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Abstract

We identify a class of timed automata, which we call couffitee-input-determined
automata, which characterize the class of timed languagisatble by several
timed temporal logics in the literature, including MTL [11]1 We make use of
this characterization to show that MTL satisfies an “ultienatability” property
with respect to periodic sequences of timed words. Our teld for both the
pointwise and continuous semantics. Along the way we géimerthe result of
McNaughton-Papert [10] to show a counter-free automateackerization of FO-
definable finitely varying functions.

1 Introduction

A number of classes of timed automata based on “input-déteddistance operators
have been proposed in the literature. These include the-egearding automata of
[2, 8], which make use of the operatergandr>, (which measure the distance to the
last and next’s respectively), state-clock automata [13], and evertioad automata
[6, 3], which make use of the “eventual operatd¥, inspired by Metric Temporal
Logic (MTL). In[7, 3] these operators were abstracted ingeaeral notion of an input-
determined operator, and the corresponding classes ofl tmtomata called input-
determined automata or IDA's (parameterized by a set ofthdetermined operators)
were shown to have robust logical properties, including a&adic second-order logic
characterization, and expressively complete (with ressfrethe first-order fragment
of the corresponding MSO logics) timed temporal logics dage these operators.
However, an important link that remained unexplored was aattierization of the
class of automata which correspond to these temporal loglosg the lines of the
classical characterization via counter-free automatalitmrete temporal logic, which
follows from the work of Kamp and McNaughton-Papert [9, 10].

In this paper our aim is to fill this gap. We identify a class ofinter-free IDA's
(again parameterized by a set of input-determined opesjetuat precisely characterize
the class of timed languages definable by the timed tempogétd based on these
operators. Our class of counter-free IDA's comprise “propBA's (which are in a
sense a determinized form of IDA's) whose underlying grapdnge no counters in the
classical sense. Our results hold for both the “pointwise! ‘&ontinuous” semantics
for timed formalisms.

For the pointwise semantics, we can simply factor throughclassical results of
Kamp and McNaughton-Papert, and the translations set uf).irFpr the continuous
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case we first prove an analogue of the McNaughton-Paperit fesuinitely vary-
ing functions, by characterizing the first-order definalleguages of finitely-varying
functions in terms of a counter-free fragment of a class tdmata we calfT-NFA's.
Once we have this result, we can essentially factor throhgltranslations for contin-
uous time set up in [3].

We emphasize that this general result gives us automataatkeéarations for sev-
eral of the timed logics proposed in the literature, inahgdiEventClockTL [8], Metric
Interval Temporal Logic (MITL) [1], and MTL [1, 11], for botthe pointwise and con-
tinuous semantics. Among other applications, such cheriaations can be useful in
arguing expressiveness results for these logics.

In the final part of this paper we make use of this charactéoiz&o prove a prop-
erty of timed languages definable by MTL, namely that theytraatsfy an “ultimate
stability” property with respect to a periodic sequenceimied words. Thus, given a
periodic sequence of finite timed words of the fauniw, the truth of an MTL formula
at any real time point, must eventually stabilize (i.e. beealways true, or always
false) along the models in the sequence. This is a strongelt than a property for
MTL provedin [12], in that it holds for MTL with past operagmrand furthermore does
not depend on the “duration” of the timed wardn the periodic sequence.

In the sequel we concentrate on the continuous semantiesddthils for the point-
wise semantics and other arguments not included here foegpasons, can be found
in the technical report [5].

2 Preliminaries

For an alphabeti, we useA* to denote the set of finite words ovdr For a wordw

in A*, we usgw| to denote its length. The set of non-negative reals andnalowill

be denoted byR>, andQ>, respectively. We will deal with intervals of non-negative
reals, i.e. convex subsets®f,, and denote b¥r . , andZg. , the set of such intervals
with end-points iNR>o U {co} andQs( U {oo} respectively. Two intervalg and.J
will be calledadjacentif 7N .J = (@ andl U .J is an interval.

Let A be an alphabet and I¢t: [0,7] — A be a function, where € R>,. We
usedur(f) to denote the duration of, which in this case is. A pointt € (0,r) is
a point ofcontinuityof f if there existse > 0 such thatf is constant in the interval
(t — e,t + €). All other points in[0, ] are points ofdiscontinuityof f. We sayf is
finitely varyingif it has only a finite number of discontinuities. We denoteflyF (A)
the set of all finitely varying functions ovet.

An interval representatiorior a finitely varying functionf : [0,7] — A is a se-
quence of the formiao, Iy) - - - (an, I,,), with a; € A andI; € Ig.,, satisfying the
conditions that the union of the intervals|is r], eachl; andI;,; are adjacent, and
for eachi, f is constant and equal tg in the intervall;. We can obtain @anonical
interval representation fgf by putting each point of discontinuity in a singular intdrva
by itself. Thus the above interval representationffag canonical ifn is even, for each
eveni [; is singular (i.e. of the fornit, ¢]), and for no ever such thad < i < n is
Aj—1 = Gj = Gj41.

A canonical interval representation for a function givesuesinonical way of “un-
timing” the function: thus if{ag, Ip) - - - (a2, I, ) is the canonical interval representa-
tion for a functionf, then we definentiming(f) to be the stringy - - - as,, in A*. The
untiming thus captures explicitly the value of the functadrits points of discontinuity
and the open intervals between them. Note that strings whjamfesent the untiming of



a function will always be of odd length and for no even positiavill the letters at po-
sitionsi — 1, 4, andi + 1 be the same. We call such worcnonical A canonical word
w can be “timed” to get a function in a natural way: thus a fumeif is in timing (w)
if untiming(f) = w. We extend the definition ofiming anduntiming to languages
of functions and words in the expected way.

