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Abstract—Security protocols are used in many of our daily-life
applications, and our privacy largely depends on their design.
Formal verification techniques have proved their usefulness to
analyse these protocols, but they become so complex that modular
techniques have to be developed. We propose several results
to safely compose security protocols. We consider arbitrary
primitives modeled using an equational theory, and a rich process
algebra close to the applied pi calculus.

Relying on these composition results, we are able to derive
some security properties on a protocol from the security analysis
performed on each sub-protocol individually. We consider par-
allel composition and the case of key-exchange protocols. Our
results apply to deal with confidentiality but also privacy-type
properties (e.g. anonymity, unlinkability) expressed using a notion
of equivalence. We illustrate the usefulness of our composition
results on protocols from the 3G phone application.

I. I NTRODUCTION

Privacy means that one can control when, where, and how
information about oneself is used and by whom, and it is
actually an important issue in many modern applications.
For instance, nowadays, it is possible to wave a building
access card, a government-issued ID, or even a smartphone
in front of a reader to go through a gate, or to pay for some
purchase. Unfortunately, this technology also makes it possible
for anyone to capture some of our personal information [1].
To secure the applications mentioned above and to protect our
privacy, some specific cryptographic protocols are deployed.
For instance, the 3G telecommunication application allowsone
to send SMS encrypted with a key that is established with the
AKA protocol [2]. The aim of this design is to provide some
security guarantees:e.g. the SMS exchanged between phones
should remain confidential from third parties.

Because security protocols are notoriously difficult to design
and analyse, formal verification techniques are important.They
have become mature and have known several successes. For
instance, a flaw has been discovered in the Single-Sign-On
protocol used by Google Apps [3], and several verification
tools are available (e.g. ProVerif [4], the AVANTSSAR plat-
form [5]). These tools perform well in practice, at least
for standard security properties (e.g. secrecy, authentication).
Regarding privacy properties, the techniques and tools are
more recent. Most of the verification techniques are only able
to analyse a bounded number of sessions and consider a quite
restrictive class of protocols (e.g.fixed set of primitives and/or

ProVerif code are available at http://www.loria.fr/∼chevalvi/other/phones/

no conditional branching [6], [7]). A slightly different ap-
proach consists in analysing a stronger notion of equivalence,
namelydiff-equivalence. In particular, ProVerif implements a
semi-decision procedure for checking diff-equivalence [4].

Security protocols used in practice are more and more com-
plex and it is difficult to analyse them entirely. For example,
the UMTS standard [2] specifies tens of sub-protocols running
in parallel in 3G phone systems. One may hope to verify each
protocol in isolation. This is however unrealistic to expect that
the whole application will be checked relying on a unique
automatic tool. First, existing tools have their own specificities
that prevent them to be used in some cases. Moreover, most
of the techniques do not scale up well on large systems, and
sometimes the ultimate solution is to rely on a manual proof.
It is therefore important that the protocol under study is as
small as possible.

Related work:There are many results studying the com-
position of security protocols in the symbolic model [8], [9],
[10], as well as in the computational model [11], [12] in
which the so-called UC (universal composability) framework
has been first developed before to be adapted in the symbolic
setting [13]. This result belongs to the first approach.

Most of the existing composition results concern trace-based
security properties, and even secrecy (stated as a reachability
property),e.g. [8], [9], [10], [14]. They are quite restricted in
term of the class of protocols that can be composed,e.g.a fixed
set of cryptographic primitives and/or no else branch. Lastly,
they often only consider parallel composition. Some notable
exceptions are the results presented in [15], [14], [10]. This
paper is clearly inspired from the approach developed in [10].

Regarding privacy-type properties, very few composition
results exist. In a previous work [16], we consider parallel
composition only. More precisely, we identify sufficient con-
ditions under which protocols can “safely” be executed in
parallel as long as they have been proved secure in isolation.
This composition theorem is quite general from the point
of view of the cryptographic primitives. In particular, we
consider arbitrary primitives that can be modelled by a set of
equations, and protocols may share some standard primitives
provided they are tagged differently. This is needed to ensure
“disjointness” and to avoid damaging interactions betweenthe
sub-protocols. We choose to reuse this quite general setting in
this work.
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Our contributions: Our main goal is to analyse privacy-
type properties in a modular way. These security propertiesare
usually expressed as equivalences between processes. Roughly,
two processesP andQ are equivalent (P ≈ Q) if, however
they behave, the messages observed by the attacker are in-
distinguishable. Actually, it is well-known that ifP1 ≈ P2

andQ1 ≈ Q2 thenP1 | P2 ≈ Q1 | Q2. However, this parallel
composition result works because processes that are composed
are disjoint (e.g. they share no key). Moreover, in this work,
we want to go beyond parallel composition. In particular, we
want to capture the case where a protocol uses a sub-protocol
to establish some keys.

To achieve our goal, we first enrich the applied pi calculus
with an assignment construction. This will allow us to share
some data (e.g. session keys) between sub-protocols. We
present the calculus that is used in this paper to model security
protocols in Section II, and we explain in Section III the
difficulties that arise when composing security protocols.We
propose several results to safely compose security protocols
(see Section IV). In particular, we consider parallel compo-
sition and the case of key-exchange protocols. Our results
apply to confidentiality but also privacy-type properties (e.g.
anonymity, unlinkability). All these results are actuallyderive
from a generic composition result presented in Appendix C.
This result allows one to map a trace of the composed protocol
into a trace of a disjoint case (protocol where the sub-protocols
do not share any data), and conversely. It can be seen as an
extension of the result presented in [10] where only a mapping
from the shared case to the disjoint case is provided (and not
the converse). Moreover, we consider a richer process algebra
than the one used in [10]. In particular, we are able to deal with
protocols with else branches and to compose protocols that
both rely on asymmetric primitives (i.e.asymmetric encryption
and signature). In Section V, we illustrate the usefulness
of our composition results on protocols from the 3G phone
application.

II. M ODELS FOR SECURITY PROTOCOLS

In this section, we introduce the calculus that is used for
describing protocols. It is close to the applied pi calculusas
defined in [17] even if we use a slightly different syntax and
a non-compositional semantics. In particular, we consideran
assignment operation to make explicit the data that are shared
among different processes.

A. Messages

As usual in this kind of models, messages are modelled
using an abstract term algebra. We assume an infinite set of
namesN of base type(which are used for representing keys,
nonces, . . . ) and a setCh of names ofchannel type(which
are used to name communication channels). We also consider
a set ofvariablesX , and a signatureΣ consisting of a finite
set of function symbols. We rely on a sort system for terms.
The details of the sort system are unimportant, as long as the
base type differs from the channel type. As in the applied pi

calculus, we suppose that function symbols only operate on
and return terms of base type.

Termsare defined as names, variables, and function symbols
applied to other terms. LetN ⊆ N ∪ Ch andX ⊆ X , the set
of terms built fromN, andX by applying function symbols
in Σ is denoted byT (Σ,N ∪ X). Of course function symbol
application must respect sorts and arities. We writefv (u) (resp.
fn(u)) for the set of variables (resp. names) occurring in a
term u. A term is ground if it does not contain any variable.

To model algebraic properties of cryptographic primitives,
we define anequational theoryby a finite setE of equations
u = v with u, v ∈ T (Σ,X ), i.e. u, v do not contain names.
We define=E to be the smallest equivalence relation on terms,
that containsE and that is closed under application of function
symbols and substitutions of terms for variables.

Example 1:Consider the following signatureΣDH:

{aenc, adec, pk, g, f}.

The function symbolsadec, aenc of arity 2 represent
asymmetric decryption and encryption. We denote bypk(sk)
the public key associated to the private keysk. We consider
two additional function symbolsf of arity 2, andg of arity 1
that will be used to model the Diffie-Hellman primitives. The
equational theoryEDH is defined relying on two equations:

adec(aenc(x, pk(y)), y) = x and f(g(x), y) = f(g(y), x).

Let u1 = aenc(f(g(rA), rB), pk(skB)). We have that

adec(u1, skB) =EDH
f(g(rA), rB) =EDH

f(g(rB), rA).

B. Processes

As in the applied pi calculus, we considerplain processes
as well asextended processesin order to represent processes
that have already evolved bye.g. disclosing some terms to
the environment.Plain processesare defined by the following
grammar:

P,Q := 0 null
P | Q parallel
new n.P restriction
!P replication
[x := v].P assignment
if ϕ then P else Q conditional
in(c, x).P input
out(c, v).Q output

wherec is a name of channel type,ϕ is a conjunction of tests
of the formu1 = u2 whereu1, u2 are terms of base type,x
is a variable of base type,v is a term of base type, andn
is a name of any type. Note that the terms that occur inϕ
andv may contain variables. The grammar is quite similar to
the one of the applied pi calculus. We consider in addition
an assignment operation that instantiatesx with a termv. We
consider private channels but we do not allow channel passing.

Names and variables have scopes, which are delimited
by restrictions, inputs, and assignment operations. We write
fv(P ), bv (P ), fn(P ) andbn(P ) for the sets offreeandbound
variables, and free andbound namesof a plain processP .
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(E ; {if ϕ then Q1 else Q2} ⊎ P ; Φ;σ)
τ
−→ (E ;Q1 ⊎ P ; Φ;σ) if uσ =E vσ for eachu = v ∈ ϕ (THEN)

(E ; {if ϕ then Q1 else Q2} ⊎ P ; Φ;σ)
τ
−→ (E ;Q2 ⊎ P ; Φ;σ) if uσ 6=E vσ for someu = v ∈ ϕ (ELSE)

(E ; {out(c, u).Q1;in(c, x).Q2} ⊎ P ; Φ;σ)
τ
−→ (E ;Q1 ⊎Q2 ⊎ P ; Φ;σ ∪ {x 7→ uσ}) (COMM)

(E ; {[x := v].Q} ⊎ P ; Φ;σ)
τ
−→ (E ;Q ⊎ P ; Φ;σ ∪ {x 7→ vσ}) (ASSGN)

(E ; {in(c, z).Q} ⊎ P ; Φ;σ)
in(c,M)
−−−−−→ (E ;Q ⊎ P ; Φ;σ ∪ {z 7→ u}) (IN)

if c 6∈ E , MΦ = u, fv (M) ⊆ dom(Φ) and fn(M) ∩ E = ∅

(E ; {out(c, u).Q} ⊎ P ; Φ;σ)
νwn.out(c,wn)
−−−−−−−−−→ (E ;Q ⊎ P ; Φ ∪ {wn ⊲ uσ};σ) (OUT-T)

if c 6∈ E , u is a term of base type, andwn is a variable such thatn = |Φ|+ 1

(E ; {new n.Q} ⊎ P ; Φ;σ)
τ
−→ (E ∪ {n};Q ⊎ P ; Φ;σ) (NEW)

(E ; {!Q} ⊎ P ; Φ;σ)
τ
−→ (E ; {!Q;Qρ} ⊎ P ; Φ;σ) (REPL)

whereρ is used to rename variables inbv(Q) (resp. names inbn(Q)) with fresh variables (resp. names)

(E ; {P1 | P2} ⊎ P ; Φ;σ)
τ
−→ (E ; {P1, P2} ⊎ P ; Φ;σ) (PAR)

wheren is a name,c is a name of channel type,u, v are terms of base type, andx, z are variables of base type.

Fig. 1. Semantics of extended processes

Example 2:Let PDH = new skA.new skB.(PA | PB) a
process that models the Diffie-Hellman key exchange protocol
where processesPA andPB are as follows:

• PA
def
= new rA.out(c, aenc(g(rA), pk(skB))).in(c, yA).

[xA := f(adec(yA, skA), rA)].0

• PB
def
= new rB .out(c, aenc(g(rB), pk(skA))).in(c, yB).

[xB := f(adec(yB , skB), rB)].0.
The processPA generates a fresh random numberrA, sends
the messageaenc(g(rA), pk(skB)) on the public channelc,
and waits for a message in order to compute his own view of
the key that will be stored inxA. The processPB does exactly
the same. The computed value is stored inxB .

Extended processesadd a set of restricted namesE (the
names that area priori unknown by the attacker), a sequence
of messagesΦ (corresponding to the messages that have been
sent) and a substitutionσ which is used to store the messages
that have been received as well as those that have been stored
in assignment variables.

Definition 3: An extended processis (E ;P ; Φ;σ) with:
• E a set of names that represents the names that are

restricted inP , Φ andσ;
• P a multiset ofplain processeswith fv(P) ⊆ dom(σ);
• Φ = {w1 ⊲ u1, . . . , wn ⊲ un} whereu1, . . . , un are

ground terms, andw1, . . . , wn are variables; and
• σ = {x1 7→ v1, . . . , xm 7→ vm} a substitution where

v1, . . . , vm are ground terms,x1, . . . , xm are variables.

We write bn(A) (resp.fn(A)) for the set of bound (resp.
free) names of an extended processA. Given an extended
processA = (E ;P ; Φ;σ), we have thatbn(A) = bn(P) ∪ E
and fn(A) = fn(P ,Φ, σ) r E . For sake of simplicity, we
assume that extended processes arename and variable distinct:
i.e. bn(A) ∩ fn(A) = bv(P) ∩ fv (P) = ∅, any name and
variable is at most bound once inP , andE ∩ bn(P) = ∅.

For sake of clarity, we often omit brackets and the null
process. For instance, we writek1, andout(c, u) instead of

{k1} and{out(c, u).0}. When there is no “else”, it means
“else 0”. Moreover, we often writeP instead of(∅;P ; ∅; ∅),
or (E ;P ; Φ) instead of(E ;P ; Φ; ∅).

The semantics is given by a set of labelled rules that
allows one to reason about processes that interact with their
environment (see Figure 1). This defines the relation

ℓ
−→

whereℓ is either an input, an output, or a silent actionτ . The
relation

tr
−−→ wheretr denotes a sequence of labels is defined in

the usual way whereas the relation
tr′

==⇒ on processes is defined

by: A
tr′

==⇒B if, and only if, there exists a sequencetr such
that A

tr
−−→ B and tr′ is obtained by erasing all occurrences

of the silent actionτ in tr.

Example 4:Let ΦDH
def
= {w1 ⊲ pk(skA), w2 ⊲ pk(skB)},

andADH
def
= ({skA, skB};PA | PB; ΦDH) wherePA andPB

are as defined in Example 2. We have that:

ADH
τ
−→

τ
−→

τ
−→

νw3.out(c,w3)
−−−−−−−−−→

νw4.out(c,w4)
−−−−−−−−−→ (E ; {QA, QB}; ΦDH ⊎ Φ; ∅)

in(c,w3)
−−−−−→

in(c,w4)
−−−−−→

τ
−→

τ
−→ (E ; 0; ΦDH⊎Φ;σ ∪ σ′)

def
= A′

where:

• E = {skA, skB, rA, rB};
• Φ = {w3 ⊲ aenc(g(rA), pkB), w4 ⊲ aenc(g(rB), pkA)};
• QA = in(c, yA).[xA := f(adec(yA, skA), rA)].0;
• QB = in(c, yB).[xB := f(adec(yB , skB), rB)].0;
• σ = {yA 7→ aenc(g(rB), pkA), yB 7→ aenc(g(rA), pkB)};
• σ′ =EDH

{xA 7→ f(g(rB), rA), xB 7→ f(g(rA), rB)}.

The three first steps are performed using the rules NEW and
PAR. Then, OUT-T, IN, and ASSGNare used in order to reach
the extended processA′. We usepkA (resp.pkB) as a shortcut
for pk(skA) (resp.pk(skB)).

C. Equivalence-based security properties

We are particularly interested in privacy-type properties
such as those studied in [18], [19], [20], and that can be
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expressed using a notion of equivalence. For instance, the
notion of strong unlinkabilityas defined in [19] is satisfied
if an observer cannot tell if the users can execute multiple
times or at most once the protocol under study. This can be
formalized using an equivalence between two situations: one
where each user can execute the protocol multiple times, and
one where each user can execute the protocol at most once.

We consider here the notion oftrace equivalence.
Intuitively, two protocolsP andQ are in trace equivalence,
denotedP ≈ Q, if whatever the messages they received (built
upon previously sent messages), the resulting sequences of
messages are indistinguishable from the point of view of an
outsider. Given an extended processA, we define its set of
traces as follows:
trace(A) = {(tr,new E .Φ) | A

tr
=⇒ (E ;P ; Φ;σ)

for some process(E ;P ; Φ;σ)}.

The sequence of messagesΦ together with the set of
restricted namesE (those unknown to the attacker) is called
a frame. We say that a termu is deducible(moduloE) from
a frameφ = new E .Φ, denotednew E .Φ ⊢ u, when there
exists a termM (called arecipe) such thatfn(M) ∩ E = ∅,
fv (M) ⊆ dom(Φ), andMΦ =E u.

Two frames are indistinguishable when the attacker cannot
detect the difference between the two situations they represent,
that is, his ability to distinguish whether two recipesM andN
produce the same term does not depend on the frame.

Definition 5: Two framesφ1 andφ2 with φi = new E .Φi

(i ∈ {1, 2}) are statically equivalent, denoted byφ1 ∼ φ2,
whendom(Φ1) = dom(Φ2), and for all termsM,N (called
recipes) such thatfn(M,N) ∩ E = ∅ and fv(M,N) ⊆
dom(Φ1), we have that:

MΦ1 =E NΦ1, if and only if, MΦ2 =E NΦ2.

In the definition above, the namesE are bound inφi and
can be renamed. Moreover names that do not appear inΦi

can be added or removed fromE . Assuming that two frames
share the same set of restricted names is not a real limitation.

Example 6:Consider for instance the following frames:

Φ1 = {w1 ⊲ g(rA), w2 ⊲ g(rB), w3 ⊲ f(g(rA), rB)}
Φ2 = {w1 ⊲ g(rA), w2 ⊲ g(rB), w3 ⊲ k}

Let E = {rA, rB , k}. We have thatnew E .Φ1 ∼ new E .Φ2

(considering the equational theoryEDH). This equivalence
shows that the termf(g(rA), rB) (the Diffie-Hellman key) is
indistinguishable from a random key. This indistinguishability
property holds even if the messagesg(rA) andg(rB) that are
exchanged by the two parties to build this key are known to
the attacker.

Two processes are trace equivalent if, whatever the messages
they sent and received, their frames are in static equivalence.

Definition 7: Let A and B be two extended processes,
A ⊑ B if for every (tr, φ) ∈ trace(A), there exists(tr′, φ′) ∈
trace(B) such thattr = tr′ andφ ∼ φ′. We say thatA andB
aretrace equivalent, denoted byA ≈ B, if A ⊑ B andB ⊑ A.

This notion of equivalence allows us to express many
interesting privacy-type properties such as vote-privacy, strong
versions of anonymity and/or unlinkability,etc.

III. T HE CONDITIONS TO SAFELY REASON IN A MODULAR

WAY

It is well-known that even if two protocols are secure in
isolation, it is not possible to compose them in arbitrary ways
still preserving their security. This has already been observed
for different kinds of compositions (e.g. parallel [8], sequen-
tial [10]) and when studying standard security properties [9]
(e.g.secrecy, authentication) and privacy-type properties [16].

A. Some well-known difficulties

Sharing primitives. The interactions between protocols arise
from the fact that a protocol may reveal a shared key while
the security of the other protocol relies on the secrecy of this
key. Even without revealing shared keys, a protocol can be
used as an oracle by another protocol to decrypt a message,
and then compromise the security of the whole application.
To avoid this kind of interactions, most of the composition
results assume that protocols do not share any primitive or
allow a list of standard primitives (e.g.signature, encryption)
to be shared as long as they are tagged in different ways. In
this paper, we consider the fixed common signatureΣ0 =
{sdec, senc, adec, aenc, pk, 〈 〉, proj1, proj2, sign, check, vk, h}
equipped with the equational theoryE0, defined by the
following equations:

sdec(senc(x, y), y) = x,
adec(aenc(x, pk(y)), y) = x,
check(sign(x, y), vk(y)) = x

proji(〈x1, x2〉) = xi with i ∈ {1, 2})

This allows us to model symmetric/asymmetric encryption,
concatenation, signatures, and hash functions. We denote by
pk(sk ) (resp.vk(sk)) the public key (resp. verification key)
associated to the private keysk . We allow protocols to both
rely on Σ0 provided that each application ofaenc, senc,
sign, andh is tagged (using disjoint sets of tags for the two
protocols), and adequate tests are performed when receiving
a message to ensure that the tags are correct. Actually, we
consider the same tagging mechanism as the one introduced
in [16] (see Appendix A for more details). Here, we simply
illustrate this tagging mechanism on our running example.

Example 8: In order to compose the protocolPDH =
new skA.new skB.(PA | PB) introduced in Example 2 with
another one that also relies on the primitiveaenc, we may
consider a tagged version of this protocol. For this, we intro-
duce two function symbolstag1 anduntag1, and the equation
untag1(tag1(x)) = x to model the interaction between these
two symbols. The tagged version (usingtag1) of PA is given
below (with u = adec(yA, skA)):















new rA.out(c, aenc(tag1(g(rA)), pk(skB))).
in(c, yA).
if tag1(untag1(u)) = u
then [xA := f(untag1(u), rA)].0
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The tagged version (usingtag1) of PB can be obtained in a
similar way, and thus we easily derive a tagged version ofPDH

(by putting the two processes in parallel).
Revealing shared key.Consider two protocols, one whose
security relies on the secrecy of a shared key whereas the other
protocol decides to reveal it. Such a situation will compromise
the security of the whole application. It is therefore important
to ensure that shared keys are not revealed. To formalise this
hypothesis, and to express the sharing of long-term keys, we
introduce the notion ofcomposition context. A composition
contextC is defined by the grammar:

C := | new n. C | !C

wheren is a name of base type.

Definition 9: Let C be a composition context,A be
an extended process of the form(E ;C[P ]; Φ), key ∈
{n, pk(n), vk(n) | n occurs inC}, and c, s two fresh
names. We say thatA reveals key when (E ∪ {s};C[P |

in(c, x).if x = key thenout(c, s)]; Φ)
tr
=⇒ (E ′;P ′; Φ′)

for someE ′, P ′, andΦ′ such thatnew E ′.Φ′ ⊢ s.

We can now formalize the requirements discussed so far
and needed to compose protocols.

Definition 10: Let C be a composition context andE0 be
a finite set of names of base type. LetP andQ be two plain
processes together with their framesΦ and Ψ. We say that
P/Φ andQ/Ψ arecomposableunderE0 andC whenfv(P ) =
fv (Q) = ∅, dom(Φ) ∩ dom(Ψ) = ∅, and

1) P (resp.Q) is built over Σα ∪ Σ0 (resp.Σβ ∪ Σ0),
whereasΦ (resp.Ψ) is built overΣα ∪ {pk, vk} (resp.
Σβ∪{pk, vk}), Σα∩Σβ = ∅, andP (resp.Q) is tagged;

2) E0∩ (fn(C[P ])∪ fn(Φ))∩ (fn(C[Q])∪ fn(Ψ)) = ∅; and
3) (E0;C[P ]; Φ) (resp.(E0;C[Q]; Ψ)) does not reveal any

key in

{n, pk(n), vk(n) | n occurs infn(P )∩fn(Q)∩bn(C)}.
Condition1 is about sharing primitives, whereas Conditions

2 and3 ensure that keys are shared via the composition context
C only (not via E0), and are not revealed by each protocol
individually.

B. Controlling data shared via assignment

Our goal is to go beyond parallel composition, and we
want to consider the particular case of key-exchange protocols.
Assume thatP = new ñ.(P1 | P2) is a protocol that
establishes a key between two participants. The goal ofP
is to establish a fresh shared session key betweenP1 andP2.
Assume thatP1 will store the key in the variablex1, while P2

will store it in the variablex2, and then consider a protocol
Q that will use the values stored inx1/x2 as a fresh key
to secure communications. In this setting, sharing betweenP
andQ is achieved through the composition context and also
through assignment variablesx1 andx2. The idea is to abstract
these values with fresh names when we analyseQ in isolation.
However, in order to abstract them in the right way, we need
to know their values (or at least whether they are equal or
not). This is the purpose of the property stated below.

Definition 11: Let C be a composition context andE0 be a
finite set of names. LetP1[ ] (resp.P2[ ]) be a plain process
with an hole in the scope of an assignment of the form
[x1 := t1] (resp.[x2 := t2]), andΦ be a frame. We say that
P1/P2/Φ is a good key-exchange protocol underE0 and C
when(E0;Pgood; Φ) does not revealbad wherePgood is defined
as follows:

Pgood = new bad , d.
(

C[new id.(P1[out(d, 〈x1, id〉)] | P2[out(d, 〈x2, id〉)])]
| in(d, x).in(d, y).
if proj1(x) = proj1(y) ∧ proj2(x) 6= proj2(y)
thenout(c, bad)

| in(d, x).in(d, y).
if proj1(x) 6= proj1(y) ∧ proj2(x) = proj2(y)
thenout(c, bad)

| in(d, x).in(c, z).
if z ∈ {proj1(x), pk(proj1(x)), vk(proj1(x))}
thenout(c, bad)

)

where bad is a fresh name of base type, andc, d are fresh
names of channel type.

The expressionsu 6= v and u ∈ {v1, . . . , vn} used above
are convenient notations that can be rigorously expressed
using nested conditionals as expected. Roughly, the property
expresses that two assignment variables are assigned to the
same value if, and only if, they are the assignment variables
of two associated instances ofP1 andP2 (i.e. that share the
sameid). In particular, two instances of the roleP1 (resp.P2)
cannot assign their variable with the same value (i.e. a fresh
key is established at each session). We also need to ensure
that the data shared throughx1/x2 are not revealed. This is
the purpose of the last line of processPgood.

When analysingQ in isolation, the values stored in the
assignment variablesx1/x2 are abstracted by fresh names.
Since P and Q share the common signatureΣ0, we need
an additional hypothesis to ensure that in any execution, the
values assigned to the differentx1/x2 are not of the form
〈u1, u2〉, pk(u), or vk(u). These symbols are those of the
common signature that are not tagged, thus abstracting them
by a fresh name inQ would not be safe (e.g.Q can easily
check whether a term is a pair or not).

Definition 12: An extended processA satisfies theab-
stractability property if for any (E ;P ; Φ;σ) such that
A

tr
=⇒(E ;P ; Φ;σ), for any x ∈ dom(σ) which corresponds

to an assignment variable, for anyu1, u2, we have that
xσ 6=E 〈u1, u2〉, xσ 6=E pk(u1), xσ 6=E vk(u1).

C. Some extra issues with trace equivalence

In this work, we would like to consider sequential composi-
tion w.r.t. privacy-type properties. In the particular case where
fv(P [0]) = fv(Q) = fv(P ′[0]) = fv (Q′) = ∅, we would like
to state a result like:

C[P [0]] ≈ C′[P ′[0]] ∧ C[Q] ≈ C′[Q′]
=⇒

C[P [Q]] ≈ C′[P ′[Q′]]
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whereC,C′ are two composition contexts. This roughly means
that assuming that the equivalence property holds for the
protocol P and Q individually, then we can consider the
situation whereQ is executed “after”P to be safe. However,
even in a quite simple setting (the shared keys are not revealed,
protocols do not share any primitives), such a sequential
composition result does not hold.

Example 13:Let C = C′ = new k.!new k1.!new k2.
be a composition context,Q = Q0(yes, no), and Q′ =
Q0(no, yes) where:

Q0(z1, z2) = out(cQ, u).in(x).ifx = uthen 0
elseif proj1(sdec(x, k)) = k1 thenout(cQ, z1)
elseout(cQ, z2)

and

P [ ] = P ′[ ] = out(cP , u).
(

| in(cP , x).ifx = uthen 0
elseif proj1(sdec(x, k)) = k1 thenout(cP , ok)
elseout(cP , ko)

)

where u = senc(〈k1, k2〉, k), and yes/no, ok/ko are pub-
lic constants. We haveC[P [0]] ≈ C′[P ′[0]] and also that
C[Q] ≈ C[Q′]. This latter equivalence is a non-trivial one.
Intuitively, when C[Q] will unfold its outermost !, then
the processC′[Q′] will mimic this step by unfolding its
innermost !. This will allow it to react in the same way as
C[Q] in case encrypted messages are used to fill some input
actions. However, we have thatC[P [Q]] 6≈ C′[P ′[Q′]]. Even,
if P = P ′, the presence of these processes give to the attacker
some additional distinguishing power. In particular, through
the outputsok/ko outputted byP/P ′, the attacker will learn
which ! has been unfolded. This result holds even if we rename
function symbols so that protocolsP andQ will not share any
primitives.

