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Abstract. In the classical framework of formal languages, a refinementopera-
tion is modeled by a substitution and an abstraction by an inverse substitution.
These mechanisms have been widely studied, because they describe a change in
the specification level, from an abstract view to a more concrete one, or con-
versely. For timed systems, there is up to now no uniform notion of substitutions.
In this paper, we study the timed substitutions in the general framework of signal-
event languages, where both signals and events are taken into account. We prove
that regular signal-event languages are closed under substitutions and inverse sub-
stitutions.

1 Introduction

Refinements and abstractions.Operations of refinements and abstractions are essential
tools for the design and the study of systems, real-time or not. They allow to consider a
given system at different levels of abstractions. For instance, some procedure or function
can simply be viewed at some abstract level as a single action, and can be later expanded
into all its possible behaviours at some more concrete level. Or conversely, a set of
behaviours are merged together and replaced by a single action, in order to obtain a
more abstract description.

These operations can be formally modeled by substitution and inverse substitu-
tion respectively. Therefore, substitutions have been extensively studied in the untimed
framework, with the underlying idea that interesting classes of languages have to be
closed under these operations.

Timed languages.In order to accept timed words, the model of timed automata was first
proposed in [1, 2]. It has been widely studied for the last fifteen years and successfully
applied to industrial cases. For this model, an observation, called a time-event word,
may be viewed as an alternating sequence of waiting times andinstantaneous actions.
A timed automaton is a finite automaton extended with variables called clocks, designed
to recognize time-event words: time elapses while the control stays in a given node and
an event is observed when a discrete transition occurs.

Another model was introduced by [3], and further studied in [10, 4, 11] with the
aim of describing hardware systems. In this case, an observation is a signal word, i.e.,
a sequence of factorsad, wherea is a signal andd is its duration. The original model



of timed automata was then modified to fit this setting: a signal is emitted while the au-
tomaton stays in some state and no event is produced when a discrete transition is fired.
In this framework, when a transition occurs between two states with the same signal
a, we obtainad1 followed byad2 , which are merged intoad1+d2 . This phenomenon is
called stuttering.

It was noticed in [4] that both approaches are complementaryand can be combined
in an algebraic formalism to obtain the so-called signal-event monoid. Timed automata
can be easily adapted to take both signals and events into account, thus yielding signal-
event automata: states emit signals and transitions produce events.

We consider in this paper both finite and infinite behaviors ofsignal-event automata
and we also include unobservable events (ε-transitions) and hidden signals (τ -labeled
states). It turns our that these features are very useful, for instance for handling abstrac-
tions. They also allow us to get as special cases the initial models of timed automata
and signal automata.

Timed substitutions.Timed substitutions were studied in [8] for regular transfinite time-
event languages. In [8], although no signal appear explicitely, actions are handled in a
way similar (but not identical) to signals,withoutstuttering. Here we restrict the study
of substitutions to finite andω-sequences but we do handle signal stuttering which is a
major difficulty.

Our contribution.The aim of this paper is to study the closure by substitutionsand
inverse substitutions of the familiesSELε andSEL of languages accepted by signal-
event automata, with or withoutε-transitions. We prove that the classSELε is closed
under arbitrary substitutions and under arbitrary inversesubstitutions. These closure
properties are not verified by the classSEL in general. Nevertheless, we show that
SEL is closed under inverse substitutions acting on events only, i.e., leaving signals
unchanged, and we give a sufficient condition for its closureunder substitutions. These
results again show the robustness of the classSELε, which is in favour of signal-event
automata includingε-transitions.

Outline of the paper.We first give in Section 2 precise definitions of finite and infinite
signal-event languages, with the corresponding notion of signal-event automata and we
recall some technical results on signal-event automata that will be crucial for further
proofs. In Section 3, we define timed substitutions which areduration preserving map-
pings. We then study in Section 4 the closures of the classesSEL andSELε under
reconizable substitutions and their inverses.

For lack of space, this paper does not contain the proofs of the correctness of the dif-
ferent automata constructions we proposed. These proofs are available in the technical
report [6].

2 Signal-event words and signal-event automata

Let Z be any set. We writeZ∗ (respectivelyZω) the set of finite (respectively infinite)
sequences of elements inZ, with ε for the empty sequence, andZ∞ = Z∗ ∪ Zω the
set of all sequences of elements inZ. The setZ∞ is equipped with the usual partial
concatenation defined fromZ∗ × Z∞ toZ∞.



Throughout this paper, we consider a time domainT which can be either the set
N of natural numbers, the setQ+ of non-negative rational numbers or the setR+ of
non-negative real numbers and we setT = T ∪ {∞}.

2.1 Signal-event words

We now describe the most general class of systems where both piecewise-constant sig-
nals and discrete events can occur, based on the signal-event monoid defined in [4]. We
consider two finite alphabetsΣe andΣs, withΣ = Σe ∪ (Σs ×T): an element inΣe is
the label of an instantaneous event, while a pair(a, d) ∈ Σs ×T, writtenad, associates
a durationd with a signala. Moreover,Σs includes the special symbolτ for an internal
(or hidden) signal, the purpose of which is to represent a situation where no signal can
be observed.

Intuitively, signal-event words(SE-words for short and sometimes calledtimed
words) correspond to sequences obtained fromΣ∞ by merging consecutive identical
signals and removing internalτ -signals with duration0. But note that signals different
from τ may have a null duration.

