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This paper clarifies the picture about Dense-choice Coliéehines, which have been less studied
than (discrete) Counter Machines. We revisit the definitbriDense Counter Machines” so that
it now extends (discrete) Counter Machines, and we provle nndecidability and decidability
results. Using the first-order additive mixed theory of seaid integers, we give a logical character-
ization of the sets of configurations reachable by revdsealhded Dense-choice Counter Machines.

1 Introduction

Discrete(i.e. integer-valued) Counter Machines have been wetlistland still receive a lot of attention.
We can mention Minsky Machines [13], different kinds of ctamsystems (e.g.[ [3, 10], which are
Minsky Machines using affine functions instead of increnfdetdrements and zero-tests,[dr[7, 6]), Petri
nets (or equivalently, VASS), and their many extensions.

There are also extensions of discrete counter systemslteale@d systems, calleaybrid systems,
such as linear hybrid automata, real-counter systemsi{#égmse counter systems [16]. Another subclass
of hybrid systems is the well-known decidable model of Tirdedomata [2], which has been linked to
special classes of counter systems in [7] and [6]. Recestlye connections between Timed Automata
and timed Petri nets have been mé&de [14, 5]. An extensionusfteo systems to timed counter systems
has been defined and studied|[in [4].

Linear hybrid automata [1], as well as Timed Automata exéehaith only one stopwatch, are al-
ready undecidable. Other subclasses of hybrid systemes hijbrid Petri nets (stochastic Petri nets,
continuous Petri nets, differential Petri nets, timed iRretts) are dense extensions of Petri nets, but they
have not the same semantics and their comparison is not seasy or feasible (see [11] for a recent
survey).

On the other side, from our point of view, the natural extensif (discrete) counter systems to dense
counter systems is quite recent; to the best of our knowletihgefirst paper which introduces Dense
Counter Machines (DCM) as a natural generalization of Gaultachines (CM) is [16]. Their Dense
Counter Machine allows incrementing/decrementing eaahten by a non-deterministically-chosen real
o between 0 and 1. The motivation of this extension is to mogetitl systems where a nondeterministic
choice can be made (see for example the argumentation dmutenhse producer/consumer [inl[16],
which neither Timed Automata nor hybrid automata can madahi easy way). However, what can we
earn from extending CM (which have the total expression pafeomputability) into DCM ? Non-
trivial problems will remain, of course, undecidable. Tldtion followed by [16] is to find subclasses
of DCM for which the binary reachability is still computabkuch as reversal-bounded DCM.

Our contributions. We give a general definition of Counter Systems containihghalvariations of
counters (discrete, dense-choice, purely dense-chaicg, &Ve then revisit the definition of "Dense
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Counter Machines” [16] intd>ense-choice Counter Machinéshortly, also,DCM) so that it is now
simpler, more precise and formal, and also more clearly istaledable as a natural extension of Minsky
Machines. A DCM is a finite-state machine augmented with eet®ice counters, which can assume
only non-negative real values. At each step, every densieekounter can be incremented/decremented
by 0, 1, or by a non-deterministically-chosén0 < & < 1 (which is supposed different at each step, since
the choice is random). We assume w.l.0.g. that for a givgm #esamed is used for all the counters.
This 4 increment/decrement is the essential difference betweasedchoice and discrete counters. A
DCM can also test a countgragainst O (eithex; = 0 orx; > 0).

Since dense-choice counters are (trivially) more gendaah tiscrete counters, we also study the
model ofpurely-DCM i.e. DCM in which counters lose the ability to incrementidgnent by 1. We
show that the restriction tboundedpurely-DCM (i.e. there exists a constant boumduch that each
counter is bounded big) still produces an undecidable control-state reachghiibblem (even with
four 1-bounded purely dense-choice counters).

We then consider an effective (i.e. whose binary reachglidicomputable) class of DCM: reversal-
bounded DCMI[[18]. In order to model hybrid systems more gagié wish to introduce the ability for
a counter to be tested against an intdgénstead of 0): this is an easy, common extension for Minsky
Machines and for Petri nets, but it produces new techniaathlpms for reversal-bounded DCM. One
of the reasons is that the usual simulation dfst (i.e., several decrements and 0-tests, followed by
increments restoring the original counter value) does nesgyve reversal-boundedness. We actually
show that reversal-bounded DCM wittests are equivalent to reversal-bounded DCM, using adoig
technical proof. This allows us to obtain as a corollary thatreachability relation of a DCM with one
free counter and a finite number of reversal-bounki¢gstable counters is still effectively definable by a
mixed formula (this extends a previous result ofl[16]).

Using the first-order additive mixed theory of reals andgets, FQR,Z,+, <), we give a logical
characterization of the sets of configurations reachablesbgrsal-bounded DCM. We prove that any
mixed formula is the reachability relation of a reversalshded DCM. This completes the initial result
stating that the reachability relation of a reversal-bath®®CM is definable by a mixed formula.

2 Dense-choice Counter Machines

Notations. We useR to denote the set of real numbels, the set of non-negative real numbegs,
the set of non-negative rational numbe£ghe set of integers, ard the naturals. Capital letters (e¥)
denote sets, and small letters (gpdenote elements of sets. Bold-faced symbols x@denote vectors,
and subscripted symbols (eg) denote components of vectors. Sometimes, for the sakeadabdity,
we usex instead ofx; (without real ambiguity). Throughout this paperc N is the number of counters.

2.1 Extending Minsky Machines

In this section, we motivate the use of Dense-choice Coléahines, by arguing about possible ways
to extend Minsky Machine$ [13]. Minsky Machines are inddesirhost elementary definition of Counter
Systems that we will consider here, and probably the moswvkné Minsky Machine has a finite set of
control states, and operates transitions between thenxdayting instructions on a finite set of integer-
valued variables (the counters). Its possible instrustiare (1) increment a counter value by 1, (2) test
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if a counter value is 0, and (3) if a counter value is greatanththen decrement it by 1.

Let . be a given logic, such as the Presburger logi¢l®Q-,=), FO(R,Z,+,<), etc. A formula
Z(x,x') of £, with 2n free variables, is interpreted as the tranformation of tauvaluesx into x': it
defines the counter valuéeforeand after the firing of a transition labelled by (x,x"). Throughout
this paper, we will use several different classes of coumtachines, each one based on the generic
Definition[2.1. They all use a finite labelling alphat¥etC .#, defining instructions on a vector=
(X1,X%2,...,%). The way the alphabet is defined is what makes the difference between various @ount
System classes.

Definition 2.1. A Counter Systen(CS for short) is a tuple# = (S, T) such that S is a finite set of control
states, and TC Sx 2 x S is a finite set of transitions.

