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Abstract. Blocker and coblocker sets are regular languages involved in the al-
gorithmic solution of the Regular Post Embedding Problem. We investigate the
computability of these languages and related decision problems.

1 Introduction

Post's Embedding Problenfshortly PEP, named by analogy with Post’s Correspon-
dence Problem) is the question whether two morphisms onswokd 2* — I agree
non-trivially on some input, i.e., whetha(x) is a (scattered) subword wufx) for some

x € 2+, Thesubwordordering, also calleeémbeddingis denoted t=": xC 'y Elx can
be obtained frony by erasing some letters, possibly all of them, possibly none

PEP is trivial if there are no restrictions on the form of solut®& But when one
looks for solutionsx as above belonging to a regular langu&)€ >*, the problem
(hereafter called thRegularPost Embedding Problem, BEP"™?) becomes very inter-
esting: decidable but surprisingly hard [1].

The Regular Post Embedding Problem was introduced in [1H8revit is shown
thatPEP™is expressive enough to encode problems on lossy chanrnehsysn fact,
encodings in both directions exist, heneEP™9 is exactly at levelF.w in the Fast
Growing Hierarchy. Thus, although it is decidabREP™? is not primitive-recursive,
and not even multiply-recursive (see [3] and the refereticesein). Finally,PEP™9
is an abstract problem that is inter-reducible with a graist of decidable problems
having the samé&w complexity: metric temporal logic [4], alternating onesck timed
automata [5, 6], leftist grammars [7, 8], products of modaids [9], etc.

Blockers and coblockersThe original decision algorithm fd?EP™9relies on so-called
“blocker” and “coblockel sets [1]. Write Sol. for the set{x € L | u(x) C v(x)} of
solutions in someonstraintlanguagd- C ~* and define:

def

X ={ael"|vxeLl,a.u(x) Zv(x)}, (left L-blockers)
X/ d:‘”'f{o( el |vxelL,u(x).aZv(x)}, (right L-blockers)
A\ d:ef{cx el |vxelL,u(x) Za.v(x)}, (left L-coblockers)
Y Lo e | vxe Lux) Z v(x).a}. (right L-coblockers)

* Work supported by the Agence Nationale de la Recherche, grant AN&=TIN-001.
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A key observation is that, in order to decide whet8ef is empty or not, it is simpler
to reason about blocker and coblocker sets (see App. B foe detrils on the decision
algorithm). Rather than considering what are the solutitines blocker and coblocker
sets provide information on what latitude is allowed/regdiby the solutions, in par-
ticular by the most permissive ones. As a special case, teyedl us whether a given
PEP'Yinstance is solvable since

Sol =giff ee X iff ec X/ iff ecY iff ecY/. (1)
Working with blocker sets rather than solutions sets hasham advantages:

— First, blocker and coblocker sets behave smoothly as aiumof the constraint
setL. This allows compositional reasoning w.iLt. The “Stability Inequations”
(see App. B) is the main example, but there are more. Forrinstaassumé
is the product (concatenation) of two languagdes: L;.L,. Clearly Sol contains
Sol,.Sol,. However the containment is strict in general, and it is radsible to
expressSol as a function ool , andSol,. By contrast, the following holds (see

App. B):
Xipt, = FHiff (X UYL) N (Y, UX,) =T 2)

— Second, blocker and coblocker sets are always regular daysgy unlike thé&ol
sets [10]. This makes them easier to handle algorithmicadfyresenting them via
FSA's or regular expressions. In particular, compositioeasoning as exemplified
in Equation (2) can easily be turned into simple and effecdilgorithms.

Our contribution. In this paper we consider the computability of the blocked an
coblocker setXg andYg for R a regular constraint language. This is a natural ques-
tion in view of the decision algorithm fd?EP"9, where lower approximations of these
sets are enumerated. More importantly, and as we explairdtidh 7, it is another
step in our attempts at enlarging the class of known decidatablems that combine
Post-embedding and regular constraints.

We prove that blocker sets are not computibihile, quite unexpectedly, coblocker
sets are computable. Concerning blocker sets, and singe#mmot be computed, we
consider decision problems that are weaker than compityakilg., whether a blocker
set is empty, infinite, whether is it contained in (“safetyd) contains (“cosafety”), a
given set. A summary of our results will be found in Fig. 3 ¢g&t 3). In addition,
we answer a question raised by [10] and prove that the retyut#rPost-embedding
languages is undecidable.

Comparison with existing workThis work continues our exploration of the Regular
Post Embedding Problem. The problem was introduced andcedrdecidable in [1].
The links between lossy channels &P are clarified in [2] where it is also shown
that looking for infinite solutions within am-regular constraint set can be reduced to

1 Here, and in the rest of the paper, we say informally that regular set¥likee ‘computable’
when we really mean that an index for them can be computed uniforntty iroindex forl.
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looking for finite solutions. In [10] it is shown how to courdlations, and how to check
whether a regular property entails Post embedding. Thakblcsets are not computable
was claimed in [1, Remark 3.8] without any details or proafer(comments on the
difference between blocker and coblocker sets).