In the example above, the problem is that the two equiv-
alences we want to compose hold for different reasons,i.e.
by unfolding the replications in a different and incompatible
way. Thus, when the composed processC[P [Q]] reached a
point whereQ can be executed, on the other side, the process
Q′ is ready to be executed but the instance that is available is
not the one that was used when establishing the equivalence
C[Q] ≈ C′[Q′]. Therefore, in order to establish equivalence-
based properties in a modular way, we rely on a stronger notion
of equivalence, namelydiff-equivalence, that will ensure that
the two “small” equivalences will be satisfied in a compatible
way. Note that this problem does not arise when considering
reachability properties and/or parallel composition.

Biprocesses and diff-equivalence.We consider pairs of pro-
cesses, calledbiprocesses, that have the same structure and
differ only in the terms and tests that they contain. Following
the approach of [4], we introduce a special symboldiff of arity
2 in our signature. The idea will be to use thisdiff operator
to indicate when the terms manipulated by the processes
are different. Given a biprocessB, we define two processes
fst(B) andsnd(B) as follows:fst(B) is obtained by replacing
each occurrence ofdiff(M,M ′) (resp. diff(ϕ, ϕ′)) with M

(resp.ϕ), and similarlysnd(B) is obtained by replacing each
occurrence ofdiff(M,M ′) (resp.diff(ϕ, ϕ′)) with M ′ (resp.
ϕ′).

The semantics of biprocesses is defined as expected via a
relation

ℓ
−→bi that expresses when and how a biprocess may

evolve. A biprocess reduces if, and only if, both sides of the
biprocess reduce in the same way: a communication succeeds
on both sides, a conditional has to be evaluated in the same
way in both sides too. When the two sides of the biprocess
reduce in different ways, the biprocess blocks. For instance,
theelse rule is as follows:

(E ; {if diff(ϕL, ϕR) then Q1 else Q2} ⊎ P ; Φ;σ)
τ
−→bi (E ;Q2 ⊎ P ; Φ;σ)

if uLσ 6=E vLσ for someuL = vL ∈ ϕL, anduRσ 6=E vRσ
for someuR = vR ∈ ϕR.

The relation
tr
=⇒bi on biprocesses is defined as for processes.

This leads us to the notion ofdiff-equivalencewhich is
stronger than the usual notion of trace equivalence.

Definition 14: An extended biprocessB0 satisfies diff-
equivalenceif for everyB = (E ;P ; Φ;σ) such thatB0

tr
=⇒bi B

for some tracetr, we have that (i) new E .fst(Φ) ∼

new E .snd(Φ) (ii) if fst(B)
ℓ
−→ AL then there existsB′ such

thatB
ℓ
−→bi B

′ and fst(B′) = AL (and similarly forsnd).
Note that, considering diff-equivalence instead of

trace equivalence, Example 13 is not a counter-
example anymore. Indeed, considering the biprocess
B = Q0(diff(yes, no), diff(no, yes)), we have thatB does
not satisfy diff-equivalence. The notions introduced so far
on processes are extended as expected on biprocesses: the
property has to hold on bothfst(B) andsnd(B). Sometimes,
we also say thatB is in trace equivalence instead of
writing fst(B) ≈ snd(B).

IV. COMPOSITION RESULTS

We now present several composition results. They are
actually shown relying on a generic composition theorem that
works on traces which is technical and only presented in
Appendix. In particular, we consider the case of key-exchange
protocols under arbitrary composition contexts. We obtainthe
first composition result that is able to deal with privacy-type
properties for this kind of sequential composition. We are also
able to retrieve and generalise several existing composition
results that have been obtained in past few years for parallel
composition and/or secrecy property (e.g. [16], [10]).

A. The case of parallel composition

We first consider the case of parallel composition in pres-
ence of equivalence-based properties. This result is in the
spirit of the one established in [16]. However, in order to be
able to combine this composition result with the one stated in
Theorem 17, we also adapt it to diff-equivalence.

Theorem 15:Let C be a composition context andE0 be a
finite set of names of base type. LetP andQ be two plain

6



biprocesses together with their framesΦ andΨ, and assume
thatP/Φ andQ/Ψ are composable underE0 andC.

If (E0;C[P ]; Φ) and (E0;C[Q]; Ψ) satisfy diff-equivalence
(resp. trace equivalence) then the biprocess(E0;C[P | Q]; Φ⊎
Ψ) satisfies diff-equivalence (resp. trace equivalence).

From the proof of the previous result, we retrieve the follow-
ing well-known composition result w.r.t. secrecy property. This
result is actually a generalisation of the result proved in [10].
We allow more primitives, and a richer process algebra (e.g.
else branches, private channels).

Corollary 16: Under the same hypotheses as Theorem 15
with processes instead of biprocesses, and considering a name
s that occurs inC. If (E0;C[P ]; Φ) and(E0;C[Q]; Ψ) do not
reveals then (E0;C[P | Q]; Φ ∪Ψ) does not reveals.

B. The case of key-exchange protocols

We now consider the particular case of key-exchange pro-
tocols with composition under arbitrary composition contexts.

Theorem 17:Let C be a composition context andE0 be
a finite set of names of base type. LetP1[ ] (resp.P2[ ])
be a plain biprocess without replication and with an hole in
the scope of an assignment of the form[x1 := t1] (resp.
[x2 := t2]). Let Q1 (resp.Q2) be a plain biprocess such that
fv (Q1) ⊆ {x1} (resp. fv (Q2) ⊆ {x2}), and Φ and Ψ be
two frames. LetP = P1[0] | P2[0] andQ = new k.[x1 :=
k].[x2 := k].(Q1 | Q2) for some fresh namek, and assume
that:

1) P/Φ andQ/Ψ are composable underE0 andC;
2) (E0;C[Q]; Ψ) does not revealk, pk(k), vk(k);
3) (E0;C[P ]; Φ) satisfies the abstractability property; and
4) P1/P2/Φ is a good key-exchange protocol underE0 and

C.

If (E0;C[P ]; Φ) and(E0;C[Q]; Ψ) satisfy diff-equivalence,
then(E0;C[P1[Q1] | P2[Q2]]; Φ⊎Ψ) satisfies diff-equivalence.

We also retrieve the following result which is actually a gen-
eralization of two theorems established in [10]. We consider
arbitrary composition contexts, more primitives, and a richer
process algebra.

Corollary 18: Under the same hypotheses as Theorem 17
with processes instead of biprocesses, and considering a name
s that occurs inC. If (E0;C[P ]; Φ) and(E0;C[Q]; Ψ) do not
reveals then(E0;C[P1[Q1]|P2[Q2]]; Φ ⊎Ψ) does not reveals.

V. CASE STUDY: 3G MOBILE PHONES

We look at confidentiality and privacy guarantees provided
by theAKA protocol and the Submit SMS procedure (sSMS)
when run in composition as specified by the 3GPP consortium
in [2].

A. Protocols description

The sSMSprotocol allows a mobile station (MS) to send
an SMS to another MS through a serving network (SN). The
confidentiality of the sent SMS relies on a session keyCK

established through the execution of theAKAprotocol between
the MS and the SN.

The AKA protocol achieves mutual authentication between
a MS and a SN, and allows them to establish a shared session
key CK . The AKA protocol consists in the exchange of two
messages: theauthentication requestand theauthentication
response. The AKA protocol as deployed in real 3G telecom-
munication systems presents a linkability attack [21], andthus
we consider here its fixed version as described in [21]. At the
end of a successful execution of this protocol, both parties
should agree on a fresh ciphering keyCK . This situation can
be modelled in our calculus as follows:

new skSN . !new IMSI . new kIMSI . !new sqn. new sms .

(AKASN [sSMSSN ] | AKAMS [sSMSMS ])

whereskSN represents the private key of the network; while
IMSI andkIMSI represent respectively the long-term identity
and the symmetric key of the MS. The namesqn models the
sequence number on which SN and MS are synchronised. The
two subprocessesAKAMS and sSMSMS (resp. AKASN , and
sSMSSN ) model one session of the MS’s (resp.SN’s) side of
theAKA, andsSMSprotocols respectively. Each MS, identified
by its identityIMSI and its keykIMSI , can run multiple times
the AKA protocol followed by thesSMSprotocol.

B. Security Analysis

We explain below how some confidentiality properties
(weak and strong secrecy) and an unlinkability property of the
AKA protocol and thesSMSprocedure can be derived relying
on Corollary 18 and Theorem 17. We do not need to tag the
protocols under study to perform our analysis since they do
not share any primitive but the pairing operator. Note that the
AKAprotocol can not be modelled in the calculus given in [10]
due to the need of non-tivial else branches.

Strong unlinkability.This property requires that an observer
does not see the difference between the two following sce-
narios: (i) a same mobile phone sends several SMSs; or(ii)
multiple mobile phones send at most one SMS each. To model
this requirement, we consider the composition context1:

CU [ ]
def
= !new IMSI 1. new kIMSI 1.

!new IMSI 2. new kIMSI 2.
let IMSI = diff[IMSI 1, IMSI 2] in
let kIMSI = diff[kIMSI 1, kIMSI 2] in
new sqn. new sms.

To check if the considered 3G protocols satisfy strong
unlinkability, one needs to check if the following biprocess
satisfiesdiff-equivalence:

(skSN ;CU [AKASN [sSMSSN ] | AKAMS [sSMSMS ]]; Φ0)

whereΦ0 = {w1 ⊲ pk(skSN )}.
Hypotheses (1-4) stated in Theorem 17 are satisfied, and

thus this equivalence can be derived from the following two
“smaller” diff-equivalences:

1We uselet x = M in P to denote the processP{M/x}.
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(skSN ;CU [AKASN [0] | AKAMS [0]]; Φ0), and
(skSN ;C′U [sSMSSN | sSMSMS ]; ∅).

where

C′U [ ]
def
= CU [new ck.let xckSN = ck in

let xckMS = ck in ]

Weak secrecy.This property requires that the sent/received
SMS is not deducible by an outsider, and can be modelled
using the context

CWS [ ]
def
=!new IMSI . new kIMSI . !new sqn.new sms.

Note that the composition contextCWS is the same asfst(CU )
(up to some renaming), thus Hypotheses (1-4) of Corollary 18
also hold and we derive the weak secrecy property by simply
analysing this property onAKA andsSMSin isolation.

Strong secrecy.This property means that an outsider should
not be able to distinguish the situation wheresms1 is sen-
t/received, from the situation wheresms2 is sent /received,
although he might know the content ofsms1 andsms2. This
can be modelled using the following composition context:

CSS [ ]
def
= !new IMSI . new kIMSI . !new sqn.
let sms = diff[sms1, sms2] in

where sms1 and sms2 are two free names known to the
attacker. Again, our Theorem 17 allows us to reason about
this property in a modular way.

VI. CONCLUSION

We investigate composition results for reachability prop-
erties as well as privacy-type properties expressed using a
notion of equivalence. Relying on a generic composition
result2 that allows one to strongly relate any trace of the
composed protocol to a trace of the so-called disjoint case,
we derive parallel composition results, as well as a sequential
composition results (the case of key-exchange protocols under
various composition contexts).

All these results work in a quite general setting,e.g.
processes may have non trivial else branches, we consider
arbitrary primitives expressed using an equational theory, and
processes may even share some standard primitives as long as
they are tagged in different ways. We illustrate the usefulness
of our results through the mobile phone application.

We think that our generic result could be used to derive
some other composition results. We may want for instance
to relax the notion of being agood protocolat the price of
studying a less ideal scenario when analysing the protocolQ in
isolation. We may also want to consider situations where sub-
protocols sharing some data are arbitrarily interleaved. More-
over, even if we consider arbitrary primitives, sub-protocols
can only share some standard primitives provided that they
are tagged. It would be nice to relax these conditions. This
would allow one to compose protocols (and not their tagged

2Due to lack of space, this generic composition result that isa bit technical
is only stated in Appendix C.

versions) or to compose protocols that both rely on primitives
for which no tagging scheme actually exists (e.g. exclusive-
or).
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APPENDIX A
SHARING PRIMITIVES VIA TAGGING

We recall in this section the tagging scheme as presented
in [16]. However, since we would like to be able to iterate our
composition results (in order to composee.g.three protocols),
we consider a fixed set of colors (not only two), and we allow
a process to be colored with many colors. Actually, a colored
process is a process with a color assigned to each of its action.
This gives us enough flexibility to allow different kinds of
compositions, and to iterate our composition results.

We consider a family of signaturesΣ1, . . . ,Σp disjoint from
each other and disjoint fromΣ0. In order to tag a process, we
introduce a new family of signaturesΣtag

1 , . . . ,Σtag
p . For each

i ∈ {1, . . . , p}, we have thatΣtag
i = {tagi, untagi} wheretagi

anduntagi are two function symbols of arity1 that we will use
for tagging. The role of thetagi function is to tag its argument
with the tagi. The role of theuntagi function is to remove the
tag. To model this interaction betweentagi and untagi, we
consider the equational theory:Etagi

= {untagi(tagi(x)) =
x}.

For our composition result, we will assume that the two
protocols we want to compose only share symbols inΣ0. Thus,
for this, we split the set{1, . . . , p} into two disjoint setsα
andβ. Given a subsetγ ⊆ {1, . . . , p}, we denote:

Σγ
def
=

⋃

i∈γ Σi, Eγ
def
=

⋃

i∈γ Ei,

Σtag
γ

def
=

⋃

i∈γ Σ
tag
i , Etag

γ
def
=

⋃

i∈γ E
tag
i , and

Σ+
γ

def
= Σγ ∪ Σtag

γ , E+
γ

def
= Eγ ∪ Etag

γ .

Definition 19: Let i ∈ {1, . . . , p}, andu be a term built on
Σi ∪Σ0. The i-tagged version ofu, denoted[u]i is defined as

follows:

[senc(u, v)]i
def
= senc(tagi([u]i), [v]i)

[aenc(u, v)]i
def
= aenc(tagi([u]i), [v]i)

[sign(u, v)]i
def
= sign(tagi([u]i), [v]i)

[h(u)]i
def
= h(tagi([u]i))

[sdec(u, v)]i
def
= untagi(sdec([u]i, [v]i))

[adec(u, v)]i
def
= untagi(adec([u]i, [v]i))

[check(u, v)]i
def
= untagi(check([u]i, [v]i))

[f(u1, . . . , un)]i
def
= f([u1]i, . . . , [un]i) otherwise.

Note that we do not tag the pairing function symbol (this
is actually useless), and we do not tag thepk andvk function
symbols. Note that taggingpk andvk would lead us to consider
an unrealistic modelling for asymmetric keys. This definition
is extended as expected to formulasϕ (those involved in
conditionals) by applying the transformation on each term that
occurs inϕ.

Example 20:Let Σ1 = {f, g}, and consider the termsu =
senc(g(r), k) and v = f(sdec(y, k), r) built on Σ1 ∪ Σ0. We
have that:
• [u]1 = senc(tag1(g(r)), k), and
• [v]1 = f(untag1(sdec(y, k)), r).

We also introduce the following notion that allows us to
associate a color to a term that is not necessarily well-tagged.

Definition 21: Let u be a term. We definetagroot(u),
namely the tag of the root ofu as follows:
• tagroot(u) = ⊥ whenu ∈ N ∪ X ;
• tagroot(u) = i if u = f(u1, . . . , un) and eitherf ∈ Σi ∪

Σtag
i , or f ∈ {senc, aenc, sign, h} andu1 = tagi(u

′
1) for

someu′1.
• tagroot(u) = 0 otherwise.

Before extending the notion of tagging to processes, we
have to express the tests that are performed by an agent when
he receives a message that is supposed to be tagged. This is
the purpose oftesti(u) that represents the tests which ensure
that every projection and every untagging performed by an
agent during the computation ofu is successful.

Definition 22: Let i ∈ {1, . . . , p}, andu be a term built on
Σ+

i ∪ Σ0. We definetesti(u) as follows:

testi(u)
def
= testi(u1) ∧ testi(u2) ∧ tagi(untagi(u)) = u

whenu = g(u1, u2) with g ∈ {sdec, adec, check}

testi(u)
def
= testi(u1) ∧ u1 = 〈proj1(u1), proj2(u1)〉

whenu = projj(u1) with j ∈ {1, 2}

testi(u)
def
= true whenu is a name or a variable

testi(u)
def
= testi(u1) ∧ . . . ∧ testi(un) otherwise.

This definition is extended as expected to formulasϕ, i.e.

testi(ϕ)
def
=

∧

u=v∈ϕ

testi(u) ∧ testi(v).

9



Example 23:Again, consideru = senc(g(r), k) and v =
f(sdec(y, k), r). We have that:

test1([u]1) = true

test1([v]1) = tag1(untag1(sdec(y, k))) = sdec(y, k)

We consider colored plain processes meaning that initially
the actions of a plain process will be annotated with a color,i.e.
an integer in{1, . . . , p}. The actions that need to be annotated
are those that involve some composed terms,i.e. inputs,
outputs, conditionals, and assignments. An action coloredby
i ∈ {1, . . . , p} can only contain function symbol fromΣi.
Given a setγ ⊆ {1, . . . , p}, we say than an action is colored
with γ if this action is colored byi ∈ {1, . . . , p}. For colored
plain processes, the transformation[[P ]] is defined as follows:

[[0]]
def
= 0 [[!P ]]

def
= ![[P ]] [[new k.P ]]

def
= new k.[[P ]]

[[P | Q]]
def
= [[P ]] | [[Q]] [[in(u, x)i.P ]]

def
= in(u, x)i.[[P ]]

[[[x := v]i.P ]]
def
= (if testi([v]i) then [x := [v]i]

i.[[P ]])i

[[out(u, v)i.Q]]
def
= (if testi([v]i)thenout(u, [v]i)i.[[Q]])i

[[(ifϕthenP elseQ)i]]
def
=

(if ϕtest then (if [ϕ]i then [[P ]] else [[Q]]))i

else 0)i

whereϕtest = testi([ϕ]i)

Roughly, instead of simply outputting a termv, a process
will first performed some tests to check that the term is
correctly tagged and he will output itsi-tagged version[v]i.
For an assignment, we will also check that the term is correctly
tagged. For a conditional, the process will first check that
the terms involved in the testϕ are correctly tagged before
checking that the test is satisfied. The annotations that occur
on a plain process do not affect its semantics.

Definition 24: Consider a setγ ⊆ {1, . . . , p}. Consider a
plain processP built overΣ+

γ ∪Σ0. We say thatP is tagged
if there exists a colored plain processQ built over Σγ such
thatP = [[Q]].

APPENDIX B
BIPROCESSES

The semantics of biprocesses is defined via a relation
ℓ
−→bi that expresses when and how a biprocess may evolve.
Intuitively, a biprocess reduces if and only if both sides ofthe
biprocess reduce in the same way: a communication succeeds
on both sides, a conditional has to be evaluated in the same
way in both sides too. When the two sides of the biprocess
reduce in different ways, the biprocess blocks. The semantics
of biprocesses is formally described in Figure 2.

APPENDIX C
THE DISJOINT CASE FOR A TRACE

Composition usually works well in the so-called disjoint
case,i.e. when the protocols under study do not share any
secrets. The goal of this section is to show that we can map any
trace corresponding to an execution of a protocol (with some

sharing) to another trace which corresponds to an execution
of a “disjoint case” (where protocols do not share any secrets)
preserving static equivalence. We need a strong mapping to
ensure that processes evolve simultaneously, and we rely for
this on the notion ofbiprocesses.

We will see in this section that the composition of processes
sharing some secrets (the so-called shared case) behaves
as if they did not share any secret (the so-called disjoint
case), provided that the shared secrets are never revealed and
processes are tagged.

A. Material for combination

We denote byroot(·) the function that associates to each
termM ∈ T (Σ,N∪X ) the function symbol at positionǫ (root
position) in M . For M ∈ N ∪ X , we defineroot(M) = ⊥,
where ⊥ is a new symbol. The termN is alien to M if
root(N) ∈ Σi, root(M) ∈ Σj and i 6= j. We now introduce
our notion offactors. A similar notion is also used in [22].

Definition 25 (factors):LetM ∈ T (Σ,N∪X ). Thefactors
of M , denotedFct(M), are the maximal syntactic subterms
of M that are alien toM

To handle the different signatures and equational theories,
we consider the notion ofordered rewriting. defined in [23],
which is a useful tool that has been used (e.g.[24]) for proving
correctness of combination of unification algorithms. Mostof
the definitions and results in this subsection are borrowed
from [25] and [26] since we use similar techniques. Let≺
be a simplification ordering3 on ground terms assumed to be
total and such that the minimum for≺ is a namenmin and
the constants inΣ are smaller that any ground term that is
neither a constant nor a name. We defineΣ̃ to be the set of
the function symbols ofΣ1, . . . , Σp plus the namenmin, i.e.
Σ̃ = Σ1∪· · ·∪Σp∪{nmin}. In what follows, we furthermore
assume thatnmin is never used under restriction in frames.

Given a possibly infinite set of equationsO we define the
ordered rewriting relation→O by M →O M ′ if and only if
there exists an equationN1 = N2 ∈ O, a positionq in M and
a substitutionτ such that:

M = M [N1τ ]q, M ′ = M [N2τ ]q andN2τ ≺ N1τ .

It has been shown (see [23]) that by applying theunfailing
completion procedureto a set of equationsE we can derive
a (possibly infinite) set of equationsO such that on ground
terms:

1) the relations=O and=E are equal,
2) the rewriting system→O is convergent.

It was showed ([24]) that applying unfailing completion to
two disjoints sets of equationsE = E1 ∪ E2, yields the set
of generated equationsO that is the disjoint union of the two
systemsO1 andO2 obtained by applying unfailing completion
procedures toE1 and toE2 respectively. Thus, we can easily

3By definition ≺ satisfies that for all ground termsM,N1, N2, and for
any positionq 6= ǫ in M , we haveN1 ≺ M [N1]q andN1 ≺ N2 implies
M [N1]q ≺ M [N2]q .
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(E ; {if diff(ϕL, ϕR) then Q1 else Q2} ⊎ P ; Φ;σ)
τ
−→bi (E ;Q1 ⊎ P ; Φ;σ) (THEN)

if uσ =E vσ for eachu = v ∈ ϕL ∪ ϕR

(E ; {if diff(ϕL, ϕR) then Q1 else Q2} ⊎ P ; Φ;σ)
τ
−→bi (E ;Q2 ⊎ P ; Φ;σ) (ELSE)

if uLσ 6=E vLσ for someuL = vL ∈ ϕL anduRσ 6=E vRσ for someuR = vR ∈ ϕR

(E ; {out(c, u).Q1;in(c, x).Q2} ⊎ P ; Φ;σ)
τ
−→bi (E ;Q1 ⊎Q2 ⊎ P ; Φ;σ ∪ {x 7→ uσ}) (COMM)

(E ; {[x := v].Q} ⊎ P ; Φ;σ)
τ
−→bi (E ;Q ⊎ P ; Φ;σ ∪ {x 7→ vσ}) (ASSGN)

(E ; {in(c, z).Q} ⊎ P ; Φ;σ)
in(c,M)
−−−−−→bi (E ;Q ⊎ P ; Φ;σ ∪ {z 7→ u}) (IN)

if c 6∈ E , MΦ = u, fv (M) ⊆ dom(Φ) and fn(M) ∩ E = ∅

(E ; {out(c, u).Q} ⊎ P ; Φ;σ)
νwn.out(c,wn)
−−−−−−−−−→bi (E ;Q ⊎ P ; Φ ∪ {wn ⊲ uσ};σ) (OUT-T)

if c 6∈ E , u is a term of base type, andwn is a variable such thatn = |Φ|+ 1

(E ; {new n.Q} ⊎ P ; Φ;σ)
τ
−→bi (E ∪ {n};Q ⊎ P ; Φ;σ) (NEW)

(E ; {!Q} ⊎ P ; Φ;σ)
τ
−→bi (E ; {!Q;Qρ} ⊎ P ; Φ;σ) (REPL)

whereρ is used to rename variables inbv (Q) (resp. names inbn(Q)) with fresh variables (resp. names).

(E ; {P1 | P2} ⊎ P ; Φ;σ)
τ
−→bi (E ; {P1, P2} ⊎ P ; Φ;σ) (PAR)

wheren is a name,c is a name of channel type (here we can havec = diff(c1, c2)), u, v are terms that may contain thediff
operator, andx, z are variables. The termM used in the IN rule is a term that does not contain any occurrence of thediff

operator. The attacker has to do the same computation in bothsides.

Fig. 2. Semantics for biprocesses

extend this result toE = E1 ∪ . . . ∪ Ep sinceE1, . . . ,Ep are
all disjoint two at a time.

Thus, applying unfailing completion toE = E1 ∪ . . . ∪ Ep

yields the set of generated equationsO that is the disjoint
union of O1, . . . ,Op obtained by applying unfailing comple-
tion procedures respectively toE1, . . . ,Ep.

Since the relation→O is convergent on ground terms, we
defineM↓E (or brieflyM↓) as the unique normal form of the
ground termM for →O. We denote byM↓Ei

(i ∈ {1, . . . , p})
the unique normal form of the ground termM for →Oi

. These
notations are extended as expected to sets of terms.

Lemma 26:Let M be a ground term such that all its factors
are in normal form androot(M) ∈ Σi. Then

• eitherM↓ ∈ Fct(M) ∪ {nmin},
• or root(M↓) ∈ Σi andFct(M↓) ⊆ Fct(M) ∪ {nmin}.

Lemma 27:Let t be a ground term witht = C1[u1, . . . , un]
whereC1 is a context built onΣi, i ∈ {1, . . . , p} and the
termsu1, . . . , un are the factors oft in normal form. LetC2

be a context built onΣi (possibly a hole) such thatt↓ =
C2[uj1 , . . . , ujk ] with j1, . . . , jk ∈ {0 . . . n} andu0 = nmin

(the existence is given by Lemma 26). We have that for all
ground termsv1, . . . , vn in normal form and alien tot, if

for everyq, q′ ∈ {1 . . . n} we haveuq = uq′ ⇔ vq = vq′

thenC1[v1, . . . , vn]↓ = C2[vj1 , . . . , vjk ] with v0 = nmin.

A proof of these lemmas can be found in [26], [27].

B. Generic composition result

We consider two setsα, β such thatα∪β = {1, . . . , p} and
α∩β = ∅. We consider a plain colored processP built onΣα∪

Σβ∪Σ0 without replication and such thatbn(P ) = fv (P ) = ∅.
This means thatP is a process with no free variable, and
we assume that it contains no name restrictions (i.e. no new
instructions).

Example 28:We consider the processPDH as given in
Example 2 but we replace

• the 0 at the end of PA with QA = new sA.
out(c, sencDH(sA, xA)), and

• the 0 at the end of PB with QB = new sB.
out(c, sencDH(sB, xB)).

Intuitively, once the Diffie-Hellman key has been established
and stored inxA (resp.xB), each participant will use it to
encrypt a fresh secret, namelysA or sB, and then send it to
the other participant.

To avoid confusion between the encryption schemes that
processes can share,i.e. the function symbols inΣ0, and
the asymmetric encryption used inPDH but not used inQA

andQB, we will rename them byaencDH , adecDH , pkDH .
Since we have that only two sets of distinct signatures,

we considerp = 2, α = {1}, β = {2} with (Σα,Eα) =
(ΣDH,EDH) (as defined in Example 1 after renaming as
explained above) whereasΣβ = {sencDH , sdecDH} and
Eβ = {sdecDH(sencDH(x, y), y) = x}. This equational
theory is used to model symmetric encryption/decryption,i.e.
the primitives used in the processesQA andQB. Note that
when function symbols ofΣ0 are used by only one of the
protocols to compose, we can either consider them as part of
Σ0 and so they will be tagged, or they can be put into distinct
signatures (using renaming as above) and so they will not be
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tagged. The composition theorem can be applied both ways.

Now, we considerP = P ′A | P ′B where:

P ′A = out(c, aencDH(g(rA), pkDH(skB))).in(c, yA).
[xA := f(adecDH(yA, skA), rA)].out(c, sencDH(sA, xA))

P ′B = out(c, aencDH(g(rB), pk(skA))).in(c, yB).
[xB := f(adecDH(yB, skB), rB)].out(c, sencDH(sB, xB))

Note thatbn(P ) = fv (P ) = ∅. We choose to color the three
first actions ofP ′A (resp.P ′B) with 1 ∈ α, and the remaining
ones (i.e. those that come fromQA andQB) with 2 ∈ β.

We denotefnγ(P ) the set of free names ofP that occur
in actions colored withγ, and fvγ(P ) the set of variables of
P that occur in an action colored withγ, and that are not
bound by an action colored withγ. We consider a setE0 of
names such thatfnα(P ) ∩ fnβ(P ) ∩ E0 = ∅. This means that
each name inE0 can only occur in one type of actions (those
coloredα or those coloredβ). We denotezα1 , . . . , z

α
k (resp.

zβ1 , . . . , z
β
l ) the variables occurring in the left-hand side of

an assignment coloredα (resp.β), i.e. the variablex such
that the action[x := v] occurs inP and is coloredα (resp.
β). We assume thatfvα(P ) ⊆ {zβ1 , . . . , z

β
l } and fvβ(P ) ⊆

{zα1 , . . . , z
α
k }.

