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Abstract. We study nonterminating message-passing automata whbsgibe

is described by infinite message sequence charts. As a fitdt,rere show that
Muller, Biichi, and termination-detecting Muller acceptance ardvetgnt for
these devices. To describe the expressive power of thesenat#, we give a
logical characterization. More precisely, we show thaythave the same ex-
pressive power as the existential fragment of a monadicskoader logic fea-
turing a first-order quantifier to express that there are itefin many elements
satisfying some property. Our result is based on a new exteins the classical
Ehrenfeucht-Frgs$ game to cope with infinite structures and the new first-order
quantifier.

1 Introduction

The study of the relation between logical formalisms andafienal automata devices
has been a fascinating area of computer science and hasprbsiome splendid results.
From a logicians point of view, this relation allows us to idieclogical theories effec-
tively, from a system developer’s point of view, the logit@malism might be consid-
ered as a specification language formalizing essentialgptieg of a system, whereas
the automaton appears as a model of the system itself.

The probably most famous connection between automataytia@adrclassical logic
has been established byiéhi and Elgot, who showed that finite automata and monadic
second-order (MSO) logic are expressively equivalent][5TBe sequential nature of
finite automata, however, limits their use in the modelinglisfributed systems which
called for more general automata models that employ somenconication mecha-
nism between their components. This communication can bered by synchronous
actions (e.g., asynchronous automata whose behavior @siloked by Mazurkiewicz
traces) or by the exchange of messages along channelsxjessage passing automata
whose behavior is described by message sequence chartsgrimating behaviors,
the expressive power of these models has been related toftlsatme sort of MSO
logic [3, 7,10, 12, 17].

One single execution of a distributed system is often mablatea directed acyclic
graph(V, E) with a set of eventd” and a binary relatiory that describes the causal
dependency between events. Any MSO property of words, Maawicz traces, or (ex-
istentially) bounded message sequence charts can be kemtliya&xpressed by the ap-
propriate automata model (and vice versa). It should bedrtbig the transitive closure



of the causal dependendy can be described in MSO and forms the temporal prece-
dence relation. It can therefore also be used in the aboesc&ice message-passing
automata can in general not be complemented, MSO is too jfwerthe context

of unbounded message sequence charts [3]; but the restraftiMSO to its existen-
tial fragment (EMSO) is equivalent to message-passingnaat® without any channel
bounds [3].

When modeling reactive systems, one is rather interestediiite behaviors. In-
deed, Richi showed that MSO logic over infinite words is still as egwive as finite
automata that require at least one final state to be visit@utely often. Such an ac-
ceptance condition comes in many flavors, and variationettfigive rise to Bichi,
Muller, Rabin, and Streett automata, which, in the nondeitgistic case, are all equiv-
alent [18]. The same applies to the settings of asynchroferikilar) automata over
infinite Mazurkiewicz traces [9, 16]. Kuske proposed messaassing automata with a
Muller acceptance condition to make it capable of acceptifigite MSCs. As it turns
out, the resulting automata model is equivalent to MSO loger MSCs, provided the
channel capacity is bounded [14].

It is the aim of this paper to lift the boundedness conditiorthis result, i.e.,
to characterize nonterminating behaviors of Muller megspgssing automata with
unbounded channeléfter introducing the necessary notions, Section 2.2 shihabt
Muller-, Buichi-, and even termination-detecting Muller-MPAs all balre same expres-
sive power The proofs of these equivalence results use direct autoomaistructions.
Contrary to the setting of terminating behaviors, EMSO iskex than Muller message-
passing automata: the set of infinite MSCs that send infynitelny messages from the
first to the second component cannot be described by any EM®aufa. To overcome
this deficiency, we introduce the additional first-order mfifeer 3°*°zp(x) requesting
infinitely many events: to satisfy some property(z).

Our main result states that the extension of existentialadansecond-order logic
by an infinity quantifier is expressively equivalent to mgesaassing automata with
nonterminating behavior©ur proof follows the route of [3] that dealt with finite mes-
sage sequence charts and EMSO and could therefore buildveerfob results on this
logic and its first-order fragment. Since these results at@wvailable for our extension
of EMSO, we first have to develop an analogous theory. Thisiéstheme of Sec-
tion 3 where we develop some model theory of the extensiomstfdirder logic by the
infinity quantifier; namely, we present an appropriate variaf Ehrenfeucht-Fiias
games and threshold equivalence which leads to a Hanf-hgmeem. As a result, any
first-order sentence with infinity quantifier can be traresfainto some conditions on
the number of realizations of spheres. Building on work byli@and Leucker [3],
Section 4 shows that these conditions can be checked by geepsasing automata
equipped with a (termination-detecting) Muller conditidhalso characterizes the ex-
pressive power of existential monadic second-order logficaut the infinity quantifier
by message-passing automata and the termination-degf&taiger-Wagner acceptance
condition.