Remark that a Minsky Machine is a CS in which formulasofre of the form(xX = x+ 1),
(X =x=0), (x>0AX =x—1), or true (x being a component af, i.e., a counter). Although
the reachability problem is undecidable for Minsky Mackifeith at least two counters), we would like
to extend them for two reasons. First, if a Minsky Machineegersal-bounded, then its reachability
relation is computable; thus, we would like to use a more phwenodel than reversal-bounded Minsky
Machines, which remains decidable. This first point will ltadled in sectiong 2.2 ad 2.3. Second,
Minsky Machines are very basic and not practical to use fodefimg or expressing high-level prop-
erties. For that matter, we add the possibility to use radlad counters, and to non-deterministically
choose the value of an increment/decrement for each ti@msitn the remainder of this section, we
discuss these two extensions.

In order to get real-valued counters, we define Dense Minskghihes, which are CS who32eis
composed of formulas of the for(w = x+r), (X =x=0), ((x—r >0Vx—r =0)AX =Xx—r), ortrue,
with a given finite set of valulls € Q. . Like in Minsky Machines, the initial counter values are ajs
0. This first extension is not really more powerful, sinceaib e simulated by a Minsky Machine:

Proposition 2.2. Minsky Machines and Dense Minsky Machines are bisimilar.

Proof. One way is obvious, by taking= 1. The other way is a little more elaborate, but remains
easy. We just have to simulate every Dense Minsky Machirteuctson with a Minsky machine. There
are four instructions, and two of them are obviously the same andx = x = 0. For the two other
instructions X' = x+r and(x—r >0V x—r =0) AX = x—r, we just have to encodeby an integer. Each
increment/decrememte Q. can be written ag, with p,g € N. Then, since we know all the possilslen

advance, we can compute for eachq € N such that = (% whereqicm is the least common multiple
of all g. Thus, each can be represented by a non-negative integer pq, and the new counter values
will all be multiplied by the same factajicm. Using this simple encoding, we can simulate an instruction
X' = x-+r by a sequence of instructionsx' = x+ 1. Likewise,(x—r >0V x—r > 0) AX =x—r can be

simulated by a sequence dfinstructionsx > 0AX = x— 1. O

Another way to extend Minsky Machines is to allow, on eachdition, a non-deterministic choice
of the increment/decrement. We call this extension a Dehsi&e Minsky Machine, which is a CS
whoseX contains formulas of the forfx’ = x+ 1), (X =x=0), (x> 0AX =x—1), (X =x+A4),

INote that here, we take these valuegin because the important properties are (1) density and (2jfectiee represen-
tation of any rational number (this is not the case for raalgeneral).
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((x=A>0Vvx—A=0)AX =x—A), ortrue, whereA symbolizes a non-deterministically-chosen value
o0 € R,. The choice is made each time a transition is fired, so thatbmsecutive transitions labelled by
X = x-+ A should generally have different values flarthe choice is random, and we have no knowledge
of the chosen value (although we could check it afterwarsisiguan additional counter and transition).

Here, we consider runs difhite length only: we show that thé value can be chosen j@,1] instead
of R, :

Proposition 2.3. For finite-length runs, every Dense-choice Minsky Machinavith 6 € R, can be
simulated by a Dense-choice Minsky Machiavith d € ]0,1].

Sketch of the proofEvery runr of such a machind can be simulated by a possibly longer nuof”
M whosed increments are in the open interJal1[. Without a formal proof and formal definitions of
control state and configuration, we show how, for instan¢aresition from control statesto s, labelled
by (X, = X1 +4), (X, =X +A), and((xs— A > 0Vxg— A = 0) AX; = x3— A), can be simulated iV
(eachA being replaced at each firing of a transition by & R ;).

First, M has a transition frons to a new control statd’, labelled by the same formulas, but with
0< & < 1. Second, itM there is also a transition frosf to s’ itself, again labelled by the same formu-
las, with 0< & < 1. Third, inM there is a transition froms’ leading tos labelled byx; = X1, X, = Xo,

X; = X3. Hence, a configuratiod with control states' and counter value&q,x,,x5) € R3 is reachable
in M from a configuratiorc in control states and counter values, Xz, X3) € Ri iff ¢ is reachable itV
fromc. O

Therefore, there is no loss in generality in assuming thel éacrement is in the interva0, 1], at
least as long as finite runs are considered. Instead, a boimctement can give a finer degree of control
on counters. In fact, in many physical systems, physicaakters are actually bounded (e.g., a water level
in a reservoir, which is a non-negative real value that caarceed the height of the reservoir). It seems
difficult to model or check this kind of behaviour with a CS whécrements are unbounded reals.

Finally, we notice that allowing increments in the interf@lq[, with a fixedq € N, does not give
any gain in expressivity with respect to the casegef 1. For instance, to increment a countdsy any
value d with 0 < d < q, it is enough to apply, in a Dense-choice Minsky Machine witim-determistic
increments iN0,1[, a sequence of exactlytransitions (this is possible, sincgis fixed), each of the
formx =x+9,for0< d < 1.

In the next section, we generalize and formalize the defimibf Dense-choice Minsky Machine that
we just motivated.

Example: producer-consumer system. As a simple example of application of a machine with real-
valued counters, consider the following version of a traddl producer-consumer system, described
in [16]. A system may be in one of three stat@soduce consumeor idle. When in statgroduce a
resource is created, which may be stored and later used imhstateconsume The resource is a real
number, representing an available amount of a physicaltiyasuch as fuel or water. Production may
be stored, and used up much later (or not used at all). Thiersysiay be easily modeled by a finite
state machine with one dense-choice counter, which is sthalmv, where the resource is added when
produced or substracted when consumed.
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Using a real-valued counter, there is an underlying assomfitat a continuous variable, such as this
resource, changes in discrete steps only; however, thisepéable in many cases where a variable actu-
ally changes continuously, since the increments/decrtsmanay be arbitrarily small. Since the counter
may never decrease below zero, the specified system impleriienphysical constraint that consump-
tion must never exceed production. More complex conssaire decidable, for instance if expressed by
linear constraints on counter values. An example of a dbe@dguery is whether total production never
exceeds twice the consumption.

x>0

2.2 Definitions and properties of Dense-choice Counter Madhes

Let x be a vector oh variables, calledlense-choice counte(er simply countersif not specified other-
wise). Dense-choice counters were called “dense couritefE8]. A counter valuations a function giv-
ing, for anyx; € x, avalue inR .. In this paper, we writg (or X) to denote both variable(s) and the image
of valuation(s), since there is no ambiguity and the meaisimipvious. LetG = {(x=0), (x > 0),true}

be the set of guards. We say that a counter valuatisatisfies a guard € G" with the usual meaning,
denoted by = g; for example, ifn = 3 andg = (true,x; > 0,x3 = 0), then(6,2,0) |=gbut(6,2,1) [~ g.
LetA={1,A} be the set of actions; intuitively, 1 stands for an integerément/decrement, addstands
for a non-deterministically-chosen real increment/dexst.

Definition 2.4. A Dense-choice Counter Machifghortly, a DCM) with > 0 counters is a tuple# =
(S T) where:

e Sis afinite set of control states, with a staig & S called thdinal stateof ./#;
e T C Sx Xx Sis afinite set of transitions, with= (G x Z x A)"

Intuitively, the integer componeri € Z" of X is a factor determining whether the transition is in-
crementing or decrementing a counter, and of which valuearMaile, the actiora € A" determines
whether the increment or decrement is a real or integralevakor the sake of clarity, we sometimes
write transitions ag > 0 A x := x+ 35, meaning that the guard on counieis g; = (x > 0), its factor is
Ai = 3, and its action isy = A.