These conditions ensure that sharing between the parts of
the process which are colored in different ways is only possible
via the assignment variables. This is not a real limitation but
this allows us to easily keep track of the shared data.

Example 29:Continuing our previous example, we have
that fnα(P ) = {rA, rB , skA, skB} and fnβ(P ) = {sA, sB}.
Regarding variables:fvα(P ) = ∅, whereas fvβ(P ) =
{xA, xB}.

Let E0 = fnα(P )∪ fnβ(P ). To follow the same notation as
those introduced in this section, we may want to renamexA

with zα1 andxB with zα2 . Note thatfvβ(P ) ⊆ {zα1 , z
α
2 }.

Let Eα = {nα
1 , . . . , n

α
k} and Eβ = {nβ

1 , . . . , n
β
l } be two

sets of fresh names of base type such thatEα ∩ Eβ = ∅. We
defineρα andρβ as follows:

• dom(ρα) = {zβ1 , . . . , z
β
l }, dom(ρβ) = {zα1 , . . . , z

α
k };

• ρα(z
β
i ) = nβ

i for eachi ∈ {1, . . . , l}; and
• ρβ(z

α
i ) = nα

i for eachi ∈ {1, . . . , k}.

We do not assume that names inEα (resp.Eβ) are distinct.
For instance, we may havenα

j = nα
j′ for somej 6= j′.

Given a colored plain processP , we denote byδρα,ρβ
(P ),

the process obtained by applyingρα on actions coloredα,
and ρβ on actions coloredβ. This transformation maps the
shared case to a particular disjoint case.

Example 30:Let Eα = {kα} and Eβ = ∅, and consider
the functionρβ defined as follows:ρβ(zα1 ) = ρβ(z

α
2 ) = kα.

Applying δρα,ρβ
on P gives usDA | DB where:

• DA = out(c, aenc(g(rA), pk(skB))).in(c, yA).
[xA := f(adec(yA, skA), rA)].out(c, senc(sA, kα))

• DB = out(c, aenc(g(rB), pk(skA))).in(c, yB).
[xB := f(adec(yB, skB), rB)].out(c, senc(sB , kα))

Note that there is no sharing anymore between the part of the
process coloredα and the part of the process coloredβ.

Actually, the disjoint case obtained using the transformation
δρα,ρβ

behaves as the shared case but only along executions
that arecompatiblewith the chosen abstractions,i.e. execu-
tions that preserve the equalities and the inequalities among
assignment variables as done by the chosen abstraction. This
notion is formally defined as follows:

Let A be any extended process derived from(Eα ⊎ Eβ ⊎

E0; [[P ]]; ∅), i.e. such that(Eα⊎Eβ⊎E0; [[P ]]; ∅)
tr
=⇒A. Forγ ∈

{α, β}, we say thatργ is compatiblewith A = (E ;P ; Φ;σ)
when:

1) for all x, y ∈ dom(σ) ∩ dom(ργ), we have thatxσ =E

yσ if, and only if, xργ = yργ ; and
2) for all z ∈ dom(ργ), either tagroot(zσ↓) = ⊥ or

tagroot(zσ↓) 6∈ γ ∪ {0}.

We say that(ρα, ρβ) is compatiblewith A when bothρα
andρβ are compatible withA.

Before stating our generic composition result, we have also
to formalize the fact that the shared keys are not revealed.
Since sharing is performed via the assignment variables, we
say thatA0 does not reveal the value of its assignmentsw.r.t.
(ρα, ρβ) if for any extended processA = (E ;P ; Φ;σ) derived
fromA0 and such that(ρα, ρβ) is compatible withA, we have:

new E .Φ 6⊢ k for any k ∈ Kα ∪Kβ

where for all γ ∈ {α, β}, Kγ = {t, pk(t), vk(t) | z ∈
dom(σ) ∩ dom(ργ) and (t = zσ or t = zργ)}.

Theorem 31:Let P be a plain colored process as described
above, andB0 be an extended colored biprocess such that:

• S0 = (Eα ⊎ Eβ ⊎ E0; [[P ]]; ∅; ∅)
def
= fst(B0),

• D0 = (Eα ⊎ Eβ ⊎ E0;PD; ∅; ∅)
def
= snd(B0), and

• PD = δρα,ρβ
([[P ]]) for some (ρα, ρβ) compatible with

D0, and
• D0 does not reveal its assignments w.r.t.(ρα, ρβ).

We have that:

1) For any extended processS = (ES ;PS ; ΦS ;σS) such
that S0

tr
=⇒S with (ρα, ρβ) compatible withS, there

exists a biprocessB and an extended processD =

(ED;PD; ΦD;σD) such thatB0
tr
=⇒biB, fst(B) = S,

snd(B) = D, andnew ES .ΦS ∼ new ED.ΦD.
2) For any extended processD = (ED;PD; ΦD;σD)

such thatD0
tr
=⇒D with (ρα, ρβ) compatible withD,

there exists a biprocessB and an extended process
S = (ES ;PS ; ΦS ;σS) such thatB0

tr
=⇒biB, fst(B) = S,

snd(B) = D, andnew ES .ΦS ∼ new ED.ΦD.

This theorem is proved by induction on the length of the
derivation. For this, a strong correspondence between the
processS0 (shared case) andD0 (disjoint case) has to be
maintained along the derivation, and the transformationδρα,ρβ

has to be extended to allow replacements also inσ andΦ.

Example 32:Going back to our running example, and
forming a biprocess withS0 = (E0∪{kα};P ′A | P ′B ; ∅; ∅) and
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D0 = (E0 ∪ {kα};DA | DB; ∅; ∅), Theorem 31 gives us that
these two processes behave in the same way when considering
executions that are compatible with the chosen abstractionρβ,
i.e. executions that instantiatexA andxB by the same value.

A similar result as the one stated in Theorem 31 was proved
in [10]. Here, we consider in addition else branches, and we
consider a richer common signature. Moreover, relying on the
notion of biprocess, we show a strong link between the shared
case and the disjoint case, and we prove in addition static
equivalence of the resulting frames.

C. Name replacement

Now that we have fixed some notations, we have to explain
how the replacement will be applied on the shared process
to extract the disjoint case. Actually a same term will be
abstracted differently depending on the context which is just
above it.

Definition 33: Let (ρ+α , ρ
+
β ) be two functions from terms

of base type to names of base type. Letδ
ρ+
α ,ρ

+

β
γ , or shortly

δγ , (γ ∈ {α, β}) be the functions on terms that is defined as
follows:

δγ(u) = u↓ρ+γ when

{

u↓ ∈ dom(ρ+γ )
and tagroot(u) 6∈ γ ∪ {0}

Otherwise, we have thatδγ(u) = u whenu is a name or a
variable; andδγ(f(t1, . . . , tk)) is equal to

• f(δγ(t1), . . . , δγ(tk)) if tagroot(f(t1, . . . , tn)) = 0;
• f(δα(t1), . . . , δα(tk)) if tagroot(f(t1, . . . , tn)) ∈ α.
• f(δβ(t1), . . . , δβ(tk)) if tagroot(f(t1, . . . , tn)) ∈ β.

Definition 34 (Factor forΣ0): Let u be a term. We define
FctΣ0

(u) the factors of a termu for Σ0 as the maximal
syntactic subtermsv of u such thattagroot(v) 6= 0.

Let σ be a substitution. We consider a pair(ρα, ρβ) as
defined in Section C-B and compatible withσ. We denote
(ρ+α , ρ

+
β ) the extension of(ρα, ρβ) w.r.t. σ. Thanks to compat-

ibility, ρ+α (resp.ρ+β ) is injective ondom(ρ+α )r {zβ1 , . . . , z
β
l }

(resp. dom(ρ+β ) r {zα1 , . . . , z
α
k }). Moreover, we also have

that for all u ∈ dom(ρ+α ) r {zβ1 , . . . , z
β
l } (resp.dom(ρ+β ) r

{zα1 , . . . , z
α
k }), eithertagroot(u) = ⊥ or tagroot(u) 6∈ α∪{0}

(resp.tagroot(u) 6∈ β ∪ {0}).

Lemma 35:Let t1 and t2 be ground terms in normal form
such that(fn(t1) ∪ fn(t2)) ∩ (Eα ⊎ Eβ) = ∅. We have that:

t1 = t2 if, and only if, δγ(t1) = δγ(t2)
whereγ ∈ {α, β}.

Proof: The right implication is trivial. We consider the
left implication, and we prove the result by induction on
max(|t1|, |t2|) when γ = α. The other caseγ = β can be
handled in a similar way.

Base casemax(|t1|, |t2|) = 1: In such a case, we have that
t1, t2 ∈ N . We first assume thatδα(t1) (and thus alsoδα(t2))
is in Eα ⊎ Eβ . By hypothesis, we know thatt2 and t1 do not
use names inEα ⊎ Eβ . Therefore, by definition ofδα, we can
deduce thatt1, t2 ∈ dom(ρ+α ) andt1ρ+α = t2ρ

+
α , and thust1 =

t2 thanks toρ+α being injective ondom(ρ+α )r {zβ1 , . . . , z
β
l }.

Now, we assume thatδα(t1) (and thus alsoδα(t2)) is not in
Eα ⊎ Eβ. In such a case, by definition ofδα, we have that
δα(t1) = t1 andδα(t2) = t2, and thust1 = t2.

Inductive stepmax(|t1|, |t2|) > 1: Assume w.l.o.g. that|t1| >
1. Thus, there exists a symbol functionf and termsu1, . . . un

such thatt1 = f(u1, . . . un). We do a case analysis ont1 which
is in normal form.

Caset1 ∈ dom(ρ+α ): In such a case,δα(t1) = δα(t2) = n
for somen ∈ Eα. By hypothesis, we know thatt2 andt1 do not
use names inEα, and we have thatt1ρ+α = t2ρ

+
α . Therefore,

we necessarily have thatt1 = t2.

Caset1 6∈ dom(ρ+α ): We do a new case analysis ont1.

Case f ∈ Σ+
i for somei ∈ {1, . . . , p}: Let γ ∈ {α, β}

such thati ∈ γ. In such a case, we have thatδα(t1) =
f(δγ(u1), . . . , δγ(un)). But δα(t2) = δα(t1) and by definition
of δα, it implies that there existv1, . . . , vn such thatt2 =
f(v1, . . . , vn) and f(δγ(v1), . . . , δγ(vn)) = δα(t2). Thus we
have thatδγ(vj) = δγ(uj) for all j ∈ {1, . . . , n}. Furthermore,
since t1 and t2 are in normal form and not using names in
Eα ⊎Eβ , we also know thatuj andvj are in normal form and
not using names inEα ⊎ Eβ, for everyj. Since, we have that
max(|t1|, |t2|) > max(|uj|, |vj |), for any j, by our inductive
hypothesis, we can deduce thatuj = vj , for all j and so
t1 = f(u1, . . . , un) = f(v1, . . . , vn) = t2.

Case t1 = f(tagi(w1), w2) with i ∈ {1, . . . , p} and
f ∈ {senc, aenc, sign}: Let γ ∈ {α, β} such thati ∈ γ. In such
a case, we know thatδα(t1) = f(tagi(δγ(w1)), δγ(w2)). But
we know thatδα(t2) = δα(t1) = f(tagi(δγ(w1)), δγ(w2)).
Thus thanks tot2 being in normal form and by definition
of δα, it implies that there existsv1 and v2 such that
t2 = f(tagi(v1), v2) and soδα(t2) = f(tagi(δγ(v1)), δγ(v2)).
Thus, we have thatδγ(v1) = δγ(u1) and δγ(v2) = δγ(u2).
Moreover,t1 andt2 being in normal form and not using names
in Eα ⊎ Eβ , so areuj andvj for j ∈ {1, 2}, so we can apply
inductive hypothesis and conclude thatv1 = u1 andv2 = u2

and sot1 = t2.
Caset1 = h(tagi(w1)) with i ∈ {1, . . . , p}: This case is

analogous to the previous one.
Casef ∈ Σ0 androot(u1) 6= tagi, i = 1 . . . p: By definition

of δα, we can deduce thatδα(t1) = f(δα(u1), . . . , δα(un)).
Since δα(t1) = δα(t2), we can deduce that the top symbol
of t2 is also f and so there existsv1, . . . , vn such that
t2 = f(v1, . . . , vn). In the previous cases, we showed that
if f ∈ {senc, aenc, sign, h} and the top symbol ofv1 is
tagj for somej ∈ {1, . . . , p} then δα(t1) = δα(t2) implies
that the top symbol ofu1 is also tagj . Thus, thanks to our
hypothesis, we can deduce that eitherf 6∈ {senc, aenc, sign, h}
or the top symbol ofv1 is different from tagj for some
j ∈ {1, . . . , p}. Hence by definition ofδα, we can deduce
that δα(t2) = f(δα(v1), . . . , δα(vn)) and soδα(vj) = δα(uj)
for all j ∈ {1, . . . , n}. Moreover,t1 and t2 being in normal
form and not using names inEα ⊎ Eβ , implies that so areuj

andvj for all j ∈ {1, . . . , n}. We can thus apply our inductive
hypothesis and conclude thatuj = vj for all j ∈ {1, . . . , n}
and sot1 = t2.

13



Lemma 36:Let t1 and t2 be ground terms in normal form
such that(fn(t1) ∪ fn(t2)) ∩ (Eα ⊎ Eβ) = ∅. We have that:

δα(t1) = δβ(t2) implies thatt1 = t2.
Proof: We prove the result by induction on|δα(t1)|.

Base case|δα(t1)| = 1: Sinceδα(t1) = δβ(t2), Eα ∩ Eβ = ∅,
and t1, t2 do not use names inEα ⊎ Eβ , we necessarily have
that t1 6∈ dom(ρ+α ) and t2 6∈ dom(ρ+β ). Hence, we have that
δα(t1) = t1 andδβ(t2) = t2. This allows us to conclude.

Inductive step|δα(t1)| > 1: In that case, we have that
δα(t1) = f(u1, . . . , un) = δβ(t2). Assume thatf ∈ Σi ∪
Σtagi

for some i ∈ {1, . . . , p}. Let γ ∈ {α, β} such that
i ∈ γ. By definition of δα and δβ, we can deduce that
root(t1) = f = root(t2). Furthermore, if we assume that
t1 = f(v1, . . . , vn) and t2 = f(w1, . . . , wn), we would have
δγ(vj) = δγ(wj) for all j ∈ {1, . . . , n}. By Lemma 35,
we deduce thatvj = wj for all j ∈ {1, . . . , n}. Hence, we
conclude thatt1 = t2. Assume now thatf ∈ Σ0. According
to the definition ofδα and δβ , there existsv1, . . . , vn and
w1, . . . , wn such thatt1 = f(v1, . . . , vn), t2 = f(w1, . . . , wn)
and δγ1

(vj) = δγ2
(wj), for someγ1, γ2 ∈ {α, β}. Moreover,

t1 andt2 being in normal form and not using names inEα⊎Eβ
implies that so arevj and wj for all j ∈ {1, . . . , n}. Now,
eitherγ1 = γ2 and so by Lemma 35, we have thatvj = wj ,
elseγ1 6= γ2 but then by our inductive hypothesis, we also
havevj = wj . Hence we conclude thatt1 = t2.

Lemma 37:Let u be a ground term in normal form such
that fn(u) ∩ (Eα ⊎ Eβ) = ∅. Let γ ∈ {α, β}. We have that:
• δγ(u) is in normal form; and
• either root(δγ(u)) = root(u) or root(δγ(u)) = ⊥.
• eithertagroot(δγ(u)) = tagroot(u) or tagroot(δγ(u)) =

⊥.
Proof: We prove this result by induction on|u| and we

assume w.l.o.g. thatγ = α.

Base case|u| = 1: In such a case, we have thatu ∈ N ,
and we also have thatδα(u) ∈ N and soδα(u) is in normal
form with the same root asu, namely⊥. Moreover, we have
tagroot(δγ(u)) = ⊥.

Inductive |u| > 1: Assume first thatu↓ ∈ dom(ρ+α ) and
tagroot(u) 6∈ α ∪ {0}. Hence by definition ofδα, we have
that δα(u) ∈ Eα. Thus, we trivially obtain thatδα(u) is in
normal form,root(δα(u)) = ⊥ and tagroot(δα(u)) = ⊥.

Otherwise, we distinguish two cases:

Case 1.We have thatu = C[u1, . . . , un] whereC is built on
Σj ∪Σtagj

with j ∈ {1, . . . , p}, C is different from a hole,uk

are factors in normal form ofu, k = 1 . . . n. Let ε ∈ {α, β}
such thatj ∈ ε. Hence, sinceu 6∈ dom(ρ+α ), then by definition
of δα, we deduce thatδα(u) = C[δε(u1), . . . , δε(un)]. SinceC
is not a hole, thanks to our inductive hypothesis onu1, . . . , un,
we have thatδε(u1), . . . , δε(un) are in normal form and
δε(u1), . . . , δε(un) are factors ofδα(u). Thus, sinceu is in
normal form, we have thatC[u1, . . . , un]↓ = C[u1, . . . , un].
By Lemmas 35 and 27, we deduce that

C[δε(u1), . . . , δε(un)]↓ = C[δε(u1), . . . , δε(un)]

i.e. δα(u)↓ = δα(u).
Furthermore, we also have thatroot(δα(u)) = root(u) and

tagroot(δα(u)) = tagroot(u).

Case 2.We have thatu = f(v1, . . . , vn) for somef ∈ Σ0. By
definition of δα there existsε ∈ {α, β} such thatδα(u) =
f(δε(v1), . . . , δε(vm)). We do a case analysis onf:

Case f ∈ {senc, aenc, pk, sign, vk, h, 〈 〉}: In this case,
we have thatδα(u)↓ = f(δε(v1)↓, . . . , δε(vm)↓). Since by
inductive hypothesis,δε(vk) is in normal form, for allk ∈
{1, . . . ,m}, we can deduce thatδα(u) is also in normal form
and root(δα(u)) = f = root(u). If f ∈ {pk, vk, 〈 〉} then
we trivially have thattagroot(δα(u)) = tagroot(u). Let’s
focus onf ∈ {senc, aenc, sign}. If tagroot(u) 6∈ {0} then it
means thatroot(v1) = tagi for somei ∈ ε. But by definition
of δε, we would have thatroot(δε(v1)) = tagi. Hence
tagroot(δα(u)) = tagroot(u). Now if tagroot(u) 6∈ {0},
it means thatroot(v1) 6 {tag1 . . . tagp}. But by inductive
hypothesis,root(δε(v1)) = ⊥ or root(δε(v1)) = root(v1) and
so we can conclude thattagroot(δα(u)) ∈ {0}.

Case f = sdec: Then m = 2, and by definition of
δα, we have thatδα(u) = sdec(δα(v1), δα(v2)). Thus, in
such a case, we have thatroot(δα(u)) = f = root(u). By
inductive hypothesis, we have thatδα(v1) and δα(v2) are
both in normal form. Assume thatsdec cannot be reduced,
i.e. δα(u)↓ = sdec(δα(v1)↓, δα(v2)↓) = sdec(δα(v1), δα(v2)).
Thus the result holds. Otherwise, ifsdec can be reduced, there
exist w1, w2 with δα(v1) = senc(w1, w2) and δα(v2) = w2.
By definition of δα, there must existε′ ∈ {α, β}, and
w′1, w

′
2 such thatδα(v1) = senc(δε′ (w

′
1), δε′(w

′
2)), v1 =

senc(w′1, w
′
2), w1 = δε′(w

′
1) and w2 = δε′(w

′
2). Thus, we

have thatδα(v2) = δε′(w′2). Thanks to Lemmas 35 and 36,
we have thatv2 = w′2. Hence,u = sdec(senc(w′1, w

′
2), w

′
2).

But in such a case, we would have thatu is not in normal
form which contradicts our hypothesis.

At last, sinceroot(δα(u)) = ⊥ or root(δα(u)) = root(u) =
sdec then we can deduce thattagroot(δα(u)) = ⊥ or
tagroot(δα(u)) = tagroot(u) = 0.

The cases wheref = check or f = adec are analogous to
the previous one.

D. δα and δβ on tagged term

Let σ0 be a ground substitution. Similarly to the previous
section, we consider a pair(ρα, ρβ) as defined in Section C-B
and compatible withσ0. We denote(ρ+α , ρ

+
β ) the extension of

(ρα, ρβ) w.r.t. this substitution. We also denote byEα andEβ
the respective image ofρβ and ρα, and we assume thatσ0

does not use any name inEα andEβ .
Thanks to compatibility,ρ+α (resp. ρ+β ) is injective on

dom(ρ+α ) r {zβ1 , . . . , z
β
l } (resp. dom(ρ+β ) r {zα1 , . . . , z

α
k }).

Moreover, we also have that for allz ∈ {zβ1 , . . . , z
β
l }

(resp. z ∈ {zα1 , . . . , z
α
k }), either tagroot(zσ0↓) = ⊥ or

tagroot(zσ0↓) 6∈ α ∪ {0} (resp.tagroot(zσ0↓) 6∈ β ∪ {0}).

Let i ∈ {1, . . . , p}. Let u ∈ T (Σi∪Σtagi
∪Σ0,N ∪X ). As

defined in Section A,testi(u) is a conjunction of elementary
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formulas (equalities between terms). Given a substitutionσ
such thatfv(u) ⊆ dom(σ), we say thatσ satisfiest1 = t2,
denotedσ � t1 = t2, if t1σ↓ = t2σ↓.

At last, for all substitutionσ, for all γ ∈ {α, β}, we denote
by δγ(σ) the substitution such thatdom(σ) = dom(δγ(σ))
and for allx ∈ dom(δγ(σ)), xδγ(σ) = δγ(xσ).

Lemma 38:Let u ∈ T (Σi ∪ Σ0,N ∪ X ) for some i ∈
{1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ and σ0 be a
ground substitution such thatfv(u) ⊆ dom(σ0). Moreover,
assume thatu does not use names inEα ⊎ Eβ . We have that:

• δγ([u]i(σ0↓)) = δγ([u]i)δγ(σ0↓); and
• If σ0 � testi([u]i) thenδγ([u]i(σ0↓))↓ = δγ([u]iσ0↓).

Proof: Let σ be the substitutionσ0↓. We prove the two
results separately. First, we show by induction on|u| that
δγ([u]iσ) = δγ([u]i)δγ(σ):

Base case|u| = 1: In this case,u ∈ N ∪ X . If u ∈ N
then we have that[u]i = u and so[u]iσ = u and δγ(u) ∈
N . Thus, we have thatδγ([u]iσ) = δγ(u) = δγ(u)δγ(σ) =
δγ([u]i)δγ(σ). Otherwise, we have thatu ∈ X and [u]i = u.
W.l.o.g., we assume thatγ = α. First, if u 6∈ {zβ1 , . . . , z

β
l },

then we have thatδα(u) = u. Thus,δα(u)δα(σ) = uδα(σ).
Sinceu ∈ X and fv (u) ⊆ dom(σ), we have thatuδα(σ) =
δα(uσ), thusδα([u]iσ) = δα(uσ) = uδα(σ) = δα(u)δα(σ) =
δα([u]i)δα(σ). Now, it remains the case whereu = zβj for
somej ∈ {1, . . . , l}. In such a case, we have that:

• δα([z
β
j ]iσ) = δα(z

β
j σ) = nβ

j , and
• δα([z

β
j ]i)δα(σ) = δα(z

β
j )δα(σ) = nβ

j δα(σ) = nβ
j .

Inductive step|u| > 1|, i.e. u = f(u1, . . . , un). We do a case
analysis onf.

Case f ∈ Σi: In such a case,[u]i = f([u1]i, . . . , [un]i).
By definition ofδγ , δγ([u]iσ) = f(δγ([u1]iσ), . . . , δγ([un]iσ))
and δγ([u]i) = f(δγ([u1]i), . . . , δγ([un]i)). By our inductive
hypothesis, we can deduce that for allk ∈ {1, . . . , n},
we have thatδγ([uk]iσ) = δγ([uk]i)δγ(σ). Thus, we can
deduce thatδγ([u]iσ) = f(δγ([u1]i), . . . , δγ([un]i))δγ(σ) =
δγ([u]i)δγ(σ).

Case f ∈ {aenc, sign, senc}: In this casen = 2, and by
definition of [u]i, we have that[u]i = f(tagi([u1]i), [u2]i).
Thus, we have thatδγ([u]i) = f(tagi(δγ([u1]i)), δγ([u2]i))
and δγ([u]iσ) = f(tagi(δγ([u1]iσ)), δγ([u2]iσ)). But by our
inductive hypothesis, we haveδγ([uk]iσ) = δγ([uk]i)δγ(σ)
with k ∈ {1, 2}. We conclude that

δγ([u]iσ) = f(tagi(δγ([u1]i)δγ(σ)), δγ([u2]i)δγ(σ))
= δγ([u]i)δγ(σ).

Casef = h: This case is analogous to the previous one and
can be handled in a similar way.

Casef ∈ {sdec, adec, check}: In this casen = 2, and by
definition of [u]i, we have that[u]i = untagi(f([u1]i, [u2]i)).
Thus, we have thatδγ([u]i) = untagi(f(δγ([u1]i), δγ([u2]i)))
and δγ([u]iσ) = untagi(f(δγ([u1]iσ), δγ([u2]iσ))). Relying
on our inductive hypothesis, we deduce that

δγ([uk]iσ) = δγ([uk]i)δγ(σ) with k ∈ {1, 2}.

We conclude that

δγ([u]iσ) = untagi(f(δγ([u1]i), δγ([u2]i)))δγ(σ)
= δγ([u]i)δγ(σ).

Otherwise, by definition of[u]i, we have that:

• [u]i = f([u1]i, . . . , [un]i), and
• δγ([u]i) = f(δγ([u1]i), . . . , δγ([un]i)).

Thus, this case is similar to the casef ∈ Σi. Hence the result
holds.

We now prove the second property,i.e. if σ � testi([u]i),
then δγ([u]iσ)↓ = δγ([u]iσ↓). We prove the result by induc-
tion on |u|:

Base case|u| = 1: In this case,u ∈ N ∪X . In both cases, we
have that[u]i = u and testi(u) = true. If u ∈ N , we know
that δγ(u) ∈ N and soδγ(u)↓ = δγ(u). We also have that
uσ↓ = uσ = u. This allows us to conclude that

δγ(uσ)↓ = δγ(u)↓ = δγ(u) = δγ(uσ↓).

Otherwise, we haveu ∈ X . Sinceσ is is normal form, we
deduce thatuσ↓ = uσ. By Lemma 37, we also know that
δγ(uσ↓)↓ = δγ(uσ↓). Thus, we conclude that

δγ(uσ↓) = δγ(uσ↓)↓ = δγ(uσ)↓.

Inductive step|u| > 1, i.e. u = f(u1, . . . , un). We do a case
analysis onf.

Casef ∈ Σi: We have that[u]i = f([u1]i, . . . , [un]i). Hence,
we have thatδγ([u]iσ) = f(δγ([u1]iσ), . . . , δγ([un]iσ)) and
so δγ([u]iσ)↓ = f(δγ([u1]iσ)↓, . . . , δγ([un]iσ)↓)↓. We have
that testi([u]i) =

∧n
j=1 testi([uj ]i) which means thatσ �

testi([uj ]i) for eachj ∈ {1, . . . , n}. By applying our inductive
hypothesis onu1, . . . , un, we deduce that

δγ([u]iσ)↓ = f(δγ([u1]iσ↓), . . . , δγ([un]iσ↓))↓
= δγ(f([u1]iσ↓, . . . , [un]iσ↓))↓

Let t = f([u1]iσ↓, . . . , [un]iσ↓). We can assume that there
exists a contextC built on Σi such thatt = C[t1, . . . , tm]
with Fct(t) = {t1, . . . , tm} andt1, . . . , tm are in normal form.
Thus, by Lemma 26, there exists a contextD (possibly a hole)
such thatt↓ = D[tj1 , . . . , tjk ] with j1, . . . , jk ∈ {0, . . . ,m}
and t0 = nmin. Since t1, . . . , tm are in normal form and
thanks to Lemma 37, we know that for allk ∈ {0, . . . ,m},
δγ(tk) is also in normal form and its root is not inΣi. Hence,
we can apply Lemma 27 such thatC[δγ(t1), . . . , δγ(tm)]↓ =
D[δγ(tj1 ), . . . , δγ(tjk)]. But sinceC andD are both built upon
Σi, we have that:

• C[δγ(t1), . . . , δγ(tm)]↓ = δγ(C[t1, . . . , tm])↓, and
• D[δγ(tj1 ), . . . , δγ(tjk)] = δγ(D[tj1 , . . . , tjk ]).