Formally, the partial monoid of signal-event words is the quotientΣ∞/ ≈ where≈
is the congruence (with respect to the partial concatenation onΣ∞) generated by

{

τ0 ≈ ε and
∏

i∈I a
di ≈

∏

j∈J a
d′

j if
∑

i∈I di =
∑

j∈J d
′
j

where the index setsI andJ above may be infinite. The partial monoidΣ∞/ ≈ will be
denotedSE (Σ,T) or simplySE (Σ) or SE when there is no ambiguity. We writea∞

for the equivalence class of any sequence of the form
∏

i≥1 a
di , where

∑

i≥1 di = ∞.

Note that for two words of the formsuad andad′

v with d < ∞, the concatenation is
uad+d′

v.
A finite or infinite sequence inΣ∞ ∪Σ∗ · (Σs × {∞}) which does not containτ0

and such that two consecutive signals are distinct is said tobe in normal form(NF).
SE-words are often identified with sequences in normal form.A SE -word isfinite if its
normal form is a finite sequence (even if it ends witha∞).

A duration can be associated with each element ofΣ by: ‖a‖ = 0 if a ∈ Σe and
‖ad‖ = d if a ∈ Σs andd ∈ T, so that the duration of a sequencew = s1s2 · · · in Σ∞

is ‖w‖ =
∑

i≥1 ‖si‖ ∈ T. Note that the duration restricted to finiteSE -words with
finite durations is a morphism fromΣ∗ into (T,+). A Zenoword is aSE -word with
finite duration and whose normal form is infinite. Asignal-event language(or timed
language) is a set ofSE -words.

Example 1.Let Σe = {f, g} andΣs = {a, b}. TheSE -word w = a3ffgτ4.5a1b5

can be viewed as the following sequence of observations: first, the signala during3
time units, then a sequence of three instantaneous eventsffg, then some unobservable
signal during4.5 time units, again the signala during1 time unit and then the signalb
during5 time units. The total duration ofw is 13.5. For infiniteSE -words, we have for
instance:a3gfa1

∏

i≥1 a
2 ≈ a1a2gf

∏

i≥1 a
4 and the normal form is writtena3gfa∞.

Note also that an infinite timed sequence inΣω may be a finiteSE -word with finite
duration:

∏

i≥0 a
1/2i

≈ a2.



2.2 Signal-event (timed) automata

Our model ofsignal-event automata(also calledtimed automatain the sequel) is a
variant of the basic models proposed in the literature, integrating both instantaneous and
durational semantics: signals are associated with the control states, while instantaneous
events occur when the system switches between two states.

Clocks and guards.LetX be a set of variables with values inT, called clocks. The set
C(X) of guards or clock constraints overX consists of conjunctions of atomic formulas
x ⊲⊳ c, for a clockx, a constantc ∈ T and a binary operator⊲⊳ in {<,≤,=,≥, >}.

A clock valuationv : X → T is a mapping that assigns to each clockx a time value
v(x). The set of all clock valuations isTX . We writev |= g when the clock valuationv
satisfies the clock constraintg. If t is an element ofT andα a subset ofX , the valuations
v+ t andv[α] are defined respectively by(v+ t)(x) = v(x) + t, for each clockx in X
and(v[α])(x) = 0 if x ∈ α, and(v[α])(x) = v(x) otherwise.

Signal-event (timed) automata.A Büchi signal-event automaton over the time domain
T is a tupleA = (Σe, Σs, X,Q,Q0, F,R, I, ℓ,∆), whereΣe andΣs are alphabets of
events and signals,X is a finite set ofT-valued clocks,Q is a finite set of control states,
Q0 ⊆ Q is a subset of initial states,F ⊆ Q is a subset of final states andR ⊆ Q
corresponds to a Büchi acceptance condition. The mappingI : Q → C(X) associates
with a stateq ∈ Q an invariant I(q) being a conjunction of constraints of the form
x ⊲⊳ c, with ⊲⊳ ∈ {<,≤}, andℓ : Q→ Σs associates a signal with each state.

The set of transitions is∆ ⊆ Q × C(X) × Σe ∪ {ε} × P(X) × Q. A transition,
also writtenq

g,a,α
−−−→ q′, is labeled by a guardg, an instantaneous event inΣe or the

unobservable eventε, and the subsetα of clocks to be reset. Whena = ε, it is called an
ε-transition or a silent transition.

First examples of signal-event automata are given in Figure1 (where double-circled
nodes correspond to Büchi repeated states). The semanticsof SE -automata will be
given below. But intuitively,

– A SE -word is accepted byA1 if it is of the formad1bd2 with d1 ≥ 1.
– A SE -word is accepted byA2 if it is of the formad1cad2c . . . with di < 1 for any
i.

– Since the concatenation merges consecutive identical signals (ad1ad2 = ad1+d2 ),
the language accepted byA3 consists of the signala emitted for a durationd ≥ 1.

– A4 accepts the signala emitted for a durationd ≤ 1 (note thata1 is accepted by an
infinite run with successive durations12 , 1

4 , 1
8 , . . . for instance).

Semantics.In order to define the semantics ofSE -automata, we recall the notions
of path and timed run through a path. A path inA is a finite or infinite sequence of
consecutive transitions:

P = q0
g1,a1,α1

−−−−−→ q1
g2,a2,α2

−−−−−→ q2 . . . , where(qi−1, gi, ai, αi, qi) ∈ ∆, ∀i > 0



A1 : p1

a

p2

b

x ≥ 1, ε
A2 : q1

a, y < 1
c, {y}

A3 : p1

a

p2

a

x ≥ 1, ε
A4 : q1

a, y < 1
ε

Fig. 1. Some signal automata.

