (whil®EPS =dis decidable). Again,

codir
this contrasts with the finitary case, whétEP"9, PEP .Y andPEPLJ are equivalent.

codir
Outline of the paper.Section 2 recalls the necessary definitions and notatioresren
beddings between finite or infinite words. Section 3 statesuthegular Post embed-
ding problem, solves it in the unconstrained case, and stioasrestricting to short
morphisms is no loss of generality. Section 4 shows the atprice betweeREP™Y
andPEP“'9, before Section 5 linkREP“ "9 andPEP"9 with reachability and recur-
rent reachability questions for unidirectional channeitegns. Finally, section 6 solves
the remaining cas®EPg %, by linking it to recurrent reachability for lossy channel
systems.

2 Notations and definitions

Words. We writeu,v,w,t,a,p,a,B,... for words, i.e., finite or infinite (i.e.e-length)
sequences of letters suchab,i, j,... from alphabet&,I",.... Thelengthof ue >* U
> is written |ul, the setalph(u) is the set of letters (a subsetXf that occur inu. We
denote withu.v, or uv, the concatenation af andv, with uv= uwhenu hasw-length.

A morphismfrom Z* to '™ is a maph : Z* — I'* that respects the monoidal struc-
ture, i.e., withh(e) = € andh(o.p) = h(o).h(p). Its extension oveE® is defined in
the obvious way: note that, in general, it takes valueE* i ' sinceh(u) = ¢ for
u # ¢ is allowed. A morphisnh is completely defined by its imad€1), h(2), ..., on

1 Recall that the classiPCP problem is undecidable but r.e., while the infinitary extension,
denotedPCP®, is Z1-complete.



> ={1,2,...}. We often simply writehy, hy,..., andhg, instead ot(1),h(2),..., and
h(o).

EmbeddingsGiven two wordsi=a; ...a, andv=b; ... by, we writeu C vwhenuis a
subwordof v, i.e., whernu can be obtained by erasing some letters (possibly none) from
v. For exampleabbaC abracadabra Equivalently,u C v whenu can be embedded
in v, i.e., when there exists an order-preserving injective (gafled an ‘€mbedding
h:{1,...,n} — {1,...,m} such thai = by foralli = 1,...,n. Embeddings between
w-words are defined similarly, with a strictly increasimgN ~. 0 — N~ 0. We explicitly
allow the embedding of finite words into infinite ones.

It is well-known that the subword relation is a partial oidgron finite words.
Observe that, betweew-words, embedding is only a (partiafuastordering:u C v
andv C utogether do not imply = v. For example(ab)® C (bba)® C (ab)®. We write
u=vwhenuLC vandvC u.

Halving w-words. For someu € Z%, let inf(u) C Z denote the set of letters that oc-
cur infinitely many times iru. The wordu can be decomposed under the foufnu”
wherel is a finite prefix and the corresponding suftik € Z®, only contains letters
frominf(u). Such a decomposition is calledhalvingof u. There exists several (in fact,
infinitely many) halvings of any € >: the canonical halvings obtained by selecting
the shortest possible prefix.

The following lemma is a classic tool when considering endiegs betweenw-
words (see, e.g., [Fin85]).

Lemma 2.1. Let uv € % be twow-words with d.u” and v.v’ two arbitrary halvings
of uandv. Then

alph(u”) C alph(v"), and

uC v iff { there exists x alph(v’)" such that 4C V'x.

Furthermore, whem C v, thenx can be chosen withx| < ||, and for any halving
u=u'.u" there exists a halving= V.V’ such that/ C V.

Corollary 2.2. Let w,uy be twow-words such that irfli;) = alph(u;) = alph(uz) =
inf(uz). Then uu; = u.up for allu € Z*.

3 Post embedding problems

Post embedding problems are variants of Post correspoagenblems where corre-
spondence (equality between words) is replaced by embgdatia where an additional
regular constraint may be imposed over the solution.

Formally, given two morphisms v: 2* — [* we say that € Z* is a(finite) solution
to Post’s embedding problemif; C vg. If 0 € £¥ andug C vg, thenao is aninfinite
solution(also called, amv-solution).