A full version of this paper, which actually works on the maeneral model of
asynchronous cellular automata with types, is availafle [2



2 Message-Passing Automata with Nonterminating Behavior

We consider communicating systems where several sequaggats exchange mes-
sages through channels, executing send and receive acliocsend action is of the
form 4!j indicating that agent sends a message to agenfThe complementary re-
ceive action is denotefl’i. Here, agenj can read a message provided it has been sent
through the corresponding channel frarnto j. So let us, throughout the paper, fix a
finite setAg of agents For an agent, we denote by, the set{i!j,i?j | j € Ag\ {i}}

of actionsthat are available ta The unionJ, ,, 2; of all the actions is denoted ky.

2.1 Message-Passing Automata and Their Behavior

Let us make precise our model of a reactive system with a rgegsassing mechanism,
which goes back to Brand and Zafiropulo [4] and was later eddrby Kuske [14] to
deal with infinite scenarios (see also [2]).

Definition 2.1. A message-passing automaton oder(or, for short, MPA) is a struc-
ture A = ((Ai)icag, D, ) where

— D is a nonempty finite set aynchronization data
— for eachi € Ag, A, is a pair (Q;, 4;) where

e (Q; is a finite set oflocal statesand

e A, CQ; xX; xDx Q);isthe set oflocal transitionsand
= ¢ € [[;ca, Qi is theglobal initial state

The operational behavior of an MPA proceeds as one mightotxfa agent can ex-
ecute send and receive actions according to its specificatiterms of.A;. Executing
i!j has the effect of writing a message into the fifo charihigl) (from i to j). Actually,
this message is supplemented by some synchronizationrdatelf to extend the ex-
pressive power of MPAs. The benefit of synchronization dalabecome clear when
we define the behavior of MPAs formally. Accordingjy;, which is executed by agent
Jj, receives the message frarthat is located at the top of the chaniglj). Thus, any
two local machinesd; and.A; with ¢ # j are connected by two channels, the first for
sending messages froito j and the second for the reverse direction.

To describe the behavior of an MPA formally, we use the stedided formalism
of message sequence chait4SCs, [13]). There, the sequential behavior of an agent
is described by a vertical time-line, which will be modeledsasequence of edges in a
graph whose nodes are labeled with actions fignand referred to asventsMoreover,

a send node and the corresponding receive node are joint bgradntal) message
arrow. The edge relation of an MSC gives rise to a partial orekiation constraining
the execution order of the nodes. Moreover, edges are thbéle elements front' =
Ag U {msg}, which provide some control information to identify messagrows and
process arrows.

Definition 2.2. A message sequence chart ovier (MSC, for short) is a grapi =
(Vi{Et}eec, A) where

— Vis the set ofevents



— \: V — XYisthelabeling function

— E* (with E = J,c E¢) is a partial order onV" (we writeu < v for (u,v) € E*),

— foranyv € V, {u € V | u < v} is afinite set,

— for anyi € Ag, E; is the cover relatioh of some total order o; = A\~1(X}),

— for any (u,v) € Emgg, there exist,j € Ag distinct such that\(v) = !5 and
A(v) = 474,

— foranyu € V, there isv € V such thatf(u, v) € Eygg OF (v, 4) € Epnpgg, and

— for any (u, v), (v/,v") € Ensg With A(u) = A(v'), we haveu < v/ iff v < o',

The last condition in the definition above expresses thasages are received in
the same order in which they have been sent. Hence it refleatsve deal with fifo-
channels only.

Let A = ((Ai)icag,D,t) with A; = (Q;, 4;) be an MPA and, moreover, let
M = (V.{E¢}iec, ) be an MSC. For a mapping : V. — ;e 4, @i (Which is
a candidate for a run ofl on M), we define the mapping= : V — UZ.GAg Q; as
follows. Leti € Ag andv € V;. If we can findu € V; such thafu,v) € F;, then we
setp™ (v) = p(w). If there is no suchy, we letp~ (v) = ¢[i]. Arunof A on M is a pair
(p, w) of mappingsp : V' — (U, 4, Qi @andp : V- — D such that

— forany(u,v) € Engg, p(u) = p(v) and
— foranyv € Vi, (p~ (), A(v), u(v), p(v)) € A,.