The path is said to beacceptingif it starts in an initial state (q0 ∈ Q0) andeither it is
finite and ends in a final state,or it is infinite and visits infinitely often arepeatedstate
q ∈ R. A run of the automaton through the pathP is a sequence of the form:

〈q0, v0〉
d0−→ 〈q0, v0 + d0〉

a1−→ 〈q1, v1〉
d1−→ 〈q1, v1 + d1〉

a2−→ 〈q2, v2〉 . . .

where

– di ∈ T for i ≥ 0 and ifP is finite with n transitions then the last step of the run

must be〈qn, vn〉
dn−→ 〈qn, vn + dn〉, with dn ∈ T,

– (vi)i≥0 are clock valuations such thatv0(x) = 0 for all x ∈ X , and for eachi ≥ 0,
we have







vi + d |= I(qi), ∀d ∈ [0, di]
vi + di |= gi+1

vi+1 = (vi + di)[αi+1]

Note that ifdi is finite, the condition about invariantI(qi) can be replaced simply
by vi + di |= I(qi).

The signal-event (timed) word generated by this run is simply (the equivalence class
of) ℓ(q0)d0a1ℓ(q1)

d1a2ℓ(q2)
d2 . . . . The signal-event (timed) language accepted byA

over the time domainT and the alphabetΣ, writtenL(A), is the set ofSE -words gen-
erated by (finite or infinite) accepting runs ofA. Two automataA andB areequivalent
if L(A) = L(B).

The set of all signal-event (timed) automata is denoted bySEAε whereasSEA is
the set of all signal-event automata using transitions withobservable events only (i.e.
with labels inΣe instead ofΣe ∪ {ε}). The family of signal-event (timed) languages
generated by some signal-event automaton inSEAε (respectivelySEA) is denoted by
SELε (respectivelySEL).

Remark 1.A Zeno runis an infinite run for which the time sequence defined byti =
∑

j≤i dj for i ≥ 0, is convergent (keeping the notations just above).
We did not include the non Zeno condition for runs, requiringthat each infinite

accepting run has an infinite duration. Thus, Zeno runs accepting finite words with finite



duration may occur. Although Zeno behaviours have been studied (see for instance [12,
9]), it has been argued that excluding Zeno runs directly from the semantics of timed
automata is a realistic assumption, since they do not appearin “real” systems. However,
the semantics of timed automata used by model-checking tools like UPPAAL do include
Zeno runs while performing forward reachability analysis (this can be easily checked
with an example). Hence, we think that the theory should include Zeno runs as well.

We state now two properties that will be used to prove the mainresults of this paper.
The constructions related to the following two propositions can be found in [7]. It turns
out that anySE -automaton can be transformed into an equivalent one, in which finite
accepting runs correspond exactly to finite words with finiteduration. Note that the
transformation removes a particular type of Zeno runs, those which contain ultimately
only ε-transitions and a single signal. But it keeps Zeno runs corresponding to infinite
words of finite duration.

Proposition 1. LetA be aSE -automaton. We can effectively construct an equivalent
SE -automatonA′ such that:

(†) no infinite run ofA′ accepts a finite word with finite duration, and
(‡) no finite run ofA′ accepts a word with infinite duration.

The previous result is interesting in itself for implementation issues: when a finite
word with finite duration is accepted by an infinite run, we build instead a finite ac-
cepting run for this word. Furthermore, conditions(†) and(‡) are crucial to prove the
following closure property and are also used in the proof of Theorem 2.

Proposition 2. The classSELε is closed under intersection.

If we consider signal-event automata whereε-transitions are not allowed, the trea-
ment of the intersection becomes much simpler. Indeed, the intersection of twoSE -
automata withoutε-transitions can be done in a classical way, i.e. as a productof au-
tomata and a suitable treatment of the Büchi conditions. But in the general case, the
construction of an automaton recognizing the intersectionis much more tricky. It can
be found in [7], together with references on related works.

3 Signal-event (timed) substitutions

Recall that substitutions are a suitable model for refinements. In the untimed framework,
the image of each lettera ∈ Σ is a given languageLa over another alphabetΣ′ and a
substitution is a morphism extending this mapping.

Dealing with timed words requires to preserve durations. Therefore, an instanta-
neous event must be replaced bySE -words with null duration, while a signala with
durationd must be replaced bySE -words of the same durationd. Formally, the new
alphabet is also of the formΣ′ = Σ′

e ∪ (Σ′
s × T) and a substitutionσ is defined by a

family of SE -languages(La)a∈Σe∪Σs
such that:

– La ⊆ (Σ′
e ∪ (Σ′

s × {0}))∗ if a ∈ Σe,



– if a ∈ Σs \ {τ}, thenLa is aSE -language ofnon ZenoSE -words overΣ′.

Using Zeno-words in substitutions may give rise to transfinite sequences, therefore we
have excluded them from the languagesLa.

Moreover, we assume that the internal signalτ is never modified, so that we always
haveLτ = {τ} × T. Then for eacha ∈ Σe, σ(a) = La and for eachad ∈ Σs × T,
σ(ad) = {w ∈ La | ‖w‖ = d}. A substitution is thus a duration preserving mapping.

