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Abstract— This paper presents a decidable characterization of
tree languages that can be defined by a boolean combination
of Σ1 formulas. This is a tree extension of the Simon theorem,
which says that a string language can be defined by a boolean
combination of Σ1 formulas if and only if its syntactic monoid
is J-trivial.

I. I NTRODUCTION

Logics for expressing properties of labeled trees and forests
figure importantly in several different areas of Computer
Science. Research devoted to understanding and comparing
the expressive power of such logics has raised a number of
important questions that remain open: For instance, we do not
possess an effective characterization of the properties oftrees
definable in first-order logic using a binary predicate< that
expresses the ancestor relation, nor of the properties definable
in various temporal logics, such as CTL, CTL* or PDL.

In the case of logics for defining properties ofwords,such
questions have been studied very successfully by applying
ideas from algebra: A property of words over a finite alphabet
A defines a set of words, that is a languageL ⊆ A∗. As long
as the logic in question is no more expressive than monadic
second-order logic,L is a regular language, and definability
in the logic often boils down to verifying a property of the
syntactic monoidof L (the transition monoid of the minimal
automaton ofL). This approach dates back to the work of
McNaughton and Papert [4] on first-order logic over< (where
< denotes the usual linear ordering of positions within a
word). A comprehensive survey, treating many extensions and
restirictions of first-order logic, is given by Straubing [7].
Thérien and Wilke [10], [9], [8] similarly study temporal logics
over words.

An important early discovery in this vein, due to I. Si-
mon [5], treats word languages definable in first-order logic
over < with low quantifier complexity: A word language
is definable by a boolean combination ofΣ1-sentences over
< if and only its syntactic monoidM is J -trivial . This
means that for allm, m′ ∈ M, if MmM = Mm′M, then
m = m′. (In other words, distinct elements generate distinct
two-sided semigroup ideals.) Thus one can effectively decide,
given an automaton forL, whetherL is definable by such
a sentence. (Simon did not discuss logicper se, but used
piecewise testable languages, which are exactly those definable
by boolean combinations ofΣ1-sentences.)

There has been some recent success in extending these
methods to trees and forests. (We work here with unranked
trees and forests, and not binary or ranked ones, since we
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believe that the definitions and proofs are cleaner in this
setting.) The algebra is more complicated, because there are
two multiplicative structures associated with trees and forests,
both horizontal and a vertical concatenation. Benedikt and
Segoufin [1] use these ideas to effectively characterize sets
of trees definable by first-order logic with the parent-child
relation. Bojánczyk [2] gives a characterization of properties
definable in a temporal logic with unary ancestor and de-
scendant operators. Bojańczyk and Walukiewicz [3] present
the general theory of the ‘forest algebras’ that underlie these
studies.

In the present paper we continue this line of inquiry, and
provide a further illustration of the utility of these algebraic
methods, by generalizing the theorem of Simon cited above.
That is, we give necessary and sufficient conditions for a set
L of unranked forests to be definable by a boolean combi-
nation ofΣ1-sentences (we consider various combinations of
predicates, each with different conditions). These conditions
are formulated as a collection of identities on the syntactic
forest algebra ofL, and thus are effectively verifiable if we
have a tree automaton forL. We further generalize this result
to the logic that includes a ternary ‘closest common ancestor’
relation. While we have to some extent drawn on Simon’s
original argument, the added complexity of the tree setting
makes both formulating the correct condition and generalizing
the proof quite nontrivial.

II. N OTATION

Trees, forests and contexts:In this paper we work with
finite unranked ordered trees and forests over a finite alphabet
A. Formally, these are expressions defined inductively as
follows: If s is a forest anda ∈ A, then as is a tree. If
t1, . . . , tn is a finite sequence of trees, thent1 + · · · + tn is
a forest. This applies as well to the empty sequence of trees,
which thus gives rise to theempty forest,denoted 0 (and which
provides a place for the induction to start). Forests and trees
alike will be denoted by the letterss, t, u, . . .

For example, the forest that we conventionally draw as

b b

ba
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c

c

is the expression

a(a0 + bc0) + b0 + c(a0 + b0) .

Usually we will not write the zeros and denote this forest by

t = a(a + bc) + b + c(a + b) .

A set L of forests overA is called aforest language.



The notions of node, descendant and ancestor relations
between nodes are defined in the usual way. We writex < y

to say thatx is an ancestor ory or, equivalently, thaty is a
descendant ofx. Theclosest common ancestorof two nodes
x, y is a nodez that is the unique node that is a descendant
of all nodes that are ancestors of bothx, y. As our forests are
ordered, each forest induces a natural linear order betweenits
nodes that we call theforest-orderand which corresponds to
the lexicographic order, or the depth-first left-first traversal of
the forest.

If we take a forest and replace one of the leaves by a special
symbol�, we obtain acontext.Contexts will be denoted using
lettersp, q, r. A forests can be substituted in place of the hole
of a contextp; the resulting forest is denoted byps. This is
depicted in the figure below.
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There is a natural composition operation on contexts: the
contextqp is formed by replacing the hole ofq with p. This
operation is associative, and satisfies(pq)s = p(qs) for all
forestss and contextsp andq.

For example, from the forestt given above, we can obtain,
among others, the context

p = a(a + bc) + b + c(� + b) .

If s = (b + ca), then

ps = a(a + bc) + b + c(b + ca + b) .

Piecewise testable languages:We say a forests is an
immediate pieceof a forests′ if s, t can be decomposed as
s = pt ands′ = pqt for some contextsp, q and some forestt.
The reflexive transitive closure of the immediate piece relation
is called thepiecerelation. We writes � t to say thats is a
piece oft. In other words, a piece oft is obtained by removing
nodes fromt.