2.2 Muller, Bichi, and Staiger-Wagner Message-Passing Automata

We will now extend our automata model by some acceptance sithdeoriginate from
the work on automata on infinite words. All except the Staljagner acceptance de-
pend on those states that appear infinitely often in a ruretScslfirst give the following
definitions. LetA = (((Qi, A:))icaq, D, ) be an MPA (we sef) = UieAg Q;) and
let M = (V,{E¢}eec, A) be an MSC. For a mapping: V' — Q, we define functions
Inf, : Ag — 29 andInf;f, OCC;r : Ag — 29 x {inf, 35} as follows (withi € Ag):

Inf, [i] = {g|VueV,FveV,:u<vandg=p(v)} ifV;#£0
ol = {[i]} otherwise

Ty L1 ey i e i
Inf*[i] = (Infp[z.], ?o) if V;is flnlte Oce[i] = (p~H(V3), .oo) if V; is T‘mlte
r (Inf,[i],inf) otherwise £ (p=%(V;),inf)  otherwise

If V; is finite, thenInf ,[i| describes the state assumed at the event that is maxiriial in
(which is the local states] if V; is even empty). IfV; is infinite, thenlnf ,[¢] is the set
of states assumed infinitely oftenlIiff ,[¢] is a singleton, we do not know whethiéris
finite or not — this additional information is presentI'ij [¢]. Similarly, the definition

of Occ;r will capture the (termination-detecting) Staiger-Wagaeceptance condition.

Definition 2.3. A Blichi MPA or Muller MPA is a structured = ((A;)icaq, D, ¢, F)
with 4; = (Q;, A;) such that((A;)ic ag, D, ¢) is an MPA andF C [, ,, 2.
Now let(p, ;1) be some run afd on the MSCM = (V, {E;}iecc, ).

% The cover relation of a total or partial orderon V; is its direct successor relation \ <2,



(1) If Ais a Buchi MPA, then the rurip, ) is accepting if there ig € F such that
gli) N1Inf,[i] # 0 forall i € Ag.
(2) If Ais a Muller MPA, then the ruffp, 1) is accepting ifinf,, € F.

Definition 2.4. Atermination-detecting Staiger-Wagner MBAtermination-detecting
Muller MPA is a structure A = ((A;)icag, D, ¢, F) With A; = (Q;, A;) such that
((Ai)icag, D, ) is an MPA andF C [, ,, (2% x {inf,5c}).

Let(p, 1) be some run ofd on the MSCM = (V, {E¢}iec, A).

(1) If A is a termination-detecting Staiger-Wagner MPA, tHenu) is accepting if
Occ; e F.
(2) If Ais atermination-detecting Muller MPA, thép, 1) is accepting it[nfp+ c F.

If A is some of these MPA, then thenguageL(.A) accepted byA is the set of
those MSCs that admit an accepting runof

The generalized model of termination-detecting Muller MRAill turn out to be
tremendously helpful when, in Section 4, we study the retethip between logic and
MPAs. Let us first prove that termination-detecting MullePAt are not more expres-
sive than Muller or Bichi MPAs (whereas termination-detecting Staiger-WagieAs
are strictly weaker).

2.3 Muller and Biichi MPAs vs. Termination-Detecting Muller MPAs

In a termination-detecting Muller MPA, the acceptance dtimal can distinguish be-

tween the infinite repetition of a local state and the appearaf this state as the final
one. This distinction is not directly possible in a Muller MPTo solve this problem,

we first state that a Muller MPA can determine whether a paleicagent performs
finitely or infinitely many actions. This is done by adding ayfta each local process
that alternates betwed@rand1 (see [2] for details).

Lemma 2.5. Letk € Ag. There are Muller MPAsA and B such that, for any MSC
M = (V,{E¢}eec,\), M € L(A) iff V}, is infinite andM € L(B) iff V4 is finite.

Theorem 2.6. Let L be a set of MSCs. Then, the following are equivalent:

1. there exists a termination-detecting Muller MP&such thatl, = L(A).
2. there exists a Muller MPA’ such thatl = L(A’).