We now turn to some notions regarding classical automataaradiant we intro-
duce. Recall that a non-deterministic finite state autom@d'A) over an alphabet
is a structured = (Q, s, 4, F), where@ is a finite set of states; is the initial state,
0 C @Q x A x @ is the transition relation, and C (Q is the set of final states. A run of
Aonawordw = ag - --a, € A* isasequence of states, . . ., g,+1 such thayy = s,
and(q;,a;,qi+1) € & for eachi < n. The run is accepting if,,+1 € F. The symbolic
language accepted by, denoted.,,,,, (A), is the set of words int* over which4 has
an accepting run. Languages accepte®bW's are calledegularlanguages. We say
theNFA A is deterministiqand call it aDFA) if the transition relatiord is a function
from @ x A to Q. A well-known fact is that every regular languafédas a unique (up
to isomorphism) minimal statbFA accepting it, which we refer to a4y,.

A counterin an NFA A is a sequence of distinct states . .., ¢, with n > 1,
along with a words € A*, such that there is a path labekedh .4 from g; to ¢; 11 (for
eachi € {0,...,n — 1}) and fromg, to ¢o. An NFA is said to becounter-freef it
does not contain a counter. A regular language is said tmbater-fredf there exists
a counter-fre&FA for it. We will call a sequence of words iA* (w;) = wg,w, - -
periodicif there exist strings:, v, w in A* such thatw; = uv'w for eachi. We say a
languagel. C A* is ultimately stablgwith respect to periodic sequences of words) if
for each periodic sequenc¢e;) there exists & > 0, such that foralf > &, w; € L or
foralli > k,w; ¢ L.

Proposition 2.1 Let L be a regular language over an alphahét Then the following
are equivalent: (1) is counter-free, (2)4, is counter-free, (3). is ultimately stable
with respect to periodic sequences of words. a

Using the above proposition, it follows that counter-fregular languages are
closed under the boolean operations of union, interseaticicomplement.

We now define a variant ® FA’s calledstate-transition-labele®FA’s or ST-NFA's
for short, which are convenient for generating finitely vagyfunctions. AnNST-NFA
over A is a structured = (Q, s, d, F,1) similar to anNFA over A, except that :

@ — A labels states with letters fromd. The ST-NFA A accepts strings of the
form A(AA)*. Arun of A on a stringw = aga; - -+ as, in A(AA)*, is a sequence
of statesqo, . .., g,4+1 satisfyinggo = s, (i, a2, ¢i41) € 6 fori € {0,---,n} and
1(¢;) = asi—1 foreachi € {1,...,n};itis accepting ifg,+1 € F. We defineL,,, (A)
to be the set of stringe € A* on which.A has an accepting run.

An ST-NFA A also generates functions in a natural way: we begin by ta&ing
transition emanating from the start state, emitting it®lahnd then spend time at the
resulting state emitting its label all the while, beforeitaka transition again; and so
on. For convenience we will stick teanonicalST-NFA’s which areST-NFA's in
which we never have amlabelled transition between anlabelled source and target
state, for any: € A. The language of finitely-varying functions defined by a c¢#oal
ST-NFA Ais defined to beéiming(Lsy,m (A)). Its not difficult to see that arfyT-NFA
can be converted to a canonical one whose function langgage same. We note that
for a canonicabT-NFA A, untiming(F (A)) = Lsym (A).



We now define the counter-free versionSaf-NFA's. A counter in arST-NFA is
similar to one in alNFA, except that by the “label” of a path in the automaton we mean
the sequence of alternating state and transition labetgydlee path. Thus the label of
the pathgy =3 g1 3 - qn 3 gt is 1(qo)aol(q1)ar - - U(gy)an. We note that
a counter-fre&T-NFA can define a language (e.g. the single state, single tramsiti
ST-NFA over {a} which defines the languaggaa)*) which is not counter-free in
the classical sense. However, if we consif&rNFA’s over apartitionedalphabet,
where the alphabet is partitioned intoA; and A, which label transitions and states
respectively, then we can show that:

Proposition 2.2 Let(A4;, A,) be a partitioned alphabet. Aregular subsethf( A, A, )*
is counter-free iff there exists a counter-fi¥€-NFA over(A;, A,) acceptingit. O

Finally, by going over to an alternating alphabet (say byaraimg transition labels)
using the closure properties of classical and counterifneguages, and then coming
back, we can verify that:

Proposition 2.3 Each of the classes of function languages definab&IbWFA’s and
counter-freeST-NFA'’s over an alphabet! are closed under boolean operationst

3 Counter-free continuous input-determined automata

We begin with some notation. We define a timed werdver an alphabeX to be an
element of(E X Rzo)*, such that = (ao, to)(al, tl) s (an, tn) andip <t; < --- <
t,. We write dur(o) to denote the duration of, i.e. t,, above. We denote the set
of timed words ovel to be T¥*. Given timed wordsr = (ao, to) - - - (@n, t,) and
o' = (ap, ty) - - - (a},, t},), we define their concatenatien o' in the standard way to be
(a0, t0) -+~ (@ ) (alyy b + 1) -+ (@l b + 1),

We define aninput-determined operatah over an alphabet as a partial function
from (TE* x R>g) to 28>0, which is defined for all pairés, t), wheret € [0, dur(o)].
Thus an input-determined operator identifies a set of “dista” for a given timed word
and a time point in it. Given a set of input-determined opEsa®p, we define the set
of guards oveilOp, denoted byG(Op), inductively asg ::= T |Al |~g|gV g|gAg,
whereA € Op andI € Ig.,. Given a timed words, we define the satisfiability
of a guardg at timet € [0, dur(o)], denoteds,t = g, as follows: o,t = AT iff
A(o,t) NI # (), with boolean operators treated in the expected way.

For example, the operatdyg which maps(o, ¢) to {1} if ¢ is rational and to{0}
otherwise, is an input-determined operator. Other exasripdude the eventual oper-
ator &, inspired byMTL, which mapg(c, t) to the set of distanceésuch that am
occurs at time + d in o; and the event-recording operatgrwhich mapgo, t) to the
(empty or singleton) set of distances to the last occurrentlee event: before timet.

We call an input-determined operatdr over X finitely varyingif for each €
Ty.,, and eacly € TX*, the characteristic functiofiy; : [0, dur(c)] — {0,1} of
A', defined asf{,(t) is 1 if o,t | A’, and0 otherwise, is finitely varying. Of the
example operators above,, and«, are finitely varying, whileAg is not.