For a SE -word v = v1v2 · · · in normal form overΣ, σ(v) is the set ofSE -
words obtained fromσ(v1)σ(v2) · · · by merging consecutive identical signals. Note
thatw ∈ σ(v) can be writtenw1w2 · · · with wi ∈ σ(vi) for eachi ≥ 1. However this
decomposition ofw may not be in normal form. Finally, for a timed languageL over
Σ, we setσ(L) = ∪v∈Lσ(v).

Example 2.

– ChoosingLf = {f} for f ∈ Σe andLa = {τ0} ∪ {a} × (T \ {0}) for a ∈ Σs

leads to a substitution that cancel all signals with a null duration.
– Hiding some signala is simulated by a substitution whereLa = {τ} × T.

Timed substitutions and morphisms.It should be noticed that, while substitutions are
morphisms in the untimed framework, this is not the case withour definition. For in-
stance, assume thata is a signal such thatLa = {b2}, thenσ(a1) = ∅ andσ(a2) =
{b2} 6= σ(a1)σ(a1).

We callm-substitutiona SE -substitution which is a morphism with respect to the
partial concatenation. We have the following characterization:

Proposition 3. Letσ be aSE -substitution, given by a family(La)a∈Σe∪Σs
. Then,σ is

a morphism if and only if for each signala ∈ Σs we have

1. La is closed under concatenation: for allu, v ∈ La with ‖u‖ < ∞, we have
uv ∈ La,

2. La is closed under decomposition: for eachv ∈ La with ‖v‖ = d, for all d1 ∈ T,
d2 ∈ T such thatd = d1 + d2, there existvi ∈ La with ‖vi‖ = di such that
v = v1v2.

This proposition is easy to prove and shows that rather restrictive conditions should
be added on the languagesLa to obtain morphisms.

The notion of abstraction is fundamental in the study of systems, and in particular
in their verification. It consists in replacing a set of behaviors with a single action in
order to obtain a smaller system, simpler to study and to understand. The abstraction
operation is thus the inverse of refinement. As in the untimedcase, inverse substitutions
provide a suitable model for abstractions in our framework.

For a substitutionσ, the inverse substitutionσ−1 is the operation defined for a lan-
guageL′ ⊆ SE (Σ′) by σ−1(L′) = {v ∈ SE (Σ) | σ(v) ∩ L′ 6= ∅}.



4 Recognizable substitutions

We now focus on recognizable substitutions, whose associated languages are defined by
SE -automata. Formally, a substitutionσ defined by a family of languages(La)a∈Σe∪Σs

is aSELε-substitution (aSEL-substitution resp.) ifLa ∈ SELε (resp.La ∈ SEL) for
eacha ∈ Σe ∪Σs.

The aim of this paper is precisely to investigate the closureof the two classes of
SE -languagesSEL andSELε under recognizable substitutions and their inverse.

We first consider the special cases of renaming and event-hiding. Formally, a renam-
ing is simply a substitution such that, for eachf ∈ Σe,Lf = {g} for someg ∈ Σ′

e, and
for eacha ∈ Σs\{τ},La = {b}×T for someb ∈ Σ′

s. An event-hiding is a substitution
such thatLf = {f} orLf = {ε} for f ∈ Σe andLa = {a} × T for a ∈ Σs. We have:

Proposition 4.

1. The classesSEL andSELε are closed under renaming,
2. The classSELε is closed under event-hiding whereasSEL is not,

Proof. Point 1 is straightforward. For the second point, the closure of SELε under
event-hiding was already noticed in [1] and the result easily extends to our framework:
in order to hide the eventa, one replacesa-labelled transitions byε-transitions.

τ

x = 0, a

x = 2, b, {x}

τ

x = 0, a

x = 2, ε, {x}

Fig. 2. Timed automata forL1 andh(L1).

For the classSEL, recall from [5] that the languageEven = ((τ2)∗a)∞ cannot
be accepted by a timed automaton withoutε-transitions. Consider the languageL1 =
((τ2b)∗a)ω ∪ ((τ2b)∗a)∗(τ2b)ω accepted by the automaton on the left of Figure 2, with
no final state, where the unique state is labeledτ and is both initial and repeated. Hiding
theb’s in L1 yields the languageh(L1) accepted by the automaton inSEAε on the right
of Figure 2. Sinceh(L1) is the analogous ofEven in our framework, it is not in the
classSEL. ⊓⊔

The classSEL is not closed underSEL-substitution. Indeed, takeLf = {b0f}
andLc = {c0} which are accepted by the automata below and are therefore both in
SEL. Consider alsoL = {c0f} ∈ SEL. Thenσ(L) = {c0b0f} is not inSEL since
it contains aSE -word with two consecutive distinct signals. The next result gives a
sufficient condition on a substitution for the closure property of SEL to hold.



Lf : b
τ

x ≤ 0

f Lc : c
x ≤ 0

Theorem 1. LetL be a language inSEL andσ a SEL-substitution such that for each
f ∈ Σe the languageLf contains onlySE -words starting and ending with (instanta-
neous) events fromΣ′

e. Thenσ(L) belongs toSEL.

Proof. We prove the theorem for a substitution acting only on eventsor acting only on
signals. The general case is obtained using compositions ofsuch elementary substitu-
tions and of renaming.

We first show how to handle substitution of events. So letσ be aSEL-substitution
satisfying the condition of the theorem and which is defined by a family (La)a∈Σe∪Σs

of SEL-languages. Sinceσ acts only on events, we haveLa = {a} × T for all a ∈ Σs.
For f ∈ Σe, the languageLf is accepted by someSEA-automatonAf with only one
clock xf which is never tested or reset, with no repeated states, where all the guards
aretrue and where all final states carry the invariantxf ≤ 0 in order to ensure that
each acceptedSE -word has a null duration. Moreover, from the hypothesis onσ, we
can assume that all initial and final states are labelledτ .