Proof. Supposed = ((A;)icaq, D, 1, F) with 4; = (Q;, 4;) is a Muller MPA and
let 71 denote the projection afUiens @i x {inf, 3} onto the first component. Then,
let 7 comprise all tupleg € [], 4, 2@ x {inf, 35} with m; o § € F. This defines
a termination-detecting Muller MPA" = ((A;)icaq, D, ¢, F') that certainly accepts
the same language asdoes. For the other implication, let’ = ((A;)icaq, D, ¢, F')

be some termination-detecting Muller MPA. Fgre F’, consider the Muller MPA
Az = ((Ai)ieag, Dy, {m o g}). Then, the language of the termination-detecting
Muller MPA A" = ((Ai)icag, D, ¢, {q}) is an intersection oL(.Az) with some sets
of the form{M | V, isinfinite} and{M | V, is finite}. Since any of these sets can
be accepted by a Muller MPA and since Muller MPAs are closedeurunion and
intersection [2], the result follows immediately. O



We now show that Bchi MPASs are as expressive as termination-detecting WMIAS,
too. Surprisingly, this is not the case in the word settingmwbonsidering both finite and
infinite words. In our distributed setting, however, thetidition between the infinite
repetition of a local state and the appearance of this stateedfinal one is possible.

Lemma 2.7. Letk € Ag. There exist Bchi MPAsA and B such that, for any MSC
M = (V,{E¢}icc, ), we haveM € L(A) iff V, is infinite andM € L(B) iff V; is
finite.

Proof. The construction of3 is straightforward. Instead od, we restrict to building,
for o € X}, a Bichi MPA A, that accepts those MSCs in whighs executed infinitely
often. Lets’ be the communication action complementingvhich is executed by some
k' (e.g., ifo is of the formk!k’, theno’ = k'?k). The idea is that andk’ work together

to detect that, in facty ando’ occur infinitely often. Both agents toggle between states
0 and1 when executingr ando’, respectively. However, in the acceptance condition,
k requires0 to be taken infinitely often, whereas claims to visit1 infinitely often.
Formally, we setd, = (((Q:, A;))icag, D, 1, F) with D # () arbitrary,@; = {0,1}

for anyi € Ag, andA; contains any tupléq, 7,m,q') € Q; x X; x D x @Q; such
thatr € {o,0'} iff ¢ =1 — g. Moreover, = (0);c a4, Fli] = {0} for anyi # £/, and
FlK' ={1}. O

We conclude that Bchi and termination-detecting Muller MPAs are equallyregsive.
Theorem 2.8. Let L be a set of MSCs. Then the following are equivalent:

1. there exists a termination-detecting Muller MPBsuch thatl = L(A).
2. there exists a Bchi MPAA’ such thatl = L(A").

3 Structures, Logic, and the Ehrenfeucht-Fras€ Game

Towards a logical characterization of our automata modeddirst study more general
structures than MSCs. Obviously, MSCs can be seen as raatstructures whose
signature contains binary relatiof for £ € C and unary relation®,, for o € X. In
this section, we actually consider more general structoves finite and function-free
signaturess. In the following, 2 andB will denoteo-structures, wheread refers to
the universe ofl and B to that ofB.

3.1 Structures and Monadic Second-Order Logic

The Gaifman graphG(2() of a structurel is a graph( A, F) with universeA (i.e., the
universe of the structur®). Two elements:,b € A are connected by an edge (i.e.,
(a,b) € E) if they belong to some tuple in some relation, i.e., if thexe relation
symbolP € o and a tupl€ay,...,a,) € Psuchthat,b € {a;,as,...,a,}. We will
speak of the degree afin 2l whenever we actually mean the degree of the Gaifman
graph of®l. If all elements of2 have degree at mostthen we say thal has degree
at mostl. Now leta,b € A. Then thedistancedy (a, b) (or d(a, b) if 2 is understood)
denotes the minimal length of a path connectiramdb in the Gaifman grapli(2(). For



a = (ay,...,a,) € A" andb € A, we writed(a,b) = min{d(a1,b),...,d(an,b)}.
Let r € IN and¢ denote the sequence of constants in the struéiuréhe r-sphere
r-Sph(2l) of 2 is the substructure & generated by the univergg € A | dy (¢, b) < r}
(note that, if2l does not contain any constants, this set is empty and theesjghthe
empty structure). For a tuple of elements i, the r-sphere ofl arounda is the
r-sphere of the extensidfll, @) of 2 by constantg.

We fix supplies Var= {z,y,x1,z2,...} of individual and VAR = {X,Y,...}
of set variables The set MSC (o) of extended monadic second-ord@r MSO™)
formulas ovew is given by the following grammar:

pu=Pxy,...;zp) |z1 =22 |x1 € X |~ |eVe|Tre|IXe | I®2

wheren € IN, P € ¢ is ann-ary predicate symboly; is a variable from Var or a
constant symboly € Var, andX € VAR.