Notice that our transitions are equivalent to those[of [16,i® which the authors used the no-
tion of modes The modest ay, unit increnent,unit decrenent,fractional increnent,
andfractional decrenent are here respectively represented by the céses 0), (Aj > 0A g =
1), Ai<0Ang =1), (Aj >0Aa =4), and (A <O0Ag =A). Also notice that transitions where
A € {+1,—1}" are just a special case, and that they can simulate a lineabioation of the form
X =X + ¥ L1A;0;, for a givenmand a vector of differend; values in|0, 1.

As usually done in verification, to interpret a DCM, we spgaih initial valuation to each counter
and an initial control state, and then we let the machine\mehan-deterministically. The behaviour of
a DCM mainly consists in choosing a transition whose gupedG" is satisfied by the current counter
valuations, and to update these valuations (and, of cotogm to the new control state).
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Definition 2.5. The semantics of a DCM#Z = (S, T) is given by a transition system T.&) = (C,—)
where:

e C=Sx R isthe set of configurations

e —~CC >< 2 x C is the set of transitions, defined by:

(s, x) 2(g,x) ifand only if(s,(g,A,a),5) € T and3d € R such that:
0<d<IANXEQgAX =x+Au, withu=alA « 9]

Fora DCM.# = (S T) and its transition systeMS.#) = (C,—), the reachability relation-_, is
the reflexive and transitive closure*; when the context is clear, we drop the subscpiptA run of .7 is
a sequences’, x%) — (st,x!) — ... — (¢,x!), of lengthl > 0. Because of the inherent non-determinism
of a DCM, we are interested only in runs ending in final statec S Formally, a run of # is accepting
if it is of the form (s,x) —* (sfin,X), for somes € Sandx,x’ € R"; ./ is also said t@accept A DCM
./ is said toreject (or crash during a run(s,x) —* (s,x), if s € Sis a non-final sink state (hence, the
run cannot be extended to be an accepting run).

The set of all pairs(( X), (s, x’)) € Cx Csuch thats,x) ~ (8,x') is called thebinary reachability

relation of .#; we sometimes call ibinary reachabilityor reachability relation Thebinary reachability
problemconsists in computn{?gthe binary reachability relation of a given DCM. An easiersien is
the control-state reachability probler{shortly, state reachability problejn which consists in deciding
whether a given control state is reachable in some acceptingf a given DCM.

The example at the end of section]2.1 is a DCM, if we remove tleedx — d > 0 (the machine
crashes if the guard is not satisfied).

Although a DCM has only a restricted set of possible openatian counters, it can perform various
higher-level macros, such as reset, copy, addition, sadigin, comparison, etc. Here, we give the
encodings of some of these macros, in order to be able to esedb shorthands in this paper.

reset(X add(X,Y) minus(X,Y) .
We denote by(s) @ Q Q (s) ~(s), and(s)y———(s) the DCM on Figures
[18,[1b[ 1k, and 1d (respectively).

X:=X—0
y=y+0 x:=x+90
X:=X—0 z:=2+0 z:=2-9
x=0 reset(y Xx=0 z=0
reset(2)
(a) Reset of a counter (b) Copy of a counter into other ones
X:=X+0 X:=X—0
y:=y-29 y:=y-9
y=0 y=0
(c) Addition of a counter into another one (d) Substraction of a counter from another one

Figure 1: Encodings afeset , copy, add, andni nus operations

2By "computation”, we mean the existence of an algorithm Wwhiomputes a formula (e.g. as a binary automaton). In
general, such computation does not exist.
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Let G, = {(x =1),(x <i),(x > i),true}icpi, for a givenk € N. A DCM whose set of guards is
included inGj is called a&k-DCM. The counters of &DCM are saick-testable Notice that a DCM is a
0-DCM, and note that dense-choice counters are O-tesfaindé $pecified otherwise.

Proposition 2.6. DCM can simulate k-DCM, for any givenckN.
Proof. There are three different kinds of additional tests: k, x > k, andx = k, for any givenk € N.
We show how to encode each of them with orb 0 andx > 0 tests.

A testx < k, represented by a transiti, can be simulated by the following encoding:

k—1 unit decrements

Note that to avoid modifying the value &f we copy it into another countgrby using the encoding
of Fig[1B. In an easier way, a test- k (resp.x = k) can be simulated by a sequenceohit decrements
followed by a tesk > O (resp.x = 0). Finally, remark that the tegt< O can never be verified, since a
counter cannot take negative values: instead, the machin&lwrash. O

Definition 2.7. Let.# be a DCM. A counterpof ./ is purely dense-choicéand only if g = A in every
transition (i.e., it is never incremented/decremented oyCbnversely, a counter; is (purely) discretef
and only if a = 1 in every transition (i.e., it is a classical discrete countdf .# contains only purely
dense-choice counters, it is calledparely-DCM If .# contains only discrete counters, it is called a
(discrete) Counter Machine (CMas defined in[[12].

2.3 Reversal-Bounded DCM

To extend the definition of reversal-boundedness fiom ABEM, let.# = (ST) beaDCMs,S € S,
andr € N. On arun fromsto s, a countel; is r-reversal-boundedf, along the transitions of the run, the
factorsA; switch between positive and negative values at maishes, for anyi. Counterx; is reversal-
bounded(shortly, r.b.) if there is anr such that, on every accepting run.af, x; is r-reversal-bounded.
A is a reversal-bounded Dense-choice Counter Machine, eéfyt.b. DCM, if every counter in#
is reversal-bounded.

A counter which is not necessarily reversal-bounded igdadfree counter.

In this model, one can effectively check at runtime wheth@&oanter isr-reversal-bounded, by
making the control state check when transitions are incnéimee (A; > 0) or decrementing){ < 0) the
counterx;. Thus, one can use additional control states in order to mdyee each reversal and crash if
the number of reversals exceads

Like in the case of discrete counters, one can always assuahe + 1; indeed, each sequence of
"increments, then decrements” can be simulated by a 1-gimter, and thus a counter doingeversals
can be simulated by 1-r.b. counters.
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From [16], we know that the binary reachability of a revedsalinded DCM with one free counter
can be defined in a decidable logic: the logiawked formulagwhich is equivalent to the well-known
FO(R,Z,+,<). Since the syntactical details of this logic are not relé¥annow, their presentation is
postponed to sectidn 4.1. The above decidability resutated in [16] as follows:

Proposition 2.8. The binary reachability of a DCM with one free 0-testable rten and a finite number
of reversal-bounded k-testable counters is definable byxadriiormula, for any k> 0.

However, we have extended the guards of DCM to be able to mirgter against any given integer
constant: we proved in Propositibn 2.6 that this is not maneesful in the general case, but this is far
from obvious when we consider r.b. DCM. Indeed, the proofrof®sition 2.6 uses an encoding which
does not preserve reversal-boundedness.