Outline of the paper.Section 2 recalls the necessary definitions and notatiord, a
proves a few useful lemmas on subwords. Section 3 formalipdiices the problems
we address. Then Section 4 shows how to compute cobloclemgate Section 5 con-
siders what can be computed on blocker sets. The undedtgabgults in that section
are proved by a reduction from lossy counter machines destin Section 6. Finally,
a technical appendix contains all proofs omitted in the niext

2 Notations and definitions

Words and their morphismsWe write x,y,w,t,o,p,a,p,... for words, i.e., finite se-
quences of letters such ash,i, j,... from alphabet<,I",.... With x.y, or xy, we de-
note the concatenation gfandy. With € we denote the empty word. Thengthof x is
written |X|.

A morphismfrom Z* to™ is a mapu: Z* — I'* that respects the monoidal structure,
i.e., withu(e) = € andu(x.y) = u(x).u(y). A morphismu is completely defined by its
imageu(a), u(b), ..., onZ = {a,b,...}. Most of the time, we shall writg, up, ..., and
Uy, instead ofu(a), u(b), ..., andu(x).

The mirror image of a word is denotedk, e.g.,aﬁz: bca The mirror image of a
language. is L d:ef{ﬂ X € L}. The mirrorimage of a morphism denoted], is defined

by ti(a) %'u(a), so thatli(x) = u(x).

Subword ordering.Given two wordsx andy, we writex C y whenx is a (scattered)
subwordof y, i.e., whenx can be obtained by erasing some letters (possibly none)
fromy. For exampleabbaC abracadabra. The subword relation is a partial ordering,
compatible with the monoidal structure= x, andxy E Xy whenx C X andy C Y.
Higman’s Lemma further states that, over a finite alphathet,subword relation is a
well-quasi-ordering, i.e., it is well-founded and all amiins (sets of incomparable
words) are finite.

Upward-closed and downward-closed languagadanguagd. C I'* is upward-closed
if xeLandxCyimply y € L. It is downward-closedf x € L andy C x imply
y € L (equivalently, if its complement is upward-closed). HigrisadLemma entails that
upward-closed languages and downward-closed languagesegular [11]. In fact,
upward-closed languages can be denoted by very simplearegypressions since
they obviously reside at level 1/2 of the Straubing-Thékk#erarchy [12]. Downward-
closed languages too can be denoted by simple regular siqume$13, 14]. In Section 4
we use %-products”, defined as concatenationsatdmsthat are either of the form
a+ ¢ for somea € I', or of the formA* for some sub-alphabe C I'. For example,
with I = {a,b,c}, the set of subwords @bacis (a+¢).(b+¢€).(a+¢€).(c+¢€) and the
set of words that do not haab as a subword igb, c}*.{a, c}*. Any downward-closed
language is, in a unique way, a finite union of maximgdroducts.
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Combining subwordsWe gather a few key properties of the subword ordering in con-
nection with concatenation. Lemma 2.4 is a converse to timilidtion Lemmas.

Fact 2.1
1. If xyC z, then there exists a factorizatior=zz1 2, of z such that X z; and yC 2.
2. If XE yz, then there exists a factorization=xx;x, of x such that xC y and % C z.

Lemma 2.2 (Elimination Lemma). If xw E y and X C wy then xXC yy.

Proof. By Fact 2.1 there exist factorizatiogs= y;.y> andx’ = x;.X, such thai C y,
WLy, x; C wandx, C Y. One concludes witkRX = xx X, C yiwy Cyiyoy =yy. O

Lemma 2.3 (Mirror Elimination Lemma). If x C yw and wxC Y then xXC yy.

Proof. errorirlg the assumptions gives_ vWand;’vT/ C )7 Then Lemma 2.2 applies,
yielding XX C y'y. Mirroring again givesx C yy. O

Lemma 2.4 (Decomposition Lemma)lf xxX' C yy then there exists aimterpolantw
such that

(xwgyandkgW) or (xgywand Wkgy/).

Proof. AssumexX C yy. Then there exists a factorizatigyl = zZ of yy such thak C z
andx C Z (Fact 2.1). Sincgy = zZ, eitherzis a prefix ofy or Z is a suffix ofy. In
the first case, we let the interpolambe given by writingy = zw, so thatz = wy'. Now,
from x C zandx C Z, we deduce the requiredvC y andx’ = wy. In the second case,
a mirror reasoning givesC ywandwx C Yy for w obtained by writingy = wZ. O

3 Blockers and coblockers

In the rest of the paper, we consider a genBid instance given by somgv: 2* —
. Recall that, for a regular constraint $&€ >*, the (left) blocker and coblocker sets
Xr andYr are defined by:

Xr d:‘Ef{or er |vxeRa.uy iZ w}, Yr d:Ef{or el |vxeRuy lZ a.w}.