We say that is adirect solution if up C v, for every prefixp of o. It is a codirect
solutionif uy C v, for every suffixp of a. When considering finite solutions [CS07],



there is a symmetry between the notions of direct and cadiidations, since a direct
solution for somau, v is a codirect solution for the mirror instanagi”This symmetry
does not carry over to infinite solutions because the mirf@nao-word is not anw-
word. Also, observe that the prefixes of a direesolution are finite (direct) solutions,
and that the suffixes of a codireotsolution are other infinite (codirect) solutions.

The Post embedding problems we considered in [CSO7P&R®?, PEP? and
PEPY, that ask, given two morphismsv and a regulaR C =*, whetherR contains
a solution (respectively, a direct solution, a codirectisoh). The infinitary extensions
of these problems arREP* ™9, PEPY Y and PEP: %, that ask, giver,v and anw-
regularR C 2%, whether there exists an-solutiono € R (resp., a directo-solution, a
codirectw-solution).

In the above definition, the regular constraint applies twut this is inessential and
our results still hold when the constraint appliesigo or vg, or both (see [CS07]).

For complexity issues, we assume that the constRimgiven as a nondeterministic
automatonig, that can be a FSA or a Buchi automaton depending on wh&ligr
finitary or not. By areductionbetween two decision problems, we mean a logspace
many-one reduction, except when specified otherwise (agatidh 4). We say two
problems arequivalentwhen they are inter-reducible.

3.1 General embedding for direct solutions

We now state a technical lemma that shows that the abovetitafinf a direct solution,
“Up C v, for all prefixesp of g”, can be replaced by a stronger requirement: that there
exists an embedding of; into vg that embeds any, into the corresponding,.

Let aPEP? instance be given by two morphismsv, and consider an infinite €
>® of the formo =ij.is.iz...
Fork=0,1,2,..., we letl andl; denote respectively, the lengths,;,. i | and

Visiy...i |-

Lemma 3.1. The following are equivalent:

(a). o is adirectsolution,

(b). For all k € N, there exists an embedding h{1,2,... Ik} — {1,2,...,I;} that
witnesses i, i, & Viji,...ix:

(c). There exists a general embeddingM — N that withessesdiC vy and such that
its restriction to{1,2, ..., I} witnessesiy,. i, T Vijip...iy-

Proof (Sketch)(a) and (b) are equivalent by definition of being a direct sotu (c)
obviously implies (b). We prove (c) from (b) by definihg) d:Efmink:Lz,m he(i). O

3.2 The unrestricted problems

PEP andPEP® are the special case BEP™%andPEP“"9whereR= =" (respectively,
R= %), i.e., where there are no regularity constraints over ¢en fof a solution. The
remark thaPEP is trivial extends tdPEP®, PEPg, andPEPg 4



Proposition 3.2. Given two morphisms,u: >* — '* defining a Post embedding prob-
lem:

1. There is a solution i&™ if and only if there is a directo-solution in=? if and only if
there is some & X such that uC v;.

2. There is arw-solution inZ? if and only if there is there is a codirect-solution if
and only if there exists a non-empty subSedf X s.t. alpHu(X')) C alph(v(Z')).

Proof. 1. Obviously, ifu; C vj theni € £ is a solution in=*, andi® is a directw-solution.
Conversely, if there is a direct solutian=i1isiz. .. in %, thenu;, C v;, by definition of
directness. If there is a finite solution= i1izis...imin Z*, then eithew;, C vi, and we
are done, oOqis...im IS a shorter finite solution, and we’ll eventually encourgeme
U C ;.

2. Obviously, ifalph(u(Z')) C alph(v(X')) for some non-empt{’ = {i1,...,im}, then
(i1...im)® is anw-solution, and even a codirect one. Conversely, givemaolution

0, Lemma 2.1 entails that, letting d:efinf(c), one hasalph(u(¥’)) Calph(v(¥')). O

The corollary is:

Theorem 3.3. PEP® and PEP 4, coincide, and aré® Time-complete.
PEP, coincides with the finitary problenEP, PEPy;; and PEPqqir, and these prob-
lems are inLogSpace.