We now prove, as Theorelm 2111, that this extension is agtnatl more powerful either in the case
of r.b. DCM, provided we can use many more counters. Befak thfew more technical definitions are
needed.

Define, for any real numbes, fr(x) =0 if |x] = x(i.e.,x is an integer), elsér(x) = 1/2. Given a
finite setS (the control states of#) and an integek > 0, letS = Sx ({0,...,k} x {0,1/2})". ADCM
A" = (S, T') with n O-testable counters is calledinite-test DCM

A configuration(< s, (dq, f1),...,(dn, fn) >,x) of .Z" is consistentf, for every 1<i < n, either
(% <kAdi=|x] A fi=fr(x))or (x >kAdi=k A fi=1/2) holds. Hence, in a consistent con-
figuration, a test of a counter against a consfagtk gives the same result as a test againstthad f
components of the state.

In general,.#’ may also reach non-consistent configurations. A run/dfis consistenif it goes
through consistent configurations only.

Now, we need a technical lemma showing that, for &iyCM, we can build an equivalent finite-test
DCM (the notion of equivalence used here is detailed in thegairements). This result will be used as
a basis for constructions in the proofs of LenimaP.10 andditpn[3.2.

Lemma 2.9. Let.# = (ST) be a DCM, with n k-testable counters x, with-k0. Then there exists a
finite-test-DCM.#’ = (S, T’), with nO-testable counters such that:

1. if counter xof .# is reversal-bounded then countgrof .#’ is also reversal-bounded
2. every run of# is also arun of.#’, i.e. for every run of# of length |> O:

<Slvxl> _)I/// <S|7XI>7
there exists a run of length | fow7’:
(st d fh),...,dE > xb = (<8, (d ), (d ) > )
3. aconsistent run of#’ is also a run of #, i.e. for every consistent run of/’ of length 1> 0:
<<< 31’ (dizll.-’ fJ:.L)’ ct (drj{’ frzll) >>7X1> _>I//l/ <<< SI ) (d!h f:‘.)’ () (d:w fr|1) >>7X|>7
there exists a run of length | faw7 of the form:

(sl7xl> _>|/// <§7XI>
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Proof. The idea of this proof is to build#’ to mimic the behaviour of#, by reflecting the possible
variations of a counter value into its finite state contrar simplicity, we consider only the case= 1,
but the proof can easily be generalized to any number of essintTherefore, a state & is a triple
< s,d,f >, wherese S dis an integer in 0..,kandf is either 0 or 1/2. Componeumgtis used as a
discrete counter from O up tq intended to represenk; |. Componentf is intended to represent the
fractional part ofx;: f = 0 is for the caséx; | = x;, f = 1/2 otherwise. The definition of’ is such that
all tests of countek against a constantQ j < k are eliminated and replaced by finite-state testsl on
andf. Forinstance, atest> j is replaced by atest > jVv (d = jA f =1/2). Only tests against O are
replicated inT’.

Formally, T’ is defined as follows.

Let(s,(9,A,a),s) € T. Defineg] to betrueif g, is eithertrue, x; < j, Xy = j, orx, > j, for every
j > 0; otherwise, defingj; to bex; =0 orx; > 0 if g is, respectivelyx; = 0 orx; > 0. Henceg; is
obtained frong; by eliminating all tests against a constant 0. For everyd € {0,... .k}, f € {0,1/2},
if one of the following conditions holds:

e g1 =true, or

01= (X1 < j)andd< j, or

gi=(1=j)andd=jAf=0,or
gr=(x1>j)andd> jv(d=jAf=1/2),

then (< s d,f >,(g,A,a),< s,d,f'>) € T for everyd’ € 0,... k, f' € {0,1/2} such thatA; =
A1 A& =& and one of the following five conditions holds:

1. My =0Ad' =dA f = f (stay)
2. Ai=1Aa = 1A ((d <kAd' =d+1Af =f)v(d=KkAd =dAT = 1/2)) (integer increment)

3. A =—1na =1A ((O<d<k/\d’:d—1/\f’: f)\/(d:k/\d’:d/\(f’:l/Z\/f’:0)>>
(integer decrement)

4. )\1:1/\a1:A/\<(f:OAd’:dAf’:l/Z)\/(f:1/2/\d’:d+1/\f’:O)\/(f:1/2/\d’:
d+1Af'=1/2)v(f =1/2Ad =dAf' = 1/2)> (fractional increment)

5. A =—1Aa =AA ((f —0Ad>0Ad =d— 1A =1/2)V(f =1/2Ad > 0Ad =d— 1A' =
1/2)v(f=1/2nd' =dAf'=0)Vv(f=1/2Ad =dAf' = 1/2)) (fractional decrement)

Notice that when in cases (4) and (5) more than one altemati&y hold (i.e., the disjunctions be-
tween parentheses), which correspond to nondetermimistizes of.#’. Also, in case (5) (fractional
decrement), it is implicit that if = 0Ad = 0 then.#’ crashes, since there is no available alternative.

The above definition implements the elimination of tests.

Let(«sd, f>,(d,A,a),«<<,d,f'>)eT' Ifthe original tesg; is against a constart> 0, then
g; only requires a test of state componedtand f, but no test of;. If, instead,g; is a test against 0,
theng] is a test whethex; = 0, but the finite-state control also “tests” that bdtand f are 0. Similarly,
if g1 isx1 > 0, theng; is alsox; > 0 andd >0V (d =0A f = 1/2) must hold. This entails that if at
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runtime there is a tesy = 0 whilex; =0A (d > 0V f =1/2), then.#' crashes.

Now, we show that the machine we defined meets the 3 condgitatesd by this lemma.

Condition (1) is immediate, since one can effectively chiéekdense-choice counter isreversal-
bounded, for a givem > 0, by checking when transitions are incrementiig> 0) or decrementing
(Aj < 0) the counter;. Thus, one can use additional control states in order to mdyee each reversal
and crash if the number of reversals exceeds

Condition (2) of the lemma is also obvious, since by consibag¢ every transition in a run o
may be replicated in a run o#7’. Hence, a run of# is also a run of#’, by adding suitable additional
components to the state.

Condition (3) also follows, since in a consistent configioraievery test of a counter against- 0
(with j <K) is equivalent to a finite-state test. Hence, a consistentrruz’ may be replicated also in
M. O

Notice that, in general, a run of a finite-state DCM’ (as above) i:iot also a run of #, since in
' there is no test against constants, which are replaced tsydestate componentsand f. Indeed,
the fractional increments/decrements of the counter mey e a non-consistent configuration where a
counter value is not compatible with the value of theh state componemtandf, e.g. x < j, for some
j > 0, and on the other hardl> j. Therefore, the tests ahand f may not give the same results as a
test on the actual value &f and hence the run may be possible#1 but not in.# .

We now extend the result of Lemrha 2.9 to a full equivalencatiaiship, this time between r.b.
k-DCM and r.b. DCM (not finite-state, but with abou+ 1) times as much counters).