Observe thakg is upward-closed and is downward-closed. Hence both are regular.

Remark 3.1.In the rest of the paper, starting with Def. 3.2 below, werresbur atten-
tion to theleft setsX, andY,. This is no loss of generality in view of the symmetry be-
tween the left-handed and the right-handed notiaris:a rightL-blocker (or coblocker)

if, and only if,  is a leftL-blocker (resp., coblocker) in the mirror instange. O

For blocker and coblocker sets, we consider questionsaigerin generality from just
checking onex for membership, to computing the whole set.
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Definition 3.2 (Decision problems for blocker and coblockesets).We consider ques-
tions where one is given two morphisms ux* — ' and a regular language R >*
as inputs, with possibly some additional input in the forra wforda € I'*, or a regular
“safe” set SC .
e Blockers_Membership: doesa € Xg?
e Blockers_Emptiness: does X%k = ©7?
e Blockers_Universality: does Xk = I*?
e Blockers_Safety: does )k C S?
e Blockers_Cosafety: does SC Xg?
e Blockers_Finiteness: is Xg finite?
e Blockers_Cofiniteness: is Xg cofinite?, i.e., ig* ~\ Xg finite?

The same decision probler@sBlockers_Membership, CoBlockers_Safety, ..., are
defined for coblocker sets.

Finally, Blockers_Computation and CoBlockers_Computation ask one tacompute
a representation of X (resp., %) under the form of a regular expression or a FSA.
(These are not decision problems).

Remark 3.3.The restriction taegular safe setSis a natural assumption that is both
expressive and tractable. However, in our setting wherekieloand coblocker sets are
upward-closed (resp., downward-closed), the expressiveepis even larger. Indeed,
for any L, Xg C L iff Xg C SwhereS is the upward-closure df. Thus, and since
the upward-closure df is always regular, our positive results automatically ggpl
any class of safe sets for which the upward and downward idestan be effectively
computed (e.g., context-free languages [15]). ad

Remark 3.4 (Relations among problent&fety is a general problem that subsumes
Emptiness and Membership. Cosafety subsumedniversality and (non-Membership.
Blockers_Universality reduces tdBlockers_Membership sinceXg = I'* iff € € Xg. Co-
Blockers_Universality is trivial sinceYg = I'* iff R= @. Finiteness and Cofiniteness
are natural counting questiorSiniteness coincides withEmptiness for blocker sets
(assuming” is not empty) and more generally for all upward-closed sét$ifiteness
and Universality coincide for downward-closed sets in general, and cobloskes in
particular).

There are no other obvious reductions between the abovsialegroblems (e.g.,
Finiteness andCofiniteness are in general unrelated).

Regarding computability of the blocker and coblocker sgliserve that since these
sets are regular, the decidability®ffety andCosafety would entail their computability
(see also Section 4). Conversely, all the decision probleted above can easily be
answered from an FSA description of the sets. Hence ouridagmoblems can be
seen as different special cases of the gert&ltalkers_Computation andCoBlockers_-
Computation problems. O

Remark 3.5 (On the complexity of blocker and coblocker mis) All the non-trivial
problems listed in Def. 3.2 are more general thdEP™9. This was made precise in
Remark 3.4 except fdfoBlockers_Finiteness, but it is easy to provide a reduction from
CoBlockers_Emptiness to CoBlockers_Finiteness: add one extra symbol 10, ensuring
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| Blockers |  Coblockers |
Membership decidable (Coro. 4.2) decidable (Coro. 4.2)
Safety undecidable (Theo. 5.3) |decidable (Theo. 4.3)
Cosafety decidable (Coro. 4.2) decidable (Coro. 4.2)
Emptiness undecidable (Theo. 5.3) |decidable (Theo. 4.3)
Universality decidable (Coro. 4.2) trivial
Finiteness undecidable (Theo. 5.3) |decidable (Theo. 4.3)
Cofiniteness undecidable (Theo. 5.2) trivial
Computation ‘ no ‘ yes (Theo. 4.3) ‘

Fig. 1. Computability for blocker and coblocker sets. See Remark 3.5 abaypleaity.

that Y is finite iff it is empty. Hence all the above problems are aisteas hard as
PEP"™9and none of them is multiply-recursive. 0

4 Computing coblocker sets

We start with the computability results. They can be obthivia reductions t&®EP"™9:

Lemma 4.1. Blockers_Cosafety and CoBlockers_Cosafety many-one reduce to (the
complement ofPEP"9,

Proof. Blockers_Cosafety: with u, v, R and S we associate #EP"™9 instanceu’,V :
¥* — I'* and a regular constraif® C '*. Assume w.l.0.g. that andl" are disjoint

alphabets and lef’ %S UT. U andV are extensions ol andv with u(y) =vyand

V(y)=¢forallye . Finally letR ®'SR this is indeed a regular subsetXf.