LetY be an alphabet an@p be a set of input determined operators duelVe call
(T'1,T'2) asymbolic alphabebver(X, Op), if I'; is afinite subset of¥ U{e}) x G(Op)
andI'; is a finite subset off (Op). We define the set of timed words o@associated



with a functionf in FVF(I'; UT,), denotedtw(f), as follows. Ifuntiming(f) ¢
[y (T2T)*, thentw(f) = (). Otherwise, a timed word = (ag,tg) - - (an,t,) IS in
tw(f), provided for allt € [0, dur(f)],

o If f(t) = (a,g), for somea € £ andg € G(Op), thena, t |= ¢, and there exists
iin {0,--- ,n}, witht; = t anda; = a.

e If f(t) = (e,9) or g, for someg € G(Op), theno,t = g, and there does not
existi in {0,--- ,n} witht; = t.

Note that for anyf, tw(f) is either empty or a singleton set. We extend the definition of
tw to sets of functions, as the union of the timed words corredjmy to each function
in the set.

Let ¥ be an alphabet andp be a set of input-determined operators based on
Y. A Continuous Input Determined Automato@IDA) A over (X, Op) is simply
anST-NFA over a symbolic alphab€l’;, ;) based onX, Op). As anST-NFA A
defines a language of functiod¥.4). We are however more interested in the timed
language it accepts, denoté¢l4), and defined to bew(F(A)).

Here is a concrete example of a

CIDA over the set of “eventual op-

erators” Op = {C,|la € X}

The diagram shows &IDA over OE’T)’("’T) O(G’T)
({a, b}, Op) which recognizes the_, (@™ |
languageL,,; (for “no insertions”), N
which consists of timed words in @DJ
which between any two consecu- 7~
tive a's, there is no time point from

which there is aru or ab at a dis-
tance of one time unit in the future.

We now defingoroper CIDA’s which are a time-deterministic form 6f/DA’s, and
which we will use to define our counter-frédDA’s. Let G be a finite set of atomic
guards overOp. We call (T'y, ;) the proper symbolic alphabet oveX, Op) based
onG,if Ty = (S U {e}) x 2¢ andTy, = 2¢. We interpreth C G as a guard which
specifies precisely the guards @hthat are true. Thu$ is interpreted as the guard
Noen 9N Ngeg—n 9-

We define goroper CIDA over (X, Op) to be aST-NFA over a proper symbolic
alphabet based oft, Op). The symbolic, function, and timed languages defined by
a properCIDA are defined similarly ta’IDA’s. We call a wordy over a symbolic
alphabet(T'y, T'2) fully canonical if v € T'1(['sI'1)* and no subword ofy is of the
form g - (¢,9) - g. We call a properCIDA fully canonicalif its symbolic language
consists of fully canonical proper words. The class of laaggs defined by'TDA’s
and fully canonical prope€IDA’s coincide:

—(Cq € [1,1]V Oy € [1,1])

Lemma 3.1 ([3]) CIDA’sover(X, Op) and fully canonical prope€IDA’s over(X, Op)
define the same class of timed languages. a

The class of counter-fre€IDA’s we are interested in this paper is the class of
counter-freeCIDA’s over (X, Op), is the class of fully canonical propefIDA’s
over (¥, Op) whose underlyingdT-NFA is counter-free. We denote this class by
CFCIDA(X, Op).



As an example, leE = {a}, Op =

{0, and G = {oh. The

CFCIDA over (%, Op) alongside rec- (e:91)
ognizes timed words comprising ex—»/ l( ’91)((1 .
actly onea, which occurs in the inter- \ ’

- PNTE (er91)
val [1, 2]. In the diagramg; = {< g ™'}

andgs = 0.

4 Counter-free ST-NFA’s and FO-definable functions

In this section we show that over a partitioned alphgbht, A-), the class of first-
order definable languages of finitely-varying functions @aatural FO logic we will
introduce soon) is precisely the class of function langsadgfined by counter-free
ST-NFA's over (A4, A,).

For an alphabet, the syntax of the first order logieO°(A), is given by:

pu=Qu(z) |z <y|-p|(pVe)|Irp,

wherea € A, andz andy are variables.

We interpret a formula of the logic over a finitely varying functiofiin FVF (A),
along with an interpretatiohwith respect tof, which assigns to each variable a value
in [0, dur(f)]. For an interpretatiofi, we use the notatioh#/z] to denote the inter-
pretation which sends to ¢ and agrees witi on all other variables. Given a formula
p € FO°(A), f € FVF(A), and an interpretatiohwith respect tof to the variables
in ¢, the satisfaction relatiofi, I |= ¢, is defined inductively (with boolean operators
handled in the usual way) as:

L ITEQu(x) iff f(I(z)) = a, wherea € A.
LlIEz<y iff I(z) <I(y).
fIETe  iff 3t e 0, dur(f)]: f1]t/z] E .

For a sentence (a formula without free variables) IRO°(A), the interpretation
does not play any role, and we set the language of functiditsedEby to be F'(p) =
{f € FVF(A)| f E o).

As an example, the formula.n; = JyFz(y < zAz < 2AV 4 Vuly < uAu <
2 = Qu(u) A Qqu(z))) asserts that the point is a point of continuity. As another
example, for the partitioned symbolic alphalfEt,I'>) based on soméZ, Op), the
FO“(I'y UT:) formulagse = Va(paise(r) = =(V( g)er, Qe (@) A FyTz(y <
zAx < zAVu(u #xAy <ulu<z= Q4(u))))), (Wherep isc = —pcont) asserts
that the untiming of the function is fully canonical.

For a partitioned alphabéti;, A5) we call a finitely varying functiorf in FVF (AU
As) alternatingif untiming(f) € A1(A2A;)* (thus the discontinuities are labelled by
symbols inA; and continuities by labels ial,). Let alt-FVF(A;, A5) denote the
class of alternating finitely varying functions ovet; , A,).