Let 2 be ao-structurep(z, ..., zm, X1,...,X,) € MSO™ be a formula, and
a = (a1,...,am) € A" andA = (A1,...,A,) € (2*)" be tuples of elements
and subsets ofi. Then thesatisfactionrelation2l = ¢(a, A) is defined as usual
such thatl = (3%°yy)(a, A) iff 2 = ¥ (a,a, A) for infinitely manya € A (for
(Y, T1y- oy Tin, X1, -0, X)) € MSO™).

We define the following fragments of MSQ0):

1. thefirst-order fragmenEO™ (o) comprises those MSO formulas that do not con-
tain any set quantifier

2. theexistential fragmenEMSO™ (o) comprises the MSO formulas of the form
3X; ... 3X,,¢ with p € FO*(0)

3. the monadic second-order fragmeMiSO(c) comprises those MSO formulas
that do not contain the quantifié®

4. first-order logicFO(o) equals MSQo) N FO™ (o)

5. existential monadic second-order log®SO(o) equals MSQo) N EMSO™ (o)

In the following, we may omit the reference ¢oand write, for example, FO instead of
FO(o).

The quantifier-rankqr(¢) of a formulag in FO™ is the nesting depth of quanti-
fiers in o. More precisely, drp) = 0 if ¢ is atomic, gt—) = qr(y), qr(e V ) =
max{qr(¢), ar(y)}, and gf3z¢) = gr(3>°ze) = qr(e) + 1. Fork € IN, we denote
by FO™[k] the set of first-order formulas of quantifier rank at mbstAny formula
v € FO™[k + 1] is logically equivalent to a Boolean combination of fornaulzf the
form 3°°z+) and3xy with ¢» € FO™ [k]. Hence, for a fixed tuple of free variables, there
are up to logical equivalence only finitely many formulas @F%].

Let k,m € IN, 2 be ao-structure, andz an m-ary vector of elements ofl.
Therank-k m-typeof @ in 20 comprises those FO[k] formulas that hold true foz:
type, (A, a) := {p € FO*[k] | A = ¢(a)}. Hence the number of different rarks-
types is finite. Moreover, for amank-k m-typeT, there is a formular (Z) € FO™[k]
(with T anm-tuple) such that, for every-structure2l anda € A™, A = ar(a) iff
type,(A,a) =T.



3.2 Ehrenfeucht-Frais Games

The classical Ehrenfeucht-Fs& game is used to characterize the expressive power of
the logic FOk|. Here, we propose an extension to similarly captur&.

The FO*-game is played between two players, #pwiler and theduplicator. A
game positiorns a triple(2(, 2B, k) where2 and® are structures over the same function-
free signaturer andk € IN. This position iswvinning (for duplicator)if £ = 0 and the
binary relation{(c*, ¢®) | ¢ constant symbol fromr} is a partial isomorphism fror@l
to 8. If k£ > 0, the game proceeds as follows:

(1) Spoiler chooses to proceed with (2) or (2)).

(2) Spoiler chooses € Aorb € B.

(3) Duplicator chooses an element in the other structuge {ic B ora € A).

(4) The game proceeds witl, a), (B,b),k — 1).

(2") Spoiler chooses an infinite subséf A or of B.

(38") Duplicator chooses an infinite subset of the etnd an infinite subset of the other
structure (i.e., after this step, we have infinite subgét@ndB’ of A andB, resp.).

(4") Spoiler chooses elemenis= A’ andb € B’.

(5") The game proceeds wilt{2, a), (B, ),k — 1).

For o-structures?l and®B andk < IN, we write2l =° B if duplicator can force
the FO*-play started in2, B, k) into a winning position. The classical Ehrenfeucht-
Frais® game is obtained by not allowing the spoiler to go to (2')duflicator can
force this classical Ehrenfeucht-Fsg& game from(2, 98, k) into a winning position,
we write2l =, 8.

Theorem 3.1. Let2l and®B beo-structures and lek € IN.

(1) (Ehrenfeucht-Friss) 2 and B agree onFO[k] iff 2 =, B.
(2) 2AandB agree onFO™ k] iff A =¢° B.

Proof. We adapt the proof of the first statement from [15, 18] to alsmsthe second.
The equivalence is shown by induction brthe caseé: = 0 is obvious.

Now let( andB be o-structures that agree on PQk + 1]. We consider the case
that, in step (2’), spoiler chooses an infinite etC A. Since there are only finitely
many rankk 1-types, there exist a ranki-typeT and an infinite sett’ C Z with T' =
type, (A, a) foralla € A’. Then,2 E 3>z ar(x), which implies® = 3*°z ar(z)
since3*z ar has quantifier rank at most+ 1. ThustheseB’ = {b € B | T =
type, (B, b) } is infinite. Whatevefa, b) € A’ x B’ spoiler chooses in step (4'), we have
by the induction hypothesi&, a) =° (B, b). If spoiler chooses to go to (2), similar
arguments apply. Hence duplicator can force the game intsieign (21, a), (9B, b), k)
from where he has a winning strategy.