We extend the notion of piece to contexts. In this case, the
hole must be preserved while removing the nodes:

??

The notions of piece for forests and contexts are related, of
course. For instance, ifp, q are contexts withp � q, then
p0 � q0. Also, conversely, ifs � t, then there are contexts
p � q with s = p0 and t = q0.

A forest languageL over A is called piecewise testable
if there existsn ≥ 0 such that membership oft in L is
determined by the set of pieces oft of sizen or less. The size

of a piece is the size of the forest, i.e. the number of nodes.
Equivalently,L is a finite boolean combination of languages
{t : s � t}, wheres is a forest. Every piecewise testable forest
language is regular, since givenn ≥ 0, a finite automaton can
calculate on inputt the set of pieces oft of size no more
thann.

Logic: Piecewise testability corresponds to definability
in a logic, which we now describe. A forest can be seen as
a logical relational structure. The domain of the structureis
the set of nodes. The signature contains a unary predicate
Pa for each symbola of the label alphabetA, plus possibly
some extra predicates, such as the descendant or lexicographic
orders on nodes. LetΩ be a set of predicates. AΣ1(Ω) formula
is a formula∃x1 · · ·xn γ, where the formulaγ is quantifier
free and uses predicates fromΩ. The predicatesΩ that we
use always include(Pa)a∈Σ and equality, hence we do not
explicitly mention them in the sequel. Initially we will consider
two predicates on nodes: the ancestor orderx < y and the
lexicographic orderx <lex y. Later on, we will see what
happens when the closest common ancestor is added, and the
lexicographic order removed.

A forest languageL can be defined by aΣ1(<, <lex )
formula if and only if it is closed under adding nodes, i.e.

pt ∈ L ⇒ pqt ∈ L

holds for all contextsp, q and forestst. Furthermore, the
above condition can be effectively decided by inspecting a
tree automaton, which can be effectively obtained from any
reasonable representation of the languageL. Far more inter-
esting are the boolean combinations of properties definablein
Σ1(<, <lex ). It is easy to show that:

Proposition 1 A forest language is piecewise testable iff it is
definable by a Boolean combination ofΣ1(<, <lex ) formulas.

But the above result does not give us an effective
characterization of either of the two equivalent descriptions.
Such a characterization is the goal of this paper:

The problem:We want an algorithm deciding if a given
regular forest language is piecewise testable.

As noted earlier, the corresponding problem for words was
solved by Simon, who showed that a word languageL is
piecewise testable if and only if its syntactic monoidM(L) is
J -trivial. Note that one can test if a monoidM is J -trivial
in polynomial time: for eachm 6= m′ ∈ M , one calculates
the idealsMmM andMm′M and then verifies that they are
different. Therefore, it is decidable if a given regular word
language is piecewise testable. We assume that the language
L is given by its syntactic monoid and syntactic morphism,
or by some other representation, such as a finite automaton,
from which these can be effectively computed.

We will show that a similar characterization can be found for
forests; although the characterization will be more involved.
For decidability, it is not important how the input languageis
represented. In this paper, we will represent a forest language
by a morphism into a finite forest algebra that recognizes it.
Forest algebras are described in the next section.
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III. F OREST ALGEBRAS

Forest algebras were introduced by Bojanczyk and
Walukiewicz as an algebraic formalism for studying regular
tree languages [3]. Here we give a brief summary of the
definition of these algebras and their important properties. A
forest algebra consists of a pair(H, V ) of finite monoids,
subject to some additional requirements, which we describe
below. We write the operation inV multiplicatively and the
operation inH additively, althoughH is not assumed to be
commutative. We accordingly denote the identity ofV by �

and that ofH by 0.
We require thatV act on the left ofH. That is, there is a

map
(h, v) 7→ vh ∈ H

such that
w(vh) = (wv)h

for all h ∈ H andv, w ∈ V. We further require that this action
be monoidal,that is,

� · h = h

for all h ∈ H, and that it befaithful1, that is, if vh = wh for
all h ∈ H, thenv = w.

We further require that for everyg ∈ H, V contains
elements(� + g) and (g + �) such that

(� + g)h = h + g, (g + �)h = g + h

for all h ∈ H.

A morphismα : (H1, V1) → (H2, V2) of forest algebras is
actually a pair(γ, δ) of monoid morphisms such thatγ(vh) =
δ(v)γ(h) for all h ∈ H, v ∈ V. However, we will abuse
notation slightly and denote both component maps byα.

Let A be a finite alphabet, and let us denote byHA the
set of forests overA, and byVA the set of contexts overA.

Clearly HA forms a monoid under+, VA forms a monoid
under composition of contexts (the identity element is the
empty context�), and substitution of a forest into a context
defines a left action ofVA on HA. It is straightforward to
verify that this action makes(HA, VA) into a forest algebra,
which we denoteA∆. If (H, V ) is a forest algebra, then every
mapf from A to V has a unique extension to a forest algebra
morphismα : A∆ → (H, V ) such thatα(a�) = f(a) for all
a ∈ A. In view of this universal property, we callA∆ the free
forest algebraon A.

We say that a forest algebra(H, V ) recognizesa forest
languageL ⊆ HA if there is a morphismα : A∆ → (H, V )
and a subsetX of H such thatL = α−1(X). We also say
that the morphismα recognizesL. It is easy to show that a
forest language is regular if and only if it is recognized by a
finite forest algebra.

Given any finite monoidM , there is a numberω(M)
(denoted byω when M is understood from the context)
such that for each elementx of M , xω is an idempotent:
xω = xωxω. Therefore for any forest algebra(H, V ) and any

1The faithful property is not important for this paper but is important for
the general variety theory of forest algebra.

elementu of V and g of H we will write uω and ω(g) for
the corresponding idempotents.