Now, letL ⊆ SE (Σ) be accepted by aSEA-automatonA. We build fromA aSEA-
automatonA′ acceptingσ(L) as follows. For each stateq, we consider a new copyAq

f

of Af and we replace any transition(p, g, f, α, q) by the following set of transitions:

– for each transition(q0, true, b, ∅, q1) in Aq
f with q0 initial, we add the transition

(p, g, b, α ∪ {xf}, q1) toA′,
– for each transition(q1, true, b, ∅, q2) in Aq

f with q2 final, we add the transition
(q1, xf = 0, b, ∅, q) to A′,

– for each transition(q0, true, b, ∅, q2) in Aq
f with q0 initial andq2 final, we add the

transition(p, g, b, α, q) toA′,
– all states and transitions ofAq

f are kept unchanged inA′.

Again, the clock operations onxf ensure an instantaneous traversal ofAq
f . The initial,

final and repeated states remain those ofA. ClearlyA′ is aSEA-automaton and we can
show that it acceptsσ(L).

We now handle substitution of signals. Letσ be aSEL-substitution defined by a
family (La)a∈Σe∪Σs

of SEL-languages. We assume thatσ acts only on signals, i.e.,
Lf = {f} for eachf ∈ Σe. For a ∈ Σs, the languageLa is accepted by some
SEA-automatonAa = (Σ′

e, Σ
′
s, Xa, Qa, Q

0
a, Fa, Ra, Ia, ℓa, ∆a). We assume that all

theXa’s are pairwise disjoints.
Let A = (Σe, Σs, X,Q,Q0, F,R, I, ℓ,∆) be aSEA-automaton accepting a lan-

guageL ⊆ SE (Σ). We assume thatX is disjoint from theXa’s. We build fromA
a SEA-automatonA′ acceptingσ(L) as follows. For each statep of A with labela,
we consider a new copyAp of Aa in which the invariantI(p) is added to all states:
Ip(rp) = Ia(r) ∧ I(p) if rp is the copy of stater ∈ Qa. To buildA′, we start with the
disjoint union of all theAp’s and we addswitchingtransitions:

If (p, g, f, α, q) is a transition ofA then for each final staterp of Ap and each
initial statesq of Aq we add the transition(rp, g, f, α ∪Xℓ(q), sq) toA′.



The initial states ofA′ are the initial states of allAp such thatp ∈ Q0. The final states
of A′ are the final states of allAp such thatp ∈ F . An infinite path ofA′ is accepting if

– either it uses infinitely many switching transitions(rp, g, f, α ∪ Xℓ(q), sq) with
p ∈ R,

– or else, it stays ultimately in someAp with p ∈ F and it visitsRp infinitely often.

We can easily transform the automatonA′ in order to get a classical Büchi condition if
needed. We can check thatA′ acceptsσ(L). ⊓⊔

We will now show that the classSELε is closed underSELε-substitutions. The
construction for the substitution of signals given in the previous proof does not work.
Indeed, by definition, a substitution must be applied to a word in normal form. The
difficulty comes from the fact that in the automaton forL, a factorad of some normal
form may be generated by a path with severala-labelled states and evenτ -labelled
states that are crossed instantaneously if all these statesare linked byε-transitions. So
we cannot simply replace eacha-labelled state by a copy ofAa.

To circumvent this difficulty, we use a proof technique inspired from rational trans-
ductions and that can be applied to establish the closure of the classSELε both under
SELε-substitutions and their inverse. Hence, we state and proveboth results simultane-
ously. It should be noted that these closure properties holdfor arbitrary substitutions,
showing once again the robustness of the classSELε.

Theorem 2. The classSELε is closed underSELε-substitution and inverseSELε-
substitution.

Proof. Let σ be aSELε-substitution fromSE (Σ) to SE (Σ′) given by a family of au-
tomata(Aa)a∈Σe∪Σs

, with Aa = (Σ′
e, Σ

′
s, Xa, Qa, Q

0
a, Fa, Ra, Ia, ℓa, ∆a) ∈ SEAε.

We assume that these automata satisfy condition(†) of Proposition 1.
We use the same technique to prove both closure properties. We show thatσ(L) and

σ−1(L) can both be expressed as a projection of the intersection of aSELε-language
with an inverse projection ofL. This is in the spirit of rational transductions for classical
word languages.

Consider a new alphabet̂Σ = Σ̂e ∪ Σ̂s × T with Σ̂e = Σe ⊎ Σ′
e (⊎ is the disjoint

union) andΣ̂s = Σs × Σ′
s (we identify (τ, τ) with the unobservable signalτ ). The

projectionsπ1 andπ2 are the morphisms defined by:

π1(f) = f andπ2(f) = ε if f ∈ Σe,
π1(f) = ε andπ2(f) = f if f ∈ Σ′

e,
π1((a, b)

d) = ad andπ2((a, b)
d) = bd if (a, b)d ∈ Σs ×Σ′

s × T.

With this definition we haveπi((a, b)
d1+d2) = πi((a, b)

d1)πi((a, b)
d2). Note that pro-

jectionπi is a composition of an event-hiding and a signal-renaming. By Proposition 4
we deduce that the projection byπi of aSELε language is again in the classSELε.