Hence, we can deduce thatδγ(t)↓ = δγ(t↓). But we already
know thatt↓ = [u]iσ↓ andδγ(t)↓ = δγ([u]iσ)↓. Thus, we can
conclude thatδγ([u]iσ)↓ = δγ([u]iσ↓).

Casef ∈ {senc, aenc, sign}: In such a case, we have that:

• [u]i = f(tagi([u1]i), [u2]i), and
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• testi([u]i) = testi([u1]i) ∧ testi([u2]i).

Hence, we have that[u]iσ↓ = f(tagi([u1]iσ↓), [u2]iσ↓), and
also δγ([u]iσ)↓ = f(tagi(δγ([u1]iσ)↓), δγ([u2]iσ)↓). By our
inductive hypothesis onu1 andu2, we have that:

δγ([uk]iσ)↓ = δγ([uk]iσ↓) with k ∈ {1, 2}.

Hence, we can deduce that

δγ([u]iσ)↓ = f(tagi(δγ([u1]iσ↓)), δγ([u2]iσ↓))
= δγ(f(tagi([u1]iσ↓), [u2]iσ↓))
= δγ([u]iσ↓).

Casef = h: This case is analogous to the previous one and
can be handled in a similar way.

Casef ∈ {pk, vk, 〈 〉}: In such a case, we have that:

• [u]i = f([u1]i, . . . , [un]i) with n ∈ {1, 2}, and
• testi([u]i) = ∧n

j=1testi([uj ]i).

We have that[u]iσ↓ = f([u1]iσ↓, . . . , [un]iσ↓). Thus, this case
is similar to thesenc case and can be handled similarly.

Casef ∈ {sdec, adec, check}: In such a case, we have that:

• [u]i = untagi(f([u1]i, [u2]i)), and
• testi([u]i) is the following formula:

(tagi(untagi(f([u1]i, [u2]i))) = f([u1]i, [u2]i))
∧ testi([u1]i) ∧ testi([u2]i)

By hypothesis, we have thatσ � testi([u]i), thus we have that
tagi(untagi(f([u1]i, [u2]i)))σ↓ = f([u1]i, [u2]i)σ↓. Hence, we
deduce that the root function symbolf can be reduced and the
root of the plaintext istagi. More formally, there existv1, v2
such that:

• f = sdec: [u1]iσ↓ = senc(tagi(v1), v2), [u2]iσ↓ = v2
and [u]iσ↓ = v1. This implies that:

δγ([u1]iσ↓) = senc(tagi(δγ(v1)), δγ(v2)).

Thus, we can deduce that:

untagi(sdec(δγ([u1]iσ↓), δγ([u2]iσ↓)))↓= δγ(v1)
= δγ([u]iσ↓)

• f = adec: [u1]iσ↓ = aenc(tagi(v1), pk(v2)), [u2]iσ↓ =
v2, and [u]iσ↓ = v1.

• f = check: [u1]iσ↓ = sign(tagi(v1), v2), [u2]iσ↓ =
vk(v2), and [u]iσ↓ = v1.

In each case, we have that:

untagi(f(δγ([u1]iσ↓), δγ([u2]iσ↓)))↓ = δγ([u]iσ↓).

By inductive hypothesis, we haveδγ([uk]iσ↓) = δγ([uk]iσ)↓
with k ∈ {1, 2}. We also have that:

δγ([u]iσ)↓ = untagi(f(δγ([u1]iσ)↓, δγ([u2]iσ)↓))↓.

This allows us to conclude that

δγ([u]iσ)↓ = untagi(f(δγ([u1]iσ↓), δγ([u2]iσ↓)))↓
= δγ([u]iσ↓).

Case f = projj , j = 1, 2: In such a case, we have that
n = 1, and [u]i = f([u1]i). Sinceσ � testi([u]i), we have

that there existv1, v2 such that[u1]iσ↓ = 〈v1, v2〉 and so
δγ([u]iσ↓) = δγ(vj). But by inductive hypothesis, we have
that δγ([u1]iσ)↓ = δγ([u1]iσ↓) = 〈δγ(v1), δγ(v2)〉. Hence,
δγ([u]iσ)↓ = f(δγ([u1]iσ))↓ = f(δγ([u1]iσ)↓)↓ = δγ(vj)↓.
We have shown thatδγ(vj) = δγ([u]iσ↓), thus by Lemma 37,
δγ(vj) is in normal form and which allows us to conclude.

Corollary 39: Let u, v ∈ T (Σi ∪ Σ0,N ∪ X ) for some
i ∈ {1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ. Assume that
fv(u) ∪ fv (v) ⊆ dom(σ0↓), andσ0 � testi([u]i) ∧ testi([v]i).
Moreover, assume thatu, v do not use names inEα ⊎ Eβ .

[u]iσ0↓ = [v]iσ0↓ ⇔ δγ([u]i)δγ(σ0↓)↓ = δγ([v]i)δγ(σ0↓)↓.

Proof: Thanks to Lemma 35, we have that

[u]iσ0↓ = [v]iσ0↓ ⇔ δγ([u]iσ0↓) = δγ([v]iσ0↓).

Thanks to Lemma 38, we have that:
• δγ([u]iσ0↓) = δγ([u]i(σ0↓))↓ = δγ([u]i)δγ(σ0↓)↓, and
• δγ([v]iσ0↓) = δγ([v]i(σ0↓))↓ = δγ([v]i)δγ(σ0↓)↓.

This allows us to conclude.

Lemma 40:Let u ∈ T (Σi ∪ Σ0,N ∪ X ) for some i ∈
{1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ. Assume that
fv(u) ⊆ dom(σ0). Moreover, assume thatu does not use
names inEα ∪ Eβ . We have that :

σ0↓ � testi([u]i) ⇔ δγ(σ0↓) � testi(δγ([u]i))

Proof: To simplify the proof, we denote byσ the substi-
tution σ0↓. We prove this result by induction on|u| :

Base case|u| = 1: In this case, we have thatu ∈ N ∪ X ,
and thus[u]i, δγ([u]i) ∈ N ∪X . In such a case, we have that
testi([u]i) = true andtesti(δγ([u]i)) = true. Hence, the result
trivially holds.

Inductive step|u| > 1, i.e. u = f(u1, . . . , un). We do a case
analysis onf:

Casef ∈ Σi∪{pk, vk, 〈 〉}: In this case, we have that[u]i =
f([u1]i, . . . , [un]i) and δγ([u]i) = f(δγ([u1]i), . . . , δγ([un]i)).
Thus, we deduce thattesti([u]i) =

∧n
j=1 testi([uj ]i) and

testi(δγ([u]i)) =
∧n

j=1 testi(δγ([uj ]i)). By inductive hypoth-
esis onu1, . . . , un, the result holds.

Casef ∈ {senc, aenc, sign}: In this case, we have that:
• [u]i = f(tagi([u1]i), [u2]i), and
• δγ([u]i) = f(tagi(δγ([u1]i)), δγ([u2]i)).

Thus, we deduce thattesti([u]i) = testi([u1]i) ∧ testi([u2]i)
and testi(δγ([u]i)) = testi(δγ([u1]i)) ∧ testi(δγ([u2]i)). By
inductive hypothesis onu1, u2, the result holds.

Casef = h: This case is analogous to de previous one and
can be handled in a similar way.

Casef ∈ {sdec, adec, check}: In this case, we have that:
• [u]i = untagi(f([u1]i, [u2]i)), and
• δγ([u]i) = untagi(f(δγ([u1]i), δγ([u2]i))).

Thus, we deduce thattesti([u]i) is the following formula:

testi([u1]i) ∧ testi([u2]i)
∧tagi(untagi(f([u1]i, [u2]i))) = f([u1]i, [u2]i)
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and testi(δγ([u]i)) is the following formula:

testi(δγ([u1]i)) ∧ testi(δγ([u2]i))∧
tagi(untagi(f(δγ([u1]i), δγ([u2]i)))) = f(δγ([u1]i), δγ([u2]i))

Whether we assume thatσ � testi([u]i) or δγ(σ) �

testi(δγ([u]i)), we have by inductive hypothesis thatσ �

testi([uk]i) with k ∈ {1, 2}. Thus by Lemma 38, it implies
that δγ([uk]iσ↓) = δγ([uk]i)δγ(σ)↓ with k ∈ {1, 2}. We do a
case analysis onf. We detail below the case wheref = sdec.
The cases wheref = adec, and f = check can be done in a
similar way.

In such a case (f = sdec), we have that

σ � tagi(untagi(f([u1]i, [u2]i))) = f([u1]i, [u2]i)

is equivalent to there existsv1, v2 such that[u2]iσ↓ = v2
and [u1]iσ↓ = senc(tagi(v1), v2). But by Lemma 35, it is
equivalent toδγ([u1]iσ↓) = senc(tagi(δγ(v1)), δγ(v2)) and
δγ([u2]iσ↓) = δγ(v2). Thus, it is equivalent to:

• δγ([u1]i)δγ(σ)↓ = senc(tagi(δγ(v1)), δγ(v2)), and
• δγ([u2]i)δγ(σ)↓ = δγ(v2).

Hence it is equivalent to

δγ(σ) �

(

tagi(untagi(f(δγ([u1]i), δγ([u2]i))))
= f(δγ([u1]i), δγ([u2]i))

)

Casef ∈ {proj1, proj2}: In such a case, we have that[u]i =
f([u1]i) and δγ([u]i) = f(δγ([u1]i)). Thus, we deduce that
testi([u]i) is the following formula:

testi([u1]i) ∧ 〈proj1([u1]i), proj2([u1]i)〉 = [u1]i

and testi(δγ([u]i)) is the following formula:

testi(δγ([u1]i))∧
〈proj1(δγ([u1]i)), proj2(δγ([u1]i))〉 = δγ([u1]i)

Whether we assume thatσ � testi([u]i) or δγ(σ) �

testi(δγ([u]i)), we have by inductive hypothesis thatσ �

testi([u1]i). Thus by Lemma 38, it implies thatδγ([u1]iσ↓) =
δγ([u1]i)δγ(σ)↓.

Actually σ � 〈proj1([u1]i), proj2([u1]i)〉 = [u1]i is equiv-
alent to there existv1, v2 such that [u1]iσ↓ = 〈v1, v2〉,
which is, thanks to Lemma 35, equivalent toδγ([u1]iσ↓) =
〈δγ(v1), δγ(v2)〉.

We have shown that this is equivalent to

δγ([u1]i)δγ(σ)↓ = 〈δγ(v1), δγ(v2)〉

Thus, we conclude thatσ � 〈proj1([u1]i), proj2([u1]i)〉 = [u1]i
is equivalentδγ(σ) � 〈proj1(δγ([u1]i)), proj2(δγ([u1]i))〉 =
δγ([u1]i).

For a termu that does not contain any tag, we defined a way
to construct a term that is properly tagged (i.e. [u]i). Hence, for
a term properly tagged, we would never havesenc(n, k) where
n andk are both nonces, for example. Instead, we would have
senc(tagi(n), k). However, even if we can force the processes
to properly tag their terms, we do not have any control on
what the intruder can build. Typically, if the intruder is able

to deducen and k, he is allowed to send to a process the
term senc(n, k). Thus, we want to define the notion offlawed
tagged term.

Definition 41: Let u be a ground term in normal form.
Considerγ andγ′ such that{γ, γ′} = {α, β}. We define the
flawed subterms ofu w.r.t. γ, denotedFlawedγ(u), as follows:

Flawedγ(u)
def
=

{

v ∈ st(u)

∣

∣

∣

∣

tagroot(v) ∈ {0} ∪ γ′ and
root(v) 6∈ {pk, vk, 〈 〉}

}

We define the flawed subterms ofu, denotedFlawed(u), as
the setFlawed(u) = Flawedα(u) ∩ Flawedβ(u)

Lemma 42:Let u ∈ T (Σi ∪ Σ0,N ∪ X ) for some i ∈
{1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ. Let γ′ such that
γ′ ∈ {α, β} r γ. Let σ be a ground substitution in normal
form such thatfv (u) ⊆ dom(σ).

If σ � testi([u]i) then for all t ∈ Flawedγ([u]iσ↓), there
existsx ∈ fv([u]i) such thatt ∈ Flawedγ(xσ).

Proof: We prove the result by induction on|u|.

Base case|u| = 1: In this case, we have thatu ∈ X ∪N and
so [u]i = u. If u ∈ N , thenuσ and [u]iσ↓ are both inN ,
which means thatFlawedγ([u]iσ↓) = ∅. Thus, the result holds.
Otherwise, we have thatu ∈ X and so[u]i = u ∈ dom(σ)
which means that the result trivially holds.

Inductive step|u| > 1, i.e. u = f(u1, . . . , un). We do a case
analysis onf.

Case f ∈ Σi: In this case,[u]i = f([u1]i, . . . , [un]i) and
[u]iσ↓ = f([u1]iσ↓, . . . , [un]iσ↓)↓. By definition, we know
that for all t ∈ Flawedγ([u]iσ↓), root(t) 6∈ Σγ . Thus, thanks
to Lemma 26, for all t ∈ Flawedγ([u]iσ↓), there exists
k ∈ {1, . . . , n} such thatt ∈ st([uk]iσ↓). By hypothesis,
σ � testi([u]i) and soσ � testi([uk]i). Thus, by inductive
hypothesis, we know that there existsx ∈ fv([uk]i) such that
t ∈ st(xσ). Sincefv ([uk]i) ⊆ fv ([u]i), we can conclude.

Case f ∈ {senc, aenc, sign}: In such a case,[u]i =
f(tagi([u1]i), [u2]i) and [u]iσ↓ = f(tagi([u1]iσ↓), [u2]iσ↓).
Moreover,σ � testi([u]i) implies thatσ � testi([uk]i), with
k ∈ {1, 2}. Sincetagroot([u]iσ↓) = i, then we deduce that :

Flawedγ([u]iσ↓) = Flawedγ([u1]iσ↓) ∪ Flawedγ([u2]iσ↓)

Thanks to our inductive hypothesis onu1 andu2, the result
holds.

Casef = h: This case is analogous to the previous one and
can be handled in a similar way.

Casef = 〈 〉: In this case, we have that[u]i = f([u1]i, [u2]i),
and [u]iσ↓ = f([u1]iσ↓, [u2]iσ↓). Moreover,σ � testi([u]i)
implies thatσ � testi([uk]i) with k ∈ {1, 2}. By definition,
since root([u]iσ↓) = 〈 〉, we have thatFlawedγ([u]iσ↓) =
Flawedγ([u1]iσ↓)∪Flawedγ([u2]iσ↓). Applying our inductive
hypothesis onu1 andu2, we conclude.

Casef = {vk, pk}: In this case, we haveu = f(v) with v ∈
N∪X . Thus[u]i = u and so by definition,Flawedγ(uσ↓) = ∅.
Thus, the result trivially holds.
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Case f ∈ {sdec, adec, check}: In this case, we have that
[u]i = untagi(f([u1]i, [u2]i)) and

testi([u]i) = testi([u1]i) ∧ testi([u2]i)∧
tagi([u]i) = f([u1]i, [u2]i).

By hypothesis, we know thatσ � testi([u]i) and more
specifically tagi([u]i)σ↓ = f([u1]i, [u2]i)σ↓. It implies that
there existv1, v2 such that[u1]iσ↓ = g(tagi(v1), v2) and
[u]iσ↓ = v1, with g ∈ {senc, aenc, sign}. Thus, for all
t ∈ Flawedγ([u]iσ↓), t ∈ Flawedγ([u1]iσ↓). Since σ �

testi([u1]i), the result holds by inductive hypothesis.

Casef = projj , j ∈ {1, 2}: We have that[u]i = f([u1]i) and
testi([u]i) = testi([u1]i)∧ 〈proj1([u1]i), proj2([u1]i)〉 = [u1]i.
Hence,σ � testi([u]i) implies that there existv1, v2 such
that [u1]iσ↓ = 〈v1, v2〉 and [u]iσ↓ = vj . Thus, for all
t ∈ Flawedγ([u]iσ↓), t ∈ Flawedγ([u1]iσ↓). Since σ �

testi([u1]i), our inductive hypothesis allows us to conclude.

Corollary 43: Let u ∈ T (Σi ∪ Σ0,N ∪ X ) for somei ∈
{1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ. Let σ be a ground
substitution in normal form such thatfv(u) ⊆ dom(σ).

If σ � testi([u]i) then for all t ∈ Flawed([u]iσ↓), there
existsx ∈ fv([u]i) such thatt ∈ Flawed(xσ).

Corollary 44: Let u ∈ T (Σi ∪ Σ0,N ∪ X ) for some
i ∈ {1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ. Assume
that fv(u) ⊆ dom(σ0). Moreover, assume thatu does not use
names inEα ∪ Eβ . If δγ(σ0↓) � testi(δγ([u]i)), then for all
t ∈ Flawedγ(δγ([u]i)δγ(σ0↓)↓), there existsx ∈ fv(δγ([u]i))
such thatt ∈ Flawedγ(xδγ(σ0↓)).

Proof: By Lemma 37, we deduce thatδγ(σ0↓) is a substi-
tution in normal form. Moreover, sinceu ∈ T (Σi∪Σ0,N∪X )
and by definition ofδγ , and[ ]i, we deduce that there existsv ∈
T (Σi∪Σ0,N∪X ) such that[v]i = δγ([u]i). By application of
Lemma 42, we deduce that for allt ∈ Flawedγ([v]iδγ(σ0↓)↓),
there existsx ∈ fv ([v]i) such thatt ∈ st(xδγ(σ0↓)). Hence,
we conclude that for allt ∈ Flawed

γ(δγ([u]i)δγ(σ0↓)↓), there
existsx ∈ fv(δγ([u]i)) such thatt ∈ st(xδγ(σ0↓)).

Definition 45: Let u ∈ T (Σ,N ∪ X ). Theα-factors (resp.
β-factors) ofu, denotedFctα(u), are the maximal syntactic
subterms ofu that are also inFlawedα(u) (resp.Flawedβ(u)).

Lemma 46:Let u ∈ T (Σi ∪ Σ0,N ∪ X ) for some i ∈
{1, . . . , p}. Let γ ∈ {α, β} such thati ∈ γ. Let σ be a ground
substitution in normal form such thatfv(u) ⊆ dom(σ).

If σ � testi([u]i) then
• either [u]iσ↓ ∈ Fctγ([u]iσ),
• otherwiseFctγ([u]iσ↓) ⊆ Fctγ([u]iσ)

Proof: We prove the result by induction on|u|.

Base case|u| = 1: In this case, we have thatu ∈ X ∪N and
so [u]i = u. If u ∈ N , thenuσ and [u]iσ↓ are both inN ,
which means thatFctγ([u]iσ) = ∅ and Fctγ([u]iσ↓) = ∅.
Thus, the result holds. Otherwise, we have thatu ∈ X and
so [u]i = u. But σ is in normal form hence[u]iσ↓ = [u]iσ.
Thus,Fctα([u]iσ↓) = Fctα([u]iσ↓) and so the result holds.

Inductive step|u| > 1, i.e. u = f(u1, . . . , un). We do a case
analysis onf.

Case f ∈ Σi: In this case,[u]i = f([u1]i, . . . , [un]i) and
[u]iσ↓ = f([u1]iσ↓, . . . , [un]iσ↓)↓.

By definition, we know that for allt ∈ Fctγ [u]iσ↓,
root(t) 6∈ Σγ . Thus, thanks to Lemma 26, for allt ∈
Fctγ [u]iσ↓, there existsk ∈ {1, . . . , n} such that t ∈
Fctγ([uk]iσ↓). By hypothesis,σ � testi([u]i) and soσ �

testi([uk]i). Thus, by inductive hypothesis, we know that

• either [uk]iσ↓ ∈ Fctγ([uk]iσ),
• otherwiseFctγ([uk]iσ↓) ⊆ Fctγ([uk]iσ)

Thus, if [uk]iσ↓ ∈ Fctγ([uk]iσ) then it means thatt =
[uk]iσ↓ and sot ∈ Fctγ([uk]iσ) (otherwise it contradicts the
notion of maximal subterm). Thus in both cases, we obtain that
t ∈ Fctγ([uk]iσ). SinceFctγ([uk]iσ) ⊆ Fctγ([u]iγ) then we
deduce thatt ∈ Fctγ([u]iγ) hence the result holds.

Case f ∈ {senc, aenc, sign}: In such a case,[u]i =
f(tagi([u1]i), [u2]i) and [u]iσ↓ = f(tagi([u1]iσ↓), [u2]iσ↓).
Moreover,σ � testi([u]i) implies thatσ � testi([uk]i), with
k ∈ {1, 2}. Sincetagroot([u]iσ↓) = i, then we deduce that :

Fctγ([u]iσ↓) = Fctγ([u1]iσ↓) ∪ Fctγ([u2]iσ↓)

Thanks to our inductive hypothesis onu1 andu2, the result
holds.

Casef = h: This case is analogous to the previous one and
can be handled in a similar way.

Casef = 〈 〉: In this case, we have that[u]i = f([u1]i, [u2]i),
and [u]iσ↓ = f([u1]iσ↓, [u2]iσ↓). Moreover,σ � testi([u]i)
implies thatσ � testi([uk]i) with k ∈ {1, 2}. By definition,
since root([u]iσ↓) = 〈 〉, we have thatFctγ([u]iσ↓) =
Fctγ([u1]iσ↓) ∪ Fctγ([u2]iσ↓). Applying our inductive hy-
pothesis onu1 andu2, we conclude.

Casef = {vk, pk}: In this case, we haveu = f(v) with v ∈
N ∪ X . Thus [u]i = u and so by definition,Fctγ(uσ↓) = ∅.
Thus, the result trivially holds.

Case f ∈ {sdec, adec, check}: In this case, we have that
[u]i = untagi(f([u1]i, [u2]i)) and

testi([u]i) = testi([u1]i) ∧ testi([u2]i)∧
tagi([u]i) = f([u1]i, [u2]i).

By hypothesis, we know thatσ � testi([u]i) and more
specifically tagi([u]i)σ↓ = f([u1]i, [u2]i)σ↓. It implies that
there existsv1, v2 such that[u1]iσ↓ = g(tagi(v1), v2) and
[u]iσ↓ = v1, with g ∈ {senc, aenc, sign}. Thus, for all
t ∈ Fctγ([u]iσ↓), t ∈ Fctγ([u1]iσ↓). Sinceσ � testi([u1]i),
the result holds by inductive hypothesis.

Casef = projj , j ∈ {1, 2}: We have that[u]i = f([u1]i)
and testi([u]i) = testi([u1]i) ∧ 〈proj1([u1]i), proj2([u1]i)〉 =
[u1]i. Hence,σ � testi([u]i) implies that there existv1, v2
such that[u1]iσ↓ = 〈v1, v2〉 and [u]iσ↓ = vj . Thus, for all
t ∈ Fctγ([u]iσ↓), t ∈ Fctγ([u1]iσ↓). Sinceσ � testi([u1]i),
our inductive hypothesis allows us to conclude.
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E. Frame of a tagged process

In this subsection, we will state and prove the lemmas
regarding frames and static equivalence. LetνE .Φ be a frame
such that:

Φ = {w1 ⊲ u1, . . . , wn ⊲ un}.

Let M be a recipe,i.e. a term such thatfv (M) ⊆ dom(Φ)
and fn(M) ∩ E = ∅, we define the measureµ as follows:

µ(M) = (imax, |M |)

where imax ∈ {1, . . . , n} is the maximal indicei such that
wi ∈ fv(M), and|M | denotes the size of the termM , i.e. the
number of symbols that occur inM .

We have thatµ(M1)
def
= (i1, s1) < µ(M2)

def
= (i2, s2) when

either i1 < i2; or i1 = i2 ands1 < s2.
Once again, we denote byzα1 , . . . , z

α
k and zβ1 , . . . , z

β
ℓ the

assignment variables of the extended processes that we are
considering.

Definition 47: Let (E ;P ; Φ;σ) be an extended process,≺
be a total order ondom(Φ) ∪ dom(σ) andcol be a mapping
fromdom(Φ)∪dom(σ) to {1, . . . , p}. We say that(E ;P ; Φ;σ)
is a derived well-tagged extended processw.r.t. ≺ and col

if for every x ∈ dom(Φ) (resp.x ∈ dom(σ)), there exists
{γ, γ′} = {α, β} such that one of the following condition is
satisfied:

1) there existv and i = col(x) ∈ γ such thatu = [v]iσ,
σ � testi([v]i), and for allz ∈ fv(v), z ≺ x and either
col(z) ∈ γ or there existsj such thatz = zγ

′

j ; or
2) there existsM such thatfv (M) ⊆ dom(Φ) ∩ {z | z ≺

x}, fn(M) ∩ E = ∅ andMΦ = u.

whereu = xΦ (resp.u = xσ).
In the case of variables instantiated through an output,

and or an internal communication, it will be the first item
that needs to hold; while in the case of variables intantiated
through inputs on public channels it is the second item
that needs to hold. Intuitively, the order≺ on dom(Φ) ∪
dom(σ) corresponds to the order in which the variables in
dom(Φ)∪ dom(σ) have been introduced along the execution.
In particular, we have thatw1 ≺ w2 ≺ . . . ≺ wn where
dom(Φ) = {w1, . . . , wn}. In the following, we sometimes
simply say that(E ;P ; Φ;σ) is a derived well-tagged extended
process.

Lemma 48:Let (E ;P ; Φ;σ) be a derived well-tagged ex-
tended process w.r.t≺ and col . Let x ∈ dom(Φ) (resp.
x ∈ dom(σ)) and t ∈ Flawed(xΦ↓) (resp.t ∈ Flawed(xσ↓)).
We have that there existsM such thatfv (M) ⊆ dom(Φ) ∩
{z | z ≺ x}, fn(M) ∩ E = ∅ and t ∈ Flawed(MΦ↓).

Proof: We prove this result by induction ondom(Φ) ∪
dom(σ) with the order≺.

Base caseu = xσ or u = xΦ with x ≺ z for any z ∈
dom(Φ)∪ dom(σ). Assumet ∈ Flawed(u↓). By definition of
a derived well-tagged extended process w.r.t≺ and col , one
of the following condition is satisfied:

1) There existv and i = col(x) such thatu = [v]iσ, σ �

testi([v]i), and z ≺ x for any z ∈ fv(v). Sinceu =
[v]iσ and σ � testi([v]i), we can apply Lemma 42 to
v andσ↓. Thus, we have that there existsz ∈ fv([v]i)
such thatt ∈ Flawed(zσ↓). However, sincex is mimimal
w.r.t. ≺, we know thatfv (v) = ∅. Hence, we obtain a
contradiction. This case is impossible.

2) There existsM such thatfv(M) ⊆ dom(Φ) ∩ {z | z ≺
x}, fn(M) ∩ E = ∅, andMΦ = u. Thus, we have that
MΦ↓ = u↓, and we have thatt ∈ Flawed(MΦ↓).

Inductive caseu = xσ or u = xΦ. Assumet ∈ Flawed(u↓).
By definition of a derived well-tagged extended process w.r.t
≺ andcol , one of the following condition is satisfied:

1) There existv and i = col(x) such thatu = [v]iσ, σ �

testi([v]i), and z ≺ x for any z ∈ fv(v). Sinceu =
[v]iσ andσ � testi([v]i), we can apply Lemma 42 tov
andσ↓. Thus, we have that there existsz ∈ fv ([v]i) such
that t ∈ Flawed(zσ↓), and we have thatz ≺ x. Hence,
we conclude by applying our induction hypothesis.

2) There existsM such thatfv(M) ⊆ dom(Φ) ∩ {z | z ≺
x}, fn(M) ∩ E = ∅, andMΦ = u. Thus, we have that
MΦ↓ = u↓, and we have thatt ∈ Flawed(MΦ↓).

This allows us to conclude.

Lemma 49:Let (E ;P ; Φ;σ) be a derived well-tagged ex-
tended process w.r.t≺ and col . Let {γ, γ′} = {α, β}. Let
x ∈ dom(Φ) (resp.x ∈ dom(σ)) such thatcol(x) ∈ γ. Let
u = xΦ (resp.u = xσ). Let t ∈ Fctγ(u↓). We have that
• either there existsM such thatfv(M) ⊆ dom(Φ) ∩

{z | z ≺ x}, fn(M) ∩ E = ∅ and t ∈ Fctγ(MΦ↓);
• otherwise there existsj such thatzγ

′

j ≺ x andzγ
′

j σ↓ = t.
Proof: We prove this result by induction ondom(Φ) ∪

dom(σ) with the order≺.