Theorem 4.1 Let(A;, A>) be a partitioned alphabetwitd = A;UA,. Thenthe class
of FO°(A)-definable languages of alternating finitely-varying fuons over(A;, A,)
is precisely the class of function languages definable bytfreeST-NFA’s over
(A, As).



The rest of this section is devoted to a proof of this theoréhe recall briefly
the logicLTL and its two interpretations, one over discrete words anather over
functions. The syntax dETL(A) is given by:

0 = a| (BU9)| (0S6) | -6 (8 V),

wherea € A. The logic is interpreted over words 4, with the following semantics.
Given a wordw = ag - - - ap, in A* and a positioni € {0,...,n}, we sayw,i |= a iff
a; = a; andw, i = QUn iff there existsj such that < j < n, w,j = n and for allk
such that < k < j, w, k |= 6. The “since” operatof is defined in a symmetric way
to U in the past, and the boolean operators in the usual way. Wetel®y L, (/)
the set{w € A* | w,0 = 6}.

The logic LTL can also be interpreted over functions as done in [9]. Here we
restrict the models to finitely-varying functions FiVF'(A), and we denote this logic
by LTL?(A). Given a functionf € FVF(A), t € [0, dur(f)] andf € LTL (A), the
satisfaction relatiorf, ¢ |= 6 is defined as follows:

fika i f()=a
fitEOUn it 3t <t <dur(f), f,t' En, andVt": t <" < ¥, f,t" E 6.
FLEOSy iff I 0<t <t ft BVt <t <t ft"E0

The boolean operators are interpreted in the expected way.s8MF'(0) = {f €
FVF(A) | f,0 = 0}. As an example, th&TL(A) formulasf on: = V,cq(a A
(aSa) A (aUa)) and@ 4. = —0..n: Characterize the points of continuity and discon-
tinuity respectively in a function ovet.

Ao @ ’
CF-ST-NFA (A, A2) FO°(A)
) A YA
Returning now to the o Kamp (@)
proof of Theorem 4.1, the P
route we follow is given CF-NFA(A) LTL®
schematically in the figure
below. \ /
McN-P+Kamp (c)
LTL(A

Step (a): Let ¢ be a sentence iIRO°(A). We show how to construct a counter-free
ST-NFA A, overA, such thatF'(A,) = F(p).

The proof proceeds in a similar manner to the one in [3]. Wérefresent models
of formulas with free variables in them, as functions withk thterpretations built into
them. We assume an ordering on the countable set of first-wed@bles given by
x1, 2, -. Foraformulap with free variables amony = {z;,,--- ,;,, } (in order),
we represent a functiofi and an interpretatiof as a functionf* : [0, dur(f)] —

A x {0,1}™ given by fX(t) = (f(t),b1, -+ ,bm), Whereb,, = 1iff I(z;,) = t. Thus
for a formulay with free variables inX we have a notion ok -models ofp.

Proposition 4.1 Let ¢ be anFO“(A) formula with free variables{ and let.4 be a
counter-freeST-NFA accepting theX-models ofp. Then for any set of variableX’
which containsX, we can construct a counter-freé&l'-NFA A’ accepting precisely
the X'-models ofp. O



Lemma 4.1 Let ¢ be anFO®(A) formula and letX be the set of free variables in
it. Then we can construct a counter-fre&-NFA Aif which accepts precisely the
X-models ofp.

Proof The idea of the proofis similar to the one in [3], except thawvnve need to also
ensure that the automaton we obtain is counter-free. Fdrad sariablesy’, let AY .,
denote theST-NFA which accepts all “valid"Y-models. It is easy to construct this
ST-NFA and to check that it is counter-free. We construct the cotfnee ST-NFA

X o .
A by induction on the structure of.

(_70) (_70)
— Q,(z): The automatond®}
19 =@ : (3 e @

(—,0,0) (—,0,0) (—,0,0)

2. ¢ = z < y: The automa-
ton. AL} (assuming: oc- ‘ (—.1,0) . (—.0.1) g
curs beforey in the vari- @. @ @

able ordering) is:
3. p = —: Let Aff be the automaton fap, whereX is the set of free variables
in 1. ThenAY is the intersection of{ ., with the counter-fre€§ T-NFA that

valid

recognizes the complement of the function Ianguaggfg')f(cf. Prop 2.3).

4. p =1V Let Af be the counter-fre8T-NFA for ¢, whereX' is the set of
free variables inj, and letAX" be the counter-fre8T-NFA for v, where X"

is the set of free variables in. Let X = X’ U X". By Prop. 4.1 we obtain
ST-NFA’s A} and.AX. ThenAY is the union of4)f and A}

5. ¢ = Jx1): Let X' be the set of free variables ihso thatX = X' — {z}. Let
Ai " be a counter-fre8T-NFA for . Without loss of generality we can assume
Aﬁ " has no “useless” states (i.e. those which cannot be reacherthe start
state or cannot reach a final state). Now we simply projecyatwacomponent
corresponding ta: in the symbols on the transitions ()tf to obtain the re-
quired counter-fre8T-NFA Aif. Itis easy to see tha@‘ must be counter-free,
since if it had a counter, the counter must contain a tramsitvith a 1 in the
x-component in the origindd T-NFA Af. But then by our assumption on the
structure omf, it would accept non-valik’ models having multiple 1's in the
xz-component.

O

From the above lemma it now follows that for a sentepce FO°(A) we have a
counter-freST-NFA A, such thatF'(¢) = F(A,). In particular, if we are interested
in the alternating function language pf we can conjuncp with the FO°(A) formula

Qatt = V2(0dise = Vaea, Qa(®)) AN @eont = Vaea, Qale))) Which forces models
to be alternating. The resultirfJl-NFA will also be alternating.

Steps (b) to (d) prove that we can go from an arbitrary coudfinee&rST-NFA A
over the partitioned alphabgt;, A, ) to an equivalenFO°(A)-sentencep 4.



Step (b): By Prop. 2.2, for a counter-fré&T-NFA A over (A;, A») we can give a
classical counter-freSFA B such thatl sm (A) = Lgym (B).