Now, u',V,R is a positivePEP™ instance iffu}, C v, for somex € R, iff ug, C v,
for somea € Sand some € R, iff u&.ug, C v{,.\/y, iff a.uy C vy for somea € Sandy,
i.e., iff somea € Sis notinXg, i.e.,.SZ Xg.

CoBlockers_Cosafety: the same idea works provided we léty) =€ andv'(y) =y. O

Note that, sinceXr is upward-closed, the question whetl®&E Xr can be reduced to
the question whether all the minimal wordsSifminimal w.r.t. the subword ordering)
belong toXg. These minimal words are finitely many (by Higman’s Lemmaj #ris
easy to list them from, e.g., a FSA or a regular expressios.féhis provides another
reduction, albeit not a many-one reduction, frBhackers_Cosafety to Blockers_Mem-
bership (or, equivalently, ttPEP™9).

SincePEP'™Y s decidable, and thanks to Remark 3.4, Lemma 4.1 entails:

Corollary 4.2. For blocker and coblocker set§osafety, Universality and Member-
ship are decidable.

We are now ready to proceed to the main computability result:
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Theorem 4.3. The coblocker set¥and Y, are computable.

Our proof simply leverages the decidability ©8Blockers_Cosafety (Coro. 4.2) with
the VJGL Lemma (here specialized to words with embeddings).

Lemma 4.4 (VJGL Lemma, see Theo. 2 of [16])Let (U;); be an enumeration of
upward-closed languages on some finite alphabet. One caputena finite represen-
tation for the Y's if, and only if, one can decide whether®P = & for x-products P
(wheniand P are inputs).

Here, computing “a finite representation” means computiedfinite basis, i.e, the set
of minimal words, but this can easily be transformed intogutar expression or an FSA
representation. The VJGL-Lemma is based on a generic #igothat, in the case of
words with embedding, computes such finite bases using afedm non-intersection
with x-products.

Another wording of the VJGL-Lemma is given by the followingrollary.

Corollary 4.5. 1. If (U;); are upward-closed languages with a decidable safety prob-
lem, then they are computable.

2. Equivalently, if V;); are downward-closed languages with a decidable cosafety-pr
lem, then they are computable.

Proof. UNP = @ is equivalent tdJ; C (2* \ P), a safety question. ad

We now prove Theorem 4.3: The coblocker sétsare downward-closed and have a
decidable cosafety problem (Coro. 4.2). Hence they are atabfe by Coro. 4.5.2.
Then Theorem 4.3 accounts for all the positive results otoosisr sets in Fig. 3.

5 Blocker sets are not computable

It is not possible to effectively compute the blocker s¥tsfrom givenu,v,R, even
thoughXg is known to be regular. This is shown with Lemma 5.1, our magative
result (proved in Section 6):

Lemma 5.1. Blockers_Cofiniteness is Z‘f—hard andBlockers_Emptiness is I'l(l)-hard.
With Lemma 5.1, we are in a position to prove all the undedidghbesults in Fig. 3:
Theorem 5.2. Blockers_Cofiniteness is Zg’-complete.

Proof (Sketch)Membership inzg can be seen by writing the cofinitenessX@f un-
der the form3n € N,=" C Xg and relying on the decidability dBlockers_Cosafety
(Coro. 4.2). a

Theorem 5.3. Blockers_Safety, Blockers_Emptiness andBlockers_Finiteness are I'Ig—
complete.

Proof. Thel'lg-hardness OBlockers_Emptiness (Lemma 5.1) also applies Blockers_-
Finiteness (since the two problems coincide) aBtbckers_Safety (a more general prob-
lem), see Remark 3.4.

For upper bounds, we observe tlidbckers_Safety (hence alsdBlockers Empti-
ness) is in M9 since it can be written under the forvia € M, (0 € SV a ¢ Xg) (recall
thata ¢ Xg is decidable). d
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6 Lossy counter machines

Lossy counter machines, for short,LCM’s, were introduced by R. Mayr [17]. They
are a variant of Minsky counter machines (with zero-testrdments and decrements)
where counters atessy i.e., they may decrease non-deterministically. We onbg @i
streamlined presentation of LCM'’s here and refer to [17 faBmore details.

LetM = (Q,C, A, ginit) be a Minsky counter machine with finite set of control states
Q > ginit, finite set of counter€, and finite set of transitions rulés Four counters are
sufficient for our purposes so we = {c1,C,C3,C4}. A configuration ofM is some
T=(q,N1,N2,N3,Ns) € Conf(M) d:efQ x N4, with size denotedt|, beingny 4+ +nz +
ns. We (partially) ordelConf(M) with

def
(0,n1,n2,n3,ng) < (N}, M5, N3, 1) & q=0 Anp<njA---ANng <.

