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Abstract. NPLCS'’s are a new model for nondeterministic channel systems where
unreliable communication is modeled by probabilistic message losses.die sh
that, forw-regular linear-time properties and finite-memory schedulers, qualita-
tive model-checking is decidable. The techniques extend smoothly tdi@ues
where fairness restrictions are imposed on the schedulers. The lsympizee-

dure underlying our decidability proofs has been implemented and ustadyp

a simple protocol handling two-way transfers in an unreliable setting.

1 Introduction

Channel systemgl5] are systems of finite-state components that commumigit
asynchronous unbounded fifo channélessychannel systems [17, 6], shortly LCS'’s,
are a special class of channel systems where messages cast bénile they are in
transit. They are a natural model for fault-tolerant protsavhere communication is
not supposed to be reliable (see example in Fig. 1 below)itibddlly, the lossiness
assumption makes termination and safety properties daeif22, 17, 6, 4, 20, 8] while
reliable, i.e., non-lossy, systems are Turing-powerful.

LCS'’s are a convenient model for verifying safety propertd& asynchronous pro-
tocols, and this can be automated [4]. However, they are ded@ate for verifying
liveness and progress properties: firstly these propatesindecidable for LCS's [5],
and secondly the model itself is too pessimistic when ligsrie considered. Indeed, to
ensure any kind of progress, one must assume that at leastraessages will not be
lost. This is classically obtained via fairness assumpgtion message losses [18] but
fairness assumptions in LCS’s make decidability even miusve [5, 21].

Probabilistic LCS’s shortly PLCS's, are LCS’s where message losses are seen as
faults having grobabilisticbehavior [27, 10, 31, 1, 29, 2, 7]. Thanks to its probabdisti
framework, this model automatically fulfills strong faigseconditions on the message
losses. Additionally it allows one to state so-callgahlitative questions, whether a
linear-time property will be satisfiedwith probability I', that are decidable. However,
PLCS’s are not a realistic model for protocols because tloegider that the choices
between different actions are made probabilistically eatihan nondeterministically.
When modeling communication protocolgmndeterminisms an essential feature. It
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is used to model the interleaved behavior of distributed maments, to model an un-
known environment, to delay implementation choices atesidges of the design, and
to abstract away from complex control structures at latges.

This prompted us to introduce NPLCS's, i.e., channel systehrere message losses
are probabilistic and actions are nondeterministic [1R, These systems give rise to
infinite-state Markov decision processes, and are a mattgfdaimodel for analyzing
protocols. The drawback is that they raise very difficulifigation problems.

Qualitative verification for NPLCS’s. Our early results in [14] rely on the assumption
that idling was always a possible choice. This simplifiesehalysis considerably, but

is an overkill: a necessary ingredient for most livenesperties of a compound system
is the inherent liveness of the components, which disagpetrey can idle.

We developed new techniques and removed the idling liroitaith [9] where we
show that decidability can be maintained if we restrict otteergtion tofinite-memory
schedulers (strategies for the nondeterministic chaidés$ seems like a mild restric-
tion, and we adopt it in this paper since we aim for automagiification.

Our contributions. In this paper we extend the preliminary work from [9] in three
directions: (1) We allow linear-time formulas referringttee contents of the channels
rather than just the control locations. We did not consibleréxtension earlier because
we lacked the techniques for proving the convergence of iingmmputations. How-
ever, the extension is required in practical applicatioheng fairness properties have to
express that “a rule is firable,” which depends on channeters for read actions. (2)
We develop symbolic representations and algorithms fer&dtPLCS configurations.
These algorithms have been implemented in a prototype habhte use to analyze a
simple communication protocol. (3) We consider qualigtrerification with quantifi-
cation oveffair schedulers, i.e., schedulers that generate fair runs abuoaly.

Outline of the paper. Section 2 recalls the necessary technical background fior no
deterministic probabilistic channel systems, and se@ioriroduces the new symbolic
framework we use for handling sets of configurations. Wegamesur decidability re-
sults in sections 4 (for finite-memory schedulers) and 5 fd@ar schedulers). Finally
we apply our algorithms on Pachl’s protocol in section 6. pdbofs omitted in this
extended abstract can be found in the complete versiorsé@ibn the web.

2 Nondeterministic probabilistic channel systems

We assume the reader has some familiarity with the verifinatf Markov decision pro-
cesses, or MDPs, (otherwise see [11]) and refer to [9] fordeta definitions regarding
our framework. Here we recall the main definitions and notetiwithout motivating or
illustrating all of them.

Lossy channel systemsA lossy channel system (a LCS) is a tuple= (Q, C,M,A) ofa
finite setQ = {p,q,...} of controllocations a finite selC = {c, ...} of channelsa finite
message alphab&l = {m,...} and afinite seh = {9, ...} of transition rules Each rule
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has the forng * p whereopis anoperationof the formc!m (sending messagaalong
channelc), c?m (receiving message from channek), or ,/ (an internal action with
no communication). For example, the protocol displayeddgnlFis naturally modeled
as a LCS: building the asynchronous product of the two psasd3 andPy yields a
bona fide LCS with two channels and a five-message alphébef{ap,as,do,d1,eo0d}.

Operational semantics A configurationof £ as above is a pag= (q,w) of a location
and a channel valuatiow : C — M* associating with any channel its current content
(a sequence of messagel):C, or M* when |C| = 1, denotes the set of all channel
valuations, andConf the set of all configurations. denotes both the empty word and
the empty channel valuation. The siakof a configuration is the total number of mes-
sages irs. The rules ofz give rise to transitions between configurations in the oliwio
way [9]. We write/A(s) for the set of rule® € A that are enabled in configuratian

We writesiperfsi whens is obtained by firingd in s. The “perf” subscript stresses
the fact that the step is perfect, i.e., no messages aréllosiever, in lossy systems, ar-
bitrary messages can be lost. This is formalized with thp b&the subword ordering:
we writep C  whenpis a subword of, i.e.,p can be obtained by removing (any num-
ber of) messages fropd, and we extend this to configurations, writifgw) C (¢, w/)
wheng = ¢ andw(c) = w/(c) for all c € C. As a consequence of Higman’s Lemma,
is a well-quasi-order (a/qo) between configurations af. Now, we defindossy steps

by Iettingsi s Ethereisa perfect stepiperfs’ such thats” C . This gives rise

to a labeled transition systebTS, oot (Conf,A,—). Here the sef of transition rules

serves as action alphabet. In the following we assume thairfp locationg € Q, A
contains at least one rutqa% p whereop is not a receive operation. This hypothesis
ensures that TS, has no deadlock configuration and makes the theory smoditier.
no real loss of generality as demonstrated in [2, § 8.3].

An example.Pachl’s protocol [22] handles two-way communications dessy chan-
nels and is our case study for our algorithms. It consistavof ilentical processes,
PLieft) andPr(ignt), that exchange data over lossy channels using an acknawétg
mechanism based on the alternating bit protocol. See Figolb&he actual contents
of the data messages is abstracted away, and we judpLdsec M to record the alter-
nating control bit. Message®,a; € M are the corresponding acknowledgments. The
protocol starts in configuratiofl.0,R4) whereR is the sender anBk the receiver. At
any time (provided its last data message has been acknaedetite sender may signal
the end of its data sequence with @ € M control message and then the two pro-
cesses swap their sending and receiving roles. Noteetitatioes not need to carry a
control bit, and that its correct reception is not acknogksdl In section 6 we explain
how such a two-process protocol is modeled as an LCS, andgive outcomes of our
automated analysis.

From LCS’s to NPLCS's. ANPLCSa. = (£,T1) is a LCS. further equipped with a
fault ratet € (0,1) that specifies the probability that a given message storederof
the message queues is lost during a step [13, 14]. The apeaibsiemantics of NPLCS’s
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Fig. 1. Pachl's communication protocol, from [22].

has the form of an infinite-state Markov decision prodd&P,, d:ef(Conf,A, Py ). The

stepwise probabilistic behavior is formalized by a thrégeehsional transition proba-
bility matrix P, : Conf x A x Conf — [0, 1]. For a given configuratiosand an enabled
rule d € A(s), Py (s,9,-) is a distribution oveConf, while P, (s,9,-) = 0 for any tran-
sition ruled that is not enabled ia The intuitive meaning o, (s,8,t) = A > O is that
with probabilityA, the system moves from configuratieito configuratiort whend is
the chosen transition rule &

For lack of space, this extended abstract omits the technlesavy but quite natu-
ral definition ofP,,, and only lists its two essential properties:
1. the labeled transition system underlyM@P,, ;) is exactlyLTS; .
2. the setQ; = {(q,¢€) | q € Q} of configurations where the channels are empty is an
attractor, i.e., from any starting configuratio@, will eventually be visited with prob-
ability 1 [2, 7].

Schedulers and probability measureThe nondeterminism in an MDP is resolved by
a scheduler also often called “adversary”, “policy” or “strategy”. Hea “scheduler”
is ahistory-dependent deterministic schedutethe classification of [28]. Formally, a
scheduler fory is a mappingu that assigns to any finite pathin A¢ a transition rule

0 € Athat is enabled in the last statemfThe given patht specifies the history of the
system, and: (11) is the rule thatu chooses to fire next. A schedularonly gives rise

to certain paths: we say= & S % ... is compatible withu or, shortly, is azz-path,

if Py (S-1,0,5) > 0foralli > 1, wheredi 1 = ¢ (S 5.5 s) is the rule chosen by
u at stepi alongTt In practice, it is only relevant to define how evaluates on finite
u-paths.