GivenL ⊆ HA we define an equivalence relation∼L onHA

by settings ∼L s′ if and only if for every contextx ∈ VA, xs

andxs′ are either both inL or both outside ofL. We further
define an equivalence relation onVA, also denoted∼L, by
x ∼L x′ if for all s ∈ HA, xs ∼L x′s. This pair of equivalence
relations defines a congruence of forest algebras onA∆. The
quotient(HL, VL) is called thesyntactic forest algebraof L.

The projection morphism ofA∆ onto (HL, VL) is deonoted
αL and called thesyntactic morphismof L. αL recognizesL,

and if α : A∆ → (H, V ) is any other morphism recognizing
L, then αL factors throughα; that is, there is a morphism
β : (H, V ) → (HL, VL) such thatβα = αL.

IV. PIECEWISE TESTABLE LANGUAGES WITHOUT THE

CLOSESTCOMMON ANCESTORRELATION

The main result in this paper is a characterization of
piecewise testable languages. Recall that in Section II, we
defined the piece relation for contexts in the free forest algebra.
We now extend this definition to an arbitrary forest algebra
(H, V ). The general idea is that a contextv ∈ V is a piece of
a contextw ∈ V , denoted byv � w, if one can construct a
term (using elements ofH andV ) which evaluates tow, and
then take out some parts of this term to getv. A more formal
definition will be given later in this section.

Our characterization is:

Theorem 2 A forest language is piecewise testable if and only
if its syntactic algebra satisfies the identity

uωv = uω = vuω (1)

for all u, v ∈ VL such thatv � u.

The identity (1) is illustrated in Figure 1.
Before we prove the theorem, we would like to show how

it relates to the characterization of piecewise testable word
languages given by Simon.

Let M be a monoid. Form, n ∈ M , we writem ⊑ n if m

is a—not necessarily connected—subword ofn, i.e. there are
elementsn1, . . . , n2k+1 ∈ M such that

n = n1 · · ·n2kn2k+1 m = n2n4 · · ·n2k .

We claim that, using this relation, the word characterization
can be written in a manner identical to Theorem 2:

Theorem 3 A word language is piecewise testable if and only
if its syntactic monoid satisfies the identity

nωm = nω = mnω for m ⊑ n . (2)

Proof
Recall that Simon’s theorem says a word language is piecewise
testable if and only if its syntactic monoid isJ -trivial.
Therefore, we need to showJ -triviality is equivalent to (2).
We use an identity known to be equivalent toJ -triviality:

(nm)ωn = (nm)ω = m(nm)ω . (3)
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Fig. 1. The identityuω = u
ω

v, with v � u. The grey nodes are fromv.

Since the above identity is an immediate consequence of (2),
it suffices to derive (2) from the above. We only shownωm =
nω. As we assumem ⊑ n, there are decompositions

n = n1 · · ·n2kn2k+1 m = n2n4 · · ·n2k .

By induction oni, we show

nωni = nω ,

The result then follows immediately. The basei = 0, is imme-
diate. In the induction step, we use the induction assumption
to get:

nωn1 · · ·ni−1 = nω .

By applying (3), we have

nω = nωn1 · · ·ni

and therefore

nω = nωni .

�

Note that since the vertical monoidV in a forest algebra is
a monoid, it would make syntactic sense to have the relation
⊑ instead of� in Theorem 2. Unfortunately, the “if” part of
such a statement would be false. That is why we need to have
a different relation� on the vertical monoid, whose definition
involves all parts of a forest algebra, and not just composition
in the vertical monoid.

In Section IV-A, we give a precise definition of the�
relation that is used in (1). We will also show that in a
given finite forest algebra,� can be computed in polynomial
time; an important corollary is that one can decide if a forest

language is piecewise testable. Then, in Sections IV-B and IV-
C, we prove both implications of Theorem 2. Finally, in
Section IV-E, we give an equivalent statement of Theorem 2,
where the relation� is not used.

A. The piece relation in a forest algebra

Definition 4 Let (H, V ) be a forest algebra. We sayv ∈ V

is a pieceof w ∈ V , denoted byv � w, if α(p) = v and
α(q) = w hold for some morphism

α : A∆ → (H, V )

and some contextsp � q overA. The relation� is extended to
H by settingg � h if g = v0 andh = w0 for some contexts
v � w.

As we will see in the proof of Lemma 5, in the above
definition, we can replace the term “some morphism” by
“any surjective morphism”. The following example shows that
although the piece relation is transitive in the free algebra A∆,
it may no longer be so in a finite forest algebra.

Example: Consider the syntactic algebra of the language
{abcd}, which contains only one forest, which in turn has just
one path, labeled byabcd. The context part of the syntactic
algebra has twelve elements: an error element∞, and one
element for each infix ofabcd. We have

a � aa = ∞ = bd � bcd

but we do not havea � bcd.

We will now show that in a finite forest algebra, one
can compute the relation� in polynomial time. The idea
is to use a different but equivalent definition. LetR be the
smallest relation onV that satisfies the following rules, for all
v, v′, w, w′ ∈ V :

� R v

v R v

vw R v′w′ if v R v′ andw R w′

� + v0 R � + v′0 if v R v′

v0 + � R v′0 + � if v R v′

Lemma 5 The relationsR and� are the same.

In any finite algebra, the relationR can be computed by
applying the rules until no new relations can be added. This
gives the following corollary:

Corollary 6 In any given forest algebra, the relation� on
contexts (also on forests) can be calculated in polynomial time.