Base caseu = xσ or u = xΦ with x ≺ z for any z ∈
dom(Φ) ∪ dom(σ). Let t ∈ Fctγ(u↓) and col(x) ∈ γ with
γ ∈ {α, β}. By definition of a derived well-tagged extended
process w.r.t≺ and col , one of the following condition is
satisfied:

1) There existv and i = col(x) such thatu = [v]iσ,
σ � testi([v]i), and z ≺ x for any z ∈ fv(v). Since
x is minimal by ≺ then fv (v) = ∅. Henceu = [v]i.
Thus we deduce thatFctγ(u↓) = ∅. Hence there is a
contradiction witht ∈ Fctγ(u↓) and so this condition
cannot be satisfied.

2) There existsM such thatfv(M) ⊆ dom(Φ) ∩ {z | z ≺
x}, fn(M) ∩ E = ∅, andMΦ = u. Thus, we have that
MΦ↓ = u↓ and so the result holds.

Inductive caseu = xσ or u = xΦ. Assumet ∈ Fctγ(u↓) and
col(x) ∈ γ. By definition of a derived well-tagged extended
process w.r.t≺ and col , one of the following condition is
satisfied:

1) There existv and i = col(x) ∈ γ such thatu = [v]iσ,
σ � testi([v]i), and for allz ∈ fv (v), z ≺ x and either
col(z) ∈ γ or there existsj such thatz = zγ

′

j . Since
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u = [v]iσ andσ � testi([v]i), we can apply Lemma 46
to v andσ↓. Thus we have thatt ∈ Fctγ([v]i(σ↓). In
such a case, it means that there existsz ∈ fv(v) with
z ≺ x such thatt ∈ Fctγ(zσ↓) and one of the two
conditions is satisfied:

• col(z) ∈ γ: In such a case, we can apply our
inductive hypothesis ont and z and so the result
holds.

• there existsj such that z = zγ
′

j : Otherwise,
we know by hypothesis thatzγ

′

σ↓ ∈ N or
Fctγ(z

γ′

σ↓) = {zγ
′

σ↓}. Since t ∈ Fctγ(zσ↓),
we deduce thatzγ

′

σ↓ 6∈ N and soFctγ(zγ
′

σ↓) =
{zγ

′

σ↓}. But this implies thatt = zσ↓. Hence the
result holds.

2) There existsM such thatfv (M) ⊆ dom(Φ) ∩ {z | z ≺
x}, fn(M) ∩ E = ∅, andMΦ = u. Thus, we have that
MΦ↓ = u↓, and we have thatt ∈ Fctγ(MΦ↓).

This allows us to conclude.

Lemma 50:Let (E ;P ; Φ;σ) be a derived well-tagged ex-
tended process. LetM be a term such thatfn(M) ∩ E = ∅
and fv (M) ⊆ dom(Φ). Let f(t1, . . . , tm) ∈ Flawed(MΦ↓).
There existsM1, . . . ,Mm such that fv(Mk) ⊆ dom(Φ),
fn(Mk) ∩ E = ∅, MkΦ↓ = tk, and µ(Mk) < µ(M), for
all k ∈ {1, . . . ,m}.

Proof: We prove this result by induction onµ(M).

Base caseµ(M) = (j, 1): In this case, either we have that
M ∈ N or M = wj . If M ∈ N , then we haveMΦ↓ = M ∈
N andFlawed(MΦ↓) = ∅. Thus the result holds. IfM = wj

then, by Lemma 48,f(t1, . . . , tm) ∈ Flawed(wjΦ↓) implies
that there existsM ′ such that:

• fv(M ′) ⊆ {w1, . . . , wj−1},
• fn(M) ∩ E = ∅, and
• f(t1, . . . , tm) ∈ Flawed(M ′Φ↓).

Since µ(M ′) < µ(M), thanks to our inductive hypothesis,
we deduce that there existM1, . . . ,Mm such that for each
k ∈ {1, . . . ,m}, we have that:fv (Mk) ⊆ dom(Φ), fn(Mk)∩
E = ∅, MkΦ↓ = tk, andµ(Mk) < µ(M ′) < µ(M).

Inductive stepµ(M) > (j, 1): In such a case, we have
that M = f(M1, . . . ,Mn). Let t = g(t1, . . . , tm) ∈
Flawed(MΦ↓). We do a case analysis onf.

Casef ∈ Σi∪Σtagi
for somei ∈ {1, . . . , p}: In such a case,

MΦ↓ = f(M1Φ↓, . . . ,MnΦ↓)↓. By definition, we know that
for all t ∈ Flawed(MΦ↓), we have thatroot(t) 6∈ Σi ∪ Σtagi

.
Thus, thanks to Lemma 26, we deduce that

Flawed(MΦ↓) ⊆ Flawed(M1Φ↓) ∪ . . . ∪ Flawed(MnΦ↓).

Sinceµ(Mk) < µ(M) for any k ∈ {1, . . . , n}, thanks to our
inductive hypothesis, we know that there existsM ′1, . . . ,M

′
m

such thatfv(M ′j) ⊆ dom(Φ), fn(M ′j) ∩ E = ∅, M ′jΦ↓ = ti
and µ(M ′j) < µ(Mk) < µ(M), for j ∈ {1, . . . ,m}. Hence
the result holds.

Casef = 〈 〉: In such a case,MΦ↓ = f(M1Φ↓,M2Φ↓).
Moreover, we have thatFlawed(MΦ↓) = Flawed(M1Φ↓) ∪

Flawed(M2Φ↓). Since µ(M1) < µ(M), µ(M2) < µ(M)
and t ∈ Flawed(M1Φ↓) ∪ Flawed(M2Φ↓), we conclude by
applying our inductive hypothesis onM1 (or M2).

Casef ∈ {pk, vk}: In this case,MΦ↓ = f(M1Φ↓) and we
have thatFlawed(MΦ↓) = ∅. Hence the result trivially holds.

Casef ∈ {senc, aenc, sign}: In such a case, we have that
MΦ↓ = f(M1Φ↓,M2Φ↓). We need to distinguish whether
root(M1Φ↓) = tagi for somei ∈ {1, . . . , p} or not.

If root(M1Φ↓) = tagi for somei ∈ {1, . . . , p}, then there
existsu1 such thatM1Φ↓ = tagi(u1). Hence, we have that
Flawed(M1Φ↓) = Flawed(u1). We have also that:

Flawed(MΦ↓) = Flawed(u1) ∪ Flawed(M2Φ↓).

We deduce thatt ∈ Flawed(M1Φ↓) or t ∈ Flawed(M2Φ↓).
Sinceµ(M1) < µ(M) andµ(M2) < µ(M), we conclude by
applying our inductive hypothesis onM1 or M2.

Otherwiseroot(M1Φ↓) 6∈ {tag1, . . . , tagp}. In such a case,
Flawed(MΦ↓) = Flawed(M1Φ↓)∪Flawed(M2Φ↓)∪{MΦ↓}.
If t = MΦ↓, we have thatt1 = M1Φ↓, t2 = M2Φ↓ and
µ(M1) < µ(M), µ(M2) < µ(M). Thus the result holds. Ift ∈
Flawed(M1Φ↓) ∪ Flawed(M2Φ↓), we conclude by applying
our inductive hypothesis onM1 or M2.

Casef = h: This case is analogous to the previous one and
can be handled similarly.

Casef ∈ {sdec, adec, check}: In such a case, we have to
distinguish two cases depending on whetherf is reduced in
MΦ↓, or not.

If f is not reduced,i.e. MΦ↓ = f(M1Φ↓,M2Φ↓), then we
have that

Flawed(MΦ↓) = {MΦ↓}∪Flawed(M1Φ↓)∪Flawed(M2Φ↓).

Thus if t = MΦ↓, we have thatt1 = M1Φ↓, t2 = M2Φ↓
and µ(M1) < µ(M), µ(M2) < µ(M). Thus the result
holds. Otherwise, we have thatt ∈ Flawed(M1Φ↓) or t ∈
Flawed(M2Φ↓). Sinceµ(M1) < µ(M), µ(M2) < µ(M), we
can conclude by applying our inductive hypothesis onM1

or M2.
If f is reduced, then we have thatM1Φ↓ = f′(u1, u2) with

MΦ↓ = u1 and f′ ∈ {senc, aenc, sign}. If root(u1) = tagi
for some i ∈ {1, . . . , p}, then we have that there exists
u′1 such thatu1 = tagi(u

′
1), Flawed(MΦ↓) = Flawed(u′1)

and Flawed(M1Φ↓) = Flawed(u′1) ∪ Flawed(u2). Thus, we
have thatFlawed(MΦ↓) ⊆ Flawed(M1Φ↓). Otherwise, if
root(u1) 6∈ {tag1, . . . , tagp}, then we have that

Flawed(M1Φ↓) = {M1Φ↓} ∪ Flawed(u1) ∪ Flawed(u2)

and Flawed(MΦ↓) = Flawed(u1). Thus, we also have that
Flawed(MΦ↓) ⊆ Flawed(M1Φ↓). In both cases, we have that
Flawed(MΦ↓) ⊆ Flawed(M1Φ↓) and sinceµ(M1) < µ(M),
we can conclude by applying our inductive hypothesis onM1.

In the following lemma, we will use the factors of the
signature only composed of〈 〉, denotedFct 〈 〉. Typically,
for all termsu, for all context built only on〈 〉, for all terms
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u1, . . . , un, if u = C[u1, . . . , un] and for allk ∈ {1, . . . , n},
root(ui) 6= 〈 〉 thenFct 〈 〉(u) = {u1, . . . , un}.

Lemma 51:Let (E ;P ; Φ;σ) be a derived well-tagged ex-
tended process w.r.t≺ and col . Assume that for all as-
signment variablesz, newE .Φ 6⊢ zσ↓. Let M such that
fv (M) ⊆ dom(Φ), fn(M) ∩ E = ∅. For all {γ, γ′} = {α, β},
for all t ∈ Fctγ(MΦ↓), if t 6∈ Fct 〈 〉(MΦ↓) and for all
assignment variablez, for all w ∈ dom(Φ), z ≺ w and
µ(w) ≤ µ(M) implies zσ↓ 6= t then there existsM ′ such
thatµ(M ′) < µ(M), fn(M) ∩ E = ∅ andt ∈ Fct 〈 〉(M

′Φ↓).
Proof: We do a proof by induction onµ(M):

Base caseµ(M) = (0, 1): In this case, we have thatM ∈ N
which means thatMΦ↓ = M ∈ N and Fctγ(MΦ↓) = ∅.
Thus the result holds.

Base caseµ(M) = (j, 1): In this case, we haveM = wj .
Let {γ, γ′} = {α, β}. Let t ∈ Fctγ(MΦ↓) such thatt 6∈
Fct 〈 〉(MΦ↓). We do a case analysis oncol (wj):

Casecol(wj) ∈ γ: In this case, since for all assignment
variablez, for all w ∈ dom(Φ), z ≺ w andµ(w) ≤ µ(M)
implies zσ↓ 6= t, than we can deduce that for all assignment
variablesz ≺ wj , zσ↓ 6= t. Thus by Lemma 49, we obtain that
there existsM ′ such thatfv(M ′) ⊆ dom(Φ) ∩ {z | z ≺ x},
fn(M ′) ∩ E = ∅ and t ∈ Fctγ(M

′Φ↓). fv (M ′) ⊆ dom(Φ) ∩
{z | z ≺ x} implies thatµ(M ′) = (k, k′) with k < j and so
µ(M ′) < µ(M). If t ∈ Fct 〈 〉(M

′Φ↓) then the result holds.
Otherwise, we can apply our inductive hypothesis ont and
M ′ and so the result holds.

Casecol(wj) ∈ γ′ : Since t 6∈ Fct 〈 〉(MΦ↓), we deduce
that there existsu ∈ Fct 〈 〉(MΦ↓) s.t. tagroot(u) = γ and
t ∈ Fctγ(u). Note that tagroot(u) 6∈ γ′ ∪ {0} otherwise
it would contradict the fact thatt ∈ Fctγ(MΦ↓). But
u ∈ Fctγ′(MΦ↓). Moreover,u ∈ Fct 〈 〉(MΦ↓) implies that
u is deducible innew E .Φ. Thus we deduce that for all
assignment variablesz, zσ↓ 6= u. By applying the same proof
as casecol(wj) ∈ γ, we deduce that there existsM ′ such that
fn(M ′)∩E = ∅, µ(M ′) < µ(M) andu ∈ Fct 〈 〉(M

′Φ↓). But
t ∈ Fctγ(u), tagroot(u) = γ andu ∈ Fct 〈 〉(M

′Φ↓) implies
that t ∈ Fctγ(M

′Φ↓) and t 6∈ Fct 〈 〉(M
′Φ↓). Hence we can

apply our inductive hypothesis onM ′ and t which allows us
to conclude.

Inductive stepµ(M) > (j, 1): In such a case, we have that
M = f(M1, . . . ,Mn). Let t ∈ Fctγ(MΦ↓) such thatt 6∈
Fct 〈 〉(MΦ↓). We do a case analysis onf.

Casef ∈ Σi∪Σtagi
for somei ∈ γ: In such a case,MΦ↓ =

f(M1Φ↓, . . . ,MnΦ↓)↓. By definition, we know that for all
t ∈ Fctγ(MΦ↓), we have thatroot(t) 6∈ Σi ∪ Σtagi

. Thus,
thanks to Lemma 46, we deduce that there exists

Fctγ(MΦ↓) ⊆ Fctγ(M1Φ↓) ∪ . . . ∪ Fctγ(MnΦ↓).

Thus there existsk ∈ {1, . . . , n} such thatt ∈ Fctγ(MkΦ↓).
If t ∈ Fct 〈 〉(MkΦ↓) then the result holds, else we apply our
inductive hypothesis ont andMk and so the result also holds.

Casef ∈ Σi∪Σtagi
for somei 6∈ γ: In such a case,MΦ↓ =

f(M1Φ↓, . . . ,MnΦ↓)↓. We assumed thatt 6∈ Fct 〈 〉(MΦ↓)

hence there existsu ∈ Fct 〈 〉(MΦ↓) s.t. tagroot(u) = γ and
t ∈ Fctγ(u). But it also implies thattagroot(MΦ↓) ∈ γ∪{0}.
Hence, by applying Lemma 26, we deduce that there exists
k ∈ {1, . . . , n} such thatMΦ↓ ∈ st(MkΦ↓). Moreover, it
also implies thatu ∈ Fct ′γ(MkΦ↓).

If u ∈ Fct 〈 〉(MkΦ↓) then we deduce thatroot(MkΦ↓) 6∈
γ′ and so, by Lemma 26,MkΦ↓ = MΦ↓. Since we had
t 6∈ Fct 〈 〉(MΦ↓), then we also havet 6∈ Fct 〈 〉(MkΦ↓) and
so we conclude by applying our inductive hypothesis ont and
Mk.

if u 6∈ Fct〈 〉(MkΦ↓) then we can apply our inductive
hypothesis onu, γ′ andMk. Indeed, sinceu ∈ Fct 〈 〉(MΦ↓),
then u is deducible innew E .Φ and so we deduce that
for all assignment variablez, zσ↓ 6= u. Hence we obtain
that there existsM ′ such thatµ(M ′) < µ(Mk), fn(M) ∩
E = ∅ and u ∈ Fct 〈 〉(M

′Φ↓). But t ∈ Fctγ(u) and
u ∈ Fct 〈 〉(M

′Φ↓). Hence we deduce thatt ∈ Fctγ(M
′Φ↓)

and t 6∈ Fct 〈 〉(M
′Φ↓). We conclude by applying once again

our inductive hypothesis but ont, γ andM ′.

Casef = 〈 〉: In such a case,MΦ↓ = f(M1Φ↓,M2Φ↓).
Moreover, we have thatFctγ(MΦ↓) = Fctγ(M1Φ↓) ∪
Fctγ(M2Φ↓). Sinceµ(M1) < µ(M), µ(M2) < µ(M) and
t ∈ Fctγ(M1Φ↓) ∪ Fctγ(M2Φ↓), we conclude by applying
our inductive hypothesis ont andM1 (or M2).

Casef ∈ {pk, vk}: In this case,MΦ↓ = f(M1Φ↓) and we
have thatFctγMΦ↓ = ∅. Hence the result trivially holds.

Casef ∈ {senc, aenc, sign}: In such a case, we have that
MΦ↓ = f(M1Φ↓,M2Φ↓). We need to distinguish whether
root(M1Φ↓) = tagi for somei ∈ {1, . . . , p} or not.

If root(M1Φ↓) = tagi for somei ∈ {1, . . . , p}, then there
exists u1 such thatM1Φ↓ = tagi(u1). Assume first that
i ∈ γ′. In such a caseFctγ(MΦ↓) = {Fctγ(MΦ↓)} and
Fct 〈 〉(MΦ↓) = {Fct 〈 〉(MΦ↓)}. Hence it contradicts the
fact that t 6∈ Fct 〈 〉(MΦ↓). We can thus deduce thati ∈ γ.
But in such a case, we have thatFctγ(M1Φ↓) = Fctγ(u1)
and:

Fctγ(MΦ↓) = Fctγ(u1) ∪ Fctγ(M2Φ↓).

We deduce thatt ∈ Fctγ(M1Φ↓) or t ∈ Fctγ(M2Φ↓).
Since µ(M1) < µ(M) and µ(M2) < µ(M), we conclude
by applying our inductive hypothesis onM1 or M2.

Otherwise root(M1Φ↓) 6∈ {tag1, . . . , tagp}. In such a
case,Fctγ(MΦ↓) = {MΦ↓} andFct〈 〉(MΦ↓) = {MΦ↓}.
But we assume thatt 6∈ Fct 〈 〉(MΦ↓) hence this case is
impossible.

Casef = h: This case is analogous to the previous one and
can be handled similarly.

Casef ∈ {sdec, adec, check}: In such a case, we have to
distinguish two cases depending on whetherf is reduced in
MΦ↓, or not.

If f is not reduced,i.e. MΦ↓ = f(M1Φ↓,M2Φ↓), then we
have that

Fctγ(MΦ↓) = {MΦ↓}.

Once again this is in contradiction with our hypothesis that
t 6∈ Fct 〈 〉(MΦ↓).
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We now focus on the case wheref is reduced: we have
that M1Φ↓ = f′(u1, u2) with MΦ↓ = u1 and f′ ∈
{senc, aenc, sign}. We have to do a case analysis onroot(u1):

• if root(u1) = tagi for some i ∈ γ. In such a case,
there existsu′1 such thatu1 = tagi(u

′
1), Fctγ(MΦ↓) =

Fctγ(u
′
1) and Fctγ(M1Φ↓) = Fctγ(u

′
1) ∪ Fctγ(u2).

Thus we deduce thatFctγ(MΦ↓) ⊆ Fctγ(M1Φ↓). We
can conclude thanks to our inductive hypothesis ont and
M1.

• if root(u1) = tagi for some i 6∈ γ. In such a case,
Fctγ(MΦ↓) = {MΦ↓) which contradicts the hypothesis
t 6∈ Fct 〈 〉(MΦ↓).

• otherwise,root(u1) 6∈ {tag1, . . . , tagp}, then we have
that f′(u1, u2) ∈ Flawed(M1Φ↓). By Lemma 50, we
deduce that there existsM ′ such thatµ(M ′) < µ(M1),
fn(M ′) ∩ E = ∅ and M ′Φ↓ = u1. Sinceu1 = MΦ↓
and µ(M ′) < µ(M) then we can apply our inductive
hypothesis ont, α andM ′ and so the result holds.

Lemma 52:Let A = (E ;P ; Φ;σ) be a derived well-tagged
process, and let(ρα, ρβ) be compatible withA. Let u be a
ground term in normal form that do not use names inEα ⊎
Eβ . We have that there exists a contextC (possibly a hole)
built only using 〈 〉, and termsu1, . . . , um such thatu =
C[u1, . . . , um], and for alli ∈ {1, . . . ,m},
• eitherui ∈ Flawed(u);
• or ui ∈ FctΣ0

(u) andδα(ui) = δβ(ui),
• or ui = f(n) for somef ∈ {pk, vk} andn ∈ N ,
• or ui ∈ dom(ρ+α ) ∪ dom(ρ+β ).

Proof: Let u a ground term in normal form and let
{v1, . . . , vn} = FctΣ0

(u). Thus there exists a contextD
(possibly a hole) built onΣ0 such thatu = D[v1, . . . , vn].
We now prove the result by induction on|D|.

Base case|D| = 0: We show that the result holds and in such
a case the contextC is reduced to a hole. Since|D| = 0,
we know thatFctΣ0

(u) = u and so eithertagroot(u) = i
with i ∈ {1, . . . , p} or tagroot(u) = ⊥. If u ∈ dom(ρ+α ) ∪
dom(ρ+β ), then the result trivially holds. Otherwise, we have
that δα(u) = δβ(u) by definition of δα and δβ . Hence the
result holds.

Inductive step|D| > 0: There existsf ∈ Σ0, andv1, . . . , vk
such thatu = f(u1, . . . , uk). We do a case analysis onf.

Casef = 〈 〉: In such a case, there exist two contextsD1, D2

(possibly holes) built onΣ0 such that:

• D = 〈D1, D2〉 with |D1|, |D2| < |D|,
• u1 = D1[v

1
1 , . . . , v

1
n1
] and{v11 , . . . , v

1
n1
} = FctΣ0

(u1),
• u2 = D1[v

2
1 , . . . , v

2
n1
] and{v21 , . . . , v

2
n2
} = FctΣ0

(u2)

By applying our inductive hypothesis onu1 andu2, we know
that there exist two contextsC1 andC2. Since
• Flawed(u) = Flawed(u1) ∪ Flawed(u2), and
• FctΣ0

(u) = FctΣ0
(u1) ⊎ FctΣ0

(u2),
we conclude thatC = 〈C1, C2〉 satisfies all the conditions
stated in the lemma.

Case f ∈ {pk, vk} and u = f(n) for somen ∈ N : The
result trivially hold by choosing the contextC to be a hole.

Otherwise, we have that

Flawed(u) = {u} ∪ Flawed(u1) ∪ . . . ∪ Flawed(uk).

Since u ∈ Flawed(u), we can chooseC to be the context
reduced to a hole. The result trivially holds.

Lemma 53:Let A = (E ;P ; Φ;σ) be a derived well-tagged
extended process, and let(ρα, ρβ) be compatible withA. Let
M be a term such thatfv (M) ⊆ dom(Φ) andfn(M)∩E = ∅.
We assume thatE = E0 ⊎ Eα ⊎ Eβ, fn(Φ) ∩ (Eα ⊎ Eβ) = ∅,
and one of the two following conditions is satisfied:

1) new E .Φ 6⊢ k for any k ∈ KS ; or
2) new E .δ(Φ↓) 6⊢ k for any k ∈ δα(KS) ∪ δβ(KS).

with KS = {t, pk(t), vk(t) | t ground, t ∈ dom(ρ+α ) ∪
dom(ρ+β )}. We have thatδγ(MΦ↓) = Mδ(Φ↓)↓ with γ ∈
{α, β}.

Proof: Let Φ↓ = {w1 ⊲ u1, . . . , wn ⊲ un}. We prove
this result by induction onµ(M):

Base caseµ(M) = (0, 0): There exists no termM such that
|M | = 0, thus the result holds.

Inductive stepµ(M) > (0, 0): We first prove there existsγ ∈
{α, β} such thatδγ(MΦ↓) = Mδ(Φ↓)↓ and then we show
that δα(MΦ↓) = δβ(MΦ↓).

Assume first that|M | = 1, i.e. eitherM ∈ N or there exists
j ∈ {1, . . . , n} such thatM = wj .
CaseM ∈ N . In such a case, we have thatMΦ↓ = M , and
M 6∈ E . Hence, we have thatnew E .Φ ⊢ M and also that
new E .δ(Φ↓) ⊢ M . In case condition1 is satisfied, we easily
deduce thatM 6∈ KS. Otherwise, we know that the condition
2 is satisfied, and thusM 6∈ δα(KS) ∪ δβ(KS). Again, we
want to conclude thatM 6∈ KS. Assume that this is not the
case,i.e.M ∈ KS . This means thatM is a name indom(ρ+α )
(or dom(ρ+β )). Hence, we have thatδβ(M) ∈ δβ(KS), and
δβ(M) = M . Hence, we deduce thatM ∈ δβ(KS), and this
leads to a contradiction, since in such a case, by hypothesisM
can not be deducible fromnew E .δ(Φ↓). Thus, in any case,
we have thatM 6∈ KS , and thusM 6∈ dom(ρ+α ) ∪ dom(ρ+β ).
Hence, we have thatδγ(MΦ↓) = δγ(M) = M = Mδ(Φ↓)↓
for any γ ∈ {α, β}.
CaseM = wj for somej ∈ {1, . . . , n}. We know thatwj

is colored withγ ∈ {α, β}. Hence, we have thatwjδ(Φ↓) =
δγ(wjΦ↓). Sinceuj is in normal form, then by Lemma 37,
we know thatδγ(wjΦ) is also in normal form. Thus, we have
that δγ(MΦ↓) = Mδ(Φ↓)↓.

Otherwise, if |M | > 1, then there exists a symbolf and
M1, . . . ,Mn such thatM = f(M1, . . . ,Mn). We do a case
analysis onf.

Case f ∈ Σi ∪ Σtagi
with i ∈ {1, . . . , p}. Consider

γ ∈ {α, β} such that i ∈ γ. In such a case, lett =
f(M1Φ↓, . . . ,MnΦ↓). Since f ∈ Σi (resp.Σtagi

), then there
exists a contextC built upon Σi (resp. Σtagi

) such that
t = C[u1, . . . , um] andu1, . . . , um are factor oft in normal
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form. By Lemma 26, we know that there exists a con-
text D (possibly a hole) overΣi (resp. Σtagi

) such that
t↓ = D[ui1 , . . . , uik ] with i1, . . . , ik ∈ {0, . . . ,m} and
u0 = nmin. But thanks to Lemma 27, 35 and 37, we also
that C[δγ(u1), . . . , δγ(um)]↓ = D[δγ(ui1), . . . , δγ(uik)]. But
C andD are both built onΣi (resp.Σtagi

), thus by defini-
tion of δγ , we have thatδγ(t)↓ = C[δγ(u1), . . . , δγ(um)]↓
and δγ(t↓) = D[δγ(ui1), . . . , δγ(uik)]. Hence, the equality,
δγ(t↓) = δγ(t)↓, holds. But t↓ = MΦ↓ which means that
δγ(MΦ↓) = δγ(t)↓. We have that:

δγ(t)↓ = δγ(f(M1Φ↓, . . . ,MnΦ↓))↓
= f(δγ(M1Φ↓), . . . , δγ(MnΦ↓))↓

Sinceµ(M1) < µ(M), . . . ,µ(Mn) < µ(M), we can apply our
inductive hypothesis onM1, . . . ,Mn. This gives usδγ(t)↓ =
f(M1δ(Φ↓)↓, . . . ,Mnδ(Φ↓)↓)↓ = f(M1, . . . ,Mn)δ(Φ↓)↓.
Thus we can conclude thatδγ(MΦ↓) = δγ(t)↓ = Mδ(Φ↓)↓.

Casef ∈ Σ0 r {sdec, adec, check}: In this case, we have
thatMΦ↓ = f(M1Φ↓, . . . ,MnΦ↓). By applying our inductive
hypothesis onM1, . . . ,Mn, we have that

δα(MkΦ↓) = δβ(MkΦ↓), for all k ∈ {1, . . . , n}.

Thus we have that δγ(MΦ↓) =
f(δγ′(M1Φ↓), . . . , δγ′(MnΦ↓)) with γ, γ′ ∈ {α, β}. Applying
our inductive hypothesis onM1, . . . ,Mn, we deduce that

δγ(MΦ↓) = f(M1δ(Φ↓)↓, . . . ,Mnδ(Φ↓)↓) = Mδ(Φ↓)↓.

Case f ∈ {sdec, adec, check}: If we first assume that the
root occurencef is not reduced inMΦ↓ then the proof is sim-
ilar to the previous case. Thus, we focus on the case where the
root occurence off is reduced, and we consider the case where
f = sdec. The other cases can be done in a similar way. In such
a situation, we know that there existv1, v2 such thatM1Φ↓ =
senc(v1, v2), M2Φ↓ = v2 andMΦ↓ = v1. According to the
definition of δγ , we know that there existsγ ∈ {α, β} such
that δγ(senc(v1, v2)) = senc(δγ(v1), δγ(v2)). For suchγ, we
have thatsdec(δγ(M1Φ↓), δγ(M2Φ↓))↓ = δγ(MΦ↓). But by
applying our inductive hypothesis onM1 andM2, we obtain
δγ(MΦ↓) = sdec(M1δ(Φ↓)↓,M2δ(Φ↓)↓)↓ = Mδ(Φ↓)↓.