Proof (Sketch)There exists a simple polynomial-time decision procedar®EP®. It
computes the large&t satisfyingalph(u(Z')) C alph(v(Z')) and then checks that tHx$

is not empty. This largest’ is obtained by starting with’: =% and then removing from
2’ everyi for whichalph(u;) is not included in the currefa, until eventual stabilization
(see Appendix B foPTime-hardness). RegardiEPg},, one only needs deterministic
logarithmic space to find whethey C v; for somei. a

3.3 Short morphisms

PEP™? (respectivelyPEPY,®?) is PEP™Y (respectivelyPEP® %) with the constraint
that all imagesy’'s andv;’s have length< 1, i.e., the morphisms can be seen as maps
uVv:Z—Tu{e}

Proposition 3.4.

1. PEP™9 and PEP'] are equivalent (inter-reducible).

2. PEP“ ™9 and PEPY;® are equivalent (inter-reducible).

Proof. It is enough to show tha®EP reduces tdPEP<4. For this, letu,v:>* —T*

be aPEP instance. Lek > 0 be large enough so that, for alt %, u; andv; have at
mostk letters. Then we can write each under the forrruil...u{‘ with u! € T U {e},

i.e.,|ul| < 1. Similarly, we write every; as somevt ... vk with |v/| < 1. We now define
5! ©'5 x {1,....k} and two morphisme’,V' : =" — I with u/(i, j) £'u) andv/(i, j) &'
v/. Observe that/,V defines aPEP; instance. Now, wittR C =* (or R C =) one
associates a constraiRt C ¥'* (resp.,R C ¥'*) by R d:th(R) with h: Z* — 3'* given
by h(i) = (i,1)(i,2) ... (i,k). R is regular (respg-regular) sinceR is, andu’,v admits
a solution inR' iff u,v has one irR. O



4 ReducingPEP® 9 to PEP"™

Theorem 4.1 (Main result). PEP“"™8 and PEP™9 are equivalent (modulo elementary
reductions).

Corollary 4.2. PEP® ™9 s decidable (but not primitive-recursive).

One direction of Theorem 4.1 is obvious: aPiP™Yinstanceu,v,R can be seen as
aPEP“™ instance by adding an extra symhblto  andl", replacingR with R._L®,
and lettingu(L) =v(L1) = L.

For the other direction, we consideP&P“ " instance given by two morphisms
u,v:Z* — ' and anw-regularR C z°.

Lemma 4.3. There exist® € R such that g C v; if and only if there exists two finite
wordspi andpy in * such that

(@) p1-p3 €ER,
(b) Up; £ Vpy.pps and

(c) alph(up,) < alph(vp,).

Proof. The “«<” direction is easy since taking = p1.p5 is sufficient. For the %"
direction, we assume that= ajayaz... € R satisfiesug C vz and show how to build
p1 andpz.

Let 2r = (Q,Z, 0o, F, ) be a Buchi automaton fd®, andm= qp &, a1 % a2 & ...
be an accepting run ofg overo. This run is arw-sequence of transitionsj* 1 & g,
so thatrte 3 can be halved under the form= 17.1"". This gives rise to two halvings
u.u” andv.v’ of, respectivelyyy andvg.

Let us pick a finite prefi¥ of ’ that uses every transition froimf(T1) at least once,

and that ends on the starting state®f Henced is Somegn = gy = ... Gtk O 1k

with n = |1, gn = Onik, andinf(o) = {an+1,an+2, - - -, 8k} - LEt NOWP, d:9fa1a2 ...a8n
andp def an:11ans2...an.k. Clearlyp1.p® € R as witnessed by the ultimately periodic
run 17.6“. Furthermore, from/' = up, andinf(u”) = alph(u”) = alph(up), we deduce
Us = U.U" = Up, pw using Corollary 2.2. Similarlyys = vp, ge. Henceug C Vg entails
Up,.o» E Vp, pw. Using Lemma 2.1, we conclude thag, T vp, o, can be obtained by

picking for p a large enough powew, d:efp.p...p of p. Such ap, further ensures
p% = p®, so that requirements (a) and (c) are inherited fpm ad

For the next step, we show how to state the existence of twie fpiandp, as in
Lemma 4.3 under the form of REP"? problem.

Let 2r = (Q,Z,do,F,d) be the Blichi automaton definiri@ As is standard, for
a,q € Q, we letLyy C Z* denote the (regular) language accepted by startingn
and stopping iry'.

LetY ={1,2,...} be acopy of = {1,2,...} where letters have been primed: for
X € Z* andL C T*, we letx € " andL’ C 5'* denote primed versions afandL.