Proof (of Lemma 5)
We first show the inclusion ofR in �. Let α : A∆ → (H, V )
be any surjective morphism. By induction on the number of
steps used to derivev R w, one produces contextsp � q with
α(p) = v andα(q) = w. In particular, this proves the remark
above that the term “some morphism” can be replaced by “any
surjective morphism”.
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For the inclusion of� in R, we show thatα(p) R α(q)
holds for all contextsp � q. The proof is by induction on the
size ofp:

• If p is the empty context, then the result follows thanks
to the first rule in the definition ofR. If p consists of a
single lettera and the hole below, then we use the first
three rules.

• If there is a decompositionp = p1p2 wherep1 andp2 are
not empty contexts, then there must be a decomposition
q = q1q2 with p1 � q1 and p2 � q2. The existence
of such a decomposition is proved by induction on the
size ofp1. Thenα(p) � α(q) follows from the induction
assumption by using the third rule.

• p = s+�. We can assume thats is a tree, since otherwise
the contextp can be decomposed as(s1 + �)(s2 + �).
Sinces is a tree, it can be decomposed asap′0, with a

being a context with a single letter and the hole below and
p′ a context smaller thanp. By inspecting the definition
of �, there must be some decompositionq = q0(aq′0 +
q1) or q = q0(q1 + aq′0), with p′ � q′. By induction
assumption,α(p′) R α(q′). From this the result follows
by applying rules three, four and five.

�

Corollary 7 It is decidable if a forest language is piecewise
testable.

Proof
We assume the language is given by its syntactic forest
algebra, which can be computed in polynomial time from
any recognizing forest algebra. The new equations can easily
be verified in polynomial time by enumerating all possible
elements ofHL, VL. �

The above procedure gives an exponential upper bound for
the complexity in case the language is represented by a deter-
ministic or even nondeterministic automaton, since there is an
exponential translation from automata into forest algebras. We
do not know if this upper bound is optimal. In contrast, for
languages of words, when the input language is represented
by a deterministic automaton, there is a polynomial-time
algorithm for determining piecewise testability [6].

B. Correctness of the identities

In this section we show the easy implication in Theorem 2.

Proposition 8 If a language is piecewise testable, then its
syntactic algebra satisfies identity (1).

We will use the following simple fact:

Fact 9 If p � q are contexts andt is a forest, thenpt � qt.

Proof (of Proposition 8)
Fix a languageL that is piecewise testable and letn be such
that membership oft in L only depends on the pieces oft

with at mostn nodes.

We only show the first part of the identity, i.e.

uωv = uω for v � u

Fix v � u as above. By definition ofω, we can write the
equation as an implication: fork ∈ N, if uk = uk · uk then
uk · v = uk. Let k be as above. Letp � q be contexts that are
mapped tov and u respectively by the syntactic morphism.
By unraveling the definition of syntactic algebra, we need to
show that

rqkpt ∈ L iff rqkt ∈ L

holds for any contextr and forestt. Consider now the forests

rqikt rqikpt for i ∈ N .

Thanks to Fact 9, we get

rqikt � rqikpt � rq(i+1)kpt

Therefore, for sufficiently largei, the two forests haverqikt

and rqikpt have the same pieces of sizen, and either both
belong toL, or both are outsideL. However, sinceαL(qk) =
αL(qkqk), we have

rqikt ∈ L iff rqkt ∈ L

rqikpt ∈ L iff rqkpt ∈ L ,

which gives the desired result.�

C. Completeness of the equations

This section, as well as the next Section IV-D, is devoted
to showing completeness of the equations: an algebra that sat-
isfies identity (1) in Theorem 2 can only recognize piecewise
testable languages. We fix an alphabetA, and a forest language
L over this alphabet, whose syntactic forest algebra(HL, VL)
satisfies the identity. We will writeα rather thanαL to denote
the syntactic morphism, and sometimes use the term “type of
s” for the imageα(s) (likewise for contexts).

We write s ∼n t if the two forestss, t have the same
pieces of sizen. Likewise for contexts. The completeness
proof follows from the following two results.

Lemma 10 Let n ∈ N. For k sufficiently large, if two forests
satisfys ∼k s′, then they have a common piecet in the same
∼n class, i.e.

t � s t � s′ t ∼n s t ∼n s′ .

Proposition 11 For n sufficiently large,pat ∼n pt entails
α(pat) = α(pt).

The completeness part of Theorem 2 clearly follows from
the above two results. Indeed, taken as in Proposition 11,
and then apply Lemma 10 to thisn, yielding k. We show
that s ∼k s′ implies s ∈ L ⇐⇒ s′ ∈ L, which immediately
shows thatL is piecewise testable, by inspecting pieces of size
k. Indeed, assumes ∼k s′, and lett be their common piece
as in Lemma 10. Sincet is a piece ofs with the same pieces
of size n, it can be obtained froms by a sequence of steps
where a single letter is removed without affecting the∼n-class.
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Each such step preserves the type thanks to Proposition 11.
Applying the same argument tos′, we get

α(s) = α(t) = α(s′) ,

which gives the desired conclusion.
We begin by showing Lemma 10, and then the rest of this

section is devoted to proving Proposition 11, the more involved
of the two results.

We begin with the following simple observation.

Fact 12 Let K be a regular language. There is some constant
k, such that everyt ∈ K contains a pieces ∈ K of size at
mostk.

Proof
When applying a pumping argument tot, we get a piece.�

We are now ready to prove Lemma 10. Fixn ∈ N. Notice
that each∼n class is a regular language and∼n has finitely
many classes. We claim the lemma holds fork the maximum
of n and the numbers obtained by Fact 12 for each class of
∼n. Indeed, take any two forestss ∼k s′. Let t be the piece
of s of size at mostk with s ∼n t, as given by Fact 12. Since
s ∼k s′, the forestt is also a piece ofs′. Furthermore since
∼k implies ∼n (by k ≥ n), we get s′ ∼n s ∼n t, which
implies s′ ∼n t by transitivity of∼n.

