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Abstract. In the classical framework of formal languages, a refinenopetra-
tion is modeled by a substitution and an abstraction by aerssvsubstitution.
These mechanisms have been widely studied, because thajbdes change in
the specification level, from an abstract view to a more cgtecone, or con-
versely. For timed systems, there is up to now no uniformamotif substitutions.
In this paper, we study the timed substitutions in the gétfieraework of signal-
event languages, where both signals and events are takesccunt. \We prove
that regular signal-event languages are closed undelituiosts and inverse sub-
stitutions.

1 Introduction

Refinements and abstractiot@perations of refinements and abstractions are essential
tools for the design and the study of systems, real-time briieey allow to consider a
given system at different levels of abstractions. For imstasome procedure or function
can simply be viewed at some abstract level as a single aetiohcan be later expanded
into all its possible behaviours at some more concrete I&@elconversely, a set of
behaviours are merged together and replaced by a singtmaati order to obtain a
more abstract description.

These operations can be formally modeled by substitutiahiaverse substitu-
tion respectively. Therefore, substitutions have beearesitely studied in the untimed
framework, with the underlying idea that interesting césssef languages have to be
closed under these operations.

Timed languagesn order to accept timed words, the model of timed automatafirst
proposed in [1, 2]. It has been widely studied for the lasééift years and successfully
applied to industrial cases. For this model, an observatialled a time-event word,
may be viewed as an alternating sequence of waiting timesnstahtaneous actions.
Atimed automaton is a finite automaton extended with vagisbhlled clocks, designed
to recognize time-event words: time elapses while the obstays in a given node and
an event is observed when a discrete transition occurs.

Another model was introduced by [3], and further studied1i, 4, 11] with the
aim of describing hardware systems. In this case, an oltsemia a signal word, i.e.,
a sequence of factors!, wherea is a signal and! is its duration. The original model



of timed automata was then modified to fit this setting: a dignamitted while the au-
tomaton stays in some state and no event is produced wheoratdigransition is fired.
In this framework, when a transition occurs between tweestatith the same signal
a, we obtaina® followed bya?2, which are merged inta®: 2. This phenomenon is
called stuttering.

It was noticed in [4] that both approaches are complemeitadycan be combined
in an algebraic formalism to obtain the so-called signa&réwnonoid. Timed automata
can be easily adapted to take both signals and events inboiaizehus yielding signal-
event automata: states emit signals and transitions peoghents.

We consider in this paper both finite and infinite behaviorsigial-event automata
and we also include unobservable evertsrénsitions) and hidden signals-{abeled
states). It turns our that these features are very usefuhdtance for handling abstrac-
tions. They also allow us to get as special cases the initilals of timed automata
and signal automata.

Timed substitutionglimed substitutions were studied in [8] for regular trarigfitime-
event languages. In [8], although no signal appear exgligiactions are handled in a
way similar (but not identical) to signalajthoutstuttering. Here we restrict the study
of substitutions to finite and-sequences but we do handle signal stuttering which is a
major difficulty.

Our contribution.The aim of this paper is to study the closure by substitutimd
inverse substitutions of the familig®’L. and SEL of languages accepted by signal-
event automata, with or withogttransitions. We prove that the claS&'L. is closed
under arbitrary substitutions and under arbitrary invenslastitutions. These closure
properties are not verified by the claS&L in general. Nevertheless, we show that
SEL is closed under inverse substitutions acting on events aely leaving signals
unchanged, and we give a sufficient condition for its closumger substitutions. These
results again show the robustness of the cl&85., which is in favour of signal-event
automata including-transitions.

Outline of the papeWe first give in Section 2 precise definitions of finite and iitén
signal-event languages, with the corresponding notioigofd-event automata and we
recall some technical results on signal-event automatanthiabe crucial for further
proofs. In Section 3, we define timed substitutions whichdamation preserving map-
pings. We then study in Section 4 the closures of the claSédsand SEL. under
reconizable substitutions and their inverses.

For lack of space, this paper does not contain the proofeafdirectness of the dif-
ferent automata constructions we proposed. These prooBvailable in the technical
report [6].

2 Signal-event words and signal-event automata

Let Z be any set. We writeZ* (respectivelyZ“) the set of finite (respectively infinite)
sequences of elements iy with ¢ for the empty sequence, adtf® = Z* U Z¢ the
set of all sequences of elementsdn The setZ° is equipped with the usual partial
concatenation defined frol* x Z°° to Z°°.



Throughout this paper, we consider a time donf@iwhich can be either the set
N of natural numbers, the s, of non-negative rational numbers or the Bet of
non-negative real numbers and weBet T U {co}.