We can now express condition (a) as a regularity constraiph @’: by definition,
p1.pY belongs toR iff for someq € Q, p1 € Lgyq andpz € (Lqq ~ €). That is, if and
only if p1.p5 € Ry with

def
Rt = (J Lopg-(Lyg “€)-
9eQ

Condition (b) can be stated as an embedding properpi@j: letu', v : (ZUY')* —T*

be the extensions afandv given byu;, defe andv,, d:Efvi. Then

Up, C Vp,.p, if and only if u;n.p’z C \/pl-p'z'
Finally, condition (c) can be expressed as another regyladnstraint. Indeed, for
X C T, alph(up,) € X andalph(vp,) C X requirep, € u~1(X*) and, respectivelyp, €
v~1(X*). These are regular conditions ppsince inverse morphisms preserve regular-
ity. Let now

acalph(vp, )

R & [ (ut(x)nv i x)n T {i €2 [ac alphw)}2" ).
XCr aex

Clearly,alph(up,) C alph(vp,) if and only if p; € Re. Hencealph(up,) € alph(vp, ) if,
and only if,p1.p5 € Z*.(Rx)" where we observe th&, hencez*.(R,)’ too, are regular.

Finally, u,v has anw-solution inRiff U,V has a finite solution iRy N (Rz)’, which
provides the reduction frorREP“ "9 to PEP'Y,

Remark 4.4.The automaton foR; has size linear in4g|. The automaton foR; has
size exponential ifZ|: this is because we consider all subs¥éts. 2. Hence the re-
duction fromPEP“'9 to PEP™Y is not logspace when the constraRis given by a
non-deterministic FSA. It is polynomial-space, which istamly fine enough to state
“equivalence” by inter-reducibility between problemstthee not primitive-recursive.
There exists other possible choices for the precise finitey with whichR is
supposed to be provided inREP instance: for many of these choices, from various
logical formalisms (e.g., MSO) to various automata-basachéwork (e.g., alternating
automatay), logspace reductions freaP“ "9 to PEP"™Y exist. 0

We conclude this section with the following observation:

Theorem 4.5. PEP. 9 and PEP.,. are equivalent (inter-reducible).
This can be proved using the same techniques we used in thisrsen particular one
can state a version of Lemma 4.3 that accounts for codirdati@as (while this is not
possible for direct solutions). Thencadirectinfinite solutionc induces the existence
of acodirectp;.p¥, and the existence of such an infinie.p§ can be witnessed by a

finite p1.p), that solves a deriveBEP Ly, instance.
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Fig. 1. A unidirectional channel system with oseliable and oné ossy channel

5 Unidirectional channel systems

Unidirectional channel systems, shortly UCS, are systeamgposed of two finite-state
machines that communicataidirectionally via one reliable and one lossy channel,
as illustrated in Fig. 1. No feedback communication fromréeeiver to the sender is
possible. UCS's are a key ingredient in the complete classifin of mixed channel
systems according to their network topologies [Cha07].

Formally, a UCS has the for®= (Q1,Q2,M, {r,1},A1,42), whereQ; andA; (re-
spectively,Q, andAy) are the finite set of states and set of rules of the sender (re-
spectively, the receiver) is the finite message alphabetand1 are the names of,
respectively, the reliable and the lossy channel. The s&nddes, A, is a subset of

Q1 x {r,1} x {I} x M* x Qq, i.e., it contains rules of the fornan!—”> g orq el q. The
. , ru oy ’
receiver’s rules have the form— d orq=— d with q,q € Qo.

A configuration ofSis a tuple(qi,qp, v1,Vv2) with control stateg); andqp for the
components, contentg for channelr, andv, for 1. The operational semantics is as ex-

pected. Aruley L q (respq y d') from Az gives rise to all transition&y, gz, v1,v2) —
(df, G2, v1U,v2) (resp. all(g, Gz, V1, V2) — (.2, V1, VoUl) for U C ). A rule g = ¢f
(respq L d) from A, gives rise to all transition&y;, g, uvi, v2) — (01, q, V1, V2) (resp.

all {q1,q,v1,uve) — (g1,d,Vv1,V2)). Observe that message losses only occur when writ-
ing to channel. A runTtis a sequence

T <qqugavgavg> - <Q%»Q%7V%7V%> - <q%,q%,\/21,\/§> —

of configurations linked by valid transitions.