D. Fractals

We now show Proposition 11. Let us fix a contextp, a
label a and a forestt as in the statement of the proposition.
The contextp may be empty, and so may be the forestt. We
search for the appropriaten; the size ofn will be independent
of p, a, t. We also fix the typesv = α(p), h = α(t) for the
rest of this section. In terms of these types, our goal is to
show thatvh = vα(a)h. To avoid clutter, we will sometimes
identify a with its imageα(a), and writevh = vah instead
of vh = vα(a)h.

Let s be a forest andX be a set of nodes ins. Therestriction
of s to X, denoteds[X], is the piece ofs obtained by only
keeping the nodes inX.

Let s be a forest,X a set of nodes ins, andx ∈ X. We say
that x ∈ X is a vah-decomposition ofs if: a) if we restricts
to X, remove descendants ofx, and place the hole inx, the
resulting context has typev; b) the nodex has labela; c) if
we restricts to X and only keep nodes inX that are proper
descendants ofx, the resulting forest has typeh.

Definition 13 A fractal of length k inside a forests is a
sequencex1 ∈ X1 · · · xk ∈ Xk of vah-decompositions,
whereXi ⊆ Xi+1 \ {xi+1} holds for i < k.

A subfractalis extracted by only using a subsequence

xi1 ∈ Xi1 · · · xij
∈ Xij

of the vah-decompositions.

Lemma 14 Let k ∈ N. For n sufficiently large,pat ∼n pt

entails the existence of a fractal of lengthk insidepat.

..
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Fig. 2. Two types of tame fractal.

Proof
The proof is by induction onk. The casek = 1 is obvious.

Assume the lemma is proved fork andn and consider the
casek + 1. Using a pumping argument as in Fact 12, we can
show that for somem, if there is a fractal of lengthk inside
pat, then this fractal has a piece of size at mostm, which
is also a fractal of lengthk. Without loss of generality we
assume thatm > n.

Assume now thatpat ∼m pt. By induction assumption, as
m > n, we obtain a piece ofpt which is a fractal of length
k. From the previous observation, this piece can be assumed
of size smaller thanm. Clearly, this fractal can be extended
to a fractal of lengthk + 1 by taking forXk+1 all the nodes
of pat and forxk+1 the nodea. �

Thanks to the above lemma, Proposition 11 is a consequence
of the following result:

Proposition 15 For k sufficiently large, the existence of a
fractal of lengthk entailsvh = vah.

The rest of this section is devoted to a proof of this
proposition. The general idea is as follows. Using some simple
combinatorial arguments, and also the Ramsey Theorem, we
will show that there is also a large subfractal whose structure
is very regular, or tame, as we call it. We will then apply
identity (1) to this regular fractal, and show that a node with
label a can be eliminated without affecting the type.

A fractal x1 ∈ X1 · · · xk ∈ Xk inside a forests is called
tame if s can be decomposed ass = qq1 · · · qks′ (or s =
qqk · · · q1s

′) such that for eachi = 1, . . . , k, the nodexi is
part of the contextqi, see Fig. 2. This does not necessarily
mean that the nodesx1, . . . , xk form a chain, since some of
the contextsqi may be of the form� + t.
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Lemma 16 Let k ∈ N. For n sufficiently large, if there is a
fractal of lengthn inside pat, then there is a tame fractal of
lengthk insidepat.

Proof
The main step is the following claim.

Claim 17 Let m ∈ N. Forn sufficiently large, for every forest
s, and every setX of at leastn nodes, there is a decomposition
s = qq1 · · · qms′ where every contextqi contains at least one
node fromX.

Proof
Let Y be the set of nodes ins which are closest common
ancestors of some two distinct nodes inX. The degree of a
node iny ∈ Y is defined to be the number of nodesz ∈ Y ∪X

such that all nodes in the path betweeny and z are outside
Y . Taken to be mm. Two cases may hold: either there is a
node inY with degreem, or Y contains a chain of lengthm.
In both cases we get the conclusion of the lemma, but in the
first case we need to use a decomposition where the contexts
qi have the hole in the root.�

We now come back to the proof of the lemma. Fork ∈ N

let n be the number defined by Lemma 17 form = k2.
Let s, x1 ∈ X1 · · · xk ∈ Xk be a fractal of lengthk.
We apply Lemma 17, withX = {x1, . . . , xk} and obtain a
decompositions = qq1 · · · qms′. For eachi = 1, . . . , m the
contextqi contains at least one node ofX. We chose arbitrarily
one of them and denote it byxni

. Unfortunately, the function
i 7→ ni need not be monotone, as required in a tame fractal.
However, we can always extract a monotone subsequence,
since any number sequence of lengthk2 is known to have
a monotone subsequence of lengthk. �

We now assume there is a tame fractalx1 ∈ X1 · · · xk ∈
Xk inside a forests, which is decomposed ass = qq1 · · · qks′,
with the nodexi belonging to the contextqi. The dual case
when the decomposition iss = qqk · · · q1s

′, corresponding to
a decreasing sequence in the proof of Lemma 16, is treated
analogously.

The general idea is as follows. We will define a notion
of monochromatic tame fractal, and show thatvah = vh

follows from the existence of large enough monochromatic
tame fractal. Furthermore, a large monochromatic tame fractal
can be extracted from any sufficiently large tame fractal thanks
to the Ramsey Theorem.