2.1 Signal-event words

We now describe the most general class of systems where lez#wise-constant sig-
nals and discrete events can occur, based on the signdlragenid defined in [4]. We
consider two finite alphabefs, andX, with ¥ = ¥, U (X5 x T): an element ir¥, is
the label of an instantaneous event, while a pairl) € X x T, writtena?, associates
a durationd with a signale. Moreover,Y/; includes the special symbelfor an internal
(or hidden) signal, the purpose of which is to representasdn where no signal can
be observed.

Intuitively, signal-event word§SE-words for short and sometimes callithed
word9 correspond to sequences obtained frAfiY by merging consecutive identical
signals and removing internatsignals with duratior). But note that signals different
from 7 may have a null duration.

Formally, the partial monoid of signal-event words is thetignt 3>/ ~ where~:
is the congruence (with respect to the partial concatenatio”’>°) generated by

{ M xe and

[Lics a® ~ HjeJ a’i if Dierdi = ZjeJ d;'

where the index setsandJ above may be infinite. The partial monaqitt°/ ~ will be
denotedSE (X, T) or simply SE(X') or SE when there is no ambiguity. We write®
for the equivalence class of any sequence of the fofm, adi, where} .., d; = .
Note that for two words of the formsa? anda? v with d < oo, the concatenation is
ua®ty.

A finite or infinite sequence i’>° U X* - (X, x {co}) which does not contain’
and such that two consecutive signals are distinct is salmetm normal form(NF).
SE-words are often identified with sequences in normal féxriE-word isfiniteif its
normal form is a finite sequence (even if it ends with).

A duration can be associated with each element'dly: [la|| = 0if a € X, and
la?|| = dif a € X, andd € T, so that the duration of a sequence= s;s, - - - in X
is ||lw|| = >>,5; IIsi]l € T. Note that the duration restricted to finit#-words with
finite durations is a morphism fro™* into (T, +). A Zenoword is aSE-word with
finite duration and whose normal form is infinite. signal-event languagéor timed
languag@ is a set ofSE-words.

Example 1.Let ¥, = {f,¢g} and X = {a,b}. The SE-word w = a®f fgr*5alb®
can be viewed as the following sequence of observations; fiivs signala during 3
time units, then a sequence of three instantaneous ef¢ntshen some unobservable
signal duringd.5 time units, again the signalduring1 time unit and then the signal
during5 time units. The total duration ab is 13.5. For infinite SE-words, we have for
instanceu®gfa' [[,~, a®* = a*a’*gf [];>, a* and the normal form is written®g f a>°.
Note also that an infinite timed sequencelit may be a finiteSE-word with finite
duration:] [, a'/?" =~ a2



2.2 Signal-event (timed) automata

Our model ofsignal-event automatéalso calledtimed automatan the sequel) is a
variant of the basic models proposed in the literaturegirating both instantaneous and
durational semantics: signals are associated with the@amtates, while instantaneous
events occur when the system switches between two states.

Clocks and guardsLet X be a set of variables with valuesTh called clocks. The set
C(X) of guards or clock constraints ov&Tconsists of conjunctions of atomic formulas
x X ¢, for a clockz, a constant € T and a binary operator in {<, <,=,>, >}.

A clock valuationv : X — T is a mapping that assigns to each clacktime value
v(z). The set of all clock valuations B* . We writev |= g when the clock valuation
satisfies the clock constraiqtlf ¢ is an element of" anda a subset of(, the valuations
v+t andv|a] are defined respectively ly + ¢)(x) = v(z) + ¢, for each clock: in X
and(v[a])(z) = 0if z € o, and(v[a])(x) = v(x) otherwise.

Signal-event (timed) automata# Biichi signal-event automaton over the time domain
Tisatupled = (X, X, X,Q,Qo, F,R,I,¢, A), whereX, and X are alphabets of
events and signalsy is a finite set ofT-valued clocks( is a finite set of control states,
Qo C Q is a subset of initial stated; C @Q is a subset of final states aritl C @
corresponds to a Biichi acceptance condition. The mappin@ — C(X) associates
with a stateg € @ aninvariant I(¢q) being a conjunction of constraints of the form
x e, with e {<, <}, andl : Q — X associates a signal with each state.

The set of transitions ig\ C @ x C(X) x X, U {e} x P(X) x Q. A transition,
also writteng 2%, ¢, is labeled by a guarg, an instantaneous event k. or the
unobservable event and the subset of clocks to be reset. When= ¢, it is called an
e-transition or a silent transition.

First examples of signal-event automata are given in Figjréhere double-circled
nodes correspond to Bichi repeated states). The semaniti€s-automata will be
given below. But intuitively,

— A SE-word is accepted by, if it is of the form a® 5?2 with d; > 1.

— A SE-word is accepted by if it is of the forma?'ca®c. .. with d; < 1 for any
2.