Step (c): For a counter-fre®lFA 3, by the McNaughton-Papertresult[10] we can give
anFO(A) formulay, where the logidO(A) is the discrete version &O°(A) defined

in a similar manner t&TL(A), such thatl sy, (1)) = Lsym (B). From Kamp’s result
for discreteLTL [9], we have an equivaledfTL(A) formulad such thatls,m, () =
Lsym (0).

Step (d): For a formulad in LTL(A) we construct a formul&l-itic(d) in LTLS(A)
which is such thaf(1tl-ltlc(8)) = timing(Lsym (6)).

We will use the abbreviatiofy U, 6> to mean that at a point of discontinuit§, T 6"
is true in an untimed sense, and define it to(®g/05) V (01U (Qaise A (62 V (01 A
(02U6-))))). Symmetrically we usé;.S; 6, for (62562) V (0150 gisc A (02 V (61 A
(02565))))).

The translatioriti-ltic is defined as follows (we usgfor iti-itic(n) for brevity):
Itl-1tle(a) = a.

1t1-Itlc(—6;) = —f.
ltl—ltlc(01 \Y 02) = 01 V 02.
ltl-ltlc(01U02) = (Odisc = (01 Uy 02)) A

(0contA:> (?\cont U(edisc A (/0\2 V (0/\1 A (/0\1 Ud /0\2))))))
ltl-ltlc(01502) = (Odisc = (015d 02)) A
(0cont = (0cont S(edisc A (02 V (01 A (elsd 02))))))

Lemma 4.2 Let § be anLTL(A) formula. Letw be a canonical word ind*. Let
f € timing(w) with a canonical interval representatidiag, Ip) - - - (asn, I2,). Then
foralli € {0,---,2n}andforallt € I;, we havav,i = 0 < f,t |= lti-ltlc(F). O

From the above lemma it follows that(l¢l-ltic(0)) = timing(Lsym (6)).

Step (e): Using Kamp’s theorem [9] for a givehTL (A) formulad we can give an
equivalenffO°(A) formulay such thatF(@) = F(p).

To summarize this direction of the proof: given a countee8T-NFA A over
(Aq, Ay) by steps (b) and (c) we have &TL(A) formula#d such thatL,,,(A) =
Lsym (0). By steps (c) and (d) we have BO°(A) formulay 4 such thatiming(L sy, (6)) =
F(pa). Itfollows thatF(A) = F(p.4). Further, by the alternating nature of the sym-
bolic language o4 it follows that the function models and alternating funotinodels
of ¢ 4 are the same.

This completes the proof of Theorem 4.1. |

5 Counter-free CIDA’s and TFO¢

We can now prove the main result of this paper which is a gémbacterization
of timed first-order definable languages (again, for a nafurst-order logic based on
input-determined operators) via counter-fi@eA’s.

We recall the definition of theontinuous timed first-order logicl'FO°) based on
(X, Op) from [3]. The syntax of the logifFO° (X, Op) is given by:

¢ = Qa(x) | AT () |z <yl | (p V)| Tz,



wherea € ¥, A € Op, I € Iy, ,, andz andy are first-order variables.

The logic is interpreted over timed words RX*, in a way similar to the logic
FO°. Given a formulap € TFO°(X, Op), a timed words = (ay,t1) - - (an,ty,) iN
TX*, and an interpretatiohwith respect tar, which maps a first order variabteto
t € [0, dur(o)], we sayo, 1 = Q,(z) iff 3i : a; = a, andt; = I(z); 0,1 E Al(2)
ifft A(o,I(z))N I # B; and the rest of the cases are similar to that of the 16§i¢
defined in the previous section. For a sentepoe TFO°(X, Op), the timed language
defined byy, denoted.(yp), is defined to bdo € TY* |0 |= ¢}.

Theorem 5.1 Let ¥ be an alphabet andp a set of finitely varying input-determined
operators oveiX. A timed languagd. C TY* is definable by alFO°(X, Op) sen-
tence iff it is definable by &FCIDA over (X, Op).

Proof We first show how to go
from TFO° to CFCIDA. Thm. 4.1

The route we take is shown CROIDAE, Op) s @ ronn
in the figure alongside: tfo-fo [3]
%)
TFO°(%, Op)

Let ¢ be aTFO°(X, Op) sentence. Then there is a proper symbolic alphabet
(T'1,Ty) over(X, Op) and aFO°(T'y U I'y) sentencep such thatL(p) = tw(F(p)).
The symbolic alphabefl";, T;) is based on the set of guardd’|A’(z) is a sub-
formula of p}. The formulay is then obtained fromp by replacing each),(x)
bY V(a.nyer Qo (@) and AT (z) by V(. 4yer arep Qe (@) V Vier,ares, @n(®),
wherel’ = T'y U Ty, and taking its conjunction witlys.,,, which is satisfied by func-
tions whose untimings are fully canonical proper words.

From Theorem 4.1, we have a counter-fle-NFA A5 over (I';,I's) such that
F(Az) = F(9). By construction ofp it follows that.4; is a fully canonical proper
CIDA over(Z, Op), and hence &FCIDA over(X, Op). SinceL(Aj) = tw(F(Az)) =
tw(F(p)) = L(yp), we are done.

Thm. 4.1
CFCIDA(E, Op) FO°(T)
. . YA
In the converse direction, fotfo
the route we follow is: oo
oA
TFO*(E, Op)

Let A be aCFCIDA over (X, Op). Thus A is a counter-fre§T-NFA over a
proper alphabefl’;,T'») based onX, Op), which accepts a fully canonical function
language. By Theorem 4.1 we hav&’®°(T") sentencep 4 (wherel' = Ty U T'),
such thatF'(p.4) = F(A). We now use the translatigi-ifo from [3] which simply
“unpacks” a formulap in FO“(T") to a formulap in TFO(X, Op) such thatl(p) =
tw(F (p)). Thus we takes 4 to befo-tfo(p.4), and we have that(A) = tw(F(A))

tw(F(pa)) = L(@a)-

o

6 Counter-free RecursiveCIDA’s

Our aim is now to extend the counter-free characterizatidéinst-order definable timed
languages to “recursive” (or “hierarchical”) first-ordegic and CIDA’s. This will
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give us a counter-fre€IDA characterization for many of the timed temporal logics
defined in the literature, including TL¢ andMITL.