A finite-memoryor fm-, schedulet: = (U, D, n, up) is specified via a finite sét of
modesastarting mode p € U, adecision rule D.U x Conf — A choosing the next rule
D(u,s) € A(s) based on the current mode and the current configuration, aextanode
functionn : U x Conf — U specifying the mode-changes af. The modes are used to
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store some relevant information about the history. An finestulerz is memoryless
it has a single mode: them is not history-dependent and can be specified more simply
as a mappingi : Conf — A.

Now, given an NPLCS\, a starting configuratios = sp and a scheduletz, the
behavior ofA’ under« can be formalized by an infinite-state Markov ch®I€ ;. For
arbitrary schedulers, the statesM€,, are finite paths im(, while for fm-schedulers
it is possible to consider pairs!,s) of a mode ofu and a configuration ofi. One
may now apply the standard machinery for Markov chains afideléor fixed starting
configurations) a sigma-field on the set of infinite paths startingiand a probability
measure on it, see, e.g., [28, 23, 11]. We shall Writge(ﬁ: ) to denote the standard
probability measure iMC,, with starting states.

LTL/CTL-notation. We use simple LTL and CTL formulas to denote properties of re-
spectively paths and configurationsMDP, . Here configurations and locations serve
as atomic propositions: for exampl&)s (resp.[J0q) means thas € Conf (resp.q € Q)

is visited infinitely many times, and Until s means that the control location remains
g until configurations is eventually reached. These notations extend to sets and, f
T C Conf andP C Q, OOT andJOP have the obvious meaning. FBrC Q, P is

the set{(p,¢) | p € P} so that)Q, means that eventually a configuration with empty
channels is reached. It is well-known that for any schedulgthe set of paths starting
in some configuratios and satisfying an LTL formula, or aw-regular property is
measurable [32, 16]. We write P(s = ¢) for this measure.

Reachability analysis.For a seA C Conf and a ruled € A, we letPre[8](A) d:ef{s | Jte

A,si t} denote the set of configurations from whi&ftan be reached in one step with

rule . Pre(A) d:er(;eA Pre[d](A) contains allone-step predecessorand Pre*(A) gef

AUPre(A)UPre(Pre(A)) U--- all iterated predecessar§he successor se@as{o|(A),
Pos{(A), andPost (A) are defined analogously. Recall that reachability betweefig-
urations of LCS’s is decidable [6, 30], which is also implledTheorem 3.2 below.

Constrained reachability. We sometimes need to reach a Aatsing only rules that
cannot get us out of some SEIC Conf. Formally, forT, A C Conf, we define

d:Ef{s € Conf | 30 € A(s) s.t.Pos{d](s) NA # 0 andPostd](s) C T}.

Prer (A)
In other words s is in Prer (A) if there is a ruled that may takes to some state in

A but that cannot take it outside. The set of iterated -constrainedoredecessors is

Prer (A) &' AU Prer (A) UPrer (Prer (A)) U - --

3 Symbolic representations for sets of configurations

Symbolic model-checking relies on symbolic objects repnésag sets of configura-
tions, and algorithmic methods for handling these objeaammgfully.

In this section, we present a symbolic framework for NPLCS3ised orifferences
of prefixed upward-closure3his extends previous techniques from [4, 3, 20] in that it
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permits dealing with set differences and checking whiclhésfirst message in a chan-
nel. For simplicity in the presentatiowe assume that the NPLCS under consideration
only has a single channeWe also omit most of the algorithmic details pertaining to
data structures, normal forms, canonization, ..., thapeagsent in our prototype im-
plementation (see section 6).

Recall that a seT C Conf is upward-closedresp.,downward-closefif for all

seT,andforalls Os(resp.S Cs),s € T.ForT C Conf,welet] T d:Ef{se Conf|3s €

T AS C s} denote theupward-closureof T, and | T def {s€ Conf|3s € TASC s}
denote thelownward-closuref T. For singleton sets we write shortlyt and | t rather
thant {t} and| {t}.

Our symbolic sets are defined with the following abstracirgrear:

prefix: a:=¢|m me M
prefixed closure:  6:=afu ue M*
sum of prefixed closures: ¢ :=061+---+6y n>0
simple symbolic set: p:=(g,6—0) g€ Qis alocation
symbolicset:  y:=p1+---+pn n>0

Prefixed (upward-)closures and their sums denote subs#ts défined with[oTul] def

{av|uC v} and[B1+--+6y] o [61] U---U[Bn]. Symbolic sets denote subsets of

Conf defined with[(9,0 — (81 + -+ 6n))] d:Ef{<q,v> € Conf |ve [0~ ([61]U---U

[6n])}. A regionis any subset o€onf that can be denoted by a symbolic set. It is a
control regionif can be written under the forrg;(g;,£7€), where channel contents are
unrestricted.

We abuse notation and wri@to denote both empty (i.e., with = 0) sums of
prefixed closures and empty symbolic sets. We also sometirigs v for v, 6 —
01 —---—6,for 86— (61+---+6,), and6 for 8 — 0. We writey =y when[y] = [Y],
i.e., wheny andy denote the same region.

Theorem 3.1 (Effective symbolic computation: basics).

Boolean closure: Regions are closed under union, intersection, and compieatien.
Moreover, there exist algorithms that given symbolic sgtand y, return terms
denotedy; LIY,, y1My2 and -y such thatly; Livo] = [y1] Ulyz], [yaryz] = [ya] 0

[y2] and[—y] = Conf \ [y].
Upward closure: Regions are closed under upward closure. Moreover, thassean

algorithm that given a symbolic sgtreturns a term denotedly such that[1y] =

TIV-
Vacuity: It is decidable whethefy] = 0 given a regiory.

One-step predecessorsRegions are closed under the Pr¢ and ﬁFe_(_) operations.
Moreover, there exist algorithms that given symbolic sesnd Y return terms
denoted Préy) and Prey (y), and such thafPre(y)] = Pre([y]) and [Pre, (y)] =

Pregy (IV])-

Theorem 3.1 provides the basic ingredients necessary fobaljc model-checking
of LCS’s. These ingredients can then be used for computitgydedined as fixpoints.
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For example, using standagdcalculus notation, a symbolic set denotiRge™([y])
would be defined agX.yL Pre(X). In [8] we show how a symbolic representation
for sets defined by such fixpoint expressions can be comptfettieely (when some
guardedness condition holds).

Theorem 3.2 (Effective symbolic computation: fixpoints).

Iterated (constrained) predecessors:Regions are closed under the Pfe) and the
ﬁFei(_) operations. Moreover, there exist algorithms that givemisglic setyy and
Y return terms denoted Préy) and FgFe; (y), and such thajPre*(y)] = Pre*([y])

and [Pre, (v)] = Preyy} ([V])-

Safe sets (see section 4For any regiony, the seth.(yﬂ I5Fex(Conf)) is a region,
and a term for it can be computed effectively.

Promising sets (see section 4)For any regiony, the sele.F?e; (y) is aregion, and a
term for it can be computed effectively.

JCTL: The set of configurations satisfying aCTL formula (i.e., a CTL formula
where only the modalities3(_ Until _)” and “ INext_" are allowed) is a region
when the atomic propositions are themselves regions. Merga symbolic set for
that region can be obtained algorithmically from tRETL formula.

4 Verifying safety and liveness properties for NPLCS'’s

This section considers various types of safety and livepesgerties where regions
serve as atoms, and presents algorithms for checking theege of a fm-scheduler
suchthatPg(s=¢)is>0,=1,<1or=0.

We start with reachability properti€sA and invariant$]A for some regiorA.

For eventually properties with the satisfaction criteneith positive probability”,
decidability relies on the computation of iterative pregisors in (non-probabilistic)
lossy channel systems:

Theorem 4.1. Let s€ Conf and AC Conf. There exists a scheduler with Pr; (s =
OA) > 0iff Pry (s|= OA) > 0for some memoryless scheduteriff s € Pre*(A).

For other satisfaction criteria, or for other properties, ave to develop more ad-
hoc characterizations of the sets of configurations whergtialitative properties hold.
For invariantsJA, we introduce the concept of safe sets:

Definition 4.2 (Safe sets)Let AT C Conf. T is calledsafefor Aif T C A and for all
se T, there exists a transition rul@enabled in s such that Pdé}(s) C T.

Since the union of safe sets is safe, the largest safe sat flmotedSaféA), exists.
There exists a simple fixpoint characterization &aféA) (here and in the sequel,
we use the standafd'v-notations for fixpoints).

Lemma 4.3. For any AC Conf, Safé¢A) = vX.AN Prex (Conf).

Thus, if A is a region,SaféA) is a region too, and a symbolic representation can be
computed effectively (Theorem 3.2). This is the key for fyénig invariants:
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Theorem 4.4 (Safe sets and invariants)Let AC Conf and sc Conf.

(a) se SafdA)

iff there exists a scheduler such thatPr, (s|=0A) =1

iff there exists a memoryless schedulesuch thatPry, (s = 0A) = 1.
(b) sl=3(AUntil SaféA))

iff there exists a scheduler such thatPr, (s|=0A) >0

iff there exists a memoryless schedulesuch thatPr, (s = CJA) > 0.