— Since the concatenation merges consecutive identicadlsigf: a9z = q%1142),
the language accepted by consists of the signal emitted for a duratioa > 1.

— A4 accepts the signalemitted for a duratiod < 1 (note that:! is accepted by an
infinite run with successive duratiogs 1, %, ... forinstance).

Semantics.In order to define the semantics S§£-automata, we recall the notions
of path and timed run through a path. A path.nis a finite or infinite sequence of
consecutive transitions:

91,01, g2,a2,x .
P:qo R q1 — qQ"'vWhere(q’i*hgivaivaiv(h)eAv Vi >0



>1, ¢
Ai =1 As @
a ay <1 e {y}
Ag vzl e Au: a .
a,y <1

Fig. 1. Some signal automata.

The path is said to bacceptingf it starts in an initial stateqy € Qo) andeitherit is
finite and ends in a final stater it is infinite and visits infinitely often aepeatedstate
g € R. A run of the automaton through the pathis a sequence of the form:

d d
<(J07“0> — <QOva +d0> o <(J1701> — <Q1701 + d1> o <Q2,U2> s
where

— d; € Tfori > 0 and if P is finite with n transitions then the last step of the run
must be(g,,, v, ) L, {(qn,vn +dy), withd,, € T,

— (vi)i>o are clock valuations such thaf(x) = 0 for all z € X, and for eacti > 0,
we have

v; + d ): I(qi), Vd € [0, dz]
v +di E gita
Viy1 = (vi +di)[cviy]

Note that ifd; is finite, the condition about invariaiifg;) can be replaced simply
by vi +di = 1(g;)-

The signal-event (timed) word generated by this run is gyr(thle equivalence class
of) £(qo)%a1€(q1)* azt(q2)% . ... The signal-event (timed) language acceptedby
over the time domaiff and the alphabe¥, written £(.A), is the set ofSE-words gen-
erated by (finite or infinite) accepting runs.df Two automatad and3 areequivalent
if L(A) = L(B).

The set of all signal-event (timed) automata is denoted Byl. whereasSEA is
the set of all sighal-event automata using transitions witkervable events only (i.e.
with labels in X, instead ofX, U {¢}). The family of signal-event (timed) languages
generated by some signal-event automatofiiii. (respectivelySEA) is denoted by
SEL. (respectivelySEL).

Remark 1.A Zeno runis an infinite run for which the time sequence defined by
Zj<i d; fori > 0, is convergent (keeping the notations just above).

We did not include the non Zeno condition for runs, requirithgt each infinite
accepting run has an infinite duration. Thus, Zeno runs dicagfinite words with finite



duration may occur. Although Zeno behaviours have beenesti{dee for instance [12,
9)), it has been argued that excluding Zeno runs directlynftbe semantics of timed
automata is a realistic assumption, since they do not appé&@al” systems. However,
the semantics of timed automata used by model-checking li&elUPPAAL do include
Zeno runs while performing forward reachability analys$isq can be easily checked
with an example). Hence, we think that the theory shouldiidelZeno runs as well.

We state now two properties that will be used to prove the mesults of this paper.
The constructions related to the following two propositiean be found in [7]. It turns
out that anySE-automaton can be transformed into an equivalent one, istwiimite
accepting runs correspond exactly to finite words with figiteation. Note that the
transformation removes a particular type of Zeno runs,ghvasich contain ultimately
only e-transitions and a single signal. But it keeps Zeno runsesponding to infinite
words of finite duration.

Proposition 1. Let A be aSE-automaton. We can effectively construct an equivalent
SE-automatonA’ such that:

(1) no infinite run ofA’ accepts a finite word with finite duration, and
(1) no finite run ofA’ accepts a word with infinite duration.

The previous result is interesting in itself for implemeditta issues: when a finite
word with finite duration is accepted by an infinite run, welthunstead a finite ac-
cepting run for this word. Furthermore, conditiofi$ and (%) are crucial to prove the
following closure property and are also used in the proofteédrem 2.

Proposition 2. The classSEL,. is closed under intersection.

If we consider signal-event automata whergansitions are not allowed, the trea-
ment of the intersection becomes much simpler. Indeed,nteesection of twaSE-
automata without-transitions can be done in a classical way, i.e. as a prazfuai-
tomata and a suitable treatment of the Biichi conditions.iBthe general case, the
construction of an automaton recognizing the intersedgianuch more tricky. It can
be found in [7], together with references on related works.

3 Signal-event (timed) substitutions

Recall that substitutions are a suitable model for refingmémthe untimed framework,
the image of each letter € X is a given languagé,, over another alphabet’ and a
substitution is a morphism extending this mapping.