An initial stateqinit € Q is fixed, and the initial configuration ig; def (Qinit, 0,0,0,0).
Observe that the only way to have< Tjnj; is with T = Tjpj;.

A transition ruled is a directed edge between statedvflabeled by an operation

ope OP ®'cx {++,--,=0?}, and denotedq,op,q’). The rules inA give rise to two

different transition relations between configurationsstisteps 2, ¢ are defined in

the expected way. Formally, with= (g1,0p,d), there is a stegq, ny,nz, Nz, N4) LA
(q,n},m,, 5, ny) if, and only if, the following three conditions are satisfied
l.ar=qgandg =d/;
2. opis somec++ or ¢- - or ¢=0?, andn’ = n; for all i #k;
3. if opis ¢+ thenn, = n+1; if opis ¢-- thenn, = —1; if opis ¢=0? then
0=rg=n,.

These so-callederfect stepdescribe the operational semanticd/bivhen its coun-
ters are not assumed to be lossy. Then a second operatiomahtes, with transitions

denoted ibssyr’, is derived in the following way:

5 def _ &
T 20ssyTU & 11" for somet” > 1'. (3)

Thesedossy stepslescribe the behavior ™ when its counters are assumed to be lossy.
In the usual way, th& superscript on transitions is omitted when irrelevaossy runs
denotedy i>|ossyrn, are sequences of chained lossy S&PS:ossyT1 —lossy " - - Tn. We
write Reaclyssy(M) for the set of configurations that can be reached via lossy ofin
M, starting fronTjpj;.

We rely on known undecidability results on LCM'’s and use tiofving two prob-
lems:

LCM_lInfinite: the question whethdReaclpssy(M) is infinite, for a given LCMM,;

2 Lossy steps could also be defingidectly without deriving them from perfect steps, but the
indirect definition is very convenient as it permits reasoning simultamgouasboth kinds of
steps for the same counter machine.
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LCM_Unbounded_Counter: the question whetheReaclyssy(M) contains configura-
tions with arbitrarily large values for the first countar

These two problems are a variant of one another, and theyaaily eeen to be inter-
reducible. The following theorem is from [17, 18]:

Theorem 6.1. LCM_Infinite and LCM_Unbounded_Counter are M9-complete.

6.1 From lossy counters to Post-embedding

With a LCM M = (Q,C,A, ginit) we associate &EP instanceu,v: Z* — '* that will
be used in three different reductions (with different ceaist language®;,R>,Rs C

>*). Herel d:efQUC is used to encode the configurationshdf a configuratiort =
(9,M, M2, N3, N4) is encoded by the word*c)2c3 " g, denotedT]. Observe thaft] =
[T]iff t<T.

We further let 2T UAUOPUQUT whereQ = {d] g€ Q} andC = {ty,C»,C3,Ca}
are copies of) andC, with new symbols obtained by overlining the original syrisbo
from QUC. We define two morphismgv: Z* — ' with

u((g,op.d) E'a,  v((g.opq)) Eq, u@) e, v(c) E'q,

u(g++) L', v e, ue--) e, ve--) Ee
How u andv evaluate on the rest af will be defined later when it becomes relevant.
With every transition rul® = (g,op,q') in A, we associate a languaBg C >* given
via the following regular expressions:

Rad_ef Cr*- - Tk1*-0p-T*---C4*- O if opis ¢+t or ¢ -,
o Cl*“-Ck_l*'Ck_;,_l*“'Cf~6 if OpiSCk:()?.

These definitions ensure that, whea Rs, ux andvy are the encodings of related con-
figurations. We let the reader check that the following maezjse statement holds:

Lemma 6.2.
1. If xe Ry, then y = [1] and = [T'] for some configurations 1’ such thatt S

2. Reciprocally, ift LA T/, then[T] = ux and [T'] = v« for some (unique) ¥ Rs.

We further defindRa def Usea Rs andRy def (Ra)*: these languages are regular.
Lemma 6.3. Leta € ' . If ux.a C [Tinit | .Vx for some x€ Ry, thena C [1] for some
T € Reaclpssy(M).

Proof. We assume £ € andx + €, otherwisen C [Tjnit ] trivially. Thusx € Ry must be
of the formx=x3...x, withn> 0 andx € Ry foralli=1,...,n. By Lemma 6.2}y is
some[To|.[T1]...[Ttn-1] andvy is some[t;].[T5] ... [T,]| such that, forall =1,...,n,
Ti_1 — Tj is a perfect step dfl.