We consider reachability and recurrent reachability peots for UCS’s. Formally,
given a UCSS two initial statest,, € Q1 and g2;; € Qo, two setsF; € Q; and
F, C Q; of final states, theeachability problemdenoteReachUcs, asks whether there
exists a run that starts from configuratiégt,,,d2,,,€,€) and ends in some configu-
ration (G, Gnan € €) With (04, 08,4) € F1 x F2. Therecurrent reachability prob-
lem, denotedRecReachUcs, asks whether there exists an infinite run starting from
(At 02, € €) and visiting infinitely many configurations);, o, Vi, V) with (d}, ) €
F1 x F.

Remark 5.1.As explained in [CS07], requiring that our reachability gtiens have
empty channels in the initial and the target configuratiengist a technical simplifi-



cation. More general reachability questions, includingtrol-state reachabilitywhere
the channels contents in the target configuration are etially quantified upon, re-
duce easily tdReachUcs. a

Theorem 5.2 (Equivalence between UCS and Post Embedding).
1. PEP™9 andReachUcs are equivalent (inter-reducible).
2. PEP“'9 and RecReachUcs are equivalent (inter-reducible).

The finitary case was first stated and proved in [CS07]. In &3¢ of this section, we
develop a new and more modular proof that also applies tatregular case.
We first introduce an abstract version of the UCS problemisishdoser toPEP:

Definition 5.3 (2PCEP).

a The2-dimensional correspondence plus embedding prolalsks, given two pairs
of morphisms £,g; : 2] — I'* and b,9>: 25 — I'*, to find wordso; and o> s.t.
f1(o1) = f2(02) (correspondence) and (1) C gz2(02) (embedding).

b. 2PCEP™? is the decision problem, where given, di, f2,g, and two regular lan-
guages RC 23 and R C %5, one asks whether there is a solution withe R; and
02 € Ry.

c. 2PCEP“ ™ is the infinitary version 02PCEP"™9, where now RC = and R C Z¥
are two givernw-regular languages, and where one looks éesolutions witho; € Ry
andos € Ro.

Lemma 5.4 (See Appendix A).
1. ReachUcs and2PCEP™ are equivalent.
2. RecReachUcs and2PCEP“ ™9 are equivalent.

We now reduce 2-dim correspondence+embedding to Post eliniged

Lemma 5.5 (See Appendix A).
1.2PCEP"™9 reduces tdPEP"™®.
2.2PCEP“"9 reduces tdPEP“ "9,

We can now conclude the proof of Theorem 5.2: siR&P'? can be seen as a
special case @PCEP™9 (let f; = f, = Id, g1 = u, g> = V) and, similarly,PEP® ' as
a special case GPCEP“ "9, Lemmas 5.4 and 5.5 entail the equivalenc@BP™? and
ReachUcs on the one hand, dfEP® ™9 andRecReachUcs on the other hand.

6 Lossy channel systems

Systems composed of several finite-state components coitating via several chan-
nels (all of them lossy) can be simulated by systems with glsichannel and a single
component (see, e.g., [Sch02, Section 5]). Hence we defimeahlwssy channel sys-
tem (a LCS) as a tupl8= (Q,M,{c},A) as illustrated in Fig. 2. Rules read from, or
write to, the single channel. Configurations ofS are pairs(q,v) € Q x M* of a state
and a channel contents. Transitions between configuratiensbtained from the rules
as expected, in the write-lossy spirit we just used for UGSee [CS07] for a formal



lossy channet

— laibiaid! T

Fig. 2. A single-component system with a single lossy channel

definition).

ReachLcs, the reachability problem for LCS;sis the question, given a LCS an
initial stateqi,it € Q and a sef C Q of final states, whethe® has a run that goes
from (Qinit, €) to (q,€) for someq € F. RecReachLcs, therecurrent reachability prob-
lem for LCS’s is the question whethe® has an infinite run(Qinit,€) — (01,v1) —
(O2,V2) — --- with gx € F for infinitely manyk € N. Recall thatReachLcs is decid-
able [Pac87,AJ96b,BBS06] (albeit not primitive-recuesf$ch02]) whileRecReach-
Lcs is undecidable [AJ96a] (albeit r.€ )FurthermoreReachUcs and ReachLcs (and
PEP'™9) are inter-reducible [CSO07].