The corollary is that, for a regioA, we can compute a symbolic representation for the
set of all configurations where P(s = [A) > 0 or= 1 for some schedulemn .

Definition 4.5 (Promising sets)Let AT C Conf. T is calledpromisingfor A if for all

se T there exists a paths 5 &, St % ... 0 Sm with m> 0 such that § € A and for
all 1<i<m,Pos}é](s_1) CT.

As for safe sets, the largest promising setAaxists: we denote Prom(A).

Lemma 4.6. For any AC Conf, PromA) = vX.I5r\e; (A).

Thus, if Ais a region,Prom(A) is a region too, and a symbolic representation can be
computed effectively (Theorem 3.2).

Theorem 4.7 (Promising sets and almost sure reachability).et s€ Conf and AC
Conf. se Prom(A) iff Pry, (s = OA) = 1 for some schedulet iff Pry; (s}= OA) = 1 for
some memoryless scheduter

The corollary is that, for a regiof, we can compute the set of all configuratiesich
that Pr, (s= OA) > 0 or=1 for someu.

We now consider repeated reachability and persistenceegiiep. The question
whether a repeated reachability propertpA holds under some scheduler with pos-
itive probability is undecidable when ranging over the ftlliss of schedulers, but is
decidable for the class of fm-schedulers. This was showh4nd] for the case wherk
is a set of locationd.g. a control region). We now show that the decidability everdkol
if Ais a region. More precisely, we show thatfis a region andp € {JCA, OTA},
then the set of configuratiorssvhere Py, (sl=¢) > 0 or= 1 for some fm-scheduler is
a region.

For A C Conf let Pron¥1(A) denote the largest s@t of configurations such that

forallt € T there exists a finite path= s &, S % . o Smwithm>1, s, € Aand
Pos{di](s_1) C T for all 1 <i < m. Note that the definition oPron¥1(A) is different
from Prom(A) since the paths must have length at least 1. We then Pare”!(A) =
vX.F?e;(r(A), and, ifA is a region then so iBron?1(A). Thus, the following theorem
provides the decidability of repeated reachability angiséence properties:

Theorem 4.8 (Repeated reachability and persistence)et se Conf and AC Conf.
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(@) se Pron?i(A) iff Pry (s = O0A) = 1 for some schedulew
iff Pry (s}=0O0A) = 1 for some memoryless scheduter
(b) sc Pref(Pron?t(A)) iff Pry (s = COA) > 0 for some fm-schedulen
iff Pr, (si=0O0A) > 0 for some memoryless scheduter
(c) se Prom(SafgA)) iff Pry, (sl= OTA) = 1 for some scheduler:
iff Pry, (s|= OOA) = 1 for some memoryless scheduter
(d) se Pref(SaféA)) iff Pry (s = OOA) > 0 for some schedulet:
iff Pry (s}= OOA) > 0 for some memoryless scheduter

We now consider the Streett formupg = A1, J0A — OOB; whereAq, ..., Ay
andBy, ..., B, are regions. Here again we only consider fm-schedulers sireprob-
lem is undecidable for the full class of schedulers [9].

For A,B C Conf, let Promfl(B) be the largest subs@&tof A such that foralt € T
there exists a path= g & ... 5 Sm with m> 0, sy, € B andPos{di)(s—1) C T for
al1<i<m We havePromil(B) = vX.I5r\e>+<(B) NA and if A,B are regions then so
is Promz*(B). In addition,s € Pront;*(B) iff Pry (s = JOBACIA) = 1 for some fm-
scheduleru .

The above is useful to show decidability of the questionsthdrePr, (s|= ¢s) < 1
or = 0 for some fm-schedulet;. For this, we use the fact that s = ¢s) < 1 iff
Pry (si=0O0A — 00B;) < 1 for soméi iff Pry, (s = O0A A OO-B;) > 0 for some.

Theorem 4.9 (Streett property, probability less than 1).There exists a fm-scheduler
u with Pry, (s = OOAA OO0-B) > 0 iff there exists a memoryless scheduterwith
Pry (s|= OOAA OT-B) > 0iff s € Pre* (Promea(A)). In particular, Pry (s|= ¢s) < 1
for some fm-schedulem iff s € ;<< Pre*(Promféi (A)).

LetT; be the set of all configuratiotis Conf such that Py, (s = O0A AOO-B;) =
1 for some fm-schedulew . Note thatT; = Pre*(ProrrEéi (A)) is aregion. ThusJs =
T1UTU---UTy,is aregion too. This and the following theorem yields theidigility
of the question whether R(s = ¢s) = 0 for some schedulexn .

Theorem 4.10 (Streett property, zero probability). There exists a fm-scheduler
such thatPr, (s|= ¢s) = 0if and only if s Prom(Ts).

We next consider the satisfaction criterion “with positmebability”. The treat-
ment of the special case of a single strong fairness formdla — O0B = OC0-AV
OOB is obvious as we have: There exists a finite-memory (resp.angeass) sched-
uler ¢« such that Py (s = OO0A — O0B) > 0 iff at least one of the following condi-
tions holds: (i) there exists a fm-schedulérsuch that Py (s = 0T—A) > 0 or (ii)
there exists a fm-scheduler such that Py, (s = 0J0B) > 0. We now extend this
observation to the general case (several Streett progerfierl C {1,...,n}, let A
denote the set of configuratiossuch that there exists a finite-memory scheduler sat-
isfying Pry (s = Aict JOBi A Ajgy =A)) = 1 and letA be the union of aliy’s, i.e.,
A=Ucq,..nyA- Then, the setd; andA are regions. Thus, the algorithmic treatment
of Streett properties the satisfaction criteria “positprebability” and “almost surely”
relies on the following theorem:
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Theorem 4.11 (Streett properties, positive probability aml almost surely).

(a) There exists a fm-schedulersuch thatPry, (s|= ¢s) > 0iff s € Pre*(A).
(b) There exists a fm-schedularsuch thatPry, (s = ¢s) = 1iff s € Prom(A).

We conclude with the following main theorem gathering aépous results:

Theorem 4.12 (Qualitative model-checking)For any NPLCS\ and Streett property
¢ = A\;OOA — OOB; where the fs and B'’s are regions, the set of all configurations
s s.t. for all fm-schedulers: Pry (s|= ¢) satisfies a qualitative constraint= 1", or
“<1'or* =0"o0r" >0 is aregion that can be computed effectively.

With the techniques of [9, § 7], Theorem 4.12 extends toxalkgulars properties

5 \Verification under fair finite-memory schedulers

We now address the problem of verifying qualitative lineéaret properties under fair-
ness assumptions. Following the approaches of [19, 32wkt onsider here a notion
of scheduler-fairneswhich rules out some schedulers that generate unfair paths w
positive probability. This notion of scheduler-fairnesstio be contrasted with extreme-
and alpha-fairness introduced in [24—26] which requirea@r™fesolution of probabilis-
tic choices and serve as verification techniques ratherfdiemess assumptions about
the nondeterministic choices.

A scheduleru is calledfair if it generates almost surely fair paths, according to
some appropriate fairness constraints for paths. We dealvi¢h strong fairnesdor
selected sets of transition rules. l.e., we assume & set{ fy,..., fx_1} wheref; C
A and require strong fairness for d|ls. (The latter means whenever some transition
rule in f; is enabled infinitely often then some transition rulefijrwill fire infinitely
often.) For instance, process fairness kqrocesse$, ..., 1 can be modelled by
F ={fo,..., fku1} wheref; is the set of transition rules describiRgs actions.

A setf C Alis called enabled in configuratianif there is a transition rulé € f
that is enabled iis, i.e., if A(s)N f # 0. If F is a subset off ands e Conf thenF is
called enabled isif somef € F is enabled irs, i.e., if 3f € F.f NA(s) # 0. We write
Enabl(F) to denote the set of configuratiosas Conf whereF is enabled.

Definition 5.1 (Fair paths, fair schedulers).Let 7 € 22 pe a (finite) set consisting

of subsets of\. An infinite path @ﬁ St % ... is called 7 -fair iff for all f € 7 either
d; € f for infinitely many j or there is some> 0 such that f is not enabled in the
configurations gfor all j > i. Scheduleru is called 7 -fair (or briefly fair) if for each
starting state s, almost afl -paths are¥ -fair.

We first considereachabilityproperties)A and show that fairness assumptions are
irrelevant for the satisfaction criteria “with positivegirability”and “almost surely”.
This follows from the fact that from the moment on where a guntation inA has been
entered one can continue in an arbitrary, pufair way. Thus:

Jv g-fairs.t. Pr, (s 0A) >0 iff 3 u st Pr(skEO0A) >0
Jv g-fairst. Pr,(sEQ0A) =1 iff JustPr(sEO0A) =1
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By the results of section 4, given an NPL@§, starting configuratios and regionA,
the questions whether there existg &air scheduleru such that Py (s|= OA) > 0 or
=1 are decidable.

The treatment oivariant propertied A under fairness constraints relies on gener-
alizations of the concept of safe and promising setsA-BrC Conf, Proma(B) denotes

the largest seT C AUB such that for alt € T there exists a path= s o, ... % Sm
with m> 0, sy, € BandPos{di|(s-1) C T for all 1 <i < m. The fixed-point definition
of Promx(B) would bevX.I5r\e;(B) N(AUB).