We now use the assumption thata C [Tinit|.Vx. Sincea # €, uxy embeds into
a strict prefix, denotedv, of [Tinit].vx. Note thatuy containsn > 0 symbols fromQ
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and ends with one of them, while has at mosh (it is shorter thar tjnit |.vx that has
n+ 1 symbols fromQ and ends with one of them). Henaenecessarily has symbols
from Q and ux.0 C [Tinit|.Vx can be decomposed &s] C [t{] (i.e., Ti < T}) for all

i=1,...,n—1, with also[to| C [Tinit| (henceto = Tinit) anda C [1,,]. Combining
Ty —lossy Tn—1 — Tp, is @ lossy run oM, so thatr;, € Reachpssy(M). O
There is a converse to Lemma 6.3;

Lemma 6.4. If T € Reaclyssy(M), there exists somesRy such that §.[T] T [Tinit ] . Vx.

Proof. Sincet € Reaclyssy(M) there exists a lossy rumhit = To —lossyT1 —lossy” - Tn =
T. We show, by induction on=0,1,...,n, thatuy.[Ti]| T [Tinit].\i, fOr somex; € Ry.
The base casé= 0, is dealt withxg = € sincetg = Tint.
For the casé > 0, we know by ind. hyp. that there is some; € Ry with

uXifl'ﬁifl] C [Tinit-|'V)Q—l' (4)
The lossy step_1 —0ssyTi implies the existence of a perfect step; — T with T > 1
(Equation (3)). Thugti_1] = uy and[t'] = vy for somey € Ry (Lemma 6.2).
Fromt; <1/, we deduce
U [Ti] C [Tic1]. vy (5)
We now put together Equations (4) and (5). The Eliminatiomb® yields

Uy, o -Uy.[Ti] C [Tinit].V_;-Vy, (6)

so that setting; d:efxi,l.y concludes our proof. We observe tlat Ry sincex_1 € Ry
andy € Ra. ad

6.2 ReducingLCM_Infinite and LCM_Unbounded_Counter to blockers problems

For the next step in the reduction, we extenahdv on QUC (= I') with

def C1 if Y= Ci, def
=TI — =vyforallyerl.
U(y) 1(y) {8 if y I~ {C1}7 V(y) yior Y

Whena € I'*, we shall writery, (a) rather thanuy to emphasize the fact thatonly re-

tains thec; symbols ofo and erases the rest. Below, we rely on a few obvious progertie

of this erasing morphism, suchaga) C a, orm (af) = 14 (Ba), and in particular the
following:

Fact6.5 Forall e M and xy € ¥*, x.c1.T (B) C y.p implies xc1 C y.
def

Finally, we letRy def Oinit-Rv andRy = Ry.IM*. This provides two different reduc-
tions, with properties captured by Lemmas 6.6 and 6.8.
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Lemma 6.6. Leta € I'*. The following are equivalent:
() o ¢ X,

(2) there exists ¥ Ry such that y.a C vy,

(3) there exists € Reaclpssy(M) such that C [T].

Proof (Sketch)(1) < (2) by definition ofogl. Then, given the definitions ¢, u and
v, Lemma 6.3 shows “(2}= (3)” (note thatu(ginit) = € andv(Qinit) = Ginit = [Tinit ])-
Finally, Lemma 6.4 shows “(3} (2)". ad

In particular,x,’q1 is cofinite iff M does not satisfy CM_Infinite.
Corollary 6.7. Blockers_Cofiniteness is Z$-hard.

Lemma 6.8. Leta € I'*. The following are equivalent:
(1) o & X,

(2) there exists ¥ R> such that y.o T vy,

(3) there exists € Reaclpssy(M) such thatr (o) T ([T]).

Proof. (1) < (2) by definition ofXg, .

(3) = (2): Assumer (a) C 1 ([T]) for somet € Reachyssy(M). Then,m (a) C [T] so
that, by Lemma 6.6, there exists some R; with ux.1 (o) C v. Appendinga to the
right yieldsuy. 1 (0).00 = Ux.Ugq.0 £ Vy.O0l = Vy. Vg Lettingyd:Efx.a (€ Ry) proves (2).
(2) = (3): Assumeuy.a C vy, for somey € R, of the formx. with x € Ry andB € I'*. We
assumaty (a) # € since otherwiset (a) T 4 ([Tinit | ) holds trivially. Fromuy.o T vy,
we deduce

Ux. T, ()T (B) = Uk T, (B). T () = Uy TR (O) £ Uy.0 T vy = W Vg = W B.

From uy. 1 (0).74 (B) C w.B, one deducesy.Ty (a) C v (using Fact 6.5 and the as-
sumption thatry (a) # €). Thus there exists & € Reaclyssy(M) with 1 (a) C [T]
(Lemma 6.3), hence; (o) C 4 ([T]). O

In other wordsa ¢ X,gz iff there is a reachable configuration where thecounter is
larger than, or equal to, the number@fsymbols ina. Thusx{?2 = o iff M satisfies
LCM_Unbounded_Counter.

Corollary 6.9. Blockers_Emptiness is M%-hard.