In the rest of this section we prove the following theorem.

Theorem 6.1. PEPG ™ andRecReachLcs are equivalent (inter-reducible).

Corollary 6.2. PEPg®is (r.e. but) undecidable.

The two directions of Theorem 6.1 are given by Lemmas 6.3 ahd 6

Lemma 6.3. PEPg; " reduces tdRecReachLcs.

Proof. The reduction fronPEPg " to RecReachLcs is illustrated in Fig. 3, where the
“rules” of the formq exe®) g are just a shorthand description for two consecutive rules

q X 0> andg, L4 d that traverse an anonymous intermediary stiat&Simply put, the
LCS S,vr mimics the Biichi automatonr that defines the constrai®C Z®. A run
of the LCS that visitd= infinitely often will performs steps,P,3,..., writing to the

channel some, v,, v, ..., that are subwords (because of message losses) af,,
Vi, ...(the writes prescribed by the rules). During these sst@ps, it readsi,, Ui,,
Ui, ..., from the channel. These read letters must have bed¢temaarlier, hence for

k=123,..., uj,...u, is a prefix ofv]...v,, hence a subword of;, ...v;, . Finally,

o d:efil.iz.ig ... is a direct solution.

Reciprocally, given a direct solutiam=is.i2.i3.. ., it is possible (using the general
embedding provided by Lemma 3.1) to find subwovils\,, v, ... of Vi, Vi,, Vi, ...
s.t,forallk=1,2,...,u; ...u; is a prefix ofv] ...v,. Using these,, one easily obtains
an infinite run of the LCS that shows the associdtecReachlcs is positive. ad

2 For Turing machines, the reachability problem is undecidable albeitntdle the recurrent
reachability problem ig}-complete.
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Fig. 3. Reductions betweeREP ° andRecReachLcs

Lemma 6.4. RecReachLcs reduces tdPEPg "

Proof. Consider &RecReachLcs instanceS= (Q,M, {c},A) with givengii; andF. With
it, we associate ®EPg, Y instance wher& = A and whereR C 3% is given by the
Biichi automaton that is exactly like with the difference that any rulebetween some

statesg andd is now a transitiorg 3, g in agr. The morphismal,v are defined by

u(d) %\what ruled reads in channef”, v(d) % what & writes inc”. Sinceu(d) =¢€or

v(d) = € for every rule (LCS’s rules either read or writedpnot both),S (essentially)
coincides with§,yr (Fig. 3). Hence the proof of Lemma 6.3 shows that R is a
positive PEP“"®dinstance iff the originaRecReachUcs instance is positive. O

7 Concluding remarks

We introduced infinitary versions &fEP™9, a new and exciting variant of Post Corre-
spondence Problem based on embedding rather than equdiith also is an abstract
representative of the LCS complexity niche.

Our main result is that two such infinitary versiolREP* "9 and PEPg, 7, are
equivalent to the finitaryPEP™Y. Hence they are decidable albeit not in primitive-
recursive time. Since one can lIREP® ™Y andRecReachUcs, the recurrent reachabil-
ity problem for unidirectional channel systems, we obthandecidability oRecReach-
Ucs. In fact, and quite surprisinglfRecReachUcs andPEP or ReachLcs are equivalent.
The last versionPEPg %, is equivalent toRecReachLcs, the recurrent reachability
problem for lossy channel systems, which is undecidableitalle. Finally, theP Time-
complete unconstraingdeEP? is harder that the unconstrainB&P that can be solved
in logspace.
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Technical appendix. i

A Proofs for Section 5

A.1 Commuting UCS steps

We first state a trivial but important property about runs nfdirectional systems

Let S= (Q1,Q2,M,{r,1},A1,A2) be some UCS, an¢s,dy, X, y> (Q1,05,X, y>
(d7,9%.X",y") be two consecutive steps with € A; andd, € Ay, i.e., where the re-
ceiver performs the first step, and the sender the secondTtep it is possible to fire
o, befored, and reach the same configuration More precisely, theréseXisandy”

with <Q1,QZ»X y> <q1aQZ»XW )///> <q17q21x )//>

The corollaries are

Lemma A.1l. If S has a rur{gs, g2, X, y> (ql,qz,x y') then it has one such run
of the form

(1, G2, %,Y) 25 7 (g2, XYY 53 % (0, o, X, Y ).