For 7 C 2* and A C Conf, let Safe, (A) = Ugc, SafdF](A) where SaféF](A)
is defined as follows. IF is a nonempty subset of then SaféF](A) denotes the
largest seff C A~ Enabl(# ~ F) such that for alt € T and f € F there is a path

% & o spwitht =5, m>1,0y € f andPos{di|(s_1) CT forall 1<i<m
Moreover,Safe, [0](A) = Saf¢A~ Enabl(7)).

SinceEnabl(# ~ F) can be expressed WBre[# ~ F](Conf), we get the following
mu-calculus terms foBafé0](A) andSaféF](A):

— Safé0](A) = vX.(A Pre[#](Conf)) N Prex(Conf), and
— SaféF|(A) = vX.(A~ Pre[# ~ F](Conf)) N e Prex (Prex[f](Conf)).

Theorem 5.2 (Fair invariants). Let AC Conf and se Conf.

(a) Thereis ar -fair fm-schedulen’ s.t.Pr,, (s}=0A) > Oiff s |= 3(AUntil Safe, (A)).
(b) There is a7 -fair fm-schedulen’ s.t.Pr,, (s = 0A) = 1iff s € Proma(Safe. (A)).

Observe that, for a regiop Safe. ([y]) and Proma(Safe. ([y])) are regions that can
be built effectively (based on the same reasoning that wdanseheorem 3.2). Thus,
Theorem 5.2 yields the decidability of the questions whefitirea given NPLCS, region
Aand configuratiors, there exists & -fair fm-scheduleru such that Py (si=0A) >0
or=1.

In the sequel, foA C Conf, we denote bWDfA the set of all configurationssuch
that Pr, (s = OA) = 1 for somey -fair fm-scheduleru .

We now come taepeated reachability]OA andpersistenc& A properties under
fairness constraints. FéxC Conf, we defineT, , = Urc, Tr whereT is the largest
subset ofConf \ Enabl(# ~ F) such that for alt € Tg:

— there is afinite pattbg ..o Smwithm> 1,t = 59, sn € AandPostdi|(s—1) C Tg
forall1<i<m,

— for eachf € F there is a finite patlsy &% ... 0 Smwitht =55, m> 1,0y € f and
Pos{oi](s—1) CTg forall1<i<m.

Theorem 5.3 (Fair repeated reachability and persistence)_et AC Conf and se
Conf.

(a) There exists & -fair fm-scheduleru with Pry, (sl=00A) = 1iffse Prom(TSOA).
(b) There exists & -fair fm-scheduleru with Pr, (si=00A) > 0iffs € Pre*(TSQA).
(c) There exists & -fair fm-schedulerz with Pry, (s = OOA) = 1iff s € Prom(TZ,).
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(d) There exists & -fair fm-scheduler: with Pr, (s = OOA) > 0iff s € Pre(TZ,).

With similar arguments as fdProm(A), the sets of configuratio‘nﬁ%r<>A andT, =
Proma(Safe. (A)) are regions wheneveX is a region. This entails the decidability of
the questions whether given regignthere exists a -fair fm-scheduleru such that
Pry (s ¢) =1 or> 0 wherep = OOA or QUA.

We next considelinear time properties, formalized by LTL formulads where re-
gions serve as atomic propositions. The idea is to encodmitimess constraints in the
model (the NPLCS) by a Streett property

fair = /\ (O0A; — O0Bs)
fer

(with regionsA;, Bs C Conf) that will be considered in conjunction with We modify
the given LCS. = (Q,C,M,A) and construct a new LCE' = (Q/,C,M,A") as follows.
We introduce new locationgs for all subsetd of ¥ andq € Q, i.e., we deal with
Q ={gr:ge QF C 7}. A" is the smallest set of transition rules such that >
grelifpBgenr GCrandF={fes:pRqgefl Forfer,Biisthe
set of configurationggr,w) in £’ such thatf € F, while A¢ denotes the set of all
configurations(qe,w) of L’ where f is enabled in the configuratiofg,w) of L. We
finally transform the given formuld@ into ¢’ by replacing any regio@ of = that appears
as an atom i with the regionC’ = {(gr,w) : (q,w) € C,F C # }. For instance, if
6 =00(an (c#2) thend’ =00((qV 1V de)A(ce)).

In the sequel, lety. = (£,T1) be the NPLCS that we want to verify agaigsand let
A" = (£',71) the associated modified NPLCS. Obviously, for each fm-saleed: for
2 there is a “corresponding” fm-schedular for 2/, and vice versa. Corresponding
means that’ behaves as: for the current configuratiorig, w) with g € Q. If the
current configuration of:” is (ge,w) then«’ behaves as! for (g,w). Then, Py, (s|=
¢) = Pry/(s = ¢') for all configurationsin 4¢. Here, each configuratie= (g, w) of
2 is identified with the configuratiottp, w) in A¢’. Moreover,u is ¥ -fair iff Pr,/ (s|=
fair) = 1. This yields part (a) of the following lemma. Part (b) fell®from the fact that
Pry(sl=¢) =1—Pry(sl= —¢) for each schedulet:.

Lemma 5.4. Let s be a configuration in{ (anda.’) and¢ an LTL formula. Then:

(a) There exists & -fair fm-scheduleru for A0 such thatPr, (sf= ¢) = 1if and only
if there exists a fm-scheduler’ for 20’ such thatPr,,/ (s = fair A¢') = 1.

(b) There exists & -fair fm-scheduleru for A¢ such thatPr, (s = ¢) = 0if and only
if there exists a fm-schedulet for A" such thatPr,, (s = fair A —¢') = 1.

(c) There exists & -fair fm-scheduleru for A¢ such thatPr, (s= ¢) > 0if and only
if there exists a fm-schedulet for A" such thatPr,, (s = fair A¢’) > 0.

(d) There exists & -fair fm-scheduleru for A0 such thatPr, (sl= ¢) < 1if and only
if there exists a fm-schedulet for A" such thatPr,, (s = fair A —¢’) > 0.

Lemma 5.4 even holds for arbitranyregular properties. It provides a reduction
from the verification problem for qualitative LTL formulas NPLCS’s and fair fm-
schedulers to the same problem for the full class of fm-salegesl. Thus, all decidability
results that have been established for NPLCS’s and queditetrification problems for
the class of fm-schedulers (see 4) also hold when fairnsssrggions are made.
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6 Automatic verification of Pachl's protocol

Fig. 1 directly translates into a LC&4cnwhen the asynchronous productfandPr

is consideredcpachihas 6x 6 = 36 control locations an(lL8+ 18) x 6 = 216 transition
rules. In order to reason about notions like “a réileas been fired”, that are ubiquitous
in fairness hypothesis, our tool adds an history variabt®nding the last fired rule
(actually, only its action label). This would further muplty the number of states and of
transitions by 20, but not all pairs (location,last actiarg meaningful so that the final
model can be stripped down to 144 locations and 948 rulesll wuaresults below
we do not use the names of these 144 locations, but rathesgpithiem to the more
readable underlying 36 locations.

6.1 Safety analysis

Pachl [22] computed manually the deast (Init) of all configurations reachable in
Lpachifrom the initial empty configuratioinit = (LO,R4, €, €), and such forward com-
putations can sometimes be done automatically with thentquks described in [4] (al-
though termination of the forward-reachability compuiati cannot be guaranteed in
general). These computations show that the protocol daethpreserve the integrity
of communication in the sense that no confusion betweenmatsages is introduced
by losses.

Our calculus for regions is geared towards backward contipatavhere termina-
tion is guaranteed. Our implementation can compute aufoatlgtthe set of deadlock
configurations:

Dead %' Conf ~ Pre(Conf) = (L4,R4,¢,€).

Hopefully, Dead is not reachable froninit. We can compute the sBtre*(Dead)
of all unsafe configurations, that can end up in a deadlo¢krsecting withfInit, we
obtain the set of unsafe starting channel contents:

Pre"(Dead) M 1Init =
(LO,R4, 7€, Taogdo) + (LO,R4,Teodag, Tag) + (LO,R4,Tdpeodap, T€).

Thus eventual deadlock is possible from locat{nn, R4) if the channels initially con-
tain the appropriately unsafe contents.

6.2 Liveness analysis

We now come to what is the main motivation of our work: provprggress under fair-
ness hypothesis. In this case study, the problem we addréssgeneral to compute
the set of all configurations satisfying some,Ps = O0A) = 1 for all schedulersu
satisfying some fairness conditioms. Following equivalences of section 5, this is re-
lated to the computation dﬁoA. More precisely{s|Vu # -fair Pry, (s 00A) =1} =

Conf \ Pre*(TH,)-



14 C. Baier, N. Bertrand, and Ph. Schnoebelen

When computingTDfQA, all subsets off have to be considered and this induces
a combinatorial explosion for large . Since we did not yet develop and implement
heuristics to overcome this difficulty, we only checked epéaa considering “small”
7 sets (meaning a number of fairness sets, each of which caltabgesset of rules) in
this preliminary study. For example, we considered “stroragess fairnessfprocess =
{Fiett, Frignt } (With obvious meaning for the sets of transitidfises, Frignt), OF “Strong
fairness for reading%eaqa = {Freada }-

Regarding the target sét we consider questions whether a given transitior?(in
or RR) is fired infinitely often (using the history variable), or ether a process changes
control states infinitely often, etc. Observe that a corjoncof “Pry, (s = O0A) =17
gives Py, (s = A\ JOA)) = 1, so that we can check formulas liggOOLi A A; JORA,
expressing progress in communication between the two psese

In the three following cases :

— F = Treaa andA = After ;.
— F = Fread andA = Afterleftfmove
-F = {Fread7 Frightfread} andA = Afterleft

our prototype model checker yields tHati t € Conf Pre*(TmfoA). This means that, in
all three cases, starting frobnit, the set of configuration& will be visited infinitely
often almost surely, under all -fair schedulers.