Now supposel =< ; B. Since any formula of quantifier rarkk+ 1 is a Boolean
combination of formulas of the forrz¢ or 3>z with ¢ € FO™[k], it suffices to
consider these two cases. Supp@sé= 3>*xz¢. Spoiler can in step (2') choose an
infinite setZ = {a € A | 2 E ¢(a)}. Since duplicator can force the play into
a winning position, there are infinite sets C Z and B’ C B such that, for any
(a,b) € A’ x B’, we have(2,a) =° (B,b). Hence, by the induction hypothesis,
(A, a) and (B, b) agree on FO'[k]. In particular, 3 = ¢(b) for anyb € B’. Thus,
B = I*°xp. The argument foBz is similar. O



3.3 Threshold Equivalence

In the context of structures of bounded degrémeeshold equivalencprovides a re-
finement of=y and, finally, a normal form of FO formulas that restricts taieting of
spheres up to a certain threshold [15, 18].

For a structur@ and an isomorphism typeof a sphere, lefl|, denote the number
of occurrences of in 2L.

Definition 3.2. Letr,t € IN and®? and®B be o-structures. We writ@ =, , B if, for
any isomorphism type of anr-sphere around a single elemef#t|, = |®B|, or both
t < ||, andt < |B].

Similarly, we writel =7 9 if, for any isomorphism type of anr-sphere of a
single element2(|, = |%B|, or botht < ||, < co andt < B, < oco.

In other words,=,., and =7, distinguish structures on the basis of the number of
realizations ofr-spheres up to some threshaldBut the former does not distinguish
between “many” and “infinitely many” realizations of a sphethe latter identifies all
natural numbers+ 1,¢ + 2, ..., but makes a difference between them and infinity.

Theorem 3.3. For any k,l > 0, there arer,t > 0 such that, for any-structures2(
and‘® of degree at mogt 2 =7, B implies 2 =° B.

Replacing=.; by <, and=g° by =, in this theorem, one obtains Hanf’s theo-
rem [11]. It states thall andB agree on F@] wheneverl =, , B. Similarly, 2 and
B agree on FO'[k] wheneverl =7 B.

Proof. Letry = 0 and, fori € IN, setr;;1 = 3r; + 1. Moreover, we set; to bei - size
wheresize is the maximal size of an;-sphere whose elements have degree at most

One first shows that duplicator can force the°F@lay from (2,8, k + 1) with
AST | ., Binto some positiorf(2, a), (B, b), k) with (A, a) =7, (B, b).

To this aim, first assume that spoiler chooses in (2’) an it&fisetZ C A. Since
there are only finitely many isomorphism types of spheresrataingle elements i,
there is an infinite se’ C Z such that, for any, o’ € A’, we haver,1-Sph2l, a) &
re+1-Sph, a’) =: S. Sincery11-Sph(A) is finite, we can even assume thit, c¢) >
2ri4+1 + 1 for any constant from 20 and anya € A’. From%2( ‘:,‘f;htkﬂ B, we obtain
the existence of infinitely many € B with r,11-Sph(B,b) = S. Let B’ denote this
infinite set. Then duplicator chooses these two gétand B’ in step (3’).

To show(2,a) <77, (%B,0) for any (a,b) € A’ x B’, one uses arguments as in
[15, Sect. 4.2].

Thus, duplicator can force any play fra®, %8, k) with 20 =2° , 95 into a position
(', %',0) with 2" =7 B’. Letay,...,a, be the constants fro®’ and similarly
for B’. Then thed-sphere around; in 2’ hasn + 1 constants where the first and last
coincide. Since’ =75, %', it is also realized ir®3’ which is only possible by;.
This implies thaD-Sph(2’) and0-Sph(%8’) (i.e., the restrictions o#l’ and®B’ to their
constants) are isomorphic. Since quantifier-free formatsot distinguish structures
with isomorphic restrictions to constants, we obtaih=3° 9’. Hence the position

(2',B8’,0) is winning for duplicator. O



4 Message-Passing Automata and Logics

MPAs can be used to compute the sphere around any node of an M@ feature,
described formally in the following proposition, is the kegnnection between these
automata and the logical characterization of first-ord@ressible properties.