Lemma A.2. If S has an infinite run froniqd, g3, %o, Yo) of the form

<q%7q%,X0;y0> - <q%7qivxlvyl> - <Q%7Q%,X2,y2> -

with g* = g for infinitely many i's, and = ¢? for infinitely many i’'s (not necessarily
the same), then it has one such run with, g%) = (g, g?) for infinitely many i's.

A.2 Proof of Lemma 5.4

2PCEP"™9 reducesio ReachUcs, and2PCEP® ™9 to RecReachUcs.
For this, consider @PCEP™ instancefy, g, f2,92,R1, R, as in Definition 5.3.b.
Further assume that, for= 1,2, R, is given by some FS&; = (Q;, Zi, i, Fi, &)
With this instance, we associate an UCS where the the sexdbétained froma,
fa(i) 1!g2(i

by replacing transitionsg| 4 g € &, with rulesq q and the receiver is

obtained froma1 by replacing transitiong 4 g € o, with rulesq =) 12m0) q.

If the 2PCEP"™Yinstance is positive, then a solution, 0, can be used in a straight-
forward way to build, out ofy,, a run in the UCS that will start fror’(q,mt,qm,t,s £),
will reach some(0Z . O f2(02),X) for someqz,,, € Fz, and where, using message
losses, we can choose to reach any gy(o2). By picking x = g;(01), we can now
continue the run, usings, and reacho}, ,;, 8., €, €) for somegt, ., € Fi.

Reciprocally, using LemmaA.1, arun frofeé,,, o, €, €) to some(af, .1, %1, €, €)
can be reordered into some

- ’
ry rp M, 2 1 nrn "'m , 1 2
<q|n|tv qlnlt’€7€> 2= = A inan Ginits X Y) 2= - = (Gfinal Ufinal» & €)
rules fromAq rules fromAy

where all sender’s steps occur first, followed by the receiteps. This translates into a
patho?,, % 02,q N A2, andal,, hEY Oz in 41 Wherefy(02) = x = f1(01), and where
02(02) Jy = g1(01), solving the2PCEP"™Yinstance.
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Finally, the2PCEP"™Y instance is positive iff the associat®dachUcs instance is.
Hence2PCEP™9 reduces tdReachUcs.

The same association of an UCS with gz, f2, 02,41, 42 shows thaPCEP“ "9
reduces tdRecReachUcs.

Indeed, an infinite solutiowy,07 in somew-regular language®; and Ry, can
be used to build an infinite run of the UCS that visit infinitehany configurations
(G20 O X%, Vi) With somegz | € F>, and infinitely many configuration®?, g, X, /)
with someg},, € F1. Using Lemma A.2, this run can be reordered into a run vigitin
infinitely many configuration$g?, ., Q. X', '), showing theRecReachUcs instance
is positive.

Reciprocally, from an infinite run of the UCS that visits infialy many configura-
tions of the form(aZ,;, Gnai X', Y/'), ONe extracts two solutions;, o, that show that
the2PCEP“"™9instance is positive.

ReachUcs reducesto 2PCEP"9, andRecReachUcs to 2PCEP® 9,
Consider afReachUcs instance with some UCS= (Q1,Q2,M, {r,1},A1,Az), some
initial statest,;, g2, and some sets of final statés F.

With this instance, we associat@ BCEP™? instance wherg&; d:efAz and>, d:efAl

are the set of rules. Automaty, and 4, for Ry andR; are obtained from the control
graph of the receiver (resp., the sender) in the obvious (Mote that we extract FSA's
from anReachUcs instance, and Bichi automata from RecReachUcs instance.) The
morphisms are defined in the obvious way:

def X1y

f1(0) %y andg;(8) = yford=qg—">rin Ay,

f2(8) £'x andgy,(8) 'y for 5= g XY in AL

A.3 Proof of Lemma5.5

We consider 2PCEP instancefy,gs, f2,02> where we assume that the morphisms are
short, i.e.,fi andg; can be seen as having typg U {e}) — (Fy{e}). For2PCEP"™9
and2PCEP“'9, and thanks to the possibility offered by the regular caists, this
assumption is no loss of generality, as can be easily prosid) the techniques from
section 3.3.

Lets &'(5; U {e}) x (52U {e}) and defineX C 5 by

(i, §) € X if and only if f1(i) = f2(j).