As an aside, the reduction from LCM'’s can be used to prove T&dd below. The
regularity problem for Post-embedding languages is a abfjurestion sinc&ok is not
always regular, and since comparisons with a reghke possible:

Theorem 6.10 ([10]).The questions, for § * a regular language, whetherS Sok,
and whether S@lC S, are decidable.

Theorem 6.11 (See App. A)The question whether, for,v: 2* — '™ and a regular
R C >*, Sokis a regular language, ii(l’-complete.

The proof forzg—hardness simply adapts our previous reduction, providingandR
such thatSok is regular iffReachyssy(M) is finite, then relying on Theo. 6.1.



12 P. Chambart and Ph. Schnoebelen

7 Concluding remarks

The decidability ofPEP™9is the decidability of existential questions of the form
Ix € R:u(x) C v(x) (Q1)

for regularR's. This result is fragile and does not extend easily. Whenloaks for
solutions satisfying more expressive constraints, eajerchinistic context-free, or also
Presburger-definable, the problem becomes undecidable[@hother direction, com-
bining two embeddings quickly raises undecidable questiery., the following ques-
tions are undecidable [10, Theo. 4.1]:

Ix € T 1 (ur(X) C va(X) Auza(X) E Va(X)), (Q2)
Ixe It 1 (ur(X) C vi(X) Auz(X) Z va(X)). (Q3)
Remark that, by Theorem 6.10, the following universal goess decidable [10]:
VX e R:u(x) C v(X). (Q4)
This suggests considering questions like

vx e RIX € R 1 u(xX) C v(xX), (Q5)
Ixe RVX € R 1 u(xX) C v(xX). (Q6)

The undecidability of (Q5) is clear since alrealipckers_Emptiness is undecidable.
The (un?)decidability of (Q6) is still open. We believe ters and coblockers may
play a useful role here. Indeed, by analogy with blockersmag define

AR {a |¥xeRaUX CV(X)},  Br™{B|¥xeRu(x) CBv(x)}.

Note that membership iAr (or in BR), being an instance of (Q5), is decidable. Fur-
thermore Br is upward-closed and is finite (unlesRR is empty). Now, the following
observation:

(IxeRWX e R:iu(xX) Cv(xX)) iff ((Ar \YR)U(Br \Xg) # @)
provides a direct link between (Q6) and blocker-like largeg We leave this as a
suggestion for future investigations.
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Technical appendix. i

A Regularity of Post-embedding languages is undecidable

In this section we prove one half of Theorem 6.11, i.e., thatregularity ofSok is
39-hard. The other half, membership3f, is a consequence of Theorem 6.10.

We consider the reduction froilCM_Infinite to PEP built in Section 6.1 and fur-
ther extendu andv on Q with u(g) = q andv(q) = € for eachg € Q. We further define
R3 = Ginit-Rv.Q. In this framework, the following holds:

Lemma A.1. If Reaclpssy(M) is finite, then S, is regular.

Proof (Sketch)Any x € Rz has the formgnit.X1.X2.. .. X,.g for someq € Q and some
X1,X2,...,% € Ra. As seen in the proof of Lemma 6.3, suchabelongs toSok, if,
and only if, there exists a lossy run

(Tinit =)To 6—1>Ios:sy'[1 %Iossy' o lossy Tn *)
with X € Rs, Uy, = [Ti—1] (and where the control state of is ). The assumption
that Reaclyssy(M) is finite implies that the set of lossy runs in (*), when viewasi
sequences of the form(tg, 1) ... (Th—1,8n) over the (finite!) alphabd®eackyssy(M) x
A, is aregular language, as is the set of paths of any finithgipce there is a bijective
correspondence between this and the pairgti_1,8;) (see Lemma 6.2), the set of all
X1...%n that correspond to lossy runs is regular too, hence $dsg. ad

We can prove a reciprocal of Lemma A.1 if we restrict oursglt@ deflatable
counter machines. Formally, a counter machvhés deflatable if it contains among its
transition rules, the so-called “deflating” rqusCQ g for all stateqg € Q and counters
¢ eC.

Lemma A.2. If Reaclpssy(M) is infinite and M is deflatable, then &glis not regular.

Proof (Sketch)For the proof, we use the projection morphisg: 2* — A* that erases
all symbols not iMA (recall that, in our reduction from LCM’s tBEP, the set of rules
A'is a sub-alphabet df) and we show thaiiy (Sok,) is not regular, which is sufficient
since morphisms preserve regularity.

Now, sinceReaclkyssy(M) is infinite, for everyN € N there exists a reachable con-
figurationty having sizeN. FromTy, N deflating steps are possible and not more. Thus,
for eachN € N, there is a lossy run of the form

N1 N ky defl defl /
To —lossy " ** —lossy IN—lossy * " * —lossyIN-
—_——

N deflating steps

With this lossy run one associates a wggde Rs, exactly as in the proof of Lemma A.1.
Now Tia (Yn) iS On1.- - - Oy (DTN, e, SomeYy (def)N (for simplifying purposes, we
assumarny, further projects all different deflating rules to a singleaalled just “defl”).