Let i, j, l be such that0 ≤ i < j ≤ l ≤ k. We defineuijl to
be the image underα of the context obtained fromqi+1 · · · qj

by only keeping the nodes fromXl (with the hole staying
where it is). We definewijl to be the image underα of the
context obtained fromqi+1 · · · qj by only keeping the nodes
from Xl \ {xl}. Straight from this definition, we have

wijl � uij(l+1) anduijl � uij(l+1) (4)

A tame fractal is calledmonochromaticif for all i < j < l

and all i′ < j′ < l′ taken from{1, . . . , k}, we have

uijl = ui′j′l′ .

Note that in the above definition, we requirej < l, even though
uijl is defined even whenj ≤ l.

It follows from Ramsey’s Theorem that if there is a tame
fractal of sufficiently large size, then there is a monochromatic
fractal of sizek = ω + 2.

We conclude by showing the following result:

Lemma 18 If there is a monochromatic tame fractal of size
k = ω + 2, thenvah = vh.

Proof
Fix a monochromatic tame fractalx1 ∈ X1 · · · xk ∈ Xk

inside a forests = qq1 · · · qks′. Since xk ∈ Xk is a vah

decomposition, the statement of the lemma follows ifα assigns
the same type to the two restrictionss[Xk] ands[Xk \ {xk}].

Recall the definition ofuijl andwijl above. The type of the
forests[Xk] can be decomposed as

α(s[Xk]) = α(q[Xk]) · u12k · u23k · · ·u(k−1)kk · α(s′[Xk])

The type ofs[Xk \ {xk}] is decomposed the same way, only
u(k−1)kk is replaced byw(k−1)kk. Therefore, the lemma will
follow if

u12k · u23k · · ·u(k−1)kk = u12k · u23k · · ·w(k−1)kk .

Since the fractal is monochromatic, and sincek is greater than
ω, the above becomes

uω
12k · u(k−1)kk = uω

12k · w(k−1)kk .

By (4) and monochromaticity we have

w(k−1)kk � u(k−1)k(k+1) = u12k

u(k−1)kk � u(k−1)k(k+1) = u12k .

Therefore equation (1) can be applied to show that both
sides are equal touω

12k. Note that we use only one side of
equation (1),uωv = uω . We would have used the other side
when considering the case whens = qqk · · · q1s

′. �

E. An equivalent set of identities

In this section, we rephrase the identities used in Theorem 2.
There are two reasons to rephrase these.

The first reason is that identity (1) refers to the relation
v � w. One consequence is that we need to prove Corollary 6
before concluding that identity (1) can be checked effectively.

The second reason is that we want to pinpoint how iden-
tity (1) diverges fromJ -triviality of the context monoidV . As
witnessed by the forest language “all trees in the forest areaa”,
J -triviality of the syntactic context monoid is not sufficient for
the language to be piecewise testable. The proposition below
identifies an additional condition (depicted in Figure 3) that
must be added toJ -triviality.

Proposition 19 Identity (1) is equivalent toJ -triviality of V ,
and the identity

vh + ω(vuh) = ω(vuh) = ω(vuh) + vh (5)

Proof
One implication is obvious: bothJ -triviality and (5) follow
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Fig. 3. The identityω(vuh) = ω(vuh) + vh, with the white nodes belonging tou.

from (1). For the other implication, we assumeV is J -trivial
and that (5) holds. We must show that ifv � u, then

uωv = uω = vuω .

We will only show the first equality, the other is done the
same way. By unraveling the definition ofv � u, there is a
morphism

α : A∆ → (H, V )

and two contextsp � q over A such thatα(p) = v and
α(q) = u. If p can be decomposed asp1p2, then we can
reason separately forp1 andp2:

α(q)ω · α(p1) · α(p2) = α(q)ω · α(p2) = α(q)ω .

If p consists of single node with a hole below, then we have
q = q0pq1 for some two contextsq0, q1, and therefore also
u = u0vu1 for someu0, u1. The result then follows by:

uωv = (u0vu1)
ωv = (u0vu1)

ωu0v = (u0vu1)
ω = uω .

In the above, we used twice the assumption thatV is J -
trivial: Once when addingu0 to theω-power, and then when
removingu0v from after theω-power.

The interesting case is whenp = � + s for some trees.
In this case, the forestq can be decomposed asq1(� + t)q2,
with s � t. We have

uωv = α(q1(� + t)q2)
ωα(� + s) .

Thanks toJ -triviality, the above can be rewritten as

α(q1(� + t)q2)
ω(α(� + t))ωα(� + s) =

α(q1(� + t)q2)
ω(� + α(s) + ω · α(t)) .

It is therefore sufficient to show thats � t implies

ωα(t) = α(s) + ωα(t)

The proof of the above equality is by induction on the number
of nodes that need to be removed fromt to get s. The base
case s = t follows by aperiodicity of H, which follows
by aperiodicity of V , itself a consequence ofJ -triviality.
Consider now the case whent is bigger thans. In particular,
we can remove a node fromt and still haves as a piece. In
other words, there is a decompositiont = q0q1t

′ such that
s � q0t

′. Applying the induction assumption, we get

ωα(q0t
′) = α(s) + ωα(q0t

′) .

Furthermore, applying equation (5), we get

ωα(t) = α(q0t
′) + ωα(t) = ωα(q0t

′) + ωα(t) .

Combining the two equalities, we get the desired result.�

V. COMMUTATIVE LANGUAGES

In this section we talk about forest languages that are
commutative, i.e. closed under rearranging siblings.