Then (i1, j1).(i2, j2) ... (in, jn) € X* implies thatfi(i1.i2...in) = f2(j1.j2.-. jn). Re-
ciprocally, if f1(01) = f2(02), theno; and oz can be decomposed under the form
01 =1l1.i2...in@andoy = j1.j2... jn such thafiy, jx) € X fork=1,...,n. Observe that
in this decompositiom > |oj| is possible sincé = € or jx = € (or both) is allowed.

Now define projection morphisnts, : Z* — %3 andh, : ¥ — Z3 in the obvious
way, and leu,v: 2* — " be two morphisms given byd:aglo hy andvd:mgzohz. Then
UGy j1)-(iz.2)-- in.Jn) = V(iv.jn)-(i2.j2)-..(in.jo) If @NA ONlY if Ge (iz.i2. .. in) £ G2(j1-J2-- - n).
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Finally, the 2PCEP"™Y instance with regular constraing,R, translates into an
equivalentPEP™Y instance, with morphismsandv as above, and with constraint

REX*nhyL(Ry) nhy L(Ry),

which is regular. Similarly, thePCEP® ™9 instance withw-regular constraint&, R,
translates into an equivaleREP“"Yinstance, with same morphisragndv, and with
constraint

R d:Efx“’m hlil(Rl) n hzil(Rz),

which isw-regular.

B PEP®isPTime-hard

We reduceCircuitValue to PEP®. Let ¢ = (Gy,Ga,Gt,G, f1, f2,n0) be an instance
of CircuitValue, as illustrated in Fig 4. We assume, without loss of gengrfBHR95,

layer 4:
layer 3:
layer 2:

layer 1:

layer O:

Fig. 4. An instance ofCircuitValue.

problem A.1.6], that gates are arranged in layers, that ldgentains “constants” gates
from G UG, that, for anyk € N layer X+ 1 (resp. X+ 2) contains OR-gates (resp.
AND-gates) fromGy (resp.G,), that any gat@ in some layek > 0 has exactly two in-
puts, f1(n) and f2(n), that belong to layek— 1 (NB: f1(n) = f2(n) is allowed). Finally,
we assume that the outpog of ¢ belongs taG,.

Given a circuitc, we define in the obvious way the valuval(n) € {0,1} of gate

n e G, whereG d:eva UG,UGT UG, isthe set of gates. L&_1 d:m{n e G|valin)=

1}. In our exampleG_1 = {ny, N3, nz,Ng, N13}.
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With ¢ we associate two morphismsv: >* — '* as follows. Letx d:EfGA U(Gy x

{1,21)UGT andl’ £'G.

u(n) oef 1(n).f2(n).no v(n) ' forne Gy, (C1)
u(n,i)d:Ef fi(n).ng v(n,i) ' forne Gy x{1,2}, (C2)
u(n) oef No v(n) ' forne Gr. (C3)

The reduction is clearly logspace. Its correctness is bstadal by the following two
lemmas.

Lemma B.1. If val(np) = 1, then there is a non-empk with alph(u(Z')) C alph(v(Z')).

Proof. Let
5 def {ne G UGt | val(n) =1}
U {(ni) e Gy x{1,2} | val(fi(n)) = 1}.

¥’ is not empty since it contaimg. Observe thaalph(v(Z')) is exactlyG_;. It remains
to check, by inspecting (C1-3), that 2’ impliesalph(u(x)) C G_;. O

Lemma B.2. Assume that alpfu(Z’)) C alph(v(Z')) for some non-emp®/ C Z. Then
val(ng) = 1.

Proof. Since necessarilgipy appears iralph(u(Z’)), hence inalph(v(¥')), it is enough
to show thatalph(v(Z')) € G_;. We do this by induction on layers. Latc 3’ and
consider three cases.dfe G, thenx € G_; obviously. Ifx € G,, thenalph(u(x)) C
alph(v(¥')) implies that bothf;(x) and f,(x) belong toalph(v(Z')), hence evaluate to
1 by ind. hyp., so thatal(x) = 1. Finally, if x is some(n,i) € Gy x {1,2}, then from
fi(n) = u(x) € alph(v(Z')), we deduce thaf;(n) € G_1 by ind. hyp., henceal(n) = 1,
provingv(x) € G_1. O