If TA(Sok,) is regular, the pumping lemma for regular language imples, tfor
N large enough, ifiy(Sok,) containsyy(def)N, it also containg (defl)N(def™)* for
somem > 0. But this is clearly impossible since it would imply the €eince of lossy
runs starting with the samie steps and ending with arbitrarily many deflating steps.

Hence neithery (Sok;, ), nor Sok,, are regular. O
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We conclude by observing that the restriction to deflatablenter machines is no
loss of generality. Deflating rules mimic losses in counteence any counter machine
can be turned into a deflatable one that has essentially the lsahavior as long as one
only considers the lossy semantics. In particular, theimaignachine and its deflatable
version have exactly the same reachable configuration$ossg runs).

Therefore, Lemmas A.1 and A.2 show thaiM_lInfinite reduces to the question
whether the solutions of REP"™Y instance is a regular language. Hence the regularity
of Sok is Z‘l]—hard as announced.

B Solving PEP™9with blockers and coblockers

We start with a warm-up exercise: proving Equation (2) frdra introduction. The
proof is clearer if the equation is written contrapositibpainder the form:

Xio, 7 T iff [X, UYL, # T or Y UXy, # 7. )

Proof. («:) assume that there exists some I'* that does not belong &, U, (the
casea ¢ Y/, UX,, is symmetric). Hencer ¢ X/, anda ¢ Yi,. Thereforeuy,.a T vy
for somex; € Ly, anduy, T a.vy, for somex, € L. We deducey, Uy, T vy, Vy, (by the
Elimination Lemma). Hence taking= x;x> showse & X, 1, and thenX_, |, #I'*.

(=) If X, .1, # " then, in particularg ¢ X, |, (since blocker sets are upward-closed)
and there exists somee L;.Ly with ux C v. Writing x under the fornx = xx with

X1 € L1 andx; € Lo, we deducey, .Uy, T Vy, .Vy,. Thus, by Lemma 2.4 (Decomposition
Lemma), there existe € ['* such that eitheny, .w T vy, anduy, T W.Vy,, OF Uy, T Vy, .W
andw.uy, T Vy,. In the first casew ¢ X/, andw ¢ Y. In the second case ¢ Y/, and
W& Xi,. ThusX/ UYL, # T orY UX, #I. 0

We now recall the ideas behind the proof (in [1]) tiREP™9 is decidable. With
Equation (1) abovePEP™? reduces to whether the blocker/coblocker $étsand Yg
contain the worct. Hence it certainly suffices to show that one can decide veneth
givena belongs to som&g (or to somerg) for a regular language C z*, two problems
calledBlockers_Membership and, respectivel\CoBlockersMembership in Def. 3.2.

The blocker set¥X; and the coblocker se¥ are related to blocker and coblocker
sets(X-11 , Ya-1y Jacz Where, foru € %, u~tL denotes the (right) quotient afby u:

u L E we s [uwe L},

More precisely, it is shown in [1] that the paifX,,Y.), 5. are the largest solutions of
a family of mutually recursive inequations of the form

(AL,BL) C f[(Ag11,Ba1p )aes] (Stability)

wheref is ak-ary (fork = |Z|) monotonic function on pairs of languages. In the case of
aregular language C 2*, the Myhill-Nerode Theorem states that the set of its qutgie
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QuaR) 4 {w IR |we 3*} is afinite set of regular languagg3husXg andY can be

defined as the largest solutions ofimite numberof stability inequations that involve
finitely many parameters, namely dx,Br | R € QuaR)}.

Additionally, f is regularity-preserving, and its image can be effectieslynputed
from its argumentgA, 1g,B,-1r)acs When they are regular languages (see [1, Sec-
tion 3]). This implies the following:

Corollary B.1 ([1]). The questions whether € Xg or a € Ygr for RC Z* a regular
constraint language are recursively enumerable.

Proof (Idea).One can enumerate all famili€dg , Br )requar) Of pairs of regular lan-
guages indexed by quotients Bfand effectively check for stability. When a stable
family is encountered, ang in Ar (or in Br) is a blocker (resp., a coblocker) since
Xr D Ar andYr D Bg by virtue of being the largest solution. Furthermore, amckér

or coblockera will eventually be found by this method since the largesblstdamily,
consisting of the actudXg , Yr )rcquar) Will appear in the enumeration. ad

With Corollary B.1 decidability oBlockers_Membership and CoBlockers_Mem-
bership ensues since not being a blocker (or a coblocker) is evigeatursively enu-
merable: it suffices to guess some R and check thadr.uy C vy (or, respectively, that
Uy C 0.Vy).

3 FurthermoreQuo(R) is easily obtained from a canonical DFSA farby varying the initial
state.