Proposition 4.1 (cf. [3]).Letr be a natural number. There are a termination-detecting
Muller / termination-detecting Staiger-Wagner MPA. = (((Qi, 4A:))icag, D, ¢, F)
and a mapping; from UieAg Q); into the set of spheres of radiusaround a single
vertex such thak.(.A,) is the set of all MSCs and, for any MSZ = (V, {E¢}rec, A),

for any run(p, ) of A, on M, and for anyu € V', we havey(p(u)) = r-Sph(M, u).

A first attempt to construct such an MPA would be to make eaemteguess its
sphere and then to show that these guesses can be verifiedabgge¢he guessed
spheres of neighboring events (i.e., the previous and mextt@n the process line and
the communication partner). However, this straightfohegpproach does not work; the
least counterexample we know of uses radius 4 and an MSC of seven agents and
74 events [1, pages 137-145]. Instead, the MBArom [3] guesses its own as well as
spheres of nodes nearby and its own position in these additspheres. Adding some
global information allows us to locally check whether ak tuesses are correct.

We now relate the expressive power of all types of MPAs anceittended logic.
Recall that MSCs can be considered as relational structfitesunded degree, whose
signature contains binary relatioii% for ¢ € C and unary relations:, for o € X.
As expected, we will write the formul®, (z) as A(z) = o. Moreover, we write
EMSO™(4g, C) for EMSO™ ((E¢)cec, (Ro)oes), FO(Ag, C) etc. are to be under-
stood similarly.

4.1 Termination-Detecting Muller MPAs and Logic

Lemma4.2. Letr € IN, t € INU {0}, i € Ag, and S be some--sphere in some
MSC around a single vertex frolri. There exist termination-detecting Muller MPAs
recognizing the sets of MS@¢ with |M|s = ¢ andt < |M|s < oo, respectively.

Proof. Exemplarily, we consider the casgd |s = oo andt < |M|s < oo for t € IN.
One starts from the termination-detecting Muller MBA = (((Qs, A:))icaq, D, t, F)
andn from Prop. 4.1.

To detec{ M |5 = oo, we just keep those accepting tuplés, 6,) ;c 4, from F that
satisfyd; = inf andF; N n=1(S) # 0.

To detectt < |M|s < oo for t € IN, we extend the states of; by a counter
that counts the number of realizations$up tot + 1, i.e., the new local state space
of agenti is Q; x {0,...,t + 1} with initial state (:[i],0). To distinguish “at least
t + 1" from “infinitely many” realizations ofS, the acceptance condition is the set of
pairs (Fj,8,)ca, such that, = & impliesF; C Q; x {t + 1}, §; = oo implies
F; € (Qi\n'(9)) x {t + 1}, and(m1(F}), 0;)jeaq € F. 0



Theorem 4.3. Let L be a set of MSCs. Then, the following are equivalent:

1. there exists a termination-detecting Muller MP&such thatl, = L(.A).
2. there exists aBMSO™ (Ag, C') sentencep such thatl, = {M | M |= ¢}.

Proof. By Theorem 2.8, it is sufficient to translate &dhi MPA into an equivalent
EMSO™(Ag, C) sentence. This construction follows similar instanceaf problem,
e.g., [6]. Second order variables, for ¢ € DU UieAg Q; encode an assignment of
messages and states to vertices. The first-order part tipeesses that this assignment
is a run. In addition, we have to take care of the acceptaneeition. Any such condi-
tiong € HieAg 2@i is translated into the conjunction of the following formsifar any
1€ Ag

\/ ( I*z(z € Xy A ANx) € X)) )

s V 3z(z € XgANz) € 2 A-Ty((z,y) € Ey))

(supplemented by-- v Vz-A(x) € X; if ([i] € g[i]). The kernel of this formula
expresses that the statés assumed infinitely often by processr, alternatively, it is
assumed by the last event of this process.

Consider the other implication. Since termination-detgchuller MPAs are closed
under projection, it suffices to consider the case FO™. By Theorem 3.3 is afinite
union of 75 -equivalence classes for some € IN. Any such equivalence class is an
intersection of languages as in Lemma 4.2. Now the resutivisl from the fact that
termination-detecting Muller MPAs are closed under uniond imtersection. O

The number of states of the termination-detecting Mulle®\#constructed from
a given EMSO®(Ag, C)-formula ¢ is elementary in the size of the formuja The
radiusr from Theorem 3.3 is bounded 8)#!. Similarly, the numbet is bounded by
|| -7 or infinite. We only remark that the number of states of the Mie#n Prop. 4.1 is
also elementary inandt. But it is not clear whethed can be constructed in elementary
time. For this, one has to verify that one can compute easdlyefjuivalence classes of
5.7 that contribute to the language gf(in the proof above).