Lemma 2.10. A DCM .# = (ST) with one free O-testable counter and n k-testable 1-r.b.nters is
equivalent to a DCM#° = (S, T%) with one free O-testable counter and uto+ 2k(n+ 1) O-testable
r.b. counters.

The idea of this proof (detailed on pagel 19, in the appendixhé following. We first build an
intermediate finite-state DCM#” like in LemmalZ.9. Then, we define7z® to have its runs split in
two phases. The first phase simulates a ruvdfon the firstn counters, hence using finite-state tests
rather than actual tests on the counters in position i telowever, during this simulation phase?®°
replicates the values stored xninto the firstn(k+ 1) additional counters. The second phase verifies
that the simulated run of#’ is actually consistent, by checking the actual counteresaktored in the
additional counters, and crashing if, and only if, the sied run was not consistent (e.qg., verifying that
if .#° entered a configuration with = j A fi = 1/2, thenj < x < j +1). Notice that the additional
counters are still reversal-bounded. Hene#? can faithfully simulate 7.

The proof assumes at the beginning a few restrictions onteobehaviors and tests, which are then
lifted at the end.

Since reversal-bounded counters can always be transfantoe@h larger number of) 1-r.b. counters,
we can then generalize Proposit[on]2.6 to the case of r.imtemy by directly extending Lemrha 2110:

Theorem 2.11. Reversal-bounded k-DCM can be encoded into reversal-lmlxCM, for any k> 0.

This theorem immediately generalizes the main result df, [E&alled here as Propositibn 2.8



F. Bouchy, A. Finkel, P. San Pietro 13

3 Decidability and Undecidability results

The following table summarizes the results about DCM anit tfziations. The results ibold slanted
characters are proved in this paper, and the others weregr@r inferable) from previous papers,
namely [16] and([13]. There are four possible entries in thiart: “?” if we do not know whether the
state reachability problem is decidable, “U” if it is und#&ble, “D” if it is decidable, and “C" if the
binary reachability relation is computable and definabl@ idecidable logic. The “+ r.b.” (resp. “+
k-test. r.b.”) means that the machine is extended with a fimuteber of reversal-bounded dense-choice
counters (resp. reversal-boundetestable dense-choice counters).

bounded DCM DCM +

counters DCM K-DCM +r.b. k-test. r.b.
1 C C C c
purely 2 D ? ? ?
dense-choice 3 ? ? ? ?
4 U U U U
dense-choice 1 c c ¥ N
2 u U u U

In the remainder of this section, we prove two of these newliteshe other new results are proved
in the previous section or directly inferable. Notice tHad seven open problems could be solved by
only two or three proofs that subsume other results. Howéverintuitions about 1 or 4 counters do not
fit the case of 2 or 3 counters, and the proof techniques getmege complex when we usetestable
counters.

3.1 Undecidability for bounded purely dense-choice counts

Given a DCM.Z, a countei of .# is b-boundedb > 0, if x < b along every run of#. For instance, a
1-bounded counter can assume any non-negative value upX@dunter isboundedf it is b-bounded
for someb > 0.

Givenb > 0, if a machine# has ab-boundedb-testable dense-choice counterthen one can as-
sume that# must crash not only when trying to decremeihelow 0, but also when trying to set> b.
Indeed, ifx was not bounded# could be modified to test at each step whethegrb, crashing if this is
not the case (which would forceto be bounded).

Boundedintegercounters have a finite set of possible values, which can badexddnto the control
states. However, boundatkénse-choiceounters have an infinite set of possible values: a DCM with
several bounded counters is a powerful model, as shown lmegéneral, the state reachability problem
is a simpler problem than computing the binary reachabilitgwever, the following proposition shows
that even for state reachability, having only four 1-bouhdeunters implies undecidability.

Proposition 3.1. The state reachability problem is undecidable for boundeely-DCM.

Proof. We show that the state reachability problem for a DCM withrfourely dense-choice 1-bounded
1-testable counters is undecidable, which entails thipgsition. The result follows the lines of the proof
in [16] that 4 purely dense-choice counters are enough tolabma Minsky machine. The original proof
was based on using two counters to store a fixed vaJwbosen at the beginning of the computation. The
two remaining counters are then incremented or decrementgaf this fixed valued: any integer value
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k is encoded akd. Hence, the two counters behave like two discrete countéhout any restriction.

If the 4 counters are 1-bounded, then they can encode only ap integem= [1/6]. However,mis
unbounded, sincé, selected non-determistically once at the beginning ofrapzdation, can be chosen
to be arbitrarily small: ifd is not small enough then the DCM will crash trying to increase of its
counters beyond 1 (for example, by resetting to the initiadfiguration so thad can be chosen again
until it is small enough). But in every halting computatiohadMlinsky machine, the values encoded in
its two counters are bounded (with a bound depending on tirgutation). Therefore, the final state
of the DCM is reachable if, and only if, the simulated Minskachine has one halting computation.
Hence, the state reachability problem is undecidable. O

3.2 Decidability with one k-testable counter

Propositiori 3.11 does not rule out decidability if using I four counters, since its proof is based on a
four-counter purely-DCM. In particular, here we show tliat,a DCM with only one counter, the binary
reachability can effectively be computed even if the couist&-testable. This extension tetestability
is indeed far from obvious.

In fact, the construction of the proof of Proposition]2.6 t&napplied for tests of the form> j or
x = ], for any j <k; this construction can be simulated by a sequencieuriit decrements followed by
a testx > 0 orx = 0, and then followed by unit increments to restore the original value. However, it
cannot be applied for tests of the formwc j, since this would require a (non-existent) additional ¢eun
to be able to restore the original counter value. The pross akquires the counter to be bounded, in
order to avoid an unbounded number of crossings of thredhold

Again, we use the notion of mixed formula, which we develo@attio 4.l. Remember that it is a
decidable logic, equivalent to K®,Z,+, <). Moreover, we know from Propositidn 2.8 that the binary
reachability of a DCM is definable by a mixed formula.

Proposition 3.2. The binary reachability of a DCM with a single bounded k-dbst counter is definable
by a mixed formula, for everyk 0.

Proof. Let.# = (S T) be a one-counter DCM, such that its only countel-isounded. Since there is
only one counter, a real valugs used instead of a vectgrof counter values. We prove the cdse k,
since ifb < k then all tests againgt> b are just false, while ib > k then simply.# will not use the
tests againdt+ 1, k+ 2, etc.

Let.#' = (S,T') be the finite-test DCM with one free 1-testable counter, dinelé by Lemma 219,
with < s,d, f >>€ S for everyse Sd € {0...k}, f € {0,1/2}.

We claim that for every®, x! € R, ands?, st € S, with spit, Sinal € S,
(,5°) ~ g (s'xY) if, and only if, (< sinit, [X°], Fr () 3,3°) ~ g (< Stina, X, Fr(x) >, xb) (1)

The main proposition follows then immediately, since rielat{1) is decidable and can be described
by a mixed formula.