7 Conclusion

We introduced NPLCS'’s, a model for nondeterministic ch&isgstems where mes-
sages are lost probabilistically, and showed the decidgaloif qualitative verification
question of the form “doeg$ holds with probability 1 for all¥ -fair finite-memory
schedulers?” wherg is anw-regular linear-time property and a strong fairness con-
dition.

When atomic propositions can refer to the contents of chanmélich is required
when one wants to express fairness and firability of rulesdegidability results rest
upon a new notion of symbolic regions based on “prefixed ugvetmsures”. These
symbolic methods can be implemented rather directly and sesl them to analyze
simple systems.

These results are the outcome of a research project thegdstar{13, 14] with the
first early definition of NPLCS’s and was continued in [9] wi¢he key notions for
reducing to constrained reachability questions have bestridentified in a simplified
framework. Further developments will focus on incorpargtalgorithmic ideas from
symbolic verification (normal forms, caches, sharing, in.Qur naive prototype veri-
fier, turning it into a more solid analysis tool.
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A Proofs for section 3

A.1 Proof of Theorem 3.1

Union: Clearlyy; + Y2 can be taken foy; LIy».

Intersection: We consider simpler terms first. For two upward closuneand v, the
intersectionfum v is the sunt = 31 ; Tw; where thew;’s are all the minimal words
in [Tu] N[1v]. For example]010r11210= 12010+ 101201+ 102101. Then;'s can be
computed effectively since the length of amyis bounded byu| + |v|. Observe that
n< ('”“jl“") = ('“'E‘M) and this bound is reached, e.g., whesndv share no messages.
For prefixed upward-closures and later constructs, wednire two auxiliary oper-

ations: taking the left residuaiy~1u, or the right residualym1, of a wordu € M* by
a messagene M:

1 def |V ifu=my _1def |V ifu=v
mtus o um 1 m
u otherwise u otherwise

Now, the intersection of two prefixed closures reduces tgtbegious case via:

a(Turtv) if a=p,

] a(tunt(a=tv)) if a e MandB=¢,
B(T(B~tuyn1v) if B Manda =¢,
0 if a#B,a,peM,

O(Tul‘IBTvd:e

wherea (Tur1v) is short fory; atw; if Turfv=3;Tw;. We can now use:

i(9,6i—0—0') ifq=q anden® =7y;6
0—o\n(d.o —g') % %i(a, 8 Y
(@.8-0)n{d.p'~a) =14 otherwise,

So[ 150 =Y (0imp)).
T ]

1)

Complementation: For simple sets we use

~laatv=3 i) <@ fe-alv + 3 @B+ S (e

p#q

With intersection, this allows complementing general s&ts- (3 pi) dZEin —Pi.

Membership: Telling whether(g, u) belongs to soméy] is obviously decidable.
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Upward closure: The difficult case is the upward closure of a differendel— o. Ob-

viously, ifau ¢ [o], then(aTu—0o) = T(au). However, it is possible to have simulta-

neouslya u € [o] andaTu— o # 0. For examplefab— atb = btabwhenM = {a, b}.
We use:

I(au) if au ¢ o],
0 if (a € M orau=¢) andau € o],
SmzmT(MTu—0) if a=¢,u=my anduc [o].

def

I(atu—o)%

Here the third case is recursively given in terms of the fisgt tases but the definition
is obviously well-founded.

Vacuity: Vacuity is trivially decidable for setg where no restrictions occur.€. sums
of prefixed upward-closures). For sets with restrictions,reduce to the simpler case
withy=0iff Ty=0.

One-step predecessorsWe start with sets of the forrRre[d](q, Tv). There are three
cases, depending on the formdof

Prelr < ] (g, 1v) €' (r,m1v), (Read operation)
Prefr < q)(q, Tv) £(r, 1(vm 1)), (Write operation)
Preir - ol(a, 1v) &' (r, 1v), (Internal step)

while Pre[r x pl{(a,Tv) =0if p#q.
This is enough to compute one-step predecessors of aytsets sinc®re[d] (US) =
Ui Pre[o](S) and,Pre[d](S) = Pre[d](1S) because arbitrary message losses can occur
after any step.
Hence Pre[d](y) is a sum of prefixed upward-closures (in case of a read opajati
or a sum of upward-closures (in case of a write or internataipm).

Constrained predecessors:We useP/\rey (y) d:ef|_|5€A(Pre[6] (y) \ Pre[g](-y)).

A.2 Proof of Theorem 3.2

We first show how the sets we have to compute symbolically eatefined as upward/-
downward-guardeg-formulas. Then the result from [8] applies and providesdifre
computability by symbolic methods.

For Theorem 3.2, we are interested in the following sets:

Pre’ (y) = pX. (YLIPre(X)), Pre,, (Y2) = MX. (v2LI Prey, (X)),
Safey) = vX.(yrPrex(Conf)), Prom(y) = vX.Prey (), *

I(yuntil ) = pX. (\/I_l (ym Pre(X))), 3(Nexty) = Pre(y).
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Observe that the definitions as least/greatest fixpointssgiwns are well-formed since
(2¢onf C) is a complete lattice, and since only monotonic operationsi(Pre, . ..) are

used in our fixpoint expressions. In particulé?e andPre’ are monotonic in both their
arguments:

Fact A.1. If AC B and TC S, therPrer (A) C Preg(B) andPrey (A) C Preg(B).

We say that au-calculus expressioais upward-guardedf every subexpression of
the formpX.f is such that all free occurrences Xfin f are under the scope of an
upward-closuret _" operator. We say thatis downward-guarded for all subexpres-
sions of the formvX.f all occurrences oKX in f are under the scope of a downward-
closure | _" operator. Finallye is justguardedif it is both upward- and downward-
guarded.

In a more abstract setting, the main result of [8] just st#tes subsets o€onf
defined by guarded expressions are regions, and that thdyecemmputed effectively.
We now prove Theorem 3.2 by showing that the expressions) iaré guarded, or can
be replaced by (equivalent) guarded expressions.

Iterated predecessors:SincePre(A) = Pre(T A) for anyA C Conf, we can rewrite the

definition of Pre* (y) as

Pre* (y) £'px. (yUPre(1 X))

which is guarded.

Iterated constrained predecessors:SinceISr\e(A) = I5r\e(T A) for any A C Conf, we
can rewrite the definition dPre’ (y) as

Pre,, (v2) & 1X. (v2LIPrey, (1 X))

which is guarded.

Safe sets:We start with the following lemma:
Lemma A.1. Forall A, T C Conf, Prer(A) = F?eKlm(A), andﬁe? (A)= F?e:;l (1) (A).
Proof. Clearly,K;(T)C T impIiesﬁFeKl(T)(A) C Prer (A). Letse Prer (A). There ex-

ists & enabled ins such thatPos{d|(s) N A # 0 andPos{d|(s) C T. SincePos{d|(s) is
downward-closedPostd](s) C T entailsPos{d|(s) C K|(T). Hence;s € I5r\eKl(T) (A).

The assertion foPre is immediate from the first assertion. O
This allows to rewrite the definition fdBafdy):

Safdy) £'vX. (yrPrex(Conf))

=VX. (V|_| F/)Fe“(l(x) (Conf)) .

One obtains a fixpoint expression which is downward-guastethence guarded.
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Promising sets: Here too we use Lemma A.1 and rewrite the definitionFam(y):

Prom(y) <'vX.Prey (y)
= VXF%IQ(X) (y).

One obtains a fixpoint expression which is downward-guasetethence guarded.

JCTL properties: Using Pre(A) = Pre(] A), the definitions forﬂ(y Until V) and
3(Nexty) (see (*)) can be rewritten in upward-guarded form.

B Proofs for section 4

B.1 Proof of Theorem 4.4
The equivalence of the assertions

1. Ju suchthat Py (sE=0A) =1,
2. 3u memoryless such that P(s = 0A) = 1,
3. se SafdA).

follows by the combination of Lemmas B.1 and B.2:

Lemma B.1. There exists a memoryless schedulersuch that for all sc SaféA),
Pry (sEOA) =1

Proof. For all s € SaféA), there exists a transition rul®& such thatPos{ds](s) C
SaféA). In configurations, u simply chooses transitiods that ensures staying in
SaféA). u is a memoryless scheduler (it is only based on the currerfigroation),
does not depend on the initial configuration and fulfillg Br= OA) = 1. O

Lemma B.2. If Pry (s = OA) = 1 for some scheduletz, then sc SafdA).