Dealing with timed words requires to preserve durationsréfore, an instanta-
neous event must be replaced B%-words with null duration, while a signal with
durationd must be replaced bgE-words of the same duratiah Formally, the new
alphabet is also of the for’ = X7 U (X7 x T) and a substitution is defined by a
family of SE-languages$L,).cx.ux. such that:

— Lo C (20U x {0}) ifae S,



— if a € X5\ {7}, thenL, is aSE-language ofion ZenaSE-words overy’.

Using Zeno-words in substitutions may give rise to trantfisequences, therefore we
have excluded them from the languades

Moreover, we assume that the internal signa never modified, so that we always
haveL, = {7} x T. Then for eaclu € ¥, o(a) = L, and for eachu? € ¥, x T,
o(a?) = {w € L, | |w| = d}. A substitution is thus a duration preserving mapping.

For a SE-word v = wvyvy--- in normal form overX, o(v) is the set ofSE-
words obtained fromw(v;)o(ve2) - -+ by merging consecutive identical signals. Note
thatw € o(v) can be writtenuv;ws - - - with w; € o(v;) for eachi > 1. However this
decomposition ofv may not be in normal form. Finally, for a timed languag@®ver
Y, we setr(L) = Uyepo(v).

Example 2.

— ChoosingL; = {f} for f € X. andL, = {r°} U {a} x (T \ {0}) fora € %
leads to a substitution that cancel all signals with a nuthtian.
— Hiding some signat is simulated by a substitution whefg = {7} x T.

Timed substitutions and morphisnisshould be noticed that, while substitutions are
morphisms in the untimed framework, this is not the case withdefinition. For in-
stance, assume thatis a signal such that, = {b?}, theno(a') = () ando(a?®) =
{v?} # o(at)o(al).

We call m-substitutiora SE-substitution which is a morphism with respect to the
partial concatenation. We have the following charactéiopa

Proposition 3. Leto be aSE-substitution, given by a family., ),c s, us,. Thengo is
a morphism if and only if for each signale X' we have

1. L, is closed under concatenation: for all, v € L, with |lu|]| < oo, we have
uv € L,

2. L, is closed under decomposition: for eaete L, with ||v|| = d, forall d; € T,
dy € T such thatd = d; + do, there existy; € L, with ||v;|| = d; such that
vV = V10V2.

This proposition is easy to prove and shows that rathericeésé conditions should
be added on the languagks to obtain morphisms.

The notion of abstraction is fundamental in the study ofeyst, and in particular
in their verification. It consists in replacing a set of bebaw with a single action in
order to obtain a smaller system, simpler to study and to tstaled. The abstraction
operation is thus the inverse of refinement. As in the untinzese, inverse substitutions
provide a suitable model for abstractions in our framework.

For a substitutiorr, the inverse substitution—! is the operation defined for a lan-
guageL’ C SE(X')byo~ (L") ={v e SE(Y) | o(v)N L #0}.



4 Recognizable substitutions

We now focus on recognizable substitutions, whose assotiahguages are defined by
SE-automata. Formally, a substitutierdefined by a family of languagé&.,).c s, us.

is a SEL.-substitution (aSEL-substitution resp.) if., € SEL. (resp.L, € SEL) for
eacha € X, U X,.

The aim of this paper is precisely to investigate the closiiréhe two classes of
SE-languages$FEL and SEL. under recognizable substitutions and their inverse.

We first consider the special cases of renaming and evemtghigormally, a renam-
ing is simply a substitution such that, for eatle X., L; = {g} for someyg € X/, and
foreacha € X\ {7}, L, = {b} x T for someb € X’. An event-hiding is a substitution
suchthatl.; = {f} or L; = {e} for f € X. andL, = {a} x T fora € X,. We have:

Proposition 4.

1. The classeSEL and SEL. are closed under renaming,
2. The classSEL. is closed under event-hiding where8gL is not,

Proof. Point 1 is straightforward. For the second point, the clesofr SEL. under
event-hiding was already noticed in [1] and the result gasitends to our framework:
in order to hide the event, one replaces-labelled transitions by-transitions.

z=0,a z=0,a

$:27b7{56} 562276,{56}

Fig. 2. Timed automata fof.; andh(L1).

For the classSEL, recall from [5] that the languagBven = ((72)*a)> cannot
be accepted by a timed automaton withedtansitions. Consider the languagie =
((72b)*a)* U ((12b)*a)*(72b)* accepted by the automaton on the left of Figure 2, with
no final state, where the unique state is labeledd is both initial and repeated. Hiding
thebd’sin L, yields the languagk(L, ) accepted by the automaton$iA. on the right
of Figure 2. Sincéi(L,) is the analogous oFven in our framework, it is not in the
classSEL. O

The classSEL is not closed undeSEL-substitution. Indeed, také; = {b°f}
and L. = {c"} which are accepted by the automata below and are thereféinerbo
SEL. Consider alsd, = {¢"f} € SEL. Theno(L) = {c°6°f} is not in SEL since
it contains aSE-word with two consecutive distinct signals. The next regives a
sufficient condition on a substitution for the closure pmtyef SEL to hold.