It remains to prove thatδα(MΦ↓) = δβ(MΦ↓). We have
shown that there existsγ0 ∈ {α, β} such thatδγ0

(MΦ↓) =
Mδ(Φ↓)↓. Thanks to Lemma 52, we know that there exists
a contextC built over {〈〉}, and v1, . . . , vm terms such that
MΦ↓ = C[v1, . . . , vm] and for all i ∈ {1, . . . ,m}:

• eithervi ∈ Flawed(MΦ↓)
• or vi ∈ FctΣ0

(MΦ↓) andδα(vi) = δβ(vi).
• or vi = f(n) for somef ∈ {pk, vk} andn ∈ N ,
• or vi ∈ dom(ρ+α ) ∪ dom(ρ+β ).

Note thatC being built upon{〈〉} means thatvi is deducible
in new E .Φ for all i ∈ {1, . . . ,m}. Furthermore, since
C[v1, . . . , vm] is in normal form,

δγ0
(MΦ↓) = C[δγ0

(v1), . . . , δγ0
(vm)].

But we have shown thatδγ0
(MΦ↓) = Mδ(Φ↓)↓, thusδγ0

(vi)
is deducible fromδ(Φ↓), for all i ∈ {1, . . . ,m}. Now, we
distinguish several cases depending on which condition is
fullfilled by vi.

Casevi ∈ Flawed(MΦ↓): There existsw1, . . . , wℓ terms
and a function symbolf such that vi = f(w1, . . . , wℓ).
By Lemma 50, there existsN1, . . . , Nℓ such that for all
k ∈ {1, . . . , ℓ}, µ(Nk) < µ(M) and NkΦ↓ = wk. Hence,
by applying inductive hypothesis onN1, . . . , Nℓ, we obtain
that δα(NkΦ↓) = δβ(NkΦ↓), for all k ∈ {1, . . . , ℓ}. Thus,
thanks tovi being in normal form, we can conclude that
δα(vi) = δβ(vi).

Case vi ∈ FctΣ0
(MΦ↓): In such a case, we have that

δα(vi) = δβ(vi). Hence, we easily conclude.

Casevi = f(n) for somef ∈ {pk, vk} and n ∈ N : By
hypothesis, we know that eithernew E .Φ 6⊢ k, for all k ∈ KS ;
or new E .δ(Φ↓) 6⊢ k, for all k ∈ δα(KS)∪ δβ(KS). Since we
have shown thatvi is deducible fromnew E .Φ and δγ0

(vi)
is deducible fromnew E .δ(Φ↓), both hypotheses imply that
n 6∈ dom(ρ+α ) ∪ dom(ρ+β ), and soδα(vi) = δβ(vi).

Casevi ∈ dom(ρ+α ) ∪ dom(ρ+β ): By hypothesis, we know
that eithernew E .Φ 6⊢ k, for all k ∈ KS ; or new E .δ(Φ↓) 6⊢ k,
for all k ∈ δα(KS) ∪ δβ(KS). Since we have shown thatvi
is deducible fromnew E .Φ and δγ0

(vi) is deducible from
new E .δ(Φ↓), both hypotheses imply thatvi 6∈ dom(ρ+α ) ∪
dom(ρ+β ) and lead us to a contradiction.

Corollary 54: Let A = (E ;P ; Φ;σ) be a derived well-
tagged extended process and let(ρα, ρβ) be compatible with
A, such thatE = E0 ⊎ Eα ⊎ Eβ , and fn(Φ) ∩ (Eα ⊎ Eβ) = ∅.
The two following conditions are equivalent:

1) new E .Φ 6⊢ k for any k ∈ KS ; or
2) new E .δ(Φ↓) 6⊢ k for any k ∈ δα(KS) ∪ δβ(KS).

with KS = {t, pk(t), vk(t) | t ∈ dom(ρ+α ) ∪
dom(ρ+β ), t ground}.

Proof: We prove the two implications separately.
(2) ⇒ (1): Let k ∈ KS such thatnew E .Φ ⊢ k. In
such a case, there existsM such thatfv(M) ⊆ dom(Φ),
fn(M) ∩ E = ∅, and MΦ↓ = k↓. We assume w.l.o.g.
that k ∈ {t, pk(t), vk(t) | t ∈ dom(ρ+α ) and t ground}. Let
γ ∈ {α, β}. By Lemma 35, we have thatδγ(MΦ↓) = δγ(k↓).
Thanks to Lemma 53, we have thatδγ(MΦ↓) = Mδ(Φ↓)↓,
and by Definition ofδγ , we have thatδγ(k↓) ∈ δγ(KS).
Thus, we deduce that there existsk′ ∈ δγ(KS) such that
new E .δ(Φ↓) ⊢ k′.

(1) ⇒ (2):Let k ∈ δγ(KS) with γ ∈ {α, β}, andM be a term
such thatfv (M) ⊆ dom(Φ), fn(M)∩E = ∅, andMδ(Φ↓)↓ =
k↓. k ∈ δγ(KS) implies the existence ofk′ ∈ KS such that
k = δγ(k

′), and thus such thatMδ(Φ↓)↓ = δγ(k
′)↓. Thanks

to Lemma 53, we have thatδγ(MΦ↓)↓ = δγ(k
′)↓. Now, if

k′ ∈ KS there must existk′′ ∈ dom(ργ′) such that either
k′ = k′′, or k′ = pk(k′′), or k′ = vk(k′′). In any case, because
ργ′ is in normal form, we know thatk′′↓ = k′′ and thus that
k′↓ = k′. HenceMδ(Φ↓)↓ = δγ(k

′↓)↓. But, then according to
Lemma 37,δγ(MΦ↓) = δγ(MΦ↓)↓ = δγ(k

′↓)↓ = δγ(k
′↓).
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Finally, thanks to Lemma 35 we can derive thatMΦ↓ = k′↓ =
k′. This implies thatMΦ↓ ∈ KS, and thus there is a term in
KS that is deducible fromnew E .Φ.

Corollary 55: Let A = (E ;P ; Φ;σ) be a derived extended
process and let(ρα, ρβ) be compatible withA such thatE =
E0 ⊎ Eα ⊎ Eβ , fn(Φ) ∩ (Eα ⊎ Eβ) = ∅, andnew E .Φ 6⊢ k for
any k ∈ KS . We have thatnew E .Φ ∼ new E .δ(Φ↓).

Proof: The proof directly follows from Lemmas 35
and 53. Indeed,MΦ↓ = NΦ↓ is equivalent toδγ(MΦ↓) =
δγ(NΦ↓) (thanks to Lemma 35), which is equivalent to
Mδ(Φ↓)↓ = Nδ(Φ↓)↓ (thanks to Lemma 53).

F. Proof of Theorem 31

The goal of this section is to prove Theorem 31. We first
state and prove two propositions.

Let S = (ES ;PS ; ΦS ;σS) andD = (ED;PD; ΦD;σD). We
say thatD = δ(S) if ES = ED, PD = δ(PS), ΦD↓ = δ(ΦS↓),
andσD↓ = δ(σS↓).

Proposition 56: Let P0 be a plain coloured process without
replication and such thatbn(P0) = fv (P0) = ∅. Let B0 be an
extended coloured biprocess such that:

• S0 = (Eα ⊎ Eβ ⊎ E0; [[P0]]; ∅; ∅)
def
= fst(B0),

• D0 = (Eα ⊎ Eβ ⊎ E0;P ′0; ∅; ∅)
def
= snd(B0), and

• D0 = δρ
+
α ,ρ

+

β (S0) for some(ρα, ρβ), and
• D0 does not reveal the value of its assignments w.r.t.

(ρα, ρβ).

For any extended processS = (ES ;PS ; ΦS ;σS) such
that S0

tr
=⇒S with (ρα, ρβ) compatible withS, there exists a

biprocessB and an extended processD = (ED;PD; ΦD;σD)

such thatB0
tr
=⇒biB, fst(B) = S, snd(B) = D, D = δ(S) and

with (ρα, ρβ) compatible withD.
Proof: Let E = E0 ⊎ Eα ⊎ Eβ. We show the result by

induction on the length of the derivation. The base case when
S = S0 is trivial. We simply conclude by consideringB = B0,

andD = D0. Now, we assume thatS0
tr′

=⇒S′ such that(ρα, ρβ)
is compatible withS′. This means that there existsS′, tr and
ℓ such that:

S0
tr
=⇒S

ℓ
−→ S′ with tr′ = tr · ℓ

Moreover, we have that(ρα, ρβ) is compatible withS.
By induction hypothesis, we have that there exists an

extended biprocessB and an extended processD such that
fst(B) = S, snd(B) = D, B0

tr
=⇒biB, and D = δ(S).

We will show by case analysis on the rule involved in
S

ℓ
−→ S′ that exists a biprocessB and an extended process

D′ = (E ′D;P ′D; Φ
′
D;σ′D) such thatB0

tr
=⇒biB

′, fst(B′) = S′,
snd(B′) = D′, D′ = δ(S′). Then it will remain to prove
that (ρα, ρβ) compatible withD′. To do so, we rely on the
fact that δ(σS′↓) = σD′↓. In particular, by Lemma 35, we
have that for all assignment variablesz, z′, zσS′↓ = z′σS′↓ is
equivalent toδ(zσS′↓) = δ(z′σS′↓) which is also equivalent to
zδ(σS′↓) = z′δ(σS′↓). Moreover, since(ρα, ρβ) is compatible
with S′, then for all assignment variablez ∈ dom(ργ), either

tagroot(zσS′↓) = ⊥ or tagroot(zσS′↓) 6∈ γ ∪ {0}. Thus, by
Lemma 37, we deduce that eithertagroot(δ′γ(zσS′↓)) = ⊥
or tagroot(δ′γ(zσS′↓)) 6∈ γ ∪ {0}. This allows us to conclude
that eithertagroot(zσD′) = ⊥ or tagroot(zσD′↓) 6∈ γ ∪ {0},
and so that(ρα, ρβ) is compatible withD′.

Let’s now prove the core part of the result. LetS =
(ES ;PS ; ΦS ;σS) andS′ = (E ′S ;P

′
S ; ΦS ;σ

′
S).

Case of the ruleOUT-T. In such a case, we have thatE ′S =
ES = E , σ′S = σS , PS = {out(c, [u]i)i.Q} ⊎ QS , P ′S =
{Q} ⊎ QS , andΦ′S = ΦS ∪ {wn ⊲ [u]iσS}. Furthermore, we
have thatℓ = new wn.out(c, wn), c 6∈ E , andn = |ΦS |+ 1.
Lastly, sinceS is issued from(E ; [[P0]]; ∅; ∅), we have that
σS � testi([u]i).

By hypothesis, we have thatD = δ(S). Hence, we have
that:

D = (E ; {out(c, δγ([u]i)).δ(Q)} ⊎ δ(QS); ΦD;σD)

with ΦD↓ = δ(ΦS↓), σD↓ = δ(σS↓), andγ ∈ {α, β} such
that i ∈ γ.

Hence, we have thatD
newwn.out(c,wn)
−−−−−−−−−−−→ D′ where

D′ = (E ; δ(Q) ⊎ δ(QS); ΦD ∪ {wn ⊲ δγ([u]i)σD};σD).

Hence, we have thatB
newwn.out(c,wn)
−−−−−−−−−−−→bi B

′ with fst(B′) =
S′ and snd(B′) = D′. It remains to show thatD′ = δ(S′),
i.e.

(δγ([u]i)σD)↓ = δγ([u]iσS↓).

SinceσD↓ = δ(σS↓), we have that:

(δγ([u]i)σD)↓ = (δγ([u]i)δ(σS↓))↓

Let γ′ be equal toα if γ = β, and equal toβ if γ = α.
Each variable that occurs in[u]i also occurs indom(σS)
and such a variable is either colored with a color inγ, or
an assignation variablezγ

′

j . Thus, we have thatδγ([u]i) only
contains variables that are colored with a color inγ. Hence,
we have that

(δγ([u]i)δ(σS↓))↓ = (δγ([u]i)δγ(σS↓))↓

Relying on Lemma 38 (note thatσS↓ � testi([u]i)), we have
that:

(δγ([u]i)σD)↓ = (δγ([u]i)δγ(σS↓))↓
= δγ([u]i(σS↓))↓
= δγ([u]i(σS↓)↓)
= δγ([u]iσS↓)

Case of the ruleIN. In such a case, we have thatE ′S = ES ,
Φ′S = ΦS , PS = {in(c, x)i.Q} ⊎ QS , P ′S = {Q} ⊎ QS ,
σ′S = σS ∪ {x 7→ MΦS}, and ℓ = in(c,M) with c 6∈ ES ,
fv(M) ⊆ dom(ΦS) and fn(M) ∩ ES = ∅.

By hypothesis, we have thatD = δ(S). Hence, we have
that:

D = (E ; {in(c, x).δ(Q)} ⊎ δ(QS); ΦD;σD)

with ΦD↓ = δ(ΦS↓), σD↓ = δ(σS↓). Let γ ∈ {α, β} such
that i ∈ γ.
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Hence, we have thatD
in(c,M)
−−−−−→ D′ where

D′ = (E ; δ(Q) ⊎ δ(QS); ΦD;σD ∪ {x 7→ MΦD}).

Hence, we have thatB
in(c,M)
−−−−−→bi B

′ with fst(B′) = S′ and
snd(B′) = D′. It remains to show thatD′ = δ(S′), i.e.

(MΦD)↓ = δγ(MΦS↓).

By hypothesis, we know thatD0 does not reveal the values
of its assignment variables w.r.t.(ρα, ρβ). Hence, for all
assignment variablex of color α (resp.β) in dom(σD), for
all k ∈ {k, pk(k), vk(k) | k = xσD ∨ k = xρα (resp.xρβ)},
k is not deducible innew E .ΦD. We denoteK this set.
Let KS = {t, pk(t), vk(t) | t ∈ dom(ρ+α ) ∪
dom(ρ+β ), t ground} We know thatσD↓ = δ(σS↓), and by
definition ofρ+α andρ+β , we have thatK = δα(KS)∪δβ(KS).
We have also thatΦD↓ = δ(ΦS↓). Hence, we deduce that
new E .δ(ΦS↓) 6⊢ k for anyk ∈ δα(KS)∪ δβ(KS) This allow
us to apply Lemma 53 and thus to obtain that:

(MΦD)↓ = (M(ΦD↓))↓ = (Mδ(ΦS↓))↓ = δγ(MΦS↓).

Case of the ruleTHEN. In such a case, we have thatE ′S = ES ,
Φ′S = ΦS , σ′S = σS , PS = {PS}⊎QS , andP ′S = {P ′S}⊎QS

wherePS andP ′S are as follows:

• Case a: a test before an output.

PS = if testi([v]i)thenout(c, [v]i)i.QS

P ′S = out(u, [v]i)i.QS

σS � testi([v]i)

for somei ∈ {1, . . . , p}.
• Case b: a test before an assignation.

PS = if testi([v]i)then [z := [v]i]
i.QS

P ′S = {[z := [v]i]
i.QS

σS � testi([v]i)

for somei ∈ {1, . . . , p}.
• Case c: a test before a conditional.

PS = if testi([ϕ]i)then (if [ϕ]i thenQ1
S elseQ

2
S)

P ′S = if [ϕ]i thenQ1
S elseQ

2
S

σS � testi([ϕ]i)

for somei ∈ {1, . . . , p}.
• Case d: a test of a conditional.

PS = if [ϕ]i thenQ1
S elseQ

2
S

P ′S = Q1
S

σS � [ϕ]i andσS � testi([ϕ]i)

for somei ∈ {1, . . . , p}.

Each case can be handled in a similar way. Note that we rely
on Corollary 39 instead of Lemma 40 to establish the result in
Case d.We assume that we are in the first case. Letγ ∈ {α, β}
such thati ∈ γ. By hypothesis, we have thatD = δ(S). Hence,
we have thatD is equal to

(E ; {if testi(δγ([v]i))then
out(c, δγ([v]i)).δ(QS)} ⊎ QS ; ΦD;σD)

with ΦD↓ = δ(ΦS↓), andσD↓ = δ(σS↓).
Since σS � testi([v]i), we have also that(σS↓) �

testi([v]i). Thanks to Lemma 40, we deduce thatδγ(σS↓) �
testi(δγ([v]i)). Actually, each variable that occurs in
testi(δγ([v]i)) is a variable that occurs indom(σS) and such
a variable is necessarily colored with a color inγ. Hence, we
have also that:

δ(σS↓) � testi(δγ([v]i)).

Hence, we have thatD
τ
−→ D′ where

D′ = (E ; {out(u, δγ([v]i)).δ(QS)} ⊎ δ(QS); ΦD;σD).

Hence, we have thatB
τ
−→bi B′ with fst(B′) = S′ and

snd(B′) = D′. We also have thatD′ = δ(S′).

Case of the ruleELSE. This case is similar to the previous
one.

Case of the ruleASSGN. In such a case, we have thatE ′S = ES ,
Φ′S = ΦS , PS = {[x := [v]i].Q} ⊎ QS , P ′S = {Q} ⊎ QS ,
σ′S = σS ∪{x 7→ [v]iσS}, andℓ = τ . Lastly, sinceS is issued
from (E ; [[P0]]; ∅; ∅), we have thatσS � testi([v]i).

By hypothesis, we have thatD = δ(S). Hence, we have
that:

D = (E ; [x := δ([v]i)].δ(Q) ⊎ δ(QS); ΦD;σD)

with ΦD↓ = δ(ΦS↓), σD↓ = δ(σS↓), andγ ∈ {α, β} such
that i ∈ γ.

Hence, we have thatD
τ
−→ D′ where

D′ = (E ; δ(Q) ⊎ δ(QS); ΦD;σD ∪ {x 7→ δγ([v]i)σD}).

Hence, we have thatB
τ
−→ B′ with fst(B′) = S′ and

snd(B′) = D′. It remains to show thatD′ = δ(S′), i.e.

(δγ([v]i)σD)↓ = δγ([v]iσS↓).

This can be done as in the case of the rule OUT-T.

Case of the ruleCOMM. In such a case, we have thatE ′S =
ES , Φ′S = ΦS , PS = {out(c, [u]i)i.Q1;in(c, x)i

′

.Q2}⊎QS ,
σ′S = σS ∪{x 7→ [u]iσS}, andℓ = τ . Lastly, sinceS is issued
from (E ; [[P0]]; ∅; ∅), we have thatσS � testi([u]i).

By hypothesis, we have thatD = δ(S). Hence, we have
thatD is equal to

(E ; {out(c, δγ([u]i)).δ(Q1);in(c, x).δ(Q2)}⊎δ(QS); ΦD;σD)

with ΦD↓ = δ(ΦS↓), σD↓ = δ(σS↓).
Let γ, γ′ ∈ {α, β} such thati ∈ γ, andi′ ∈ γ′. Hence, we

have thatD
τ
−→ D′ whereD′ is equal to:

(E ; {δ(Q1); δ(Q2)}⊎δ(QS); ΦD;σD∪{(x 7→ δγ([u]i)σD)i
′

}).

Hence, we have thatB
τ
−→ B′ for some biprocessB′ such

that fst(B′) = S′ and snd(B′) = D′. It remains to show that
D′ = δ(S′), i.e.

(δγ([u]i)σD)↓ = δγ′(([u]iσS)↓)

If γ = γ′, then this can be done as in the previous cases.
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Otherwise, since names can only be shared through assign-
ments, and assignments only concern variables/terms of base
type, we necessarily have thatc 6∈ E . Hence, we have that

S
νwn.out(c,wn)
−−−−−−−−−→ Sout where:

Sout = (E ; {Q1;in(c, x).Q2}⊎QS ; ΦS∪{wn ⊲ [u]iσS};σS)

Note that(ρα, ρβ) is still compatible withSout. We would
like to apply Lemma 53 withM = wn on the frame ofSout
which requires an hypothesis of non deductibility of the shared
key. For these, we will rely on our hypothesis thatD0 does
not reveal the values of its assignments w.r.t.(ρα, ρβ):

Let Φ′S = ΦS ∪ {wn ⊲ [u]iσS}. We already proved our
induction result for the rule OUT-T. Hence, we deduce that

there existsDout such thatD
νwn.out(c,wn)
−−−−−−−−−→ Dout where

Dout = (E ;Pout; Φ
′
D;σD), Φ′D = ΦD ∪ {wn ⊲ δγ([u]i)σD}.

Moreover, it implies thatΦ′D↓ = δ(Φ′S↓}) andσD↓ = δ(σS↓).
As mentioned, by hypothesis, we know thatD0 does not reveal
the values of its assignments w.r.t.(ρα, ρβ). Hence, for all
assignment variablex of color α (resp.β) in dom(σD), for
all k ∈ {k, pk(k), vk(k) | k = xσD ∨ k = xρα (resp.xρβ)},
k is not deducible innew E .Φ′D. We denote byK such a set.
Let KS = {t, pk(t), vk(t) | t ∈ dom(ρ+α ) ∪
dom(ρ+β ), t ground}. SinceσD↓ = δ(σS↓), and by definition
of ρ+α and ρ+β , we deduce thatK = δα(KS) ∪ δβ(KS).
Moreover, we have thatΦ′D↓ = δ(Φ′S↓). Hence, we deduce
that new E .δ(Φ′S↓) 6⊢ k for any k ∈ δα(KS) ∪ δβ(KS). This
allow us to apply Lemma 53 withM = wn and so we deduce
that δγ([u]iσS↓) = δγ′([u]iσS↓). Hence, we can conclude as
in the previsous case.

Case of the rulePAR. It is easy to see that the result holds for
this case.

Note that the rules NEW and REPL can not be triggered
since the processes under study do not contain bounded names
and replication.

Proposition 57: Let P0 be a plain colored process without
replication and such thatbn(P0) = fv (P0) = ∅. Let B0 be an
extended colored biprocess such that:

• S0 = (Eα ⊎ Eβ ⊎ E0; [[P0]]; ∅; ∅)
def
= fst(B0),

• D0 = (Eα ⊎ Eβ ⊎ E0;P ′0; ∅; ∅)
def
= snd(B0), and

• D0 = δρ
+
α ,ρ

+

β (S0) for some(ρα, ρβ).
• D0 does not reveal the value of its assignments w.r.t.

(ρα, ρβ).
For any extended processD = (ED;PD; ΦD;σD) such

that D0
tr
=⇒D with (ρα, ρβ) compatible withD, there exists

a biprocessB and an extended processS = (ES ;PS; ΦS ;σS)

such thatB0
tr
=⇒biB, ,fst(B) = S, snd(B) = D, andD = δ(S).

Proof: We show the result by induction on the length of
the derivation. The base case whenD0 = D is trivial. We
simply conclude by consideringB = B0, andS = S0. Now,

we assume thatD0
tr′

=⇒D′ such that(ρα, ρβ) is compatible with
D′. This means that there existD, tr, andℓ such that:

D0
tr
=⇒D

ℓ
−→ D′ with tr′ = tr · ℓ

Note that we necessarily have that(ρα, ρβ) is compatible
with D.

By induction hypothesis, we have that there exists an
extended biprocessB and an extended processS such that
fst(B) = S, snd(B) = D, B0

tr
=⇒biB, andD = δ(S). We show

the result by case analysis on the rule involved inD
ℓ
−→ D′.

Let D = (ED;PD; ΦD;σD) and D′ = (E ′D;P ′D; Φ′D;σ′D).
First, note that sinceD is issued fromD0 = δ(S0) and
S0 = (E ; [[P0]]; ∅; ∅), we know that terms invovled inD are
tagged and obtained through theδ transformation.

Case of the ruleOUT-T. In such a case, we have that
E ′D = ED, σ′D = σD, PD = {out(c, δ([v]i)).δ(QS)}⊎δ(QS),
P ′D = {δ(QD)}⊎δ(QD), andΦ′D = ΦD∪{wn ⊲ δγ([v]i)σD}
with γ ∈ {α, β} such thati ∈ γ. Furthermore, we have that
ℓ = newwn.out(c, wn), c 6∈ ED, andn = |ΦD|+1. We have
also

S = (E ; {out(c, [v]i).QS} ⊎ QS); ΦS ;σS)

with ΦD↓ = δ(ΦS↓), and σD↓ = δ(σS↓). Hence, we have

thatS
newwn.out(c,wn)
−−−−−−−−−−−→ S′ where

S′ = (E ;QS ⊎ QS ; ΦS ∪ {wn ⊲ [v]iσS};σS).

Hence, we have thatB
newwn.out(c,wn)
−−−−−−−−−−−→bi B′ with

fst(B′) = S′ and snd(B′) = D′. It remains to show that
D′ = δ(S′), i.e.

(δγ([v]i)σD)↓ = δγ([v]iσS↓)

SinceD is issued from(E ; δ([[P0]]); ∅; ∅) and B0
tr
=⇒biB, we

have thatσD � testi(δγ([v]i)) andσS � testi([v]i).
SinceσD↓ = δ(σS↓), we have that:

(δγ([v]i)σD)↓ = (δγ([v]i)δ(σS↓))↓

Let γ′ be equal toα if γ = β, and equal toβ if γ = α.
Each variable that occurs in[v]i also occurs indom(σS)
and such a variable is either colored with a color inγ, or
an assignation variablezγ

′

j . Thus, we have thatδγ([v]i) only
contains variables that are colored with a color inγ. Hence,
we have that

(δγ([v]i)δ(σS↓))↓ = (δγ([v]i)δγ(σS↓))↓

Relying on Lemma 38 (note thatσS↓ � testi([v]i)), we have
that:

(δγ([v]i)σD)↓ = (δγ([v]i)δγ(σS↓))↓
= δγ([v]i(σS↓))↓
= δγ([v]i(σS↓)↓)
= δγ([v]iσS↓)

Case of the ruleIN. In such a case, we have thatE ′D = ED,
Φ′D = ΦD, PD = {∈ (c, x)i.δ(QS} ⊎ δ(QS), P ′D =
{δ(QS)} ⊎ δ(QS), σ′D = σD ∪ {x 7→ MΦD}, and ℓ =
in(c,M) with c 6∈ ED, fv (M) ⊆ dom(ΦD), and fn(M) ∩
ED = ∅. Moreover, we have that:

S = (E ; {in(c, x).QS} ⊎ QS ; ΦS ;σS)
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with ΦD↓ = δ(ΦS↓), and σD↓ = δ(σS↓). Let γ ∈ {α, β}
such thati ∈ γ.

Hence, we have thatS
in(c,M)
−−−−−→ S′ where

S′ = (E ; {QS} ⊎ QS ; ΦS ;σS ∪ {x 7→ MΦS).

Hence, we have thatB
in(c,M)
−−−−−→bi B

′ with fst(B′) = S′, and
snd(B′) = D′. It remains to show thatD′ = δ(S′), i.e.

(MΦD)↓ = δγ(MΦS↓).

By hypothesis, we know thatD0 does not reveal the value
of its assignments w.r.t.(ρα, ρβ). SinceΦD↓ = δ(ΦS↓) and
σD↓ = δ(σS↓). Hence, by following the definition ofρ+α and
ρ+β , we deduce that the hypothesis of Lemma 53 are satisfied.
Hence, by relying on it, we have that:

(MΦD)↓ = (M(ΦD↓))↓ = (Mδ(ΦS↓))↓ = δγ(MΦS↓).

Case of the ruleTHEN. In such a case, we have thatE ′D = ED,
Φ′D = ΦD, σ′D = σD, PD = {PD}⊎QD, andP ′D = {P ′D}⊎
QD wherePD andP ′D are as follows:

• Case a: a test before an output.

PD = if testi(δγ([v]i))thenout(c, δγ([v]i))i.δ(QS)
P ′D = out(u, δγ([v]i))i.δ(QS)
σD � testi(δγ([v]i))

for somei ∈ {1, . . . , p} andγ ∈ {α, β} such thati ∈ γ.
• Case b: a test before an assignation.

PD = if testi(δγ([v]i))then [z := δγ([v]i)]
i.δ(QS)

P ′D = {[z := δγ([v]i)]
i.δ(QS)

σD � testi(δγ([v]i))

for somei ∈ {1, . . . , p} andγ ∈ {α, β} such thati ∈ γ.
• Case c: a test before a conditional.

PD = if testi(δγ([ϕ]i))then
(if [ϕ]i then δ(Q1

S)else δ(Q
2
S))

P ′D = if [ϕ]i then δ(Q1
S)else δ(Q

2
S)

σD � testi(δγ([ϕ])i)

for somei ∈ {1, . . . , p} andγ ∈ {α, β} such thati ∈ γ.
• Case d: a test of a conditional.

PD = if δγ([ϕ]i)then δ(Q1
S)else δ(Q

2
S)

P ′D = δ(Q1
S)

σD � δγ([ϕ]i) andσD � testi(δγ([ϕ]i))

for somei ∈ {1, . . . , p} andγ ∈ {α, β} such thati ∈ γ.