“Only If”; This part is guaranteed by Condition (2) of Lemi&2

“If" part: Suppose that Formul@l(1) holds. We need to show t§ax°) ~+_, (st,x!). Condition (3)
of Lemmd 2.9 only applies to consistent runs, and in genard of.#’ may not be consistent. However,
each fractional increment/decrement in a runf is chosen non-deterministically. Hence the value of
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x can be adjusted for consistency witland f. The proof of this claim requires some preliminary defi-
nitions and propositions.

A consistent versionf a configuratiorc = (< s,d, f > x) is any configuratio’ = (< s,d, f >, X),
for somex’ € R, which is consistent.
We claim that for every consistent configuratiopn= (< s,d, f >,x%) and for every configuration
CL= <<< S1,dq, 1 >>,Xl>,
. dgAa . . . dgAa ,
if co =% 4 c1,then there exists a consistent versggrof ¢; such thaty ==, ¢},

2
defined byc) = (< s1,dy, f; >,x1), for somex € R

If a=1, thenc, is already consistent by definition of’. Hence, only a fractional increment/decrement
(i.e. ifa=AandA # 0) may lead to an inconsistent configuration.

A special case of configuration izaro-confi.e. any configuration of#’ of the form(<s, (0,0)" >
,0). We can further assume that, in a finite-test DG#1, every zero-conf is always consistent, since
A" can test that every componentofs actually O (and crashes otherwise).

Assume firsk® =0 (i.e.,co is a zero-conf). Hencely =d, f; = 1/2 andx = o for somed, 0< d < 1.
Hencec; is already consistent.

Assume now® > 0. Hencegd; can differ fromd at most by one.

To proceed, we need an additional observation. For allstate d, f > and< §,d’, f' > of .Z’,
forall (g,A,a) € £, forallxe Ry, Ve € [-1,1] , with 0 < x+¢& < k+1, if

dgAa

(«sd,f>x == 4 (<8,d, "> x+¢€)
then for everyX’ € R, , such that X X' + & < k+ 1 the same move can be repeated fodm

(<sd,f>X) wﬂ (d,d,f'>xX+e¢) (3)
Property [(B) is obvious since#’ can only tesix for zero, hence it cannot differentiatefrom x’
before the move and it may apply the same increment.
By property [B), it is possible to make the same move fmgrasing a different increment (or decre-
ment): x can be increased (or decreased) by a value (larger or srttedied, but always in the interval
10,1[) which is enough to make up the difference for making the gométion consistent.

Letco — 4 CL—.p -+ — .4 C be arun of#’, with | > 0. We now prove by induction dnthat if
Co is consistent, then there is another run#t denoted byco —_, ¢, — 4 --- —_4 ¢ where eaclt] is
a consistent version @f, 1 <i <|.
The casd = 0 is trivial (with ¢y = ¢;). Supposé > 0. By induction hypothesisiy —_, ¢} —_#
-+ — 4 ¢_4, €eachc being a consistent version of, 1 <i <|—1. By Property[(R), we can find a
consistent versiog of ¢ such that]_; — 4 ¢.

By Condition (3) of Lemm& 219, every consistent rungf is also a run of#; hence the proof is
completed. O
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The proof is immediately extendable to the case whéfdnas also discrete reversal-bounded coun-
ters, which are in no way influenced by the above constructibthe reversal-bounded counters are
dense-choice, though, decidability is still open. Thisulewould need a new proof, because the tech-
niques used for Propositign 8.2 and Lenima P.10 appareniyatde combined.

4 Logical characterization of DCM

4.1 Preliminary results about Mixed Formulae

We consider here the language of mixed formulae, definedSj find adapted from Presburger arith-
metic. The language has two sorts of variables: real vasallenoted by, x,x;,... and integer vari-
ables, denoted by,y,ys,...; the latter are a subsort of the former. The constants aredOlathe
operations are- (binary), — (unary), | .|, and the relations are equality, ordering< and congruences
=4 for every constantl € N. Definition[4.1 formalizes this idea:

Definition 4.1. A mixed fomulais inductively defined as follows. rhixed linear expressioR is defined
by the following grammar, where x is a real variable and y israteger variable:

E:=0|1|x|]y|E+E|E—-E]||E]
A mixed linear constrain€ is defined by the following grammar, where d is a positiveget:
C:=E=E|E<EIE=4E
A mixed formulaF is defined by the following grammar, where R and ye Z:
F:=C|-F|FAF|3xF|3yF

The semantics of a mixed formula is like in the redls, being the integer part of its real argument
r, andrq =4 r» holding if ry — r, = vd for some integev.

Typically, one can use shorthands, such as using &.fpr&+ x+ X, or introducing other common
operators (like>), etc.

Mixed formulae are equivalent to the well-known first-or@elditive theory of integers and reals
FO(R,Z,+, <), since the floor operatdix| =y can be rewritten asx; (0 < x3 AX3 < LAX—X1 =),
andx; =q X can be rewritten for a fixed > 0 as3y(x; — X2 =y+ - - - +Yy). However, the main advantage

d
of the richer syntax of mixed formulae is that it allows foramifier elimination, which is not possible
in FO(R,Z,+,<), as shown in Theorem 3.1 and Corollary 5.2[0of [15].

4.2 Mixed formulae are definable by reversal-bounded DCM

It is well known that reversal-bounded discrete CM can dedihBresburger formulae. Since Presburger
logic admits effective quantifier elimination, the binapachability of r.b. discrete CM can effectively
define all Presburger relations. A similar result holds fbor DCM, using mixed formulae (and the ef-
fectiveness of quantifier elimination) instead of Presbufgrmulae.

Let 0 be a vector(0,...,0) of sizen. A quantifier-free mixed formul& (z,...,z,) of .Z in the free
variableszy > 0,...,z, > 0 is definableby a DCM.# with at leastn countersx,...,X, (and possibly
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more) if .#, starting in a given initial configuratiofs, 0), may reach all, and only, final configurations
(Stin,X) such that=(x1/z,...,X./z,) holds (wherex /z denotes a substitution of variatdewith value
X;)-

Proposition 4.2. Let F(X1,...,%n,Y1,...,Yp) be a quantifier-free mixed formula, with ¥ 0,...,X, >
0,y1 >0,...,yp > 0. Then F is definable with a r.b. DCM.

The idea of this proof (detailed pagel 21, in the appendix)lims several steps which can easily be
understood. First, we assume (w.l.0.g.) thas in disjunctive normal form; then, we transform it into a
union of intersections of smaller formulae of the foa- 0, with ~€ {>, =, < ,=4,#4}. The main idea
is to encode each of these formulas- 0 by a r.b. DCM, in which there amer.b. dense-choice counters
X, p r.b. discrete counteng and possibly more r.b. counters. We provide a simple r.aMRGcoding for
each of these formulagé ~ 0, in which the machine accepts a run, with initial countduaons equal
to the assignment of the free variabled=6fif and only if this assignment of variables makes the foanul
true.