Ly: f T L.: ¢
<0 z<0

Theorem 1. Let L be a language irffEL ando a SEL-substitution such that for each
f € X, the languagéel ; contains onlySE-words starting and ending with (instanta-
neous) events fro®’. Theno (L) belongs taSEL.

Proof. We prove the theorem for a substitution acting only on evenggting only on
signals. The general case is obtained using compositiossatf elementary substitu-
tions and of renaming.

We first show how to handle substitution of events. Swlbe aSFEL-substitution
satisfying the condition of the theorem and which is defingd tlamily (L, )sex.us.
of SEL-languages. Since acts only on events, we have, = {a} x T foralla € X,.
For f € X, the languagéd ; is accepted by som&EA-automatonA with only one
clock zy which is never tested or reset, with no repeated states,endlethe guards
aretrue and where all final states carry the invariant < 0 in order to ensure that
each acceptedF-word has a null duration. Moreover, from the hypothesisomwe
can assume that all initial and final states are labelled

Now, letL. C SE(X) be accepted by 8FA-automatond. We build fromA a SEA-
automatond’ acceptings (L) as follows. For each statg we consider a new cop&t}
of A; and we replace any transitidp, g, f, o, ¢) by the following set of transitions:

— for each transitior{qo, true, b, 0, 1) in A% with go initial, we add the transition
(pa 9, bv ay {If}v Q1) to A/’

— for each transitior(q:, true, b, 0, g2) in A% with ¢, final, we add the transition
(1,2 =0,b,0,9)t0 A,

— for each transitioriq, true, b, 0, ¢2) in A? with g initial and ¢ final, we add the
transition(p, g, b, o, q) to A’,

— all states and transitions of}. are kept unchanged i'.

Again, the clock operations oty ensure an instantaneous traversakl@f The initial,
final and repeated states remain thosglo€learly A’ is a SEA-automaton and we can
show that it accepts(L).

We now handle substitution of signals. Letbe a SEL-substitution defined by a
family (L,)eex,us, Of SEL-languages. We assume thagcts only on signals, i.e.,
Ly = {f} foreachf € X.. Fora € X, the languagd., is accepted by some
SEA-automatond, = (X, X", X4, Qa, Q% Fu, Ra, Iu, La, As). We assume that all
the X,'s are pairwise disjoints.

Let A = (X, X, X,Q,Q0, F,R,I,¢, A) be aSEA-automaton accepting a lan-
guageL C SE(X). We assume thaX is disjoint from theX,’s. We build from A
a SEA-automatonA’ acceptings (L) as follows. For each state of A with label a,
we consider a new copyl, of 4, in which the invariant/ (p) is added to all states:
I,(rp) = I.(r) A I(p) if rp is the copy of state € Q,. To build A’, we start with the
disjoint union of all the4,’s and we addwitchingtransitions:

If (p, 9, f,«,q)is atransition of4 then for each final state, of A, and each
initial states, of A, we add the transitio(v;, g, f, « U Xy(4), 54) to A'.



The initial states of4’ are the initial states of alll, such thap € Q. The final states
of A’ are the final states of all, such thap € F'. An infinite path ofA’ is accepting if

— either it uses infinitely many switching transitiofs,, g, f, o U Xy(,), 84) With
p € R,
— or else, it stays ultimately in som#é, with p € F' and it visitsR,, infinitely often.

We can easily transform the automatdhin order to get a classical Biichi condition if
needed. We can check thdt accepts (L). O

We will now show that the clas§EL. is closed undelSEL.-substitutions. The
construction for the substitution of signals given in theyious proof does not work.
Indeed, by definition, a substitution must be applied to adnarnormal form. The
difficulty comes from the fact that in the automaton fgra factora® of some normal
form may be generated by a path with severdabelled states and evenlabelled
states that are crossed instantaneously if all these stegdmked bye-transitions. So
we cannot simply replace eaaHabelled state by a copy of,.

To circumvent this difficulty, we use a proof technique imegdifrom rational trans-
ductions and that can be applied to establish the closufeeoflassSEL. both under
SEL.-substitutions and their inverse. Hence, we state and frotreresults simultane-
ously. It should be noted that these closure properties fooldrbitrary substitutions,
showing once again the robustness of the cl4s5..

Theorem 2. The classSFEL. is closed underSEL.-substitution and invers&FEL.-
substitution.

Proof. Let o be aSEL.-substitution fromSE(X') to SE(X") given by a family of au-
tomata(Aq)aes.us., With A, = (X0, X X0, Qa, Q°, Fuy Ray Ia, by, As) € SEA..
We assume that these automata satisfy conditipof Proposition 1.