Proof. Assume there exists a schedutessuch that Py (s = OA) = 1 for some config-
urations. Consider the séf = {t € Conf|Pry (sl= Ot) > 0}. Thense T. We show that
T is safe forA. Clearly T C A (otherwiseJA would not hold almost surely). Lete T
Because , starting fros) ¥ may reach with positive probability, all configurations in
Pos{d](t) can be reached too (& is a rule chosen by: int). Thus,Pos{é](t) C T,
andT is safe forA. O

B.2 Proof of Theorem 4.7

The equivalence of the following assertions is given by thalsination of Lemmas B.3
and B.4 (see below).

1. Ju st Py (soEQOA) =1,
2. Ju memoryless s.t. Rr(so | OA) = 1,
3. 55 € Prom(A).
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Lemma B.3. There exists a memoryless scheduleisuch that for all sc Prom(A),
Prru (S ': <>A) — 1.

Proof. By definition of Prom(A) one can pick, for each configuratisre Prom(A), a
simple path (that is which never visits twice the same configon) T : s — -+ — A,
witnessings € Prom(A). We add the requirement that if some configurati@ppears

in two different pathst andmy then, the suffix should be the same in both paths. These
paths are used to build a memoryless schedulehat ensureg\ is eventually visited
almost surely. Let us detail 's behavior. Let be any configuration dProm(A) \ A (if
tisin A then is done). Int, u chooses the only rule, that appears along the paths.
This rule is unique thanks to the requirement we added. Thermad behavior ofu is to
follow a path towards a configuration &but losses can change his plans. Nevertheless,
the finite attractor property yields that some configuratienProm(A) will be visited
infinitely often and from this configuratio’y will be eventually reached using the path
;. Hence Py; (s = OA) = 1 for all s € Prom(A). O

Lemma B.4. If Pr, (s}= OA) = 1 for some schedulex, then sc Prom(A).

Proof. Assume there exists a schedutersuch that Py (s = 0A) = 1. Let T be the
set of configurations visited by beforeA with positive probability. That isT = {t €
Conf|Pry (sf=—AUntil t) > 0}. Thensbelongs tor . Let us show thaTl is promising
for A. For eacht € T eithert € A (this yieldst € Prom(A)) or there exists ai-pathTg

of lengthm > 1 leading toA. Let g bet =tg & o tm € A. AssumePos{d;11](ti) C
Prom(A). Then, there exist an indéx {0,...,m—1} andt/, ; € Pos{g;;1](tj)) N Conf \
Prom(A). Configurationt/, , is in T, hence Py (s = —AUntil t/, ;) > 0. And since
t', , ¢ Prom(A), Pry (t/,, = OA) < 1. These two inequalities yield P(s = 0A) < 1,
contradicting the assumption in Lemma B.4. Hence for alekesbi, Pos{di1](ti) C
Prom(A), i.e, t € Prom(A). As a consequencec Prom(A). O

B.3 Proof of Theorem 4.8.(a)
We have to show the equivalence of the assertions

1. There exists a schedulerwith Pr;, (s=O0A) =1
2. There exists a memoryless schedulewith Pr;, (s|=O0A) =1
3. sc Pronri(A).

“(2) = (1)" is obvious.

“(8) = (2)": LetP={p <€ Q: (p,e) € Pron¥1(A)}, the projection oPronF(A) on
Q, the set of locations. In configuration= (q,w) € Prom?1(A), « aims at performing
the pathsry’s (given for all p € P): if (q,w) appears on a pati, then« picks the
transition rule recommended here, ets@icks the first rule of the patiy : (g,&) —* A.
Because of the finite attractor property,reaches eventuall with probability 1, and
moreover, visitd infinitely often almost surely. We can choose simple pathat(hever
visit twice the same configuration) to ensure thiais memoryless.

“(1) = (3)": Let u be a scheduler such that,Rs = O0A) = 1. LetT def {t € Conf:
Pry (sk=0t) > 0}. We show thaT is a subset oPron(A). Lett € T. Then, there is
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a u-path of the forms = t. This u-path can be extended to an infinite path where

OOA holds. Thus, there is a fragment otapath of the formt %A and by definition
of T, all possible configurations along this path areTinHenceT satisfiesvt € T,

Jt=tp N IVREE Bm, tm With m> 1, ty, € AandPos{5j](ti_1) C T. Becausdronr1(A) is
the largest set with this property, we getc Pron¥1(A). 0

B.4 Proof of Theorem 4.8.(d)
We have to show the equivalence of the assertions:

1. There exists a schedulerwith Pry (s}= OOA) > 0.
2. There exists a memoryless schedulewith Pr; (s}= OCJA) > 0.
3. se Pre"(SafdA))

“(2) = (1)" is obvious.
“(8) = (2)" : Assumes can reactSafdgA) via a shortest patk = SaféA). Sched-
uler « will first try to follow this path, and reacheSaféA) with positive probability.
When/if in SaféA), u behaves as the memoryless scheduler describe in Lemma B.2,
that ensures staying lhalmost surely.
“(1) = (3)": Let T be the set of configurationsuch that Py (s = 00t A OTA) > 0.
Then, T C Aand Py (s OT) > 0. We show thal is safe forA. This will end the
proof sinces = T.

For anyt € T there is a transition rulé that is enabled in such that Py (s =
OO0t ALO & is chosen it” A OTJA) > 0. But then also

Pry (s O0tAO0"& ischosenint” A\ OOtAQDA) > 0.
t'ePos{d](t)

Hence Pos{d](t) C T. This yieldsT C SafdA). O

B.5 Proof of Theorem 4.8.(b)

We consider the s@t,a 0Of all configurations € Conf such that Py (t = O0A) = 1 for
some (memoryless) schedulgr Then,Tooa = Pron¥(A) (by (a)) and the following
assertions are equivalent:

1. Pry(sk=OOA) > 0 for some finite-memory scheduler.
2. Pry (s=0OA) > 0 for some memoryless scheduier
3. se Pre"(Tapa)-

“(1) = (2)": obvious.
“(38) = (2)": Let u be a memoryless scheduler which first generates a shortibst pa
from s to F with positive probability. As soon ag reachesloya (this happens with
positive probability) 1 behaves as the memoryless scheduler such thdt PrCO00A) =
1 for allt € Topa. @ is memoryless and satisfies the desired property.
“(1) = (3)": The finite attractor property yields the existence offet € Conf such
that

Pry (s OOt AOOA) > 0.
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Clearly, we then have—*t. Thus, it suffices to show that Trga.
Let T be the set of all configurations that are reachable framthe Markov chain
for «.

Pry (s = OOt AAOOT AOOA) > 0.

This yieldsT NA £ 0. If t is visited infinitely often then almost surely all configucais
t' € T are visited infinitely often too, becaugeis memoryless. That is

Pry (t}= /\ OOt AOIOA) > 0.
t'eT

Hence Py, (t =O0A) = 1. Thust € Toga. O

B.6 Proof of Theorem 4.8.(c)
we show the equivalence of the assertions:

1. There exists a scheduler such that Py (s}= OOA) = 1.
2. Pry (s OOA) = 1 for some memoryless scheduler
3. s€ Prom(SaféA)).

“(2) = (1)": obvious.

“(3) = (2)": w usesw to reachSaféA) with probability one, and then mimics to
ensure thaflA holds (almost) surelyu is memoryless, as safe and stubborn schedulers
are.

“(1) = (3)": Let Pry (s|= OOA) =1 and consideT = {t € Conf : Pr, (s|=00t) > 0}.

By the attractor property, we haveRis = OT) = 1. We now show thal C SafdéA).
Observe first thal C A as we have Rr(s = OO0t AOCA) > 0 for allt € T. For any

t € T there is a transition rul® which is enabled ih and

Pry (st= 00t ADO" & is chosen fot”) > 0.

Almost surely, ift is visited infinitely often andd; taken infinitely often int then all
&-successors dfare visited infinitely often. This yields

Pry (sk= 00t AOO" & is chosen fot” A A 00t') > 0.
t'ePos{d](t)

This yieldsPos{d:](t) C T. Thus,T C SaféA) ands € Prom(SaféA)). O

B.7 Proof of Lemma 4.9

LetT = Toparo-B-

“(2) = (1)": obvious.

“(38) = (2)": Assumes —* T. We build a memoryless scheduler that achieves
Pry (s = OOCAA OO-B) > 0. w first tries to reachl using the patls —* T. It suc-
ceeds with positive probability. When ih, ¢ behaves as the memoryless scheduler
associated Witlh"rorrEé(A). u is memoryless if we pick a shortest path frero T.

“(1) = (3)": Let u be a finite-memory scheduler such thag Bs= O0AA OO-B) >

0. Let p be any control state such that,®s = OO (p, &) ATJOAA OO-B)) > 0. Such

a locationp exists thanks to the finite attractor property. MoreaverT, ands —* t.
Hences —* T. a
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B.8 Proof of Theorem 4.10

The equivalence of (2) and (3) is due to Theorem 4.7.

“(2) = (1)": w first aims at reachings, using the promising schedulet. When
someT; is reachedu can stay in; and achieves Rr(s = OOA A OO-B;) = 1. If ¢/
is finite-memory, therti is finite-memory too.

“(1) = (2)": Assume Py, (s = VL1 OOA A O-B;) = 1 for some finite-memory
scheduleru. Let T be the set of all configuratiorts= Conf such that Py (s = OO0t A
—-¢s) >). As a consequence of the attractor propeftyis non-empty and Rr(s =
OT)=1.Thusse Prom(T). Let us show thal C Ts. From this, we obtaifProm(T) C
Prom(Ts) by the monotonicity oProm(-)).