For L ⊆ SE (Σ), we let π−1
1 (L) = {w ∈ SE (Σ̂) | π1(w) ∈ L}. We define

similarly π−1
2 (L) for L ⊆ SE (Σ′). We will show later that ifL is recognizable then so

isπ−1
i (L). We will also define a recognizable languageM ⊆ SE (Σ̂) with the following

properties:



1. for eachw ∈M , we haveπ2(w) ∈ σ(π1(w)),
2. for eachu ∈ SE (Σ) andv ∈ σ(u), there existsw ∈ M such thatu = π1(w) and
v = π2(w).

Then, forL ⊆ SE (Σ), we haveσ(L) = π2(π
−1
1 (L) ∩M). Indeed, Letv ∈ σ(L) and

let u ∈ L with v ∈ σ(u). Using property 2 ofM we findw ∈ M with π1(w) = u
andπ2(w) = v. Then,w ∈ π−1

1 (L) ∩M andv ∈ π2(π
−1
1 (L) ∩M). Conversely, let

v ∈ π2(π
−1
1 (L) ∩M) and letw ∈ π−1

1 (L) ∩M with π2(w) = v. By definition, we
haveu = π1(w) ∈ L and using property 1 ofM , we getv ∈ σ(u) ⊆ σ(L).

Similarly, for L ⊆ SE (Σ′), we haveσ−1(L) = π1(π
−1
2 (L) ∩ M). Indeed, Let

u ∈ σ−1(L) and letv ∈ σ(u) ∩ L. Using property 2 ofM we findw ∈ M with
π1(w) = u andπ2(w) = v. Then,w ∈ π−1

2 (L) ∩ M andu ∈ π1(π
−1
2 (L) ∩ M).

Conversely, letu ∈ π1(π
−1
2 (L) ∩M) and letw ∈ π−1

2 (L) ∩M with π1(w) = u. By
definition, we havev = π2(w) ∈ L and using property 1 ofM , we getv ∈ σ(u).
Hence,σ(u) ∩ L 6= ∅ andu ∈ σ−1(L).

We already know thatSELε-languages are closed under intersection (Proposition 2)
and projectionsπi. To conclude the proof of Theorem 2, it remains to show that they
are also closed under inverse projectionsπ−1

i and to define theSELε-languageM with
the properties above.

We show first thatSELε-langagues are closed under inverse projectionsπ−1
i . LetL

be recognized by some automatonA = (Σe, Σs, X,Q,Q
0, F,R, I, ℓ,∆) ∈ SEAε. We

build an automaton̂A acceptingπ−1
1 (L). The set of states iŝQ = Q ⊎ Q × Σ′

s, with
Q̂0 = Q0 for initial states and̂F = F for final states. The set of clocks isX ⊎{z}. The
labels and invariants are defined byℓ̂(q) = τ andÎ(q) = I(q)∧ (z ≤ 0) for q ∈ Q, and
ℓ̂((q, b)) = (ℓ(q), b) andÎ((q, b)) = I(q) for (q, b) ∈ Q×Σ′

s. The set of transitionŝ∆
is defined by:

1. All transitions(p, g, f, α, q) ∈ ∆ are kept in∆̂.
2. For allf ′ ∈ Σ′

e andq ∈ Q, we put(q, true, f ′, ∅, q) in ∆̂.
3. For all(q, b) ∈ Q×Σ′

s, we put(q, true, ε, ∅, (q, b)), ((q, b), true, ε, {z}, q) in ∆̂.

We use a generalized acceptance condition for infinite paths. By transforming the au-
tomaton we can get a classical Büchi condition if needed. Aninfinite path is accepting
if it uses

– either infinitely many transitions(p, g, f, α, q) of type 1 withq ∈ R,
– or ultimately transitions of type 2 and 3 only around some state q ∈ F .

We show thatL(Â) = π−1
1 (L). Letw be a word over̂Σ accepted bŷA. We consider

a run ofÂ for w through an accepting patĥP . Erasing from this path all transitions of
type 2 and 3 above, we obtain a pathP of A. If P̂ is finite then it ends in a final state
q ∈ F̂ = F andP is also accepting since it ends in stateq. If P̂ uses infinitely many
transitions(p, g, f, α, q) of type 1 withq ∈ R, thenP is infinite and visitsR infinitely
often, hence it is also accepting. Finally, ifP̂ is infinite and uses ultimately transitions
of type 2 and 3 only around some stateq ∈ F , thenP is finite and accepting since it
ends in stateq. In all cases,P is an accepting path ofA. We can show thatπ1(w) admits
a run throughP . Therefore,π1(w) ∈ L.



Conversely, letw ∈ SE (Σ̂) and assume thatπ1(w) ∈ L is accepted by a run

〈q0, v0〉
d0−→ 〈q0, v0 + d0〉

f1

−→ 〈q1, v1〉
d1−→ 〈q1, v1 + d1〉

f2

−→ 〈q2, v2〉 · · · through an

accepting pathP = q0
g1,f1,α1

−−−−−→ q1
g2,f2,α2

−−−−−→ q2 · · · of A. Then, we haveπ1(w) ≈
ad0

0 f1a
d1

1 f2 · · · with ai = ℓ(qi) for i ≥ 0. We deduce thatw ≈ w0f1w1f1w2 · · · with
π1(wi) = adi

i . Now, if wi is finite with finite duration then we find a patĥPi following
the normal form ofwi, starting and ending inqi, and using transitions of type 2 and 3
only. If wi is infinite or with infinite duration then the pathP must be finite ending in
stateqi ∈ F sinceP is accepting. Then, we find aninfinite pathP̂i for wi using only
transitions of type 2 and 3 aroundqi. Note that ifwi is finite with infinite duration, then
it ends withb∞ for someb ∈ Σ′

s and we still need an infinite path ultimately alternating

between statesqi and(qi, b). Finally, P̂ = P̂0
g1,f1,α1

−−−−−→ P̂1
g2,f2,α2

−−−−−→ P̂2 · · · is a path in
Â and it is easy to see that̂P is accepting. Moreover, we can show thatw admits a run
throughP̂ and therefore,w is accepted bŷA.