We use the same technique to prove both closure properteesh@vw that(L) and
o~ (L) can both be expressed as a projection of the intersectionSéf/a-language
with an inverse projection df. This is in the spirit of rational transductions for clasdic
word languages.

Consider a new alphabgt = ¥, U 3, x T with £, = ¥, & X’ (¢ is the disjoint
union) andX, = X, x X’ (we identify (7,7) with the unobservable signa). The
projectionsr; andr, are the morphisms defined by:

m(f) = fandm(f) =¢if f € X,
m(f) =eandme(f) = fif fe X, B
71((a,b)?) = a? andma((a,b)?) = b if (a,b)¢ € X5 x X x T.

With this definition we haver;((a, b)?+92) = 7;((a, b)% )7;((a, b)?). Note that pro-
jectionr; is a composition of an event-hiding and a signal-renamiygPBposition 4
we deduce that the projection by of a SEL. language is again in the claS&'L..

For L C SE(X), we letr; }(L) = {w € SE(X) | m(w) € L}. We define
similarly 7, * (L) for L C SE(X"). We will show later that ifl. is recognizable then so
is7; 1 (L). We will also define a recognizable languadgeC SE (%) with the following
properties:



1. for eachw € M, we havery(w) € o(m (w)),
2. for eachu € SE(X) andv € o(u), there existsv € M such that, = 7 (w) and
v = ma(w).

Then, forL C SE(X), we haver(L) = my(m; * (L) N M). Indeed, Lew € (L) and
letu € L with v € o(u). Using property 2 ofM we findw € M with 71 (w) = u
andmy(w) = v. Then,w € 7y (L) N M andv € mo(n; *(L) N M). Conversely, let
v € m(ry H(L) N M) and letw € 7 '(L) N M with 7 (w) = v. By definition, we
haveu = m (w) € L and using property 1 aif, we getv € o(u) C o(L).

Similarly, for L € SE(X'), we haveo—'(L) = m(m, ' (L) N M). Indeed, Let
u € o~ Y(L) and letv € o(u) N L. Using property 2 ofM we findw € M with
m(w) = u andmy(w) = v. Then,w € ;' (L) N M andu € 7 (7y (L) N M).
Conversely, let € 7 (7, (L) N M) and letw € 7, (L) N M with 71 (w) = u. By
definition, we havey = m3(w) € L and using property 1 oM, we getv € o(u).
Henceo(u) N L # @ andu € o~ (L).

We already know that EL.-languages are closed under intersection (Proposition 2)
and projectionsr;. To conclude the proof of Theorem 2, it remains to show thay th
are also closed under inverse projecti@ﬁé and to define thé EL.-languageV/ with
the properties above.

We show first thaSEL.-langagues are closed under inverse projectiq‘rfs LetL
be recognized by some automatan: (X, X, X,Q,Q° F,R, I,0,A) € SEA.. We
build an automatopd acceptlngzr 1(L). The set of states i©=QuQ x X7, with
Q° = QO for initial states and” = F for final states. The set of clocks}® {z}. The
labels and invariants are definedtfy) =  and/(¢) = I(¢) A (z < 0) forq € Q, and
i((q,b)) = (£(q),b) andI((q,b)) = I(q) for (¢,b) € Q x X'. The set of transitionsl
is defined by:

1. Alltransitions(p, g, f, o, q) € A are kept inA. R
2. Forallf’ € X! andq € Q, we put(q, true, f',0,q) in A. A
3. Forall(g,b) € Q x X7, we put(q, true,e,0,(q,b)), ((¢,b), true, e, {z},q) in A.

We use a generalized acceptance condition for infinite p&ysransforming the au-
tomaton we can get a classical Biichi condition if neededinfinite path is accepting
if it uses

— either infinitely many transition®, g, f, «, ¢) of type 1 withq € R,
— or ultimately transitions of type 2 and 3 only around soméesta F'.

We show that’(A) = n; }(L). Letw be aword ovet. accepted byd. We consider
a run of A for w through an accepting path. Erasing from this path all transitions of
type 2 and 3 above, we obtain a pdthof A. If P is finite then it ends in a final state
q € F = F andP is also accepting since it ends in statdf P uses infinitely many
transitions(p, g, f, a, q) of type 1 withqg € R, thenP is infinite and visitsR infinitely
often, hence it is also accepting. Finally Afis infinite and uses ultimately transitions
of type 2 and 3 only around some state F, thenP is finite and accepting since it
ends in state. In all casespP is an accepting path of. We can show that; (w) admits
a run throughP. Thereforesr; (w) € L.