Lett € T. Then, there exists some indiesuch that Py, (s = OO0t ADOA AOO—B;) >
0. Sinceu is memoryless, this implies: R{s = 00t A0t ADOA A OO—-B;) > 0 for
all configuratiort’ which is a7 -successor df. Consequently, all ther -successors df
are in—Bj, andt = A;. This yields P, (t = 00A A OL-Bj) = 1, that ist € T;. Hence,
T CUTi =Tsands € Prom(Ts). m|

C Proofs for section 5

Lemma C.1. For each¥ C 22, there exists aF -fair fm-scheduler.

Proof. We describe a finite-memory schedulgrwhose modes are the permutations
(f1,..., fn) of the elements off . The starting mode is arbitrary. In modé,, ..., f,)
and for the current configuratios) the decision byu is as follows. LetF = {f €

F : fNA(s) # 0} be the set of fairness sets that are enablesl ifi F = 0 then u
selects an arbitrary transition rule € A(s) and stays in modgf, ..., fy). If F # 0 and
i=min{]j: f;NA(s) # 0} thenu selects a transition rul; € fiNA(s) and switches to
the mode(fq,..., fi_1, fiy1,..., fn, fi). In this way, we obtain a fm-scheduler where

all infinite « -paths arer -fair. In particular,u is ¥ -fair. ad

Theorem C.2. (a) There exists & -fair scheduler? such thatPr,, (s |= OA) > 0 if
and only if there exists a schedularsuch thatPr, (s|= OA) > 0.

(b) There exists & -fair schedulery such thatPr,, (s = OA) = 1if and only if there
exists a schedulerz such thatPr, (sl OA) = 1.

Proof. In (a) and (b) the “only if"-part is trivial. Let us assume wave a scheduler
u with Pry (s = OA) > 0. We pick an arbitrary shortest-path 1t from s to some

configuratiort € A. Schedulery behaves agi for all proper prefixes oft As soon as
t is reached, as well as for all paths that are not prefixas of behavesr -fair (see

Lemma C.1). Thusy is a¥ -fair scheduler with Py (s = OA) > Pr(m) > 0.

Let us now assume that is a scheduler with Rr(s|= OA) = 1. Let¥ be a sched-
uler that behaves asg for all pathsrtthat do not contain aA-configuration. As soon as
Ais reachedy behavesr -fair (see Lemma C.1). Since Pfs|= OA) =1, v is ¥ -fair
and Pr, (sl= 0A) = 1. O

Lemma C.3. There exists & -fair finite-memory scheduler such thaPr,, (t =0A) =
1for allt € Safe, (A).
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Proof. We first show that for each C # there exists a finite-memory -fair scheduler
V¢ such that Py, (t = 0A) = 1 for allt € SaféF|(A). This is obvious foF = 0 where
even a memoryless schedutgy with Pr,, (t = LA) = 1 for all t € Safe; [0](A) =
Safé A~ Enabl(7)) exists.

We now regard a nonempty subseof ¢, sayF = {fo,..., fk_1}. For each state
t € Saf¢F](A) and eachf € F we fix a shortest patit ¢ of the form

as in the definition oBafgF|(A),i.e.,so=t,m>1,0m € f andd; ¢ f A Pos{di](s-1) C
SafdF|(A) for all 1 <i < m. We may assume that; ¢ agrees with the suffix ofg
starting ins.. We design a finite-memory schedutgr that works with the modete F.

In mode f and current configuratione SaféF](A), ¥¢ attempts to generate the path
Tt 1, i.€., it chooses the first transition rudg of 1% ¢ in configurationt and modef.
SincePos{d](t) C SafgF|(A) all configurations visited by’ belong toSaféF|(A).
As soon as a transition rule iinhas been taken (the finite attractor property ensures that
this will happen with probability 1)9F switches from modé = f; to modef’ where

' = f(j+1) modk- The Vr-paths are almost surefy-fair as, with probability 1, for each
f € F infinitely many f-transition rules are taken and the other fairnessgetg \ F
are not enabled in the configurations $&feF|(A). Thus, V¢ is finite-memory and
# -fair and — sincesaféF](A) C A—fulfills Pr,,_(t = CA) = 1 for allt € SaféF](A).

It remains to compose schedulars for F C # to obtain a7 -fair finite-memory
scheduler” with Pr,, (t = OA) = 1 for allt € Safe, (A). LetFy,...,Fyn be an enumera-
tion of the subsets of (hencem= 2/71) such thaf; C F; impliesi < j (hencef, =0
andFy = 7). Furthermore, lef; = Safe, [F1](A) andT; = Safe, [F](A) ~ (T1U---U
Ti_1) for 1 <i < m. Each configuration ¢ Safe, (A) belongs to exactly on&. For
te T andf € F let pathtg ¢+ be as above. Then,

Postdi](s-1) € iU---UTi_q1UTi forall 1 <i <m.

Let 7 be a finite-memory scheduler with modgsf) where 1<i <mandf € K. For
the starting configuration % starts in mode provided that € T;. In mode(i, f) and
configuratiort, ¢ behaves as’r, in modef fort, i.e., 7 attempts to generate the path
¢ t. As long as the current configuration belongslito?’ continues to simulate’s .
As soon as a configuratidghe T; for somej < i has been reached, switches to mode
(j, ') for some arbitraryf’ € F; and behaves asr;. The so obtained schedulet is
finite-memory,7 -fair and fulfills Pr, (t = CA) = 1 for allt € Safe, (A). O

Before presenting the proof of Theorem 5.3 we recall the digfimof strong prob-
fairness and state some essential properties.

Definition C.4 ((Strong) prob-fairness).Lettbe an infinite pathinf(m) denotes the
set of configurations that appear infinitely ofterrinm s called

— prob-fair if inf() # 0 and for all s€ inf(11) and all transition rulesd € A(s) that

are taken infinitely often im, all steps st appear infinitely often i,
— strongly prob-fair iftis prob-fair and there exists an (infinite) suffik of 1t such
that each finite path fragment imf appears infinitely often im’ (and ).
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For fm-schedulern’, almost all?’ -paths are strongly prob-fair.

Lemma C.5. If Ttis a # -fair and strongly prob-fair path witht = OA theninf(m) C
Safe, (A).

Proof. Sincettis ¥ -fair there existd= C 7 such that eacti € 7 \ F is enabled in
1t only finitely many times, while for eacli € F there is some transition rueec f
which is taken infinitely often it We show that infr) satisfies the conditions in the
definition of SaféF](A). SinceSaféF](A) is defined as the largest set of configurations
where these conditions hold we obtain(mf C SaféF]|(A).

For the special cade = 0 we haveSafé0|(A) = Saf¢ A~ Enabl(7 )). By definition
of F and sinceatj=OAwe have infr) C AC A~ Enabl(#)). Moreover, ift € inf(11) and
0 € A(t) is atransition rule that is taken infinitely often fan tthenPos{d](t) C inf(T)
sincertis prob-fair.

Let us now assume th&t is nonempty. The first condition requires (rmj C A~
Enabl(# \F). This is clear by the definition df and sincat}= CA. Lett € inf(1) and
f € F. Sincertis strongly prob-fair, there exists a finite path

t:506—1>515—2>---5—"‘>sﬂwith6m6 f
that appears infinitely often m Sincert|= A andrtis prob-fair we hav®os{d;|(s_1) C
inf(r) forall 1 <i<m. m]

Proof (of thm:fair-pos-prob-invariant)\Ve first observe that there is a fm-scheduler
such that Py (t = OA) = 1 for all states € Safe; (A). (For the construction of’ see
Lemma C.3.)

If Ttis an infinite path then let ifft) denote the set of configurations that appear
infinitely often inTt We call Tt strongly prob-fairiff inf (11) # 0 and 1t has an infinite
suffix 17 such that each finite path fragmentmfappears infinitely often im’ (andm).
The finite attractor property yields that for each fm-scHedw, almost all paths are
strongly prob-fair. We now observe:

inf(m) C Safe, (A) if Ttis strongly prob-fair angr -fair path withtt=CA  (¥)

Equation (*) is given by Lemma C.5.

ad (a). Let ¥ be a¥ -fair fm-scheduler with By (s = 0OA) > 0. Letttbe an infinite
v -path whereJA holds and which igr -fair and strongly prob-fair. Since almost all
v -paths arer -fair and strongly prob-fair, such a pathexists. Statement (*) yields
inf(m) C Safe. (A), and thuss = 3(A Until Safe, (A)).

Let us now assume that= 3(A Until Safe. (A)). Then, there is somé C # such

thats = 3(AUntil SaféF](A)). Lets® S % .. 0 Sm be a path frons to some config-
urationsy, € SaféF|(A) such thas,si,...,sn-1 € A. Let % be a scheduler that attempts
to generate this path. ¥ fails then? behaves in an arbitrary, but-fair way. Other-
wise whenSaféF|(A) is reached via the selected path freno sy, 7 behaves asy,
wherew is af -fair fm-scheduler with Py, (t = 0A) = 1 for allt € Safe. (A). Clearly,
v is finite-memory andr -fair and fulfills Pr, (s = TA) > 0.

ad (b). We first observe thate Proma(C) iff si=Pry, (s= AUntil C) = 1 for some
memoryless scheduler. (The proof is similar to the one of Theorem 4.7.)
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Let ¢ be a# -fair fm-scheduler such that P(s = 0A) = 1. Let T = U,inf(m)
wherert ranges over allF -fair and strongly prob-fain’-pathmt with 1tj= CA. By (¥)
we get:T C Safe (A). Since is finite-memory, ther -fair and strongly prob-fain’ -
paths have probability measure 1. This yieldg Br= A Until Safe, (A)) = Pry (s|=
AUntil T) = 1. Hences € Promy(Safe; (A)).