We turn now to the definition ofM . Forf ∈ Σe anda ∈ Σs \ {τ}, we define

Mf = {w ∈ SE (Σ̂) | w = (τ, b0)
0f1(τ, b1)

0f2 · · · (τ, bn)0

with b00f1b
0
1f2 · · · b

0
n ∈ σ(f)} · f

Ma = {w ∈ SE (Σ̂) | w = (a, b0)
d0f1(a, b1)

d1f2 · · ·

with bd0

0 f1b
d1

1 f2 · · · ∈ σ(ad0+d1+···)}

We also letMτ = {(τ, τ)d | d ∈ T \ {0}}. Note that forw ∈ Ma with a ∈ Σe ∪ Σs

we haveπ2(w) ∈ σ(π1(w)) as required by property 1 ofM . Moreover, iff ∈ Σe and
v ∈ σ(f) then there existsw ∈ Mf such thatπ1(w) = f andπ2(w) = v. Similarly, if
ad ∈ Σs × T (with d > 0 if a = τ ) andv ∈ σ(ad) then there existsw ∈ Ma such that
π1(w) = ad andπ2(w) = v.

Intuitively,M consists of finite or infinite products of words in
⋃

a∈Σe∪Σs
Ma ex-

cept that, in order to ensure that the first projection is in normal form, we should not
allow consecutive factors associated with the same signal.Formally, we define

M = {w1w2 · · · | ∃a1, a2, . . . ∈ Σe ∪Σs with wi ∈Mai
andai ∈ Σs ⇒ ai+1 6= ai}.

We show thatM satisfies property 1. Letw = w1w2 · · · ∈ M and leta1, a2, . . . ∈
Σe ∪ Σs be such thatwi ∈ Mai

and ai ∈ Σs ⇒ ai+1 6= ai. Then,π1(w) =
π1(w1)π1(w2) · · · is in normal form and we have seen above thatπ2(wi) ∈ σ(π1(wi)).
Therefore,π2(w) ∈ σ(π1(w)) and property 1 is proved.

We show thatM satisfies property 2. Letu ∈ SE (Σ) andv ∈ σ(u). Write u =
u1u2 · · · in normal form andv = v1v2 · · · with vi ∈ σ(ui). Let ai = ui if ui ∈ Σe

andai = a if ui = ad ∈ Σs × T. Since the productu = u1u2 · · · is in normal form,
we haveai ∈ Σs ⇒ ai+1 6= ai andui = τd ⇒ d > 0. Sincevi ∈ σ(ui), we have
seen above that there existswi ∈ Mai

such thatπ1(wi) = ui andπ2(wi) = vi. Then,
w = w1w2 · · · ∈M andπ1(w) = u andπ2(w) = v as required by property 2.

It remains to show thatM is recognizable by someSEAε-automaton. For each
a ∈ Σe ∪ Σs we first show thatMa is accepted by some automaton̂Aa ∈ SEAε

derived fromAa. This is clear fora = τ . Note thatÂτ needs two states to ensure



the positive duration required byMτ . Fora ∈ Σs \ {τ}, the automatonÂa is simply
a copy ofAa, with new label(a, ℓa(q)) for q ∈ Qa. For f ∈ Σe, the set of states is
Q̂f = Qf ⊎{qf}, whereqf is a new state, which is also the only final state. The label of
q ∈ Qf is (τ, ℓf (q)), the label ofqf is (τ, τ) and its invariant isxf ≤ 0 wherexf is the
clock ensuring instantaneous traversal ofAf . The transitions are those inAf , to which
we add(q, f, qf ) for any stateq which was final inAf . Note that, sinceAa satisfies (†)
for a ∈ Σe ∪Σs, then so doeŝAa.

SinceM is essentially the iteration of the languagesMa, it should be clear thatM ∈
SELε. TheSEAε-automatonB recognizingM is the disjoint union of the automatâAa

to which we addε-transitions allowing to switch between automata: ifp is a final state
of Âa andq is an initial state ofÂb anda ∈ Σs ⇒ b 6= a then we add the transition
(p, true, ε,Xb, q). All initial (resp. final, repeated) states of thêAa’s are initial (resp.
final, repeated) inB. But we also need to accept runs that switch infinitely often between
the Âa’s, i.e., taking infinitely many switchingε-transitions. If needed, it is easy to
transform the automaton so that it uses classical Büchi condition to accept also these
runs.