We begin with a few preliminaries, mostly from [3]. #oating timed wordover
¥ is a pair(o,t), wheres in TS* andt € [0, dur(o)]. We denote the set of floating
timed words ovek by FTx*. We will represent a floating word ov&ras timed word
over the alphabeX’ = (£ U {e}) x {0,1}. For a timed word:' overX’, let o denote
the timed word obtained from’ by projecting away thé0, 1} component from each
pair and then dropping anys in the resulting word. Then a timed woed over ¥’
which contains exactly one symbol froft U {¢}) x {1}, and whose last symbol is
from ¥ x {0, 1}, represents the floating timed wofdl, t), wheret is the time of the
unique action which has Bextension. We uséw to denote the (partial) map which
given a timed words’ over X’ returns the floating wordo, ¢) represented by it, and
extend it to apply to timed languages ov&rin the natural way.

LetY be an alphabetandp be a set of input determined operators. Giveg Op,
we use the notatio’ for the operator ovet’ with the semantica\’ (o', t) = A(o, t).
We use the notatio@p’ to denote the sefA’ | A € Op}. We now define dloating
CIDA over (X, Op) to be aCIDA over (X', Op'). We define the floating language of
a floatingCIDA B, denoted/ (B), asfw (L(B)).

A recursiveinput-determined operatak over an alphabeX is a partial function
from (277" x TE* x Rsg) to 220, which is defined for tuple§M, o, t) where M
is a floating language ovet, o € T¥*, andt € [0, dur(o)]. Thus, given a floating
languagéel/, we obtain an input-determined operafog, whose semantics is given by
A (o,t) = A(M, 0,t). ForafloatingCIDA B, we write A for the operatol 143, .

We call a floating languag#&/ over ¥ finitely varying, if for each timed word,
the characteristic function of the seis(M, o) = {t | (0,t) € M} is finitely varying
in [0, dur(o)]. We say a recursive operatdr is finitely varyingif for every finitely
varying floating languag@/, the operaton\ y; is finitely varying.

We are now ready to define the recursive version of OliDA’'s. We define the
class ofrecursive CIDA’s (rec-CIDA’s), and the class ofecursive floatingCIDA’s
(frec-CIDA’s) over an alphabef and a set of recursive operatdisp based orE, as
the union overi € N, of level4 rec-CIDA’s over (X, Rop) and leveli frec-CIDA’s
over (X, Rop), which are defined inductively below:

e Alevel-0 rec-CIDA over(X, Rop) is aCIDA A overX. that uses only the guard
T. It accepts the timed language accepteddoyiewed as aCIDA —i.e. L(A).
A level-0 frec-CIDA over (X, Rop) is a floatingCIDA B over X which uses
only the guardT. It accepts the floating languadé (B) (i.e by viewing it as a
floating CIDA overy).

e Alevel-i + 1 rec-CIDA over(X, Rop) is aCIDA A overX and finite set of op-
eratorsOp of the formApg, whereA € Rop andB is a levels or lessfrec- CIDA
over (X, Rop). We require thatd uses at least one operator of the fafyg wit
B alevels frec-CIDA. The timed languagé(.A) accepted by4 is defined to
be the timed language accepted.byiewed as eCIDA over (%, Op).

Alevel-i + 1 frec-CIDA over (X, Rop) is a floatingCIDA B overX: and finite
set of operator®)p of the formA¢, whereA € Rop andC is a leveli or less
frec-CIDA over (X, Rop). We require thaf3 uses at least one operator of the
form Ac wit C a levels frec- CIDA. The floating languagg” (B) accepted by3

is defined to be the floating language acceptedlwewed as a floating’IDA
over (X, Op).
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We now define the counter-free versions of these automatadwgction on the
level in which they occur. A level-rec-CIDA (respectivelyfrec-CIDA) is counter-
freeifthe underlyingT-NFA is counter-free. Alevel+1 rec- CIDA (resp.frec- CIDA)
is counter-free if it only uses operators of the forky where 5 is a counter-free
frec-CIDA of level-i or less, and the underlyifii-NFA is counter-free.

We extend these definitions to propee- CIDA’s andfrec- CIDA'’s in the obvious
way. We define the class of counter-fr@e- CIDA languages overX, Rop), denoted
rec-CFIDA(X, Rop), to be the class of timed languages definable by counteftflige
canonical properec- CIDA’s over (X, Rop).

We now introduce the recursive version 8F0°. Given an alphabet and a
set of recursive operatof®op, the set of formulas ofec- TFO(X, Rop) are defined
inductively as:¢ ::= Q,.() | Ai(x) |z < y|-p|leVe|Irp, wherea € £, A €
Rop, I € Iy, andy is arec-TFO° formula with a single free variable. The
rec- TFO° formulas are interpreted similar BBFO° formulas where the operatdy,,
is defined byA, (o,t) = A(L(¢),0,t) and L (y) = {(o,t)|0,[t/2] E ¥} A
rec-TMSO® (X, Rop) sentence defines the language(y) = {0 € TY* |0 E ¢}.

Using a similar technique to the proof of Theorem 5.1 we camghatrec- TFO°-
definable andec- CFIDA-definable languages are the same:

Theorem 6.1 LetX. be an alphabet an®op be a set of finitely-varying recursive oper-
ators based oX.. Then atimed language C TX.* is definable by aec- TFO° (X, Rop)
sentence iff it is definable byrac- CFIDA over (X, Rop).