A forest t′ is called a reordering of a forest t if it is
obtained fromt by rearranging the order of siblings. In other
words, reordering is the least equivalence relation on trees that
identifies all pairs of forests of the formp(s+ t) andp(t+s).
A forest language is calledcommutativeif it is closed under
reordering. A forest language iscommutativeif and only if its
syntactic algebra satisfies the identitiy

g + h = h + g .

We say a forests is a commutative pieceof t, if s is
a piece of some reordering oft. A forest languageL is
called commutative piecewise testableif for some n ∈ N,
membershipt ∈ L depends only on the set of commutative
pieces of t that haven nodes. This definition also has a
counterpart in logic, by removing the lexicographic order from
the signature:

Proposition 20 A forest language is commutative piecewise
testable iff it is definable by a Boolean combination ofΣ1(<)
formulas.

If a language is commutative piecewise testable, then it
is clearly commutative and piecewise testable (in the more
powerful, noncommutative, sense). Below we show that the
converse implication is also true:

Theorem 21 A forest language is commutative piecewise
testable if and only if it is commutative and piecewise testable.

Corollary 22 It is decidable if a forest language is definable
by a Boolean combination ofΣ1(<) formulas.

The theorem above follows immediately from:

Lemma 23 Let n ∈ N. For k sufficiently large, if two forests
have the same commutative pieces of size at mostk, then they
can be both reordered so that they have the same pieces of size
at mostn.

Proof
Let P (t) be the set of pieces oft that have size at mostn.
By a pumping argument as in Lemma 10, there is somek
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such that any forestt has a pieces � t of size at mostk
with P (s) = P (t). Let now s1, s2 be two forests with the
same commutative pieces of sizek. For i = 1, 2, consider the
families

Pi = {P (s′i) : s′i is a reordering ofsi} .

To prove the lemma, we need to show that the familiesP1 and
P2 share a common element, itself a set of pieces. To this end,
we show that for anyX ∈ P1, there is someY ∈ P2 with
X ⊆ Y , and vice versa; in particular, the families share the
same maximal elements. Let thenX = P (s′1) ∈ P1. By choice
of k, the forests′1—and therefore alsos1—has a commutative
piecet of size at mostk with P (t) = X. By assumption, the
forest t is also a commutative piece of some reorderings′2 of
s2, and thereforeX ⊆ P (s′2) ∈ P2. �

VI. T REE LANGUAGES

Theorem 2 characterizes piecewise testableforestlanguages,
and in fact the algebraic theory used here works best when
forests, rather than trees, are treated as the fundamental object.
Traditionally, though, interest has focused on trees rather than
forests. Thus we want to give a decidable characterization of
the piecewise testable tree languages: that is, the sets oftrees
that result when we interpret a boolean combination ofΣ1

sentences in trees over a finite alphabet.
For certain logics, like first-order logic over the descendant

relation, or first-order logic over successor, one can writea
sentence that says “this forest is a tree”, and thus there is
no need to treat tree and forest languages separately. For
piecewise testability, we need to do something more, since
the set of all trees over a finite alphabetA is not piecewise
testable as a forest language.

We define atree piecewise testable languageover a finite
alphabetA to be the intersection of a piecewise testable
forest language with the set of all trees overA. (This is
preferable to defining a tree piecewise testable language tobe
a tree language that is piecewise testable as a forest language,
since the latter definition would give exactly the finite tree
languages.) We will obtain our decidability result by a general
method for translating algebraic characterizations of classes
of forest languages to characterizations of the corresponding
classes of tree languages. First, suppose

α : A∆ → (H, V )

is a forest algebra morphism that maps onto(H, V ). We define
an equivalence relation onHA: We write s ∼ t if for all
contextsp such thatps andpt are both trees, we haveα(ps) =
α(pt). It is clear that ifs ∼ t then for any contextq, qs ∼ qt.

Thus∼ defines a forest algebra congruence onA∆. Let

α′ : A∆ → (H ′, V ′)

be the projection morphism onto the quotient by this congru-
ence. Obviouslyα′ factors throughα; that is, α′ = βα for
some morphismβ from (H, V ) onto (H ′, V ′). We callα′ the
tree reductionof α.

Let F be a family of forest languages overA and letF be
a family of surjective forest algebra morphisms with domain

A∆ that characterizesF in the following sense: A forest
languageL belongs toF if and only if L is recognized by
some morphism inF . Observe that ifα : A∆ → (H, V )
belongs to such a familyF , and if β : (H, V ) → (H ′, V ′) is
any surjective morphism, then every language recognized by
βα also belongs toF. Thus we will suppose thatF is closed
in this way: if α belongs toF , thenβα belongs toF .

Theorem 24 Let F and F be as above, and letL ⊆ HA be
a set of trees. Then there is a forest languageK ∈ F such
that L consists of all the trees inK if and only if the tree
reduction of the syntactic morphismαL of L belongs toF .

Proof: We merely sketch the proof: If such a forest
languageK exists, then it is straightforward to verify that the
tree reductionα′ of αL factors throughαK , and thus belongs
to F . Conversely, suppose thatα′ belongs toF . Let T be the
set of all trees overA. The syntactic morphismαT of this
language can assign three possible values to a forest:0 for the
empty forest,x for a tree, andx + x for a forest with at least
two trees. The key property is thatαL factors throughαT ×α′,

and thusL is recognized byαT ×α′. SinceL consists entirely
of trees, this implies that there existsX ⊆ H ′ such that

L = (αT × α′)−1({x} × X) = T ∩ (α′)−1(X) = T ∩ K,

whereK ∈ F.

As a result we have:

Corollary 25 It is decidable if a regular tree language is tree
piecewise testable.