Let nows € Promu(C) whereC = Safe, (A). Then, Py (s}= (AUntil C)) = 1 for
some memoryless scheduler We now modifyu to obtain af -fair fm-scheduler
with Pr,, (s = 0OA) = 1. ¢/ mimics « as long a<C has not yet been reached. Having
reachedC, v behaves as & -fair fm-schedulerw with Pr,, (t = OA) = 1 for all
t € Safe (A). Hencew is finite-memory,7 -fair, and fuffills Pr, (s = OA) = 1. O

Theorem C.6 (cf. Theorem 5.3)Let AC Conf and se Conf. Then:

(a) There exists & -fair fm-schedulerz with Pry, (s|=00A) = Liffse Prom(TDfOA).
(b) There exists & -fair fm-scheduleru with Pry, (s|=O0A) = 1iff s € Pre* (TD‘fOA).
(c) There exists & -fair fm-scheduleru with Pry (s = OOA) = 1iff s € Prom(TZ,).
(d) There exists & -fair fm-scheduleru with Pr, (s = OOA) > 0iff s € Pre*(TZ,).

Proof. The proofs for assertions (a)-(d) rely on the following atvaéions:

(1) There exists & -fair fm-schedulerw with Pr,,, (t =00A) =1 for allt € TDfOA.

(2) If mtis a strongly prob-fair and -fair path withttj|= JOA then infm) C TDTOA.
(3) There exists & -fair fm-schedulem with Pr,, (t = 0A) = 1 for allt € TZ,.

(4) If mtis a strongly prob-fair ang -fair path withtt = OCJA then inf(m) € T2,

(1) and (3) can be shown with similar arguments as in LemmaTih@& proof of (2) and
(4) is similar to Lemma C.5.

ad (). Let s € Prom(T, ). Then, Py, (s = 0T7,,) = 1 for some memoryless
schedulery (Theorem 4.7). Letw be a# -fair fm-schedulerw such that Py, (t =
OOA) = 1 for all configurations T£<>A (see (1)). Schedulerg andw can be com-
bined to obtain & -fair fm-scheduleru with Pr, (s|=0O0A) = 1.

Let us now assume that Pfs = OOA) = 1 for somey -fair fm-scheduleru . Then,
almost allu-pathsm are strongly prob-fair and -fair and fulfill JOA. Since infm) C
TD’TQA) for each such patim (see (2)), we obtain Rr(s = <>TD7<>A) = 1. This implies
se Prom(TJ, ) by Theorem 4.7.

ad (b). Let s e Pre* (TD‘IQA). We fix a finite shortest pattt from s to some config-
urationt € TD7<>A. We design aF -fair fm-scheduleru as follows. Schedulet: first
attempts to generate the pathlf it fails, @ continues in an arbitrary byt -way way.
If statet has been reached viasthen? simulates a fixedr -fair fm schedulery with
Pr, (uEDO0A)=1forallue T|§<>A- Then,« is in fact # -fair and finite-memory and
we have Py (s = OO0A) > Pr(1r) > 0.

Let us now assume that is a7 -fair finite-memory scheduler with Rs}=CO0A) >
0. Letttbe a strongly prob-fair ang -fair « -path withtt|= JOA. Then, in{m) C TD’r<>A
by (2). Thuss e Pre*(T7, )

ad (c). (c) relies on the equivalence of the following assertions:
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1 Ju g -fair s.t. P, (s 00A) =1
2 3 g-fairs.t. P, (s 0T3,) =1
3 3w s.t. Pp, (s 0T, =1, i.e.,s€ PromTZ,) (by Theorem 4.7).

“2 < 3:” follows from part (b) of Theorem C.2.

“l = 2" Let rtbe an infinitew -path starting irs that is strongly prob-fair ang -
fair and whereQ[JA holds. Then, infm) C Tf by (4). Since ther -fair and prob-fair
1-paths where&) A holds have probability measure 1, we get Ryl= 0TZ,) = 1.

“3 = 1" Let Pr,, (s = 0T3,) = 1 for some memoryless scheduim (cf. Theo-
rem 4.7). Furthermore, there isfafair fm-schedulerw’ with Pr,,,, (t = JA) = 1 for

allt e TéA (see (3)). Composingy and w’ yields a7 -fair fm-scheduleru with
Pry (s OOA) = 1.

ad (d). If u is a7 -fair fm-scheduler with Py (s = OTA) > 0 then the probability
measure of the prob-fair and-fair «-pathsrtwhere(JA holds is positive. For each
such patht, we have infr) C T, by (4). This yieldss € Pre*(TJ,).
Vice versa, lets € Pre*(TZ,). We fix an arbitrary shortest pathfrom s to some
t € T2,. Then, we consider a finite-memopy-fair schedulerz which, when started
in s, attempts to generate If it fails then « behaves in an arbitrary, but-fair way
(Lemma C.1). After having reachédschedulerz behaves as a finite-memogy-fair
schedulen” where Py, (t' =0A) = 1 for allt’ € T,. We then have R(s = OCIA) > 0.
O

Lemma C.7 (Parts (c) and (d) of Lemma 5.4)Let s be a configuration im{ (and
A') and¢ an LTL formula. Then:

(a) There exists & -fair fm-scheduleru for A¢ such thatPry (s = ¢) > 0 iff there
exists a fm-scheduler for A’ such thatPr,, (s = fair A¢’) >0

(b) There exists a -fair fm-scheduleru for a¢ such thatPr, (s = ¢) < 1 iff there
exists a fm-scheduler for A(’ such thatPr,, (s |= fair A—¢’) >0

Proof. (b) follows from (a) using the fact that R(s|= ¢) = 1— Pry, (s|= —¢). We now
provide the proof for (a).

In the sequel, we use the following notationrif is a finite path iy thenTt, ., is
the finite path im’ that results from,. by replacing (from the right to the left) any

step(qg,w) LA (p,v) in 14, with (g, w) 3 (pr,V) whereF is the set of fairness sefs
such tha® € f. Given a schedulet: for A, then the corresponding schedutet for
A" and the input patm, . behaves as: for the input path,, i.e., if 7 chooses the

transition ruled = g X p for T, thenw’ chooses the transition rutg; x pr for 1,
whereqg is the location ofi,/’s last configuration ané = {f € # : 6 € f}. Then,
« is finite-memory iffu’ is, and Py, (s = fair) agrees with the probability measure of
the # -fair «-paths starting irs. Thus,u is # -fair iff Pr, (s = fair) = 1 for all s.

If T,/ is a finite path imy’ thenTLN 1 denotes the basic cylinder mducedw,,
i.e., the set of all infinite pathg in 2" such thatrt,, is a prefix ofrt. If Y is an LTL
formula andrt and infinite path i’ thent’ |= Y AT, meanst = YATY € T,/ 1.
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“«<="1If wu is a ¥ -fair fm-scheduler forn. with Pry(s|= ¢) > 0 then the cor-
responding schedulen’ for a(’ is finite-memory and fulfills Pg/(s = ¢’) > 0 and
Pry/(s|=fair) = 1. Hence, Py/(s|=fair A¢’) > 0.

“=—": Let us now assume that is a fm-scheduler fon(’ such that Py (s =
fair A¢’) > 0. Let u be the following fm-scheduler far_ . For a given finite path,,
in a0 with Pr, (s = fair A¢” AT, 1) > 0, u makes the same choice a5 for the
corresponding patm/.3 For all other finite pathst,,, « behaves in arbitrary, but
finite-memory 7 -fair way. We then have Ri(s = ¢) > Pr,, (fair A$’) > 0, since all
7 -pathstt with T |= fair A ¢’ are alsou’-paths for the schedulen’ associated with
uU.

It remains to show that: is 7 -fair. By definition of «, it suffices to show that
almost all infiniteuz-pathsrt, where for each finite prefix, of 1, the corresponding
pathy,, in &’ fulfills Pr,, (s |= fair A¢’ AT, 1) > 0, ares -fair. For this, it suffices
to show that for each sucty-path i, where the corresponding' -path @ in a(’ is
strongly prob-fair, we have = fair A ¢’. Let tbe such an infinitez-path andr’ the
correspondingy’ -path. We then have P(s |= fair A¢’ ATy T) > 0 for each finite
prefix T,/ of 17. Sincett is strongly prob-fair and becaugg is finite-memory there
exists a finite prefixt,, of T such that the transition rules taken infinitely often in
some path of the basic cylinder,, T are also taken infinitely often ir’. As Pr, (s|=
fair AT, 1) > 0 we getrt |= fair, and thusjtis 7 -fair. O

3 More precisely, the corresonding scheduigr behaves as’ for T, Thus, if ¥ takes the
transition ruleqg X pe thenw takes the transition rule% p.