Each case can be handled in a similar way. Note that we rely
in addition on Corollary 39 instead of Lemma 40 to establish
the result incase d. We assume that we are in the first case.
Let γ ∈ {α, β} such thati ∈ γ. We have thatS is equal to

(E ; {if testi([v]i)thenout(c, [v]i)
i.QS} ⊎ QS ; ΦS ;σS)

with ΦD↓ = δ(ΦS↓), andσD↓ = δ(σS↓).
Since σD � testi(δγ([v]i)), we have (σD↓) �

testi(δγ([v]i)), and thusδ(σS↓) � testi(δγ([v]i)). As in the
previous cases, we deduce thatδγ(σS↓) � testi(δγ([v]i)).

Thanks to Lemma 40, we deduce thatσS↓ � testi([v]i).
Hence, we have thatS

τ
−→ S′ where

S′ = (E ; {out(u, [v]i).QS} ⊎ QS ; ΦS ;σS).

Hence, we have thatB
τ
−→bi B′ with fst(B′) = S′, and

snd(B′) = D′. We also have thatD′ = δ(S′).

Case of the ruleELSE. This case is similar to the previous
one.

Case of the ruleASSGN. In such a case, we have thatE ′D =
ED, Φ′D = ΦD, PD = {[x := δγ([v]i)].δ(Q)}⊎ δ(QS), P ′D =
{δ(Q)} ⊎ δ(QS), σ′D = σD ∪ {x 7→ δγ([v]i)σD}, and ℓ =
τ where γ ∈ {α, β} with i ∈ γ. We have also thatσD �

testi(δ([v]i)) andσS � testi([v]i). Hence, we have that:

S = (E ; {[x := [v]i].Q} ⊎ QS ; ΦS;σS)

with ΦD↓ = δ(ΦS↓), andσD↓ = δ(σS↓).
Hence, we have thatS

τ
−→ S′ where:

S′ = (E ; {Q} ⊎ QS ; ΦS ;σS ∪ {x 7→ [v]iσS}).

Hence, we have thatB
τ
−→bi B′ with fst(B′) = S′ and

snd(B′) = D′. It remains to show thatD′ = δ(S′), i.e.

(δγ([v]i)σD)↓ = δγ([v]iσS↓).

This can be done as in the case of the rule OUT-T.

Case of the ruleCOMM. In such a case, we have thatPD =
{out(c, δγ([u]i))i.δ(Q1);in(c, x)i

′

.δ(Q2)} ⊎ δ(QS), E ′D =
ED, Φ′D = ΦD, σ′D = σD ∪ {x 7→ δγ([u]i)σD}, and ℓ =
τ . Moreover, we have thatσD � δγ(testi([u]i)) and σS �

testi([v]i) whereγ ∈ {α, β} such thati ∈ γ. Hence, we have
thatS is equal to

(E ; {out(c, [u]i).Q1;in(c, x).Q2} ⊎ QS ; ΦS;σS)

with ΦD↓ = δ(ΦS↓), andσD↓ = δ(σS↓).
Let γ′ ∈ {α, β} such thati′ ∈ γ′. Hence, we have that

S
τ
−→ S′ whereS′ is equal to:

(E ; {Q1;Q2} ⊎ QS ; ΦS ;σS ∪ {(x 7→ [u]iσS)
i′}).

Hence, we have thatB
τ
−→ B′ for some biprocessB′ such

that fst(B′) = S′ and snd(B′) = D′. It remains to show that
D′ = δ(S′), i.e.

(δγ([u]i)σD)↓ = δγ′([u]iσS↓)

If γ = γ′, then this can be done as in the previous
cases. Otherwise, since names can only be shared through
assignations, and assignations only concern variables/terms of
base type, we necessarily have thatc 6∈ E . Hence, we have

thatD
νwn.out(c,wn)
−−−−−−−−−→ Dout whereDout is equal to:

(ED; {δ(Q1);in(c, x).δ(Q2)}⊎QS ; ΦD∪{wn ⊲ δγ([u]i)σD};σD)

Note that(ρα, ρβ) is still compatible withDout. We would
like to apply Lemma 53 withM = wn on the frame ofDout

which requires an hypothesis of non deductibility of the shared
key. For these, we will rely on our hypothesis thatD0 does not
reveal the values of his assignment variables w.r.t.(ρα, ρβ):
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Let Φ′D = ΦD ∪ {wn ⊲ δγ([u]i)σD}. We already proved
our induction result for the rule OUT-T. Hence, we deduce

that there existsSout such thatS
νwn.out(c,wn)
−−−−−−−−−→ Sout where

Sout = (E ;P ′S ; Φ
′
S ;σS), Φ′S = ΦS ∪ {wn ⊲ [u]i)σS}.

Moreover, it implies thatΦ′D↓ = δ(Φ′S↓}) andσD↓ = δ(σS↓).
As mentioned, by hypothesis, we know thatD0 does not reveal
the values of its assignments w.r.t.(ρα, ρβ). Hence, for all
assignment variablex of color α (resp.β) in dom(σD), for
all key ∈ {k, pk(k), vk(k) | k = xσD∨k = xρα (resp.xρβ)},
key is not deducible fromnew E .Φ′D. We denoteK this set.
Let KS = {t, pk(t), vk(t) | t ∈ dom(ρ+α ) ∪
dom(ρ+β ), t ground}. SinceσD↓ = δ(σS↓), and by definition
of ρ+α and ρ+β , we deduce thatK = δα(KS) ∪ δβ(KS).
We have also thatΦ′D↓ = δ(Φ′S↓). Hence, we can now
apply Lemma 53 withM = wn and so we deduce that
δγ([u]iσS↓) = δγ′([u]iσS↓). Hence, we can conclude as in
the previous case.

Case of the rulePAR. It is easy to see that the result holds for
this case.

Note that the rules NEW and REPL can not be triggered
since the processes under study do not contain bounded names
and replication.

Theorem 31:Let P be a plain colored process as described
above, andB0 be an extended colored biprocess such that:

• S0 = (Eα ⊎ Eβ ⊎ E0; [[P ]]; ∅; ∅)
def
= fst(B0),

• D0 = (Eα ⊎ Eβ ⊎ E0;PD; ∅; ∅)
def
= snd(B0), and

• PD = δρα,ρβ
([[P ]]) for some (ρα, ρβ) compatible with

D0, and
• D0 does not reveal its assignments w.r.t.(ρα, ρβ).

We have that:

1) For any extended processS = (ES ;PS; ΦS ;σS) such
that S0

tr
=⇒S with (ρα, ρβ) compatible withS, there

exists a biprocessB and an extended processD =

(ED;PD; ΦD;σD) such thatB0
tr
=⇒bi B, fst(B) = S,

snd(B) = D, andnew ES .ΦS ∼ new ED.ΦD.
2) For any extended processD = (ED;PD; ΦD;σD)

such thatD0
tr
=⇒D with (ρα, ρβ) compatible withD,

there exists a biprocessB and an extended process
S = (ES ;PS; ΦS ;σS) such thatB0

tr
=⇒bi B, fst(B) = S,

snd(B) = D, andnew ES .ΦS ∼ new ED.ΦD.

Proof: We prove the two items separately.

1) The first item is actually a direct consequence of Propo-
sition 56. We rely on Corollary 55 and the fact that
D = δ(S) to establish that:

new ES .ΦS ∼ new ED.ΦD.

2) The second item is actually a direct consequence of
Proposition 57. We rely on Corollary 55, Corollary 54
and the fact thatD = δ(S) to establish that:

new ES .ΦS ∼ new ED.ΦD.

This concludes the proof of the theorem.

APPENDIX D
PARALLEL COMPOSITION

The goal of this section is to prove the results stated
in Section IV-A. We prove a slightly improved version of
Theorem 15 assuming that composition contexts may contain
several holes. To prove these composition results, we will rely
on Theorem 31, and for this we have to explain how to get rid
of the replications, and thenew instructions (see Section D-A).
We have also to rewrite the process to ensure that names are
shared via assignment variables only (see Section D-B).

A. Unfolding a biprocess

Given an extended processA = (E ;P ; Φ) whereP may
contain name restrictions and replications, the idea is to unfold
the replications and to gather together all the restricted names
in the set E . Of course, it is not possible to apply such
a transformation and to preserve the set of possible traces.
However, given a specific trace issued fromA, it is possible to
compute an unfolding ofA that will exhibit this specific trace.
The converse is also true, any trace issued from an unfolding
of A will correspond to a trace ofA. Thus, the processA and
all its possible unfoldings will exhibit exactly the same set of
traces. We define this notion directly on biprocesses.

Definition 58: Let A = (E ;P ; Φ) be an extended biprocess.
We define thenth unfolding of A, denote byUnfn(A), the
biprocess(E ⊎ En;Pn; Φ) obtained fromA by replacing in
P each instance of!Q with n instances ofQ (applying α-
renaming to ensure name and variable distinctness), and then
removing thenew operations from the resulting process. These
names are then put in the setEn and added in the first
component of the extended process.

The link between an extended biprocess and its unfoldings
is stated in Lemma 59.

Lemma 59:Let A = (E ;P ; Φ) be an extended biprocess.
The biprocessA is in diff-equivalence if, and only if,Unfn(A)
is in diff-equivalence for anyn ∈ N.

B. Sharing names via assignments

In Theorem 31, one can note that processes may only share
data through assignment variables. This is not a real limitation
since a name that is shared via the composition context can be
assigned to an assignment variable by one process and used by
the other through the assignment variables. Below, we describe
this transformation that actually preserves diff-equivalence of
a biprocess.

Let A = (E ;P ; Φ) be an extended colored (with colors
in {1, . . . , p} = α ⊎ β) biprocess that does not contain any
name restriction nor replication inP . LetK = k1, . . . , kℓ be a
sequence of names (of base type) inE that contains at least all
the names occurring in both type of actions – in actions colored
α as well as in actions coloredβ (intuitively k1, . . . , kℓ are
the names shared by the two processes we want to compose).
Since we work with a biprocess, we do this transformation
simulatenously on both sides. We do this each time the trans-
formation is required by one side of the biprocess. Actually,
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when we will apply this transformation, the right-hand side
will correspond to the disjoint case, whereas the left-handside
will correspond to the shared case, and all the transformations
will arise because of the left-hand side.

Let Z = zα1 , . . . , z
α
ℓ be a sequence of fresh variables, and

i ∈ α. We denote byAss iZ:=K(A) the extended biprocess
(E ;Pass; Φ) wherePass is defined as follows:

Pass = [zα1 := k1]
i. . . . .[zαℓ := kℓ]

i.(|P∈P Pρβ)

whereρβ replaces each occurrence of the namekj (1 ≤ j ≤ ℓ)
that occurs in an actionβ-colored by its associated assignment
variablezαj (1 ≤ j ≤ ℓ). Note that the replacementρβ will
not affect the process corresponding to the disjoint case.

Note that in the definition above, theα-colored process will
assign the shared names into assignment variables whereas
the β-colored process will simply use those variables instead
of the corresponding names. This choice is arbitrary and
the roles played byα and β can be swapped. Again, this
transformation preserves equivalence. This result is stated
below in Lemma 60.

Lemma 60:Let A = (E ;P ; Φ) and AssiZ:=K(A) be two
extended biprocesses as described above. We have thatA is
in diff-equivalence if, and only if,AssiZ:=K(A) is in diff-
equivalence.

C. Composing trace equivalence

The theorem we want to prove is stated below. Note that,
this theorem differs from the one stated in the main body of
the paper since we work in a slightly more general setting.

We denote byΣc
0 = {senc, aenc, sign, pk, vk, 〈 〉}, i.e.

the constructors of the common signatureΣ0. We consider
composition contexts that may contain several holes. They are
formally defined as follows:

Definition 61: A composition contextC is defined by the
following grammar wheren is a name of base type.

C,C1, C2 := | new n. C | !C | C1|C2

We only allow names of base type (typically keys) to be
shared between processes through the composition context.
In particular, they are not allowed to share a private channel
even if each process can used its own private channels to
communicate internally. We also suppose w.l.o.g. that names
occurring inC are distinct. A composition context may contain
several holes. We can index them to avoid confusion. We write
C[P1, . . . , Pℓ] (or shortlyC[P ]) the process obtained by filling
the ith hole with the processPi (or the ith process of the
sequenceP ).

We use the notationP | Q to represent the sequence of
processes obtained by putting in parallel the processes of the
sequencesP andQ componentwise.

Parallel composition between tagged processes can only
be achieved assuming that the shared keys are not revealed.
Indeed, if the security ofP is ensure through the secrecy of
the shared keyk, there is no way to guarantee thatP is still

secure in an environment where another processQ running in
parallel will reveal this key.

Since, we consider a common signatureΣ0 and composition
contexts with several holes, we have to generalize a bit the
notion of revealing a shared key stated in the body of the paper.
We have to take into account public keys and verification keys.

Definition 62: Let C be a composition context,A be an
extended process of the form(E ;C[P1, . . . , Pℓ]; Φ;σ), and
key ∈ {n, pk(n), vk(n) | n occurs inC}. We say thatthe
extended processA reveals the keykey when:

• (E ∪ {s};C[P+
1 , . . . , P+

ℓ ]; Φ;σ)
w
=⇒(E ′;P ′; Φ′;σ′) with

P+
i0

def
= Pi0 | in(c, x).if x = key thenout(c, s) and

P+
i

def
= Pi if i 6= i0; and

• MΦ′ =E s for someM such thatfv(M) ⊆ dom(Φ′) and
fn(M) ∩ E ′ = ∅

where c is a fresh public channel name,s is a fresh name
of base type, and thei0th hole of C is in the scope of
“new fn(key)”.

Definition 63: Let C be a composition context andE0 be a
finite set of names of base type. LetP andQ be two sequences
of plain processes together with their framesΦ andΨ. We say
thatP/Φ andQ/Ψ arecomposableunderE0 andC when:

1) P (resp.Q) are built overΣα ∪ Σ0 (resp.Σβ ∪ Σ0),
whereasΦ (resp.Ψ) are built overΣα ∪ {pk, vk} (resp.
Σβ∪{pk, vk}), Σα∩Σβ = ∅, andP (resp.Q) is tagged;

2) fv(P ) = fv (Q) = ∅, anddom(Φ) ∩ dom(Ψ) = ∅.

3) E0 ∩ (fn(C[P ]) ∪ fn(Φ)) ∩ (fn(C[Q]) ∪ fn(Ψ)) = ∅;

4) (E0;C[P ]; Φ) (resp.(E0;C[Q]; Ψ)) does not reveal any
key in:

{n, pk(n), vk(n) | n occurs infn(P )∩fn(Q)∩bn(C)}.

This notion is extended as expected to biprocesses re-
quiring that fst(P )/fst(Φ) and fst(Q)/fst(Ψ), as well as
snd(P )/snd(Φ) andsnd(Q)/snd(Ψ), are composable.

Theorem 64:Let C be a composition context, andE0 be a
finite set of names of base type. LetP (resp.Q) be a sequence
of plain biprocesses together with its frameΦ (resp.Ψ), and
assume thatP/Φ andQ/Ψ are composable underE0 andC.

If (E0;C[P ]; Φ) and (E0;C[Q]; Ψ) satisfy diff-equivalence
(resp. trace equivalence), then(E0;C[P | Q]; Φ ⊎ Ψ) satisfies
diff-equivalence (resp. trace equivalence).

Proof: According to our hypothesis,P andQ are both
tagged hence there exists two sequences of colored plain
processesPt and Qt such that[[Pt]] = P and [[Qt]] = Q.
Moreover, we can split the set of namesE0 into two disjoint
setsEP and EQ depending on whether the name occurs in
P/Φ or Q/Ψ.

Let S = (E0;C[P | Q]; Φ). Our goal is to show thatS
satisfies diff-equivalence (resp trace equivalence). By hypoth-
esis, we actually have that(EP ;C[P ]; Φ), and(EQ;C[Q]; Ψ)
satisfy diff-equivalence (resp trace equivalence). LetD =
(EP ⊎ EQ;C[P ] | C[Q]; Φ ⊎Ψ) (modulo someα-renaming to
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ensure name and variable distinctness of the resulting process).
Since the two processes that are composed in parallel do
not share any data, we have thatD satisfies diff-equivalence
(resp trace equivalence). In order to conclude thatS satisfies
diff-equivalence (resp trace equivalence), we will show that
fst(S) ≈diff fst(D) and snd(S) ≈diff snd(D) relying on
Theorem 31.

Let B1 be the biprocess obtained by forming a biprocess
with fst(S) andfst(D). Even if the two processes do not have
exactly the same structure, this can be achieved by introducing
somenew instructions that will not be used infst(S). Relying
on Lemma 59, we have thatB1 is in diff-equivalence if
and only if Unfn(B1) is in diff-equivalence for anyn ∈ N.
Let n0 ∈ N. We transform the biprocessUnfn0

(B1) to
introduce assignment variables (and we may assume w.l.o.g.
that the processes under study do not rely on any assign-
ment variables, thus the resulting process will only contain
the assignment variables introduced by our transformation),
namely zα1 , . . . , z

α
ℓ . This leads us to another biprocess and

this transformation still preserves diff-equivalence as stated in
Lemma 60. Note that, on the right-hand side of the biprocess
(the disjoint case), the assignments variables are assigned to
names that do not occur in any action coloredβ. In order
to apply our Theorem 31, we perform a last transformation
on this biprocess that consists in replacing the elements that
occur inside the frame by output actions (colored withα or
β depending on its origin) in front of the biprocess. This
last transformation preserves also diff-equivalence. We finally
considerEα = ∅, and Eβ = {kα1 , . . . , k

α
ℓ } a set of fresh

names, and we add these two sets of names to the set ofE0
(first argument of the biprocess). Now, it remains to show that
this resulting biprocessB′1 is in diff-equivalence. For this, we
rely on Theorem 31. Letρα be such thatdom(ρα) = ∅, and
ρβ be such thatdom(ρβ) = {zα1 , . . . , z

α
ℓ }, and zαj ρβ = kαj

for j ∈ {1, . . . , ℓ}. Actually, we have thatD′1 = δ(S′1)
whereS′1 = fst(B′1) andD′1 = snd(B′1), and for all possible
executions ofS′1 or D′1, compatibility will be satisfied. Indeed,
by construction, we know that all the assignment variables (re-
member that all the assignments occurring in the process have
been introduced by our transformation) will be assigned to
distinct names. Now, to satisfy all the requirements neededto
apply Theorem 31, it remains to establish the non-deducibility
of the keys.

By hypothesis,(E0;C[P ]; Φ) and (E0;C[Q]; Ψ) do not
revealk, pk(k), or vk(k) for anyk ∈ fn(P )∩ fn(Q)∩bn(C).
Hence, we deduce thatfst(D) (parallel composition - disjoint
case) does not revealk, pk(k), or vk(k) for any k ∈ fn(P ) ∩
fn(Q) ∩ bn(C).

Note that we want to apply Theorem 31 onS′1 and D′1
and not onS1 andD1. However, we builtD′1 by unfolding
D1 and introducing assignment variables. First, note that these
transformations preserve deducibility. Moreover, secrecy of k,
pk(k), or vk(k) for any k ∈ fn(P ) ∩ fn(Q) ∩ bn(C) actually
implies thatD′1 does not reveal its assignments w.r.t.(ρα, ρβ).
This allows us to apply Theorem 31 and so to conclude.

D. Composing reachability

We now prove a variant of Corollary 16 considering our
slightly more general setting.

Corollary 65: Under the same hypotheses as Theorem 64
with processes instead of bioprocesses, and considering a name
s that occurs inC. If (E0;C[P ]; Φ) and(E0;C[Q]; Ψ) do not
reveals, then(E0;C[P | Q]; Φ ∩Ψ) does not reveals.

Proof: The proof follows the same lines as the one for
dealing with diff-equivalence and trace equivalence. In order
to show that the processS = (E0;C[P | Q]; Φ ⊎Ψ) does not
reveals, we rely on the fact that the secrecy is preserved by
parallel composition of “disjoint” processes. Thanks to our
hypotheses, we have thatD = (E0;C[P ] | C[Q]; Φ ⊎ Ψ)
does not reveals. Then, by applying Theorem 31 and more
specifically the first bullet point of this theorem, we can
deduce that for all(tr,new ES .ΦS) ∈ trace(S), there exists
a trace(tr,new ED.ΦD) ∈ trace(D) such thatnew ES .ΦS ∼
new ED.ΦD. SinceD does not reveals, we conclude thatS
does not reveals too.

APPENDIX E
SEQUENTIAL COMPOSITION

In this section we prove Theorem 17. As for establishing
parallel composition results, we will rely on Theorem 31.
This will require to unfold the processes under study, and to
use assignment variables to share data. However, as already
discussed in Section III, we also have to tackle some additional
difficulties. In particular, to ensure the compatibility ofthe
executions as required by Theorem 31.

A. Unfolding biprocesses and sharing names via assignments

Unfolding the biprocesses for sequential composition fol-
lows the same principles as unfolding the biprocesses for
parallel composition. However, we need to be more specific. In
particular, we need to be able to easily talk about the replicated
instances of a nonce after unfolding. We explain in this section
how the unfolded biprocesses are built, and we introduce some
notation that we will use throughout the entire section.

Example 66:Let P =!new k.!new n.out(c, senc(n, k)).
The plain process

out(c, senc(n[1, 1], k[1])) | out(c, senc(n[1, 2], k[1]))
| out(c, senc(n[2, 1], k[2])) | out(c, senc(n[2, 2], k[2]))

together with the set

K = {k[1], k[2], n[1, 1], n[1, 2], n[2, 1], n[2, 2]}

will correspond to the 2-unfolding ofP , denotedUnf2(P ). In
this example,k[1], k[2], n[1, 1], . . . , n[2, 2] are considered as
distinct names.

More generally, in such formalism, two namesn1[i1, . . . , ip]
andn2[j1, . . . , jq] are equal if, and only if, they are syntac-
tically equal, i.e. n1 = n2, p = q and ik = jk for each
k ∈ {1 . . . p}. We will use the same convention to represent
the variables occurring in the processes. We will also extend
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this notation to processes. ThusP [i1, . . . , in] will represent
the instance ofP that correspond to thei

th
1 instance of the1

st

replication,i
th
2 instance of the2

nd
replication,etc.

Example 67:Going back to our previous example, we have
thatUnf2(P ) = (Q[1, 1] | Q[1, 2] | Q[2, 1] | Q[2, 2],K) where
Q[i, j] = out(c, senc(n[i, j], k[i])).

With such notation, we can now be much more precise on
how our disjoint and shared processes are unfolded.

Following notation given in Theorem 17, we will consider
the biprocesses:

1) S = (E0;C[P1[Q1] | P2[Q2]]; Φ ⊎ Ψ), the so-called
shared case;

2) Dpar = (E0;C[P ] | C[Q]; Φ ⊎Ψ), the so-called parallel
disjoint case;

3) Dseq = (E0; C̃[P1[Q̃1] | P2[Q̃2]]; Φ⊎Ψ) whereC̃ is asC
but each namen is duplicatedn/ nQ in order to ensure
disjointness. The processes̃Q1 andQ̃2 are obtained from
Q1 andQ2 by replacing each namen occurring inC
by its copynQ. This represents the so-called sequential
disjoint case.

Then, given a biprocessB (typically one given above),
we denote byBn its nth unfolding relying on the naming
convention introduced in Example 66 and Example 67.

Using the notation introduced above, it should be clear
that for each unfoldingn (with n ∈ N), the biprocess that
represents the parallel disjoint case,i.e. Dpar

n exhibits more
behaviours than the biprocess that represents the sequential
disjoint case,i.e. Dseq

n .

Lemma 68:If Dpar
n satisfies diff-equivalence thenDseq

n sat-
isfies diff-equivalence

As for parallel composition, once unfolding has been done,
we get rid of names that are shared through the composition
context using assignment variables. We denote these names
r1, . . . rp and their associated assignment variablesz1, . . . , zp.
We also get rid of the content of the frame by adding some
outputs in front of the resulting process. Note that, we can
assume w.l.o.g. that the only assignment instructions are those
that occur inP1 andP2 to give a value tox1 andx2. Indeed,
an assignment of the form[x := t] that is “local” to P1/P2

(or Q1/Q2) has the same effect as applying the substitution
x 7→ t directly on the process. This additional hypothesis will
help us ensure compatibility of all executions when applying
Theorem 31.

Given a biprocessB, we will denoteBv the biprocess re-
sulting from the transformation described above. In particular,
we will considerSv

n the biprocess obtained by applying the
transformation above onSn (the nth unfolding of the shared
case), and alsoDvseq

n the biprocess obtained by applying the
transformation onDseq

n .
Again, it should be clear that these transformations preserve

diff-equivalence.

Lemma 69:We have that:

1) Dvseq
n satisfies diff-equivalence if, and only if,Dseq

n

satisfies diff-equivalence
2) Sv

n satisfies diff-equivalence if, and only if,Sn satisfies
diff-equivalence

Relying on this transformation, by colouring actions ofP
with α, and actions ofQ with β, given an integern corre-
sponding to the unfolding under study, and assuming that the
hole of C is underm replications, we considerρα such that
dom(ρα) = ∅, andρβ with

dom(ρβ) = {z1, . . . , zp}
∪{x1[i1, . . . , im], x2[i1, . . . , im] | 1 ≤ i1, . . . , im ≤ n}

• ziρβ = ri for 1 ≤ i ≤ p;
• ρβ(x1[i1, . . . , im]) = k[i1, . . . , im]
• ρβ(x2[i1, . . . , im]) = k[i1, . . . , im].

In other words, we abstract each name shared via the
composition context by a fresh one,i.e. ri, and each term
shared through the variablesx1 and x2 are abstracted by a
fresh name, a new one for each instance.

B. Secrecy of the shared keys

We now focus on the fourth condition of Theorem 31,
i.e. we ensure thatDvseq

n does not reveal the values of its
assignments w.r.t.(ρα, ρβ) as defined in Section E-A.

Lemma 70:Assume thatP1/P2/Φ is a good key-exchange
protocol underE0 andC. Assume also that(E0;C[Q]; Ψ; ∅)
does not reveal anyk, pk(k) andvk(k).

In such a case, we have thatDvseq
n does not reveal the value

of its assignment variables w.r.t.(ρα, ρβ).

Proof: By Definition 11, P1/P2/Φ being a good key-
exchange protocol underE0 andC implies that(E0;Pgood; Φ)
does not revealbad wherePgood is defined as follows:

Pgood = new bad , d.
(

C[new id.(P1[out(d, 〈x1, id〉)] | P2[out(d, 〈x2, id〉)])]
| in(d, x).in(d, y).
if proj1(x) = proj1(y) ∧ proj2(x) 6= proj2(y)
thenout(c, bad)

| in(d, x).in(d, y).
if proj1(x) 6= proj1(y) ∧ proj2(x) = proj2(y)
thenout(c, bad)

| in(d, x).in(c, z).
if z ∈ {proj1(x), pk(proj1(x)), vk(proj1(x))}
thenout(c, bad)

)

In particular, it indicates that the secrecy ofx, pk(x) and
vk(x) is preserved, wherex is the value of any assignment
variable. Then, the result is actually a direct consequenceof
the fact that secrecy is preserved through disjoint composition,
and the transformations that are performed on the process
(e.g.unfolding, adding of some assignments operations) also
preserve secrecy.
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C. Compatibility

To use Theorem 31, a compatibility condition is required.
As in the case of parallel composition, this property will be
trivially satisfied for assignments that have been added by
our transformation. However, more work is needed to deal
with assignments present in the original processes, that is
in our situation, assignments of the form[x1[...] = ] and
[x2[...] = ] that come from the unfolding of the process
P1/P2. The idea is that the abstractability property and the
fact thatP1/P2/Φ is a good key-exchange protocol will give
us the required conditions to apply Theorem 31.

The following lemma focuses onP1/P2/Φ being a good
key-exchange protocol underE0 andC .

Lemma 71:Let (E0;C[P1[0] | P2[0]]; Φ; ∅) be a process
such thatP1/P2/Φ is a good key-exchange protocol under
E0 andC . Let n be an integer, and(E ;P ; Φ′;σ) a process
such thatfst(Dseq

n )
tr
=⇒(E ;P ; Φ′;σ). Let i1, j1, . . . , im, jm ∈ N,

and q1, q2 ∈ {1, 2} such thatxq1 [i1, . . . , im] andxq2 [j1, . . . ,
jm] are indom(σ). We have that:

xq1 [i1, . . . , im]σ↓ = xq2 [j1, . . . , jm]σ↓
if, and only if,

ip = jp for all 1 ≤ p ≤ m.
A similar property holds forsnd(Dseq

n ).