Then, we just have to connect each r.b. DCM as follows. Eacothina has a final control state,
which we connect with a transition to the initial controltstaf another machine; both of them are in fact
a (bigger) machine. For the union, we add one transitiongyfriom the final state of the first machine
to the initial state of each machine encoding a componerteofihion. Then, each of these components
is a series of machines, encoding intersections. The lagponent of each intersection is encoded by a
machine whose final state leads to an accepting sink statei{(vgthe final state of the overall r.o. DCM
encodingF). Finally, this sink state is reached if and only if the folmE is satisfied.

Since the quantifier elimination of mixed formulae is effeet and since we can encode negative
variables with a sign bit in the control states, then we caectly deduce the following theorem:

Theorem 4.3. Any mixed formula can be defined by a r.b. DCM.

This theorem is actually dual to the onelin[16] (cited her®aspositior_ 2.B), which states that the
binary reachability of a r.b. DCM (with an additional freeutter) is a mixed formula. Hence, we get an
exact characterization of r.b. DCM.

As a matter of fact, Theorem 4.3 can be combined with otharteabout mixed formulae. For
example, we know that the binary reachability of a flat couatgomaton([[7] or of a timed automaton
[8] is definable by a mixed formula. Hence, we can construdb.a8DCM which is accepting exactly the
binary reachability of a given flat counter automaton or tirmetomaton.

5 Conclusions and future work

The goal of this paper is to shed a more formal light on DCM,deealarifying their relation with
(discrete) CM. This makes us naotice that there are very simgdults for CM that still hold for DCM, but
require a much more difficult proof. A first extension is taalldense-choice counters to be compared
to an integer constatkt and not only to 0. We showed that dense-choice countersoaraare powerful
when they aré-testable, even in the case of r.b. DCM, or of DCM with a sirtgdended counter.

A second extension is the exact characterization of r.b. @kl the well-known first-order additive
logic of integers and reals, similarly to r.b. CM with Presier logic.

We also found results that cannot be extended from CM to DCdd.ifstance, restricting dense-
choice counters to be bounded does not imply decidability.
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Future work. Other existing results for CM (such as the rich propertigsoime-counter machines)

could be extended to DCM. There are also missing items inathle of pagé 13, which do not seem to
be easily inferable from known results. One could also stliffgrent versions of dense-choice coun-
ters, such as DCM in which tests of the forfx= 0) are forbidden (leading to what we would call
"Dense-choice Petri Nets”). We would also like to formallyngpare timed automata with DCM, using
languages.
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Appendix: Proofs

Lemmal[2.10. A DCM.# = (S T) with one free O-testable counter and n k-testable 1-r.b.ntens is
equivalent to a DCM#° = (S, T%) with one free 0-testable counter and uto+ 2k(n+ 1) O-testable
r.b. counters.

Proof. Assume that in# all r.b. counters are actually O-reversal (i.e., they domake any reversal:
the counter can never “come back” to previous values), thabacounters start from 0, and that there
is no equality test against any> 0 (i.e., onlyx > j or x < | tests are allowed). Finally, assume that
has no free counter, and hence has ankstestable 1-r.b. counters. All these restrictions are tHtmu
at the end of the proof.

Let.#' = (S,T’) be afinite-test DCM verifying Lemnia2.9.

Consider now.#°.
Let S” = S x {simu,cHECK}. If . starts in a statey, with all counters initially at 0, thenz© starts
in state< (s, (0,0)"), sl muL >, with all counters initially at O.

#° works in two phases: first is ML phase and then ioHeck phase. Correspondingl¥,? is the
union of two sets of transitiondg, . and Toec.

The si muL phase simulates a run of/’ on the firstn counters, hence using finite-state tests rather
than actual tests on the counters in position f.télowever, during the muL phase, #° replicates the
values stored ir; into the firstn(k+ 1) additional counters.

The cHeck phase verifies that the simulated rungf’ is actually consistent, by checking the actual
counter values stored in the additional counters, and itxg$h and only if, the simulated run was not
consistent (e.g., verifying that.i#° entered a configuration witth = j A f = 1/2, thenj < x < j + 1).
Hence, #° can faithfully simulate/ .

For clarity, letc(i, j) =n+(i— 1)« (k+1)+ j+ 1, forevery 1<i<n,0< j <k
Hencec(1,0),c(1,1),...,c(1,k) are the indexes of countexg; 1, Xn+2, - - - , Xn+k+1, andc(2,0), ..., ¢(2,k)
are the indexes of countexg, k. 2, . . . , Xni 2kt 2, €tc.

Ts wu 1S defined as follows:

1. Forall(s},(d,A,a),s,) € T', the transition< s, sl ML >,(g.1°,a°%), < &,SI MIL >) IS iN Tg ., if, for
everyi,1<i<n;

« A0=A.a=a;

. )\é’(i == )\é’(i 4_1) = 0 (i.e., the corresponding counters stay);

o ifitis notthe case that, is such thath = kA fi = 1/2, thenAd, 4 1) = AJi 412 = Adikia) =
Ai andagi g +1) = ac(id+2) = a(ik+1) = & (i.€., the corresponding counters make the same
move asy);

e if S| is such thath = kA fi = 1/2, then)\é’(iqdﬁl) =0.

2. Forevens €S, (« 8,sI ML >, (true,0,a),< S, cHECK >>) is @ move inTg y, for anya (where
0 (resp.true) is the vector with O (resgrue) in every component).

3. No move inTg , is other than those defined in (1) and (2).
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The meaning of group (2) of moves is to mak&® enter thecreck phase, which is intended to verify
whether the finite-state tests used in ¢ha phase were correct.

Without definingTqee formally, we describe how#° can check that whenever entering a configu-
ration withd; = j A fi =1/2, for everyi, 1 <i < nand for everyj, 0< j <k, then actuallyj < x < j+1.
The value ofx; at the precise moment that such configuration was entereidl stared inXy j). Since
the counterx, cannot make any reversal, to make sure that the configuratithat time was consistent
with x;, it is enough to check whethgr< X jy < j + 1 and crash if this is not the case.

Letz j be the value ok ;) when.#° enters thereck phase.#° decrements ;) of exactlyj (us-
ing integer decrements). If the machine does not crash,zhen j. Then, to make sure that; < j+1
(i.e. 0< Xg(j,j) < 1 forthe current value ofy; j)), #° verifies that ifxi.j+1 = 0 thenz j = j. Otherwise,
.#° makes a fractional decrementxf; j and crashes if the result is different from 0. Hence, the only
case where there exists a computation that does not cradeis there exist, 0 < é < 1, such that
Xe(ij) = O- 4 repeats this procedure for every <i < n, and for everyj, 0< j <k. Finally, .#° ends
the computation. It should be clear that#° ends its computation without crashing then the original
tests of.# were guessed correctly by/°.

The restriction of not having equality tests can be liftest joy noticing that a test = k is replaced
in .#° by a test whethed; = kA f; = 0. It is enough that the machine marks, in its finite contriod t
actual value off; whend, becomes equal tp If fi = 0 then thecHeck phase should only check whether
z j = | rather than checking wheth¢< z ; < j+ 1.