Conversely, letw € SE(X) and assume that,(w) € L is accepted by a run

d d
(g0, v0) = (go,vo + do) ELN (qi,v1) = {(q1,v1 + d1) ECN (q2,v2) - - - through an
accepting path? = qo 2201, g 22202 0 of A. Then, we haver; (w) ~

ad fra fy - with a; = £(q;) fori > 0. We deduce thab ~ w fywy frws - - - With
m1(w;) = afi. Now, if w; is finite with finite duration then we find a pafh following
the normal form ofw;, starting and ending ip;, and using transitions of type 2 and 3
only. If w; is infinite or with infinite duration then the path must be finite ending in
stateq; € F sinceP is accepting. Then, we find dnfinite path P; for w; using only
transitions of type 2 and 3 aroupgl Note that ifw; is finite with infinite duration, then

it ends withb> for someb € X’ and we still need an infinite path ultimately alternating

between stateg and(q;,b). Finally, P = Py gufven gz b s g pathin
Aand itis easy to see thatis accepting. Moreover, we can show thaadmits a run
throughP and thereforey is accepted b.

We turn now to the definition a¥/. For f € ¥, anda € X, \ {7}, we define

M= {we SE(%) | w=(1,00)° fr(7,01)° fa - - (1, b,)°
with b f169f2 - -0 € o (f)} - f
M, = {w e SE(X) | w = (a,b)™ fi(a, b)) f5- -
with b3 16" fo - - € o(ao T )}

We also letM, = {(r,7)? | d € T \ {0}}. Note that forw € M, with a € X, U X,
we havers(w) € o(m (w)) as required by property 1 dff. Moreover, iff € X, and
v € o(f) then there exists) € M such thatr; (w) = f andma(w) = v. Similarly, if
a? € ¥y x T (withd > 0if a = 7) andv € o(a?) then there exists) € M, such that
71 (w) = a? andm(w) = v.

Intuitively, M consists of finite or infinite products of words iy, . ;. Ma €X-
cept that, in order to ensure that the first projection is immad form, we should not
allow consecutive factors associated with the same sioamally, we define

M = {w1w2 cee | Jai,as,... € X, U X, with w; € ]\/[ai anda; € X, = Q41 #+ ai}.

We show thatM satisfies property 1. Lab = wiwy--- € M and letay,as,... €
Y. U X, be such thatw; € M,, anda; € Y5 = aj1 # a;. Then,m(w) =
m1(w1)m (we) - - - isin normal form and we have seen above thdty;) € o(m (w;)).
Thereforems(w) € o(m1(w)) and property 1 is proved.

We show thatM satisfies property 2. Lat € SE(X) andv € o(u). Write u =
ujug - -+ in normal form andv = vyvy - - - with v; € o(u;). Leta; = u; if u; € X
anda; = aif u; = a® € X, x T. Since the produci = u us - -- is in normal form,
we haves; € ¥, = a;,1 # a; andu; = 7% = d > 0. Sincev; € o(u;), we have
seen above that there exists € M, such thatr; (w;) = w; andms(w;) = v;. Then,

w = wiws--- € M andm (w) = v andmz(w) = v as required by property 2.

It remains to show thad/ is recognizable by som8FEA.-automaton. For each
a € Y. U X, we first show thatV/, is accepted by some automatgly € SEA.
derived fromA,. This is clear fora = 7. Note thatA. needs two states to ensure



the positive duration required by/,.. Fora € X, \ {r}, the automatond, is simply

a copy ofA,, with new label(a, ¢,(q)) for ¢ € Q,. For f € X, the set of states is
Q; = Qrw{qs}, wheregy is a new state, which is also the only final state. The label of
g€ Qyris(r,4(q)), the label ofy; is (7, 7) and its invariant isc; < 0 wherex ¢ is the
clock ensuring instantaneous traversalgf. The transitions are those i, to which

we add(g, f, gr) for any state; which was final in4 ;. Note that, sinced,, satisfies f)
fora € ¥, U X, then so doesl,,.

SinceM is essentially the iteration of the languadés, it should be clear that/ <
SEL.. The SEA.-automatori3 recognizingM is the disjoint union of the automaté,
to which we add-transitions allowing to switch between automatai i§ a final state
of A, andgq is an initial state ofd, anda € ¥, = b # a then we add the transition
(p, true, e, X3, q). Allinitial (resp. final, repeated) states of thle,’s are initial (resp.
final, repeated) ilf. But we also need to accept runs that switch infinitely oftetmeen
the A,’s, i.e., taking infinitely many switching-transitions. If needed, it is easy to
transform the automaton so that it uses classical Buchilition to accept also these
runs.