We recall the definition of the recursive timed temporal tolgased or(X, Rop)
from [3], denotedrec-TLTL (X, Rop). The syntax of the logic is given by

6 ::=a|A]|(BUB) | (8S) | -6 | (8 V),

wherea € X, A € Rop andI € Ig,,. The logic is interpreted over timed words
in a manner similar tr'LTL®, where the operatody is defined byAy(o,t) =
A(L(8),0,t), and L () = {(0,t)| o,t |= 6}. From [3] we know that:

Theorem 6.2 ([3]) Let £ be an alphabet andop be a set of finitely-varying recur-
sive operators based oR. Then a timed languagé C TX* is definable by a
rec-TFO(Z, Rop) sentence iff it is definable byrac-TLTL (X, Rop) formula. O

Putting Theorems 6.1 and 6.2 together we obtain counterdi®A characteriza-
tions for many timed temporal logics based on input-deteettioperators, proposed
in the literature. In particular we obtain a counter-fi@EDA characterization for the
logic MTL* (with past operators). Recall that the syntax of the IQdIEL" (X) is

0 = a| (OU16) | (0S18) | -0 (8 V 6),

wherea € ¥ and! € Zg.,. The logic is interpreted over timed words ", and the
modalitiesUr (and symmetrically57) is as follows:

ot EQUMm ff ' >t:t'—tel,ot En andVi":t <t" <t 0,t" =0

We recall thaM TL° was shown to be expressively equivalent to the logie TLTL (X, {<, ©})
in [3], where the recursive operatatsand<¢are defined a (M, o,t) = {t' —t|t' >
t,t € pos(M,o)} andHAM,o,t) = {t —t'|t' <t,t € pos(M,o)}. Thus we have:
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Theorem 6.3 The class of timed languages definabl&BYL“(X) andrec- CFIDA(X, {<©, ©})
are the same.

Restricting to non-singular intervals we obtain a simiksult for the logidMITL [1].

7 Ultimate stability of MTL®

In section 6 we showed that eveéW{T' ¢ language is recognized by a recursive counter-
free CIDA. We will now use this characterization to show thiémate stabilityof
MTL¢ with respect to periodic sequences of timed words. In thii@e we assume
thatY is an alphabet anffop a set of finitely-varying recursive operators.

A periodic sequencef timed words(s;) is of the formuw, uvw, uv?w, - - - for
some timed words, v andw in TY*. We represen{o;) above via the tripléu, v, w).
A language of timed wordé C T'X* is said to beaultimately stablew.r.t. a periodic
sequencéo;) if there existg, € N such that eitheYi > ig, 0; € LorVi > iy, 0; ¢
L. The languagd. is said to beultimately stablef it is ultimately stable w.r.t. all
periodic sequences of timed words.

Theorem 7.1 Lety be anMTL* formula. Then(y) is ultimately stable.

The rest of this section is devoted to the proof of the abogerttm. By theorem
6.3 we just need to show that all languages recognizeckdCFIDA are ultimately
stable.

We first introduce the concept of middle zone: it represdmsset of time points
“in the middle” of a timed word. Amiddle zones a coupleZ = (I,r) with [,r € R.
Given a timed wordy we defineZ (w) = (I, dur(w) — r).

l Z(o) r

-~

[ L5 14
r TS T

Figure 1: A middle zone

A floating languagd., C TX* x R is said to bewell-behavedw.r.t. a periodic
sequencéo;) = (u,v,w) if there exist a middle zong and an index, such that the
following conditions hold:

ViVi' > iVt € Z(o;), (0i,t) € L & (04, + dur(v)) € Land 1)
(0i,t) € L & (04,t) € L.

Vi>igVi' > iVt <, (04,t) € L & (04,t) € L. 2

Vi >ig Vi' > iVt <r, (i, dur(o;) —t) € L& (0, dur(oy) —t) € L. (3)

A floating languagd. is said to bewell-behavedf it is well-behavedv.r.t. all pe-
riodic sequences. Note that a guaxd defines a floating language given bip, ) |
o,t = AT}. We say that a floating FCIDA (resp. a guard) iwell-behaved.r.t. a pe-
riodic sequence if its associated language is. Similarlgayethat a floating’FCIDA
(resp. a guard) iell-behavedf its associated language is.

Given a proper symbolic alphabEtand a timed wordr we notey! the unique
symbolic wordy € T'* such that € tw(vy).
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Lemma 7.1 LetG be afinite set of guards aridbe a proper symbolic alphabet over
(X, Rop) based onGG. Let(o;) be a periodic sequence. If for gl € G, g is well-
behaved w.r.t{s;) then there exists an integéy and~y,v2,73 € I'* such that for all
P> 00, Y0, =M% s O

Note that this lemma shows that if for glle G, g is well-behaved w.r.t{c;) then
any floating automaton based 6his well-behaved w.r.t{o;).

Lemma 7.2 Let B be a proper canonical fCFIDA ovel, Rop) and I an interval. If
B is well-behaved, then the guardd, and ¢4, are also well-behaved.

Proof Let (0;) = (u,v,w) a periodic sequence, we show thal; is well-behaved
w.r.t. (o;), the case of% is similar. We have to show that there exists a middle zone
Z = (I,r) and an index, such that:

ViVi' > iVt € Z(0;) oi,t = Ok & o4t + dur(v) = Of and
oit | O & ou,t = OF.

Vi>igVi' > iVt <lot = O & op,t = Ok )

Vi > i Vi' > iVt < 1oy, dur(o;) —t |E Ok & oy, dur(op) —t = Ok (3)

1)

B is well-behaved by hypothesis. L&k = (I, r5) be the middle zone faB. Let
M be a real greater than the boundd oiVe defineZ = (Ip,rs + M + dur(v)).

Ip Z > M + dur(v) TB

14
T

K

Figure 2: Choice o¥/

Leti, ¢ be such that € Z(o;) and suppose;,t = 0{3. We show thatr;, ¢t +
dur(v) = O (other direction is similar).

We have thaBt; > t with (0;,t,) € L#(B) andt; —t € I. We distinguish two
cases:

et € ZB(O'i)
As Bis well-behavedo;, t, + dur(v)) € L (B) and we have that + dur(v) —
(t + dur(v)) = t; —t € I. Thuso;, t + dur(v) = OF

el
e = N
R aah? . () Am) .
r T T ~ /1 T 1

‘ ‘ ~ —

el
o t1 ¢ Z5(07)
Thent, —t > M, so necessarily = (¢,+o00) orI = [¢,+00). ASt; — (¢t +
dur(v)) > M, 04, t + dur(v) E L.

of ah? LA(B)




A similar reasoning shows that/, ¢ |= 0{3.