We can show that anySE -word accepted byB is inM . Condition (†) is needed to
prove the converse. Indeed, a finiteSE -word v ∈ Ma with ‖v‖ < ∞ could appear as
an internal factor of someSE -worduvw ∈M with w 6= ε. If v could only be accepted
by an infinite run inÂa, then we would not be able to build a (non transfinite) run for
uvw in B. ⊓⊔

The classSEL is not closed under inverseSEL-substitutions. Indeed, assumeΣs =
Σ′

s = {a, b}, Σe = Σ′
e = {f} and letσ be theSEL-substitution defined byLa =

{a1f}, Lb = {b0} andLf = {f}. Then the inverse image byσ of theSEL-language
{a1fb0} is the language{a1b0} which is not in the classSEL. Nevertheless sufficient
conditions on the substitutions can be proposed to ensure the closure of the classSEL

under inverse substitutions.

Theorem 3. The classSEL is closed under inverseSEL-substitutions acting on events
only.

Proof. Let σ be a substitution defined by a family(La)a∈Σe∪Σs
of SEL-languages.

We assume thatσ acts only on events, i.e.,La = {a} × T for all a ∈ Σs. Let
Af = (Σ′

e, Σ
′
s, {xf}, Qf , Q

0
f , Ff , ∅, If , ℓf , ∆f ) for f ∈ Σe be an automaton with-

outε-transitions acceptingLf . Since the guards and resets on the transitions ofAf are
alwaystrue and∅ respectively, we write a transition ofAf simply(r, f ′, s) to simplify
the notation. We consider now a languageL ∈ SEL, recognized by some automaton
withoutε-transitionA2 = (Σ′

e, Σs, X,Q,Q
0, F,R, I, ℓ,∆) ∈ SEA.

We build an automatonA1 in SEA acceptingσ−1(L) essentially by changing the
transitions ofA2. If there is a pathP in A2 from p to q having some instantaneous
run for some word inσ(f) then we add toA1 a transition(p, g, f, α, q) with a suitable
guardg and resetα. The difficulty is to compute a suitable pair(g, α) for each triple
(p, q, f).

Given a guardg and a subset of clocksα, we define the restriction ofg byα, written
g[α], as the guardg where all clocks fromα have been replaced by0. For instance, ifg
is (x < 3) ∧ (y > 2) andα = {x, z} theng[α] is (equivalent to)(y > 2). We letG be



the smallest set of guards including all guards ofA2 and closed under conjunctions and
restrictions. FormallyG is not a finite set, but it can be identified with its finite quotient
under equivalence of formulae: two formulaeϕ andψ are equivalent ifv |= ϕ iff v |= ψ
for all valuationsv. The setΓ = G × P(X) is thus a finite monoid, with(True, ∅) as
neutral element, for the associative composition:

(g1, α1) · (g2, α2) = (g1 ∧ g2[α1], α1 ∪ α2).

Finally, we define a morphismγ : ∆∗ 7→ Γ by γ((p, g, f, α, q)) = (g, α).

Let P = q0
g1,b1,α1

−−−−−→ q1
g2,b2,α2

−−−−−→ · · ·
gn,bn,αn
−−−−−−→ qn be a path inA2. We define

W(P ) = ℓ(q0)
0b1ℓ(q1)

0b2 · · · bnℓ(qn)0. Now, given a triple(p, q, f) wherep, q ∈ Q
andf ∈ Σe, we denote byLf

p,q the set of pathsP fromp to q in A2 with W(P ) ∈ σ(f).
We can build an automatonBf

p,q recognizing the languageLf
p,q ⊆ ∆∗. This is not

difficult since we are dealing with automata withoutε-transitions, hence we can perform
a simple synchronized product as follows. The set of states isQ′ = {(r, s) ∈ Qf ×Q |
ℓf (r) = ℓ(s)}, the set of initial states isQ′ ∩ Q0

f × {p}, the set of final states is
Q′∩Ff ×{q}. The transitions ofBf

p,q are the triples((r1, s1), (s1, g, b, α, s2), (r2, s2))
with (r1, b, r2) ∈ ∆f and(s1, g, b, α, s2) ∈ ∆.

We let∆R ⊆ ∆∗ be the set of sequences containing at least a transition ending
in some repeated state ofR. From the automatonBf

p,q, we can effectively compute
a rational expression for the languageLf

p,q ∩ ∆R. We deduce that we can effectively
compute the finite setγ(Lf

p,q ∩ ∆R). Similarly, we can effectively compute the finite
setγ(Lf

p,q \∆R). These two sets are used to define the transitions of a new automaton
A1 = (Σe, Σs, X,Q ⊎Q,Q0, F,Q, I, ℓ,∆1) in SEA:

∆1 = {(p, g, f, α, q), (p, g, f, α, q) | (g, α) ∈ γ(Lf
p,q \∆R)}

∪ {(p, g, f, α, q), (p, g, f, α, q) | (g, α) ∈ γ(Lf
p,q ∩∆R)}.

The automatonA1 can therefore be effectively computed from the automataA2 and
(Af )f∈Σe

. We can show thatL(A1) = σ−1(L). Therefore, the languageσ−1(L) ∈
SEL and Theorem 3 is proved. ⊓⊔

5 Conclusion

We have shown in this paper that the classSEL of signal-event languages is not closed
under arbitrarySEL-substitutions and inverseSEL-substitutions but that natural suffi-
cient conditions ensure closure properties for this class.

But our main contribution is to propose effective constructions to prove the clo-
sure of the larger classSELε under arbitrarySELε-substitutions and inverseSELε-
substitutions. We give these constructions in the general framework of signal-event au-
tomata and languages. The usual cases of event languages [1,2] or signal languages [3,
10, 4, 11] are particular cases for which the interested reader will check that simplified
constructions can be given.
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