We can show that angE-word accepted by is in M. Condition ) is needed to
prove the converse. Indeed, a fing&-wordv € M, with ||v|| < oo could appear as
an internal factor of somgE-word uvw € M with w # . If v could only be accepted
by an infinite run inA,, then we would not be able to build a (non transfinite) run for
uvw in B. a

The classSEL is not closed under inverseyL-substitutions. Indeed, assumg =
X! ={a,b}, ¥. = X, = {f} and leto be theSEL-substitution defined by., =
{a*f}, Ly = {b°} andL; = {f}. Then the inverse image hyof the SEL-language
{a' fb°} is the languagéa'b®} which is not in the clas§EL. Nevertheless sufficient
conditions on the substitutions can be proposed to ensareldisure of the clasSEL
under inverse substitutions.

Theorem 3. The classSEL is closed under invers&FE L-substitutions acting on events
only.

Proof. Let o be a substitution defined by a famil{.,,).cs.us, of SEL-languages.
We assume that acts only on events, i.el, = {a} x T for all a € X,. Let
Ap = (20, 20 {xs},Qp, Q% Fr, 0, Iy, £y, Af) for f € X, be an automaton with-
oute-transitions accepting ;. Since the guards and resets on the transitions ofre
alwaystrue and() respectively, we write a transition gf; simply (r, f/, s) to simplify
the notation. We consider now a language= SEL, recognized by some automaton
withoute-transitionAds = (X7, X, X,Q,Q°, F, R, I,¢, A) € SEA.

We build an automatont; in SEA acceptingr—!(L) essentially by changing the
transitions ofA,. If there is a pathP in A2 from p to ¢ having some instantaneous
run for some word i (f) then we add to4; a transition(p, g, f, a, ) with a suitable
guardg and resetv. The difficulty is to compute a suitable pdiy, o) for each triple
(p,q, f)-

Given a guard and a subset of clocks, we define the restriction gfby «, written
glal, as the guarg where all clocks from have been replaced Iy For instance, if;
is(z < 3)A (y > 2)anda = {z, z} theng|qa] is (equivalent to)y > 2). We letG be



the smallest set of guards including all guardsiefand closed under conjunctions and
restrictions. Formally is not a finite set, but it can be identified with its finite qeoti
under equivalence of formulae: two formula@ndy) are equivalentib = ¢ iff v = ¢
for all valuationsv. The setl” = G x P(X) is thus a finite monoid, witl{T'rue, §) as
neutral element, for the associative composition:

(91,01) - (92, a2) = (g1 A g2[aa], 1 U aa).

Finally, we define a morphism: A* — I" by v((p, g, f, o, q)) = (g, @).

Let P = gp 2ubuot, 4 920202 gnbntn o e g path inds. We define
W(P) = £(q0)°b1£(q1)"b2 - - - b,l(gs)°. Now, given a triple(p, ¢, f) wherep,q € Q
andf € X, we denote by./ the setof path® fromptoqin A, with W(P) € o(f).
We can build an automatoﬁ;;q recognizing the Ianguagégj,q C A*. This is not
difficult since we are dealing with automata withetiransitions, hence we can perform
a simple synchronized product as follows. The set of statg@s & {(r,s) € Qf x Q |
s(r) = £(s)}, the set of initial states i®' N Q% x {p}, the set of final states is
Q' NFy x {q}. The transitions oBg,”g are the tripleg(r1, s1), (s1, 9, b, @, $2), (12, 82))
with (r1,b,72) € Ay and(s1,g,b, o, s2) € A.

We let Arp C A* be the set of sequences containing at least a transitiomgndi
in some repeated state &. From the automatoﬁqu, we can effectively compute
a rational expression for the Ianguaggq N Ag. We deduce that we can effectively
compute the finite set(LZJ;q N Ag). Similarly, we can effectively compute the finite
setw(Lqu \ Ag). These two sets are used to define the transitions of a nematda

Al = (Ee,ES,X,QL‘!‘J@,QO,F,@,I,Z, Al) in SEA:

A= {(p.g. f,0), (@9 f,.0) | (9,0) € ¥(LL,\ Ar)}
U{(p, g, f,,9), (0.9, f,,9) | (9,0) € 7(L} , N AR)}.

The automatond; can therefore be effectively computed from the autoraéteand
(Af)res.. We can show that.(A;) = o~ !(L). Therefore, the language ! (L) €
SEL and Theorem 3 is proved. a

5 Conclusion

We have shown in this paper that the cl&g4. of signal-event languages is not closed
under arbitrarySEL-substitutions and inversg&F L-substitutions but that natural suffi-
cient conditions ensure closure properties for this class.

But our main contribution is to propose effective constiats to prove the clo-
sure of the larger clasSEL. under arbitrarySFEL.-substitutions and inversgFL.-
substitutions. We give these constructions in the geneaaiéwork of signal-event au-
tomata and languages. The usual cases of event languaggefsjgnal languages [3,
10,4, 11] are particular cases for which the interestedaeadl check that simplified
constructions can be given.
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