We now show how to choosig and prove property2) (showing property3) is
similar). We take, € N such that, > ig anddur(Z(y;,)) > M (so that the time of
the middle zone is greater thad for i > iy). Leti > ig,i’ > i,t < [ and suppose
oi,t E OL. Then3t; > t with (04, t1) € L(B) andt, — t € I. We distinguish two
cases:

e ity < dur(o;) —r
As Bis well-behavedoy, t,) € Lf'(B) and sao;r, t |= O%

o t1 > dur(o;) —r
Thent; —t > M and necessarily = (¢, +o00) or I = [¢, +00).
Sett| = dur(o;) — t1. (04, dur(o;) — t}) € L(B) so asB is well-behaved
(o4, dur(oy) —t,) € L' (B). Moreover(dur (o) —th) —t > (dur(o;) —t}) —
t=t; —t > M thusoy,t |= OFk. =

Returning to the proof of theorem 7.1: |Btbe recognized by somec-CFIDA
A and(c;) be a periodic sequence. LEtbe the proper symbolic alphabet df by
lemma 7.1 and 7.2 there exists an integeand-y; , v», v3 € ['* such that for alf > i,
L = Y174 ~3. Letn be the number of states gf. v, cannot be a counter fot so
for i greater than, + n, the run of4 ono; ends in the same state. Thluss ultimately
stable w.r.t.(o;). a

We justify here why CFCIDA’s were defined to
include only fully canonical proper words. Had
we allowed words which are not fully canonical,

CFCIDA’s would not have been equivalentTdO°. @D
Alongside is a prope€IDA which is not fully canon-

ical but the underlyingT-NFA is counter-free. It ac- \XT) /
cepts the timed languadg consisting of timed words

with even number ofi’s. This language is not ul-
timately stable with respect to the periodic sequence
(¢, (a,1),¢), and hence is not definable MTL® and
therefore not definable ITFO“({a}, {<4}).

We also note that, unlike classical'L, ultimate sta-
bility of a rec-CIDA(<, ©) language is not a suffi-
cient condition forMTL¢ recognizability. Consider
the timed languagé, consisting of timed words end¥"!
ing with ana at time1 and having even number 6%

in the interval(0, 1). This language is recognized by
a rec-CIDA over {<&}. However it can be shown to
be inexpressible IMTL¢ and hence not recognized
by arec-CFIDA over{<}. Nevertheless it is trivially
ultimately stable.

U(0, 9

9

The Venn diagram alongside shows the different classemeftianguages.

References

[1] Rajeev Alur, Tomas Feder, and Thomas A. Henzinger. Teediits of Relaxing
Punctuality.Journal of the ACM43(1):116-146, 1996.

15



[2] Rajeev Alur, Limor Fix, and Thomas A. Henzinger. A Deténimable Class of
Timed Automata. In David L. Dill, editoiCAV, volume 818 ofLecture Notes in
Computer Scieng@ages 1-13. Springer, 1994.

[3] Fabrice Chevalier, Deepak D’Souza, and Pavithra Praéak On continuous
timed automata with input-determined guards. In NaveergGad S. Arun-
Kumar, editors FSTTCSvolume 4337 ofLecture Notes in Computer Science
pages 369—-380, Kolkata, India, December 2006. Springer.

[4] Fabrice Chevalier, Deepak D'Souza, and Pavithra PrgdahaOn continuous
timed automata with input-determined guards. TechnicaldrRdISc-CSA-TR-
2006-7, Indian Institute of Science, Bangalore 560012ianéline 2006. URL:
http://archive.csa.iisc.ernet.in/ TR 2006/ 7/.

[5] Fabrice Chevalier, Deepak D’'Souza, and Pavithra Prgnha Counter-free
input-determined timed automata. Technical Report ISAR-2007-1, In-
dian Institute of Science, Bangalore 560012, India, Jan@&07. URL:
http://archive.csa.iisc.ernet.in/ TR 2007/1/.

[6] Deepak D’'Souza and M. Raj Mohan. Eventual Timed Automala R. Ra-
manujam and Sandeep Sen, editéiSTTCSvolume 3821 ol ecture Notes in
Computer Scieng@ages 322—334. Springer, 2005.

[7] Deepak D’'Souza and Nicolas Tabareau. On timed automatia wput-
determined guards. In Yassine Lakhnech and Sergio Yovidiors, FOR-
MATS/FTRTFTvolume 3253 olecture Notes in Computer Scienpages 68—
83. Springer, 2004.

[8] Thomas A. Henzinger, Jean-Francois Raskin, and R¥ves Schobbens. The
Regular Real-Time Languages. In Kim Guldstrand LarsennhSkeyum, and
Glynn Winskel, editorsiCALP, volume 1443 ot ecture Notes in Computer Sci-
ence pages 580-591. Springer, 1998.

[9] Johan Anthony Willem KampTense Logic and the Theory of Linear Ord&hD
thesis, University of California, Los Angeles, Californi268.

[10] Robert McNaughton and Seymour PapéZbunter-Free AutomataMIT Press,
Cambridge, MA, 1971.

[11] Joél Ouaknine and James Worrell. On the Decidabifityletric Temporal Logic.
In LICS, pages 188-197. IEEE Computer Society, 2005.

[12] Pavithra Prabhakar and Deepak D’'Souza. On the Expesssss of MTL with
Past Operators. In Eugene Asarin and Patricia Bouyer, rsdR®@RMATS vol-
ume 4202 of_ecture Notes in Computer Scienpages 322-336. Springer, 2006.

[13] Jean-Francois Raskin and Pierre-Yves Schobbens. loie of event clocks:
decidability, complexity and expressivenessitomatica4(3):247-282, 1999.

16