Proof: Let F be the family of piecewise testable forest
languages overA, and let F be the family of morphisms
from A∆ onto finite forest algebras that satisfy the identities
of Theorem 2. Since this family of algebras is closed under
quotient,F andF satisfy the hypotheses of Theorem 24.

Consequently, a regular tree languageL is tree piecewise
testable if and only if the tree reduction ofαL belongs to
F . It remains to show that we can effectively compute the
image of the tree reduction givenαL. Since the tree reduction
factors throughαL, this amounts to deciding which pairs of
elements of the syntactic forest algebra are identified under
the reduction, which we can do as long as we know which
elements are images underαL of trees. It is easy to see that if
an element ofHL is the image of a tree, then it is the image
of a tree of depth at most|VL| in which each node has at most
|HL| children, so we can effectively decide this as well.

VII. C LOSEST COMMON ANCESTOR

According to our definition of piece,t = d(a+b) is a piece
of the forests = dc(a + b). In this section we consider a
notion of piece which does not allow removing the closest
common ancestor of two nodes, in particular removing the
node c in the example above. The logical correspondent of
this notion is a signature where the closest common ancestor
(a three argument predicate) is added.

Given a forests and three nodesx, y, z of s we say thatz
is theclosest common ancestorof x andy if z is an ancestor
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of both x and y and all other nodes ofs with this property
are ancestors ofz. Note that the ancestor order can be defined
in terms of the closest common ancestor, since a nodex is an
ancestor ofy if and only if x is the closest common ancestor
of x and y. We now say that a forests is a cca-piece of
a forest t if there is an injective mapping from nodes ofs

to nodes oft that preserves the lexicographic order and the
closest common ancestor relationship (the ancestor order is
then necessarily preserved). An equivalent definition is that
the cca-piece relation is the reflexive transitive closure of the
relation

{(pt, pat) : t is a tree or empty}

A forest languageL is calledcca-piecewise testableif mem-
bership inL depends only on the set of cca-pieces oft up to
some fixed sizen.

As before, every cca-piecewise testable language is regu-
lar. The analogue of Proposition 1 holds as well. The cca-
piecewise testable languages are exactly those definable by
boolean combinations ofΣ1-sentences over a signature that
includes predicates for lexicographic order, the ancestororder
and the closest common ancestor relation (note that the ances-
tor order can be expressed using the closest common ancestor
relation).

A first remark is that there are more cca-piecewise testable
languages than there are piecewise testable ones. Hence the
equations that characterize piecewise testable languagesare
no longer valid. In particular, in the syntactic algebra of a
cca-piecewise testable language, the context monoidV may
no longer beJ -trivial. To see this consider the languageL of
forests over{a, b, c} that contain the cca-piecea(b+c), this is
the language “somea is the closest common ancestor of some
b andc”. Then the contextp = (ab)ω

� is not the same as the
contextq = (ba)ω

� asp(b+ c) 6∈ L while q(b+ c) ∈ L. Note
however thatp andq satisfy the equivalencept ∈ L iff qt ∈ L

for all treest. The characterization below is a generalization
of this idea.

With the closest common ancestor, also the algebraic situa-
tion is more complicated: the cca-piecewise testable languages
no longer form a variety of languages and cca-piecewise
testability of a forest languageL is not determined by the
syntactic forest algebra alone. Indeed it is not difficult to
see that they are not closed under inverse images of ho-
momorphisms that are either i) erasing (the image of some
a� is the empty context�) or, ii) a� is sent tou + f for
some contextu and some non-empty forestf . However cca-
piecewise testable languages satisfy all the other properties
of varieties of languages and in particular they are closed
under the inverse image of homomorphisms that are “tree-
preserving”, i.e., the image ofa� is a tree-contextu for all
a. Therefore, to obtain a characterization of cca-piecewise
testable languages, it is necessary to look at thesyntactic
morphismαL : A∆ → (HL, VL) that maps each(h, v) to
its ∼L-class, and not just the algebra found in the image of
this morphism.

We call a context atree contextif it is nonempty and has
one node that is the ancestor of all other nodes, including the
hole.

We extend the cca-piece relation to elements of a forest
algebra (H, V ) as follows: we writev � w if there are
contextsp � q that are mapped tov andw respectively by the
morphismα. There is a subtle difference here: the� relation
on V depends on the particular syntactic morphismαL! By
abuse of notation, the elements ofVL that are image by the
syntactic morphismαL of a tree context are also called tree
contexts. Similarly, the elements ofHL that are images of a
tree are also called trees (it is possible for an element to be
an image of both a tree and a non-tree, but it is still called a
tree here). Note that the notions of tree and of tree context for
the elements ofHL andVL are relative toαL.

Theorem 26 A forest languageL is cca-piecewise testable
if and only if its syntactic algebra satisfies the following
identities:

uωh = uωvh = vuωh (6)

wheneverh is a tree or empty, andv � u are tree-contexts,
and

ω(h) = ω(h) + g = g + ω(h) if g � h (7)

Because of the finiteness ofHL andVL, one can effectively
decide whether an element of one of these monoids is the
image of a tree context or a tree. Whether or notv � u or
g � h holds can be decided in polynomial time using an
algorithm as in Corollary 6. Thus the theorem yields a decid-
able characterization of the cca-piecewise testable languages.
The proof follows the same outline as that of the proof of
Theorem 2, but the details are somewhat complicated. We omit
it for reasons of space, the proof will appear in the journal
version of this paper. In the full version we will also provide
an equivalent set of identities, where the conditionsv � u and
g � h are not used.

We note that Theorem 24 applies here, so that we also
obtain an effective characterization of the tree cca-piecewise
testable languages. Likewise, the analogue of Theorem 21
holds, giving an effective characterization of commutative cca-
piecewise testable languages.
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