The restriction of having only O-reversal counters can lmirhted by adding mora(k+ 1) O-
testable 1-r-b. counters ta7°, and extending the mu phase to use also these additional counters.
Denote byc(i, j) the valuen+n(k+1) 4 (i — 1)  (k+1) + j + 1. Each counteky; j) makes the same
move ass, with 0 < j < kandi <i < n, as long as; is in its increasing phase (i.A2(&(i, j)) = A (i)).
When the decreasing phase fpstarts, with.#° in a state< s,dy, ..., dy, f1,..., fn >, thensi mu acts
on the counters in the positiors, ) with A° andal defined as follows:

. )\g(i7di) = ’\g(hdwl) =...= )‘g(hk) =0 (i.e., the corresponding counters stay);
e ifit is not the case thad is such thath = kA fj = 1/2 then)\g(i.O) = )‘g(i.l) == )\g(i.difl) = A
andag(iqo) = ag(iql) =...= ag(i*difl) = a (i.e., the corresponding counters make the same move as

thei-th counter);
e if 57 is such thath = kA fi = 1/2, then also\g(i.k) =0 (i.e., the counter stays).

The cHeck phase for these new counters in posit@i j) is exactly the same as for the previously
introducedn(k+ 1) counters in positions(i, j).

The restriction on all counters being initialized at 0 caspabe lifted by making#° guess at the
beginning of the computation the correct values of edcand f; and initializing 2 additional 1-r.b.
counters with a copy of the firstcounters. This can be obtained by emptying each countér<i < n,
with integer decrements first and then with one fractionarel®ment, finally crashing i is not 0, so
verifying if d; and f; were guessed correctly. At the same time, a new countengs&yincreased of
the same amounts used to decremerib 0. Whenx; = 0 and the test is passed/® continues the
computation as above, but using counteinstead ofx; (since it stores exactly the original value ey
and starting in a state with the previously guessed valudsanid f; rather than frond;, = f; = 0.
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Finally, the restriction of not having inZ a free 0-testable counter can easily be removed, by adding a
free O-testable counter also.i°. .#° may also simulate the behaviour of this counter duringstiver
phase, leaving it to stay during tleeck phase. This does not affect any of the above constructionks.

Proposition[4.2. Let F(Xq,...,%n,Y1,...,Yp) be a quantifier-free mixed formula, with ¥ 0,...,%, >
0,y1 >0,...,yp > 0. Then F is definable with a r.b. DCM.

Proof. Assume (w.l.0.g.) thaE is in disjunctive normal form:
F=FRVRV...VFy,

Hence, it is the disjunction of clausesof the form:
F=F,AFR,A--AF,

where eaclkj, in the free variableg,, ..., X,,Y1,...,Yp, can always be reduced, by pushing negation to
the relational symbol and by elementary algebraic transétions, to the form:

E~O

where~e {>,=,<,=q,#4}. Forinstance, i, is Ex < Ep, then one may check insteadsf — E; < 0,
etc.

Below we show that for every,, there exists a r.b. DCI\M/iJ. with r.b. dense-choice counters
X1,...,%n and r.b. discrete counteys,...,yp (and possibly more r.b. countexs,i,... andyp.1,...)
that accepts when relatid, is verified on the initial values of the countets ..., Xy, Y1, .-, Yp-

This immediately entails that, for each clausethere exists a r.b. DCM#; that accepts if, A
F, AR, is verified on the initial values of its r.b. countexs ..., xn,y1,...,Yp. In fact, sincer is the
conjunction of allF;, .#; is a r.b. DCM that first makesy copies of countergy, ..., X, Y1,...,Yp and
then simulates each;; started on one of the copies# accepts if, and only if, allZ; accept.

Therefore, it is possible to build a r.b. DCM/’ whose binary reachability describes relatfon.#’
starts with all counters equal to zero; first, it makes nosweistic increments of each counter, guessing
atuple of values fox1, ..., X, y1,...,Yp such that at least orfg¢ (hence, als®) holds; second, it follows
the computation of#; described above, in order to verify that all guesses areecorin order to end
in a configuration in which tha first counters hold the values of thevariables making- true, we will
make copies of these counters so that we do not modify theingltive verification that they have been
guessed right.

To show that for every, j there actually exists a r.b. DCM#; definingF,;, we first prove by
induction on the structure @& that the value oE can be encoded by a r.b. dense-choice countdEfor
and a flag in the control state for the signkaf Recall that a counter value can always be copied a fixed
number of times, using the encoding of Figuré 1b.

The base steps of the induction are the cases \#her®, 1,x;, yj, which are obvious.
Assume now thaE is (E; + E»), with a copy of|E;| and |E;| stored in two suitable r.b. counters,
with their sign flags in the finite state control. We can asstiméE; andE;, have the same sign (e.qg., if
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E; > 0 andE; < 0 thenE; + E, can be rewritten aB; — |E;|). We only need to consider the case when
both are positive (if both are negative, then compkte+ |E;|, store the result in a r.b. counter with the
sign flag being negative). The additi@ + E, can then be done using the encoding of Fidute 1c.

Assume now théE is (E; — Ey), again with a copy off€; | and|E;| stored in two suitable r.b. counters
X1 andxy (respectively), with sign flags. We only need to considerdhse where botk; andE, are
positive (the other cases can be easily eliminated or rebiacan application of-). We can also assume
thatE; > E. If E» > E; then the machine will guess it and it may complte- E; instead, changing the
sign of the result. The computation Bf — E, can then be done using the encoding of Figurie 1d. Notice
that if the machine made the wrong guess tat E,, while insteadE, < E;, then this procedure will
crash (hence, the non-derministic choice has to be theat@mne).

Finally, assume thdE is |E’|; then the automaton on Figurel 2a can redchiom s if and only if
y=[x].

X1:=X1+1

X=X —1 X:=x—1
reset(Xy —
copy(X,X2)

X2 i =Xo— 0 =0
2= R2 Xx=0

(a) Storage ofx| into xg (b) Test ofx=4 0

Figure 2: Encodings of “integer part” and “modulo”

We just showed how to encode a mixed linear expreskiam a r.b. DCM. To complete the proof
that there is a r.b. DCM#;; acceptingF, it is enough to show that there exists a r.b. DC# which
can check whethe ~ 0O (sinceF; is of this form). Since the value 0E| is stored in a r.b. countes;
with a flag in the control state for the sign Bf then test€€ < 0 andE > 0 are immediate. Of course,
E = O is trivial too, since it can be tested by a guéxd= 0).

The two remaining cases are zero-congruences modulo ageirte The automaton on Figute 2b
can reacls from sif and only if E =4 0, for a given integed (the value ofE being stored into counter
X).

To accept ifE #4 0, then.# first checks ifx— |x| > 0, accepting if this is the case. - |[x] =0
then.# guesses the integer constarg [0,d] such thate —v =4 0. This can be computed as already
explained above.

Thus, we gave a constructive proof that there exists a r.iM@dESfining any mixed formula.
O
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