Proof: By definition of P1/P2/Φ being a good key-
exchange protocol underE0 and C and since secrecy is
preserved when considering disjoint composition, we have that
(E0;P ; Φ ⊎Ψ; ∅) preserves the secrecy ofbad where:

P = new bad .new d.(
C̃[new k.new id.(P1[out(d, 〈x1, id〉).Q̃1{k/x1

}]
| P2[out(d, 〈x2, id〉).Q̃2{k/x2

}])]
| in(d, x).in(d, y).
if proj1(x) = proj1(y) ∧ proj2(x) 6= proj2(y)
thenout(c, bad)
elseif proj1(x) 6= proj1(y) ∧ proj2(x) = proj2(y)
thenout(c, bad)

)

Here, the notatioñC, Q̃1, andQ̃2 refer to the same renaming
as the one used to defineDseq.

Let n be an integer. Consider thenth unfolding ofDseq as
well as thenth unfolding of the processP defined above. First,
note that an output on channeld is always of the form

out(d, 〈xj [i1, . . . im], id[i1, . . . im]〉) with j ∈ {1, 2}.

Let (E ;P ; Φ′;σ) be a process such that
fst(Dseq

n )
tr
=⇒(E ;P ; Φ′;σ) with xq1 [i1, . . . , im] and

xq2 [j1, . . . , jm] both in dom(σ). Moreover, assume that
xq1 [i1, . . . , im]σ↓ = xq2 [j1, . . . , jm]σ↓. In such a case, it is
easy to build a trace of(E0;Pn; Φ ⊎Ψ; ∅) such that the pairs

• 〈xq1 [i1, . . . , im], id[i1, . . . , im]〉, and
• 〈xq2 [j1, . . . , jm], id[j1, . . . , jm]〉

are outputted on channeld. Since the hole inPq1 (resp.Pq2 )
is not in the scope of a replication, we deduce that these

pairs can only be outputted once. We have seen that such
a process preserves the secrecy ofbad , and thus we deduce
that (i1, . . . , ip) = (j1, . . . , jp).

Now, relying on the fact that(E0;Pn; Φ ⊎ Ψ; ∅) preserves
the secrecy ofbad , and more precisely on the fact that the
following instructions are part of the process:

| in(d, x).in(d, y).
. . .
elseif proj1(x) 6= proj1(y) ∧ proj2(x) = proj2(y)
thenout(c, bad)

we deduce that(i1, . . . , ip) = (j1, . . . , jp) implies that
id[i1, . . . , im] = id[j1, . . . , jm] and so we deduce that
xq1 [i1, . . . , im]σ↓ = xq2 [j1, . . . , jm]σ↓.

Now, regarding assingment variables, and in particular the
different instances ofx1 and x2, it remains to show that
the values assigned to these variables will be rooted in the
right signature. We proceed in two steps. First, we discard
terms rooted with a symbol in{pk, vk, 〈〉} (Lemma 74), and
then we show that it is actually rooted in the right signature
(Lemma 75).

Definition 72: We say that a processP satisfies theab-
stractability propertyif for all P

tr
=⇒(E ;P ; Φ;σ), for all assign-

ment variablex ∈ dom(σ), root(xσ↓) 6∈ {pk, vk, 〈〉}.

This property is important for our composition to hold.

Example 73:Let Pi = [xi := 〈k1, k2〉], and Qi =
ifxi = 〈proj1(xi), proj2(xi)〉thenout(c, id i). Let C =
new k1.new k2. . We can see that in the shared case, the
branch THEN of the processQi will be executed whereas when
considering in isolation the processC[new k.(Q1{x1 7→ k} |
Q2{x2 7→ k})] will not exhibit a similar behaviour.

Intuitively, we say that a value of an assignment variable
can be abstracted if it is not a pair, a public key or verification
key. This is due to the fact that those three primitives are not
tagged and so can be used by processes of any colour.

Lemma 74:Let (E0;C[P1[0] | P2[0]]; Φ; ∅) be a process
satisfying the abstractability property. We have thatDvseq

satisfies the abstractability property.
Proof: First of all, unfolding the process

(E0;C[P1[0] | P2[0]]; Φ; ∅) preserves the abstractability
property. Moreover, the transformation that transforms a
processB into a processBv preserves the abstractability
property. Thus, to show thatDvseq satisfies the abstractability
property, it only remains to show that this property is
preserved by disjoint composition assuming that the process
we want to compose does not introduce new assignments
(note that this is the case ofQ1/Q2).

In fact, part of the process brought byQ1/Q2 can be
viewed as a process executed by the attacker. Thus, for all

Dseq tr′

=⇒(E ′;P ′; Φ′;σ′), there exists a correspondig execution

(E0;C[P1[0] | P2[0]]; Φ; ∅)
tr′′

=⇒(E ′′;P ′′; Φ′′;σ′′) such thatσ′′

andσ′ coincide ondom(σ′′), and in particular on the values
assigned tox1[. . .] and x2[. . .]. This allows us to deduce
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that root(xσ′′) 6∈ {pk, vk, 〈〉}, and thusDvseq satisfies the
abstractability property.

The next lemma will allow us to conclude that we obtain
traces compatible with(ρα, ρβ).

Lemma 75:Assume thatDvseq
n does not reveal the value

of its assignment variables w.r.t.(ρα, ρβ) and satisfies the ab-
stractability property. We have that for allDvseq

n
tr
=⇒(E ;P ; Φ;σ),

for all γ ∈ {α, β}, for all z ∈ dom(ργ), we have that either
tagroot(zσ↓) = ⊥ or tagroot(zσ↓) 6∈ γ ∪ {0}.

Proof: Since Dvseq
n

tr
=⇒(E ;P ; Φ;σ), we know that

(E ;P ; Φ;σ) is a derived well-tagged extended process w.r.t.
≺ andcol , for some≺ andcol . Moreover, by construction of
Dvseq

n , we also know thatdom(ρα) = ∅. We prove the result
by induction of thedom(ρβ) with the order≺.

Base casez ≺ z′ for all assignment variablesz′ different
from z: Assume thattagroot(zσ↓) 6= ⊥ and tagroot(zσ↓) ∈
β ∪ {0}. We now show thatzσ↓ ∈ Fctα(zσ). Since
tagroot(zσ↓) ∈ β ∪ {0}, we have that if root(zσ↓) 6∈
{vk, pk, 〈 〉} thenzσ ∈ Fctα(zσ). Thus it remains to show that
root(zσ↓) 6∈ {vk, pk, 〈 〉}. But Dvseq

n satisfies the abstractabil-
ity property hence we deduce thatroot(zσ↓) 6∈ {vk, pk, 〈 〉}.

Since zσ↓ ∈ Fctα(zσ), we can apply Lemma 49 and so
we deduce that:

1) either there existsM such thatfv (M) ⊆ dom(Φ) ∩
{z′ | z′ ≺ z}, fn(M) ∩ E = ∅ andzσ↓ ∈ Fctγ(MΦ↓)

2) otherwise there existsj such thatzβj ≺ z and zβj σ↓ =
zσ↓

The second case is trivially impossible sincedom(ρα) = ∅
and sozβj does not exists. We focus on the first case: We
know that zσ↓ ∈ Fctγ(MΦ↓). Since zσ↓ is not deducible
in new E .Φ, thenzσ↓ 6∈ Fct 〈 〉(MΦ↓). Moreover, we know
that for all assignment variablesz′ different from z, z ≺ z′.
Thus we can apply Lemma 51 and obtain that there exists
M ′′ such thatfv (M) ⊆ dom(Φ), fn(M) ∩ E = ∅ andzσ↓ ∈
Fct 〈 〉(M

′Φ↓). But this contradicts the fact thatzσ↓ is not
deducible innew E .Φ.

Since we always reach a contradiction, we can conclude
that tagroot(zσ↓) = ⊥ or tagroot(zσ↓) 6∈ β ∪ {0}.

Inductive case:Assume once again thattagroot(zσ↓) 6= ⊥
andtagroot(zσ↓) ∈ β ∪ {0}. As in the previous case, we can
show thatzσ↓ ∈ Fctα(zσ) and so we can apply Lemma 49
to obtain:

1) either there existsM such thatfv (M) ⊆ dom(Φ) ∩
{z′ | z′ ≺ z}, fn(M) ∩ E = ∅ andzσ↓ ∈ Fctγ(MΦ↓)

2) otherwise there existsj such thatzβj ≺ z and zβj σ↓ =
zσ↓

Once again the first case is trivially impossible since
dom(ρα) = ∅. Thus it remain to focus on the second case.
As in the previous, we can deduce thatzσ↓ 6∈ Fct 〈 〉(MΦ↓).
Moreover, by our inductive hypothesis, we know that for
all assignment variablez′ ≺ z, tagroot(z′σ↓) = ⊥ or
tagroot(z′σ↓) 6∈ β ∪ {0}. Thus, we can deduce thatz′σ↓ 6=
zσ↓. Thanks to this, we can apply Lemma 51 and obtain that

there existsM ′′ such thatfv (M) ⊆ dom(Φ), fn(M)∩ E = ∅
and zσ↓ ∈ Fct 〈 〉(M

′Φ↓). But this contradicts the fact that
zσ↓ is not deducible innew E .Φ.

Since we always reach a contradiction, we can conclude
that tagroot(zσ↓) = ⊥ or tagroot(zσ↓) 6∈ β ∪ {0}.

We now establish that when the processes are a good
key exchanged protocol, all possible executions are actually
compatible w.r.t.(ρα, ρβ).

Lemma 76:Let (ρα, ρβ) be the two abstraction functions as
defined in Section E-A. If(E0;C[P1[0] | P2[0]]; Φ; ∅) satisfies
the abstractability property andP1/P2/Φ is a good key-
exchanged protocol underE0 andC then for anyP such that:

• fst(Dvseq
n )

tr
=⇒P (resp.snd(Dvseq

n )
tr
=⇒P ), we have thatP is

compatible w.r.t.(ρα, ρβ).
• fst(Sv

n)
tr
=⇒P (resp.snd(Sv

n)
tr
=⇒P ), we have thatP is com-

patible w.r.t.(ρα, ρβ).

Proof: Let P be a process such thatfst(Dvseq
n )

tr
=⇒(E ;P ; Φ;

σ). Let x, y ∈ dom(σ) ∩ dom(ρβ) and assume thatxσ =E

yσ. Let us denotex = xi[i1, . . . , im] andy = xj [j1, . . . , jm]
wherejk, ik ∈ {1, . . . , n}, k ∈ {1, . . . ,m} and i, j ∈ {1, 2}.

By hypothesis,P1/P2/Φ is a good key-exchanged protocol
under E0 and C . Hence thanks to Lemma 71,xσ =E

yσ implies that ik = jk for all k ∈ {1 . . .m}. On the
other hand, Lemma 71 also indicates thatx1[i1, . . . , im]σ =
x2[i1, . . . , im]σ, for all i1, . . . , im.

Since by definition of ρβ , x1[i1, . . . , im]ρβ =
x2[i1, . . . , im]ρβ = k[i1, . . . , im], we can deduce that
xσ = yσ if and only if xρβ = yρβ. At last, relying on
Lemma 75, we can conclude that(E ;P ; Φ;σ) is compatible
with (ρα, ρβ).

We now prove the property for Sv
n: Let

fst(Sv
n)

tr
=⇒(E ;P ; Φ;σ). We prove the result by induction

on the size oftr. Consider a transition(E ;P ; Φ;σ)
ℓ
−→ A. By

inductive hypothesis, we know that(E ;P ; Φ;σ) is compatible
with (ρα, ρβ). But, the only transition that could renderA not
compatible is the internal transition (ASSGN). Hence assume
thatP = {[x := t]i.P} ⊎ Q wherei ∈ γ andℓ = τ .

Since (E ;P ; Φ;σ) is compatible, then by Theorem 31
and in particular Proposition 56, we deduce that
fst(Dvseq

n )
tr
=⇒(E ′;P ′; Φ′;σ′) where δ(σ↓) = σ′↓ and

δ(P) = P ′. It implies thatP ′ = {[x := δγ(t)]
i.δ(P )}⊎ δ(Q).

Thus, by Lemma 38, we have thatδγ(tσ↓) = δγ(t)σ
′↓.

On the other hand, ifA is not compatible, it means that there
exists y ∈ dom(σ) such thattσ↓ = yσ↓ is not equivalent
to xρβ = yρβ. But δ(σ↓) = σ′↓ and δγ(tσ↓) = δγ(t)σ

′↓.
Hence tσ↓ = yσ↓ is equivalent toδγ(t)σ′ = yσ′, and
so we can deduce thatδγ(t)σ′ = yσ′ is not equivalent to
xρβ = yρβ. However, (E ′;P ′; Φ′;σ′) can also apply the
internal transition (ASSGN) on [x := δ(t)]i and so we obtain
(E ′;P ′; Φ′;σ′)

τ
−→ A′ with A′ not compatible with(ρα, ρβ).

This is in contradiction with our result onDvseq
n .

D. Composing diff-equivalence

We are now able to prove our composition results.
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Theorem 17:Let C be a composition context andE0 be
a finite set of names of base type. LetP1[ ] (resp.P2[ ])
be a plain biprocess without replication and with an hole in
the scope of an assignment of the form[x1 := t1] (resp.
[x2 := t2]). Let Q1 (resp.Q2) be a plain biprocess such that
fv (Q1) ⊆ {x1} (resp. fv (Q2) ⊆ {x2}), and Φ and Ψ be
two frames. LetP = P1[0] | P2[0] andQ = new k.[x1 :=
k].[x2 := k].(Q1 | Q2) for some fresh namek, and assume
that:

1) P/Φ andQ/Ψ are composable underE0 andC;
2) (E0;C[Q]; Ψ) does not revealk, pk(k), vk(k);
3) (E0;C[P ]; Φ) satisfies the abstractability property; and
4) P1/P2/Φ is a good key-exchange protocol underE0 and

C.

If (E0;C[P ]; Φ) and(E0;C[Q]; Ψ) satisfy diff-equivalence,
then(E0;C[P1[Q1] | P2[Q2]]; Φ⊎Ψ) satisfies diff-equivalence.

Proof: Let S = (E0;C[P1[Q1] | P2[Q2]]; Φ ⊎ Ψ; ∅).
Thanks to Lemma 59, we know thatS is in diff-equivalence
if, and only if, Sn is in diff-equivalence for alln ∈ N.

By hypothesis, we know that:

• (E0;C[P1[0] | P2[0]]; Φ; ∅), and
• (E0;C[new k.(Q1{k/x1

} | Q2{k/x2
})]; Ψ; ∅)

are both in diff-equivalence andP1, P2, Q1, Q2 are tagged.
Hence, since diff-equivalence is preserved by disjoint parallel
composition, we deduce thatDpar is in diff-equivalence, and
thus, thanks to Lemma 59, we obtain thatDpar

n is in diff-
equivalence for alln ∈ N. Applying Lemma 68, we deduce
thatDseq

n is also in diff-equivalence. Note that diff-equivalence
still holds on the biprocessDvseq

n obtained fromDseq
n by

adding some assignment variables to “explicit the sharing”.
Given n ∈ N, in order to conclude, we have to show that

Sv
n obtained fromSn by adding some assignments variables

to explicit the sharing satisfies diff-equivalence. We formtwo
new biprocessesSDL andSDR as follows:

• fst(SDL) = fst(Sv
n) and snd(SDL) = fst(Dvseq

n );
• fst(SDR) = snd(Sv

n) andsnd(SDR) = snd(Dvseq
n );

We will apply Theorem 31 on biprocessesSDL andSDR to
establish the strong relationship between the two components
of each biprocess, and together with the factDvseq

n satisfies
diff-equivalence, this will allow us to conclude thatSv

n satisfies
diff-equivalence too.

Considering the two abstraction functions(ρα, ρβ) as de-
fined in Section E-A, in order to apply Theorem 31 onSDL

(resp.SDR), it remains to show thatfst(Dvseq
n ) andsnd(Dvseq

n )
do not reveal the value of their assignment variables w.r.t.
(ρα, ρβ). This is actually achieved by application of Lemma 70
with the facts that

• (E0;C[new k.(Q1{k/x1
} | Q2{k/x2

})]; Ψ; ∅) and
(E0;C[P1[0] | P2[0]]; Φ; ∅) do not reveal key in
{n, pk(n), vk(n) | n ∈ fn(P1, P2)∩fn(Q1, Q2)∩bn(C)},
and

• (E0;C[new k.(Q1{k/x1
} | Q2{k/x2

})]; Ψ; ∅) do not
revealk, pk(k), vk(k), and

• P1/P2/Φ is a good key-exchange protocol underE0 and
C, that is(E0;Pgood; Φ) does not revealbad wherePgood

is defined as follows:

Pgood = new bad , d.
(

C[new id.(P1[out(d, 〈x1, id〉)] | P2[out(d, 〈x2, id〉)])]
| in(d, x).in(c, z).
if z ∈ {proj1(x), pk(proj1(x)), vk(proj1(x))}
thenout(c, bad)

)

Now, let BS be a biprocess such that

Sv
n

tr
=⇒biBS

def
= (ES ;PS; ΦS ;σS)

for sometr. By definition of diff-equivalene, we have to show
that:

1) new ES .fst(ΦS) ∼ new ES .snd(ΦS);

2) if fst(BS)
ℓ
−→ AL then there existsB′ such that

BS
ℓ
−→bi B

′ and fst(B′) = AL (and similarly forsnd).

We havefst(Sv
n)

tr
=⇒fst(BS) as well assnd(Sv

n)
tr
=⇒snd(BS).

By Lemma 76, we obtain thatfst(BS) as well assnd(BS) is
compatible with(ρα, ρβ). Hence, relying on Theorem 31 (first
item), we deduce that there exist biprocessesSD′L andSD′R
such that:

• SDL
tr
=⇒biSD

′
L, fst(SD′L) = fst(BS), and static equiv-

alence holds between the two frames issued from the
biprocessSD′L;

• SDR
tr
=⇒biSD

′
R, fst(SD′R) = snd(BS), and static equiv-

alence holds between the two frames issued from the
biprocessSD′R.

Since, we know thatDvseq
n satisfies diff-equivalence, we

have thatDvseq
n

tr
=⇒biD

′vseq
n with fst(D′vseqn ) = snd(SD′L) and

snd(D′vseqn ) = snd(SD′R). Then, by transitivity of static
equivalence, we deduce that

new ES .fst(ΦS) ∼ new ES .snd(ΦS).

Now, assume thatfst(BS)
ℓ
−→ AL. In such a case, we have

that fst(Sn)
tr
=⇒fst(BS)

ℓ
−→ AL. By Lemma 76, we obtain that

AL is compatible with(ρα, ρβ), and relying on Theorem 31
(first item), we deduce that there exists a biprocessSD′′L such

that:SDL
tr
=⇒bi

ℓ
−→bi SD

′′
L with fst(SD′′L) = AL. SinceDvseq

n

satisfies diff-equivalence, we have thatDvseq
n

tr
=⇒bi

ℓ
−→bi D

′′vseq
n

for some biprocessD′′vseqn with fst(D′′vseqn ) = snd(SD′′L).
Now, applying Theorem 31 (second item) on biprocessSDR,
we deduce thatSDR

tr
=⇒bi

ℓ
−→bi SD′′R with snd(SD′′R) =

snd(D′′vseqn ). This allows us to ensure the existence of the
biprocessB′ required to show diff-equivalence ofSv

n. We will
havefst(B′) = fst(SD′′L) = AL andsnd(B′) = fst(SD′′R).

E. Composing reachability

Corollary 18: Under the same hypotheses as Theorem 17
with processes instead of biprocesses, and considering a name
s that occurs inC. If (E0;C[P ]; Φ) and(E0;C[Q]; Ψ) do not
reveals then(E0;C[P1[Q1]|P2[Q2]]; Φ ⊎Ψ) does not reveals.
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Proof: Let S = (E0;C[P1[Q1] | P2[Q2]]; Φ ⊎ Ψ; ∅). By
hypothesis, we know that:

• (E0;C[P1[0] | P2[0]]; Φ; ∅), and
• (E0;C[new k.(Q1{k/x1

} | Q2{k/x2
})]; Ψ; ∅)

does not reveals. Since, secrecy is preserved by disjoint com-
position, and the transformations introduced at the beginning
of the section (e.g.unfolding, adding assignment variables, ...),
we easily deduce thatDvseq

n do not reveals.
We show the result by contradiction. Assume thatSv

n reveals
the secrecys. We consider a trace witnessing this fact,i.e. a
processS′vn such that

Sv
n

tr
=⇒S′vn

def
= (ES ;PS ; ΦS ;σS)

and for whichnew ES .ΦS ⊢ s.
We form a biprocessSD by grouping togetherSv

n andDvseq
n

in order to apply Theorem 31.
In order to apply Theorem 31, we first must prove that

Dvseq
n does not reveal the value of its assignment variables

w.r.t. (ρα, ρβ) as defined in Section E-A. This is achieved by
application of Lemma 70 with the facts that

• (E0;C[new k.(Q1{k/x1
} | Q2{k/x2

})]; Ψ; ∅) and
(E0;C[P1[0] | P2[0]]; Φ; ∅) do not reveal key in
{n, pk(n), vk(n) | n ∈ fn(P1, P2)∩fn(Q1, Q2)∩bn(C)},
and

• (E0;C[new k.(Q1{
k/x1

} | Q2{
k/x2

})]; Ψ; ∅) do not
revealk, pk(k), vk(k), and

• P1/P2/Φ is a good key-exchange protocol underE0 and
C, that is(E0;Pgood; Φ) does not revealbad wherePgood

is defined as follows:

Pgood = new bad , d.
(

C[new id.(P1[out(d, 〈x1, id〉)] | P2[out(d, 〈x2, id〉)])]
| in(d, x).in(c, z).
if z ∈ {proj1(x), pk(proj1(x)), vk(proj1(x))}
thenout(c, bad)

)

As done previously, relying on Lemma 76, we may assume
that the trace under study is compatible. Applying Theo-
rem 31, we deduce that there exists a biprocessSD′ such
thatSD

tr
=⇒biSD

′ with fst(SD′) = S′vn , and static equivalence
holds between the two frames issued from the biprocessSD′.
Moreover, if we denote byΦS andΦD the respective frame
of fst(SD′) and snd(SD′), we ensure thatδ(ΦS↓) = ΦD↓
(see Proposition 56).

Therefore, sinceDvseq
n does not reveal the secrets, and

we already proved thatDvseq
n does not reveal his assignment

variables, then by Lemma 53, we can deduce thatSv
n does not

reveals, and soS does not reveals either.

APPENDIX F
MOBILE PHONES PROTOCOLS DETAILED

In this section we further detail the case study on 3G
telecommunication protocols.

A. The Authentication and Key Agreement (AKA) protocol

This protocol achieves mutual authentication between a
Mobile Station (MS) and the network, and allows them to
establish shared session keys to be used to secure subsequent
communications.

TheAKAprotocol consists in the exchange of two messages:
the authentication requestand theauthentication response.
The authentication request contains the authentication chal-
lenge RAND and the authentication tokenAUTN to the
mobile station.AUTN contains a MAC of the concatenation
of the random number with a sequence numberSQNN

generated by the network using an individual counter for each
subscriber. A new sequence number is generated either by
increment of the counter or through time based algorithms as
defined in [2]. The sequence numberSQNN allows the mobile
station to verify the freshness of the authentication request to
defend against replay attacks.

MS
KIMSI , IMSI,

SQNMS, pk(skSN )

Network
KIMSI , IMSI,
SQNN , skSN

new RAND
AK ← f5KIMSI

(RAND)
MAC ← f1KIMSI

(SQNN ||RAND)
AUTN ← (SQNN ⊕ AK)||MAC

AUTH REQ, RAND, AUTN

AK ← f5KIMSI
(RAND)

XMSG||XMAC ← AUTN
XSQN ← XMSG⊕ AK
MAC ← f1KIMSI

(XSQN ||RAND)
if MAC 6= XMAC or XSQN < SQNMS

then RES ← AUTH FAIL ,
new r
aenc(pk(skSN ), r, FAIL , IMSI, SQNMS)

else RES ← f2KIMSI
(RAND)

AUTH RESP, RES

CK ← f3KIMSI
(RAND)

IK ← f4KIMSI
(RAND)

if RES = f2KIMSI
(RAND)

then CK ← f3KIMSI
(RAND)

IK ← f4KIMSI
(RAND)

else if RES = AUTH FAIL , x
then Recover

The MS receives the authentication request, retrieves the
sequence numberSQNN and then verifies the MAC (condition
MAC = XMAC ). This step ensures that the MAC was
generated by the network using the shared keyKIMSI , and
thus that the authentication request was intended for the
mobile station with identityIMSI . The mobile station stores
the greatest sequence number used for authentication, so far
SQNMS . This value is used to check the freshness of the
authentication request (conditionXSQN < SQNMS ) to avoid
replay attacks.

The mobile station computes the ciphering keyCK , the
integrity key IK and the authentication responseRES and
sends this response to the network. The network authenticates
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the mobile station by verifying whether the received response
is equal to the expected one (RES = f2K(RAND)). The
authentication procedure can fail on the MS side either because
the MAC verification failed, or because the received sequence
numberXSQN , is not in the correct range with respect to the
sequence numberSQNMS stored in the mobile station. In the
former case, the mobile station sends an authentication failure
message indicating MAC failure (MAC FAIL ) as the failure
cause. In the latter case, the authentication failure message
indicates synchronisation failure (SYNC FAIL ) as the failure
cause. When a MAC failure occurs the network may initiate
the identification procedure. When a synchronisation failure
occurs the network performs re-synchronisation.

B. The Send SMS (sSMS) procedure

It allows a MS to send an SMS to another MS through the
Network.

Mobile Station - MS
xCK, xIK

Serving Network - SN
xCK′, xIK′

new SMS
mE ← senc(〈SUBMIT , TO, SMS, T 〉, xCK)
mM ← mac(〈SUBMIT , TO, SMS, T 〉, xIK)

〈mE ,mM 〉

xE ← sdec(mE, xCK′)
if mM = mac(xE , xIK′) then

m′

E ← senc(〈ACK, T ′〉, xCK′)
m′

M ← mac(〈ACK, T ′〉, xIK′)

〈m′

E ,m′

m〉

The confidentiality of the sent SMS relies on the session
key CK . And its integrity on the session keyIK . These two
keys are established through the execution of theAKAprotocol
between the MS and the network. The keyCK is used to
encrypt the two messages exchanged during the execution of
the sSMSprocedure. The keyIK is used to compute a MAC
digest of these two messages of the content of the sent SMS.

It is always the MS that initiates thesSMSprocedure. It
does so by encrypting the content of the SMS it wants to
submit, together with the number of the destination MS and a
timestampT , with the session keyCK previously established.
The message also contains a constant SUBMIT . To this it
appends the MAC digest of the encrypted message computed
using the integrity keyIK . The Network checks that the MAC
digest corresponds to the encrypted message using the integrity
key IK , and if it does, it acknowledges the receipt of the
message with a message that includes a constant ACK and a
timestampT ′ encrypted withCK .

C. Discussion on ProVerif models of the AKA and sSMS
protocols

To enable the use of ProVerif to illustrate our results we
had to abstract some details of the considered protocols that
ProVerif cannot handle. We discuss in this section these
abstractions.

a) The XOR operation:In the execution ofAKA, the
athentication tokenAUTN is computed by XORing the cur-
rent SQNN with the authentication keyAK . Since ProVerif
cannot handle the XOR operation, we abstract this operation
by simply modelling it as symmetric encryption. More pre-
cisely, in our model of the protocol, theSQNN is symmetri-
cally encrypted using the keyAK .

b) The sequence numberSQN : The security of theAKA
protocol relies on the lose synchronisation of the MS and
the SN on a counterSQNN . Unfortunately, ProVerif cannot
efficiently reason about integers and≤ so we assume that the
MS and the SN are “magically” synchronised on this counter.
This is modelled by assuming at each session of theAKA
protocol a shared namesqn.

c) The integrity keyIK: For simplicity reasons we
presented our results restricted to the sharing of a single
assignment variable. Although this was not fundamentally
needed for our results to hold, it does prohibit us from
sharing both theCK and the IK keys between theAKA
protocol and thesSMS. This is why we have omitted in our
model the integrity messages and integrity checks. Note that
these integrity mechanisms are not necessary for ensuring the
properties we were interested in our case study.

d) Reasoning about timestamps:ProVerif cannot handle
timestamps. One way to model timestamps would have been to
abstract them by nonces. However, timestamps are not secret
nor unguessable, so abstracting them by nonces unreasonably
restricts the attacker’s power. For this reason we do not model
timestamps as nonces, but we rather let the attacker input the
timestamps’ value. Hence the two input messagesin(c, time)
in the ProVerif scripts corresponding to our case study.
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