4.2 Staiger-Wagner MPAs and Logic

As far as finite counting is concerned, termination-detec8taiger-Wagner MPAs can
do as much as termination-detecting Muller MPAs. SimiladyL.emma 4.2, we can
show the following:

Lemma 4.4. Letr,t € IN andS be some--sphere in some MSC around a single vertex.
There exist termination-detecting Staiger-Wagner MPAsécognize the sets of MSCs
M with [M|s = t andt < |M|s, respectively.

Theorem 4.5. Let L be a set of MSCs. Then, the following are equivalent:

1. there exists a termination-detecting Staiger-WagneAMPsuch thatl = L(A).
2. there exists aBEMSQO( 4y, C) sentencep suchthatl = {M | M = ¢}.

Proof. The proof is similar to that of Theorem 4.3. The only diffecerin the transfor-

mation of an automaton into a formula concerns the acceptemudition. For the other
transformation, we use Hanf's theorem [11] instead of TeepB.3 and Lemma 4.4
instead of Lemma 4.2. O
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Conclusion

We conclude summarizing the main results of this paper:

Theorem 5.1. Let L be a set of MSCs. Then, the following are equivalent:

1. there exists a termination-detecting Muller MPA thatguts L.

2. there exists a Muller MPA that accepts

3. there exists a Bchi MPA that accepts.

4. there exists a sentengec EMSO™(Ag, C) such thatL = {M | M = ¢}.

References

1. B. Bollig. Automata and Logics for Message Sequence Ch&td thesis, Department of
Computer Science, RWTH Aachen, Germany, May 2005.

2. B. Bollig and D. Kuske. Distributed Muller automata andits. Research Report LSV-06-
11, Laboratoire Sgcification et \&rification, ENS Cachan, France, May 2006.

3. B. Bollig and M. Leucker. Message-passing automata gveessively equivalent to EMSO
logic. Theoretical Computer Scienc@s8(2-3):150-172, 2006.

4. D. Brand and P. Zafiropulo. On communicating finite-statehines.Journal of the ACM
30(2), 1983.

5. J. Bichi. Weak second order logic and finite automataMath. Logik, Grundlag. Math.
5:66—62, 1960.

6. M. Droste, P. Gastin, and D. Kuske. Asynchronous cellalaomata for pomset3.heoreti-
cal Computer Scien¢@47(1-2):1-38, 2000.

7. W. Ebinger and A. Muscholl. Logical definability on infiaitraces.Theoretical Computer
Sciencel54:67-84, 1996.

8. C. C. Elgot. Decision problems of finite automata desigth matated arithmeticsTrans.
Amer. Math. So0¢98:21-52, 1961.

9. P. Gastin and A. Petit. Asynchronous cellular automat@nfinite traces. IrProceedings of
ICALP 1992 volume 623 oLLNCS pages 583-594. Springer, 1992.

10. B. Genest, D. Kuske, and A. Muscholl. A Kleene theoremraadel checking algorithms for
existentially bounded communicating automatdormation and Computatiqr204(6):920—
956, 2006.

11. W. Hanf. Model-theoretic methods in the study of eleragntogic. In J. W. Addison,
L. Henkin, and A. Tarski, editor§,he Theory of ModeldNorth-Holland, Amsterdam, 1965.

12. J. G. Henriksen, M. Mukund, K. Narayan Kumar, M. Sohond B. S. Thiagarajan. A theory
of regular MSC languages$nformation and Computatiqr202(1):1-38, 2005.

13. ITU-TS Recommendation Z.120: Message Sequence CHgt(MSC99), 1999.

14. D. Kuske. Regular sets of infinite message sequenceschaidrmation and Computatign
187:80-109, 2003.

15. L. Libkin. Elements of Finite Model Theargpringer, Berlin, 2004.

16. A. Muscholl. On the complementation of asynchronouisitze|Blichi automataT heoretical
Computer Sciencd 69(2):123-145, 1996.

17. W. Thomas. On logical definability of trace languagesPtoc. of Workshop of the ESPRIT
Basic Research Action No 3166: Algebraic and Syntactic bt&thin Computer Science
(ASMICS), Kochel am See, Germany (1988port TUM-19002, TU Munich, 1990.

18. W. Thomas. Languages, automata and logi¢ddndbook of Formal Languagegolume 3,

Beyond Words, pages 389-455. Springer, Berlin, 1997.



