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Control of Discrete Event Systems

`0 `1

`2 `3

Bad
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u

I Introduced byRamadge & Wonham[Ramadge, 87]
I Discrete Event System= Finite Automatonwith

Controllable(Actc) and Uncontrollable(Actu) actions

I Example ofControl Objective: � avoidstate Bad�
I Means:disablesomecontrollabletransitions at the right time

Ramadge & Wonham Theory is based on Language Theory
[Ramadge, 89, Thistle, 94]
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I Control Objective= Winning condition on the game
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I Control Problem: �nd astrategyfor the controller to win the game
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Strategy
I A strategyf gives for each �niterun the controllableaction to take.

We assumefull observabilityof the system
I A strategyrestrictsthe set of runs of the system.

from a states it generates of subset of the runs of the initial game

I A strategy iswinning if it generates onlygoodruns.

Winning States
A state s is winning if there exists a winning strategy froms.
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� (X) = states from which one canenforceX with a controllable action
� (X) = PredAct c (X ) n PredAct u (X )

Some Values of the � Operator
I � (f `3g) = ;
I � (f `1g) = f `0g
I � (f `0; `1g) = f `0; `2g
I � (f `0; `1; `2g) = f `0; `1; `2g
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2 let W � be thegreatest �xpoint of h(X) = ' \ � (X )
3 W � is the set of winning statesfor (G; ' )

I CP: check that`0 2 W �

I CSP: GivenW � and G, we can build a winning strategy
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Results for Finite Games
GivenG a �nite game, ' a control objective

Theorem (Positional Strategies are Su�cient)

Positional(or memoryless) strategies su�ce to win! -regular games.
The number of states of C is� number of states of G.
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Add Dense Time ... CP and CSP ?
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Timed Automata [Alur & Dill'94]

x := 0 `0

[x � 4]

`1

[x � 5]

`2

[x � 5]

Bad
x � 4; c1

c2
c3; x := 0

x < 2;u

x > 3;u

Runs= sequence ofdiscreteand time steps
� 1 : (`0; 0) 1:55���! (`0; 1:55)

c1��! (`1; 1:55) 1:67���! (`1; 3:22) u�! (Bad; 3:22)

� 2 : (`0; 0) 1:1��! (`0; 1:1)
c1��! (`1; 1:1) 2:1��! (`1; 3:2)

c2��! (`2; 3:2)
0:1��! (`2; 3:3) u�! (`0; 0) � � � � � � � � �
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How to Deal with Dense-Time ?
I In�nite state systems

Symbolicrepresentation of states

I A strategy (or controller) can choose towait

Add a specialwait action

I Densetime � � � the controller can be unfair
I block time
I do in�nitely many actions in a bounded time
I do arbitrarily closed (in time) discrete actions

ImplementationIssues
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Strategies and Winning States

x := 0 `0

[x � 4]

`1

[x � 5]

`2
[x � 5]
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x > 3;u
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Symbolic States
I Q = L � RClock

� 0 a the set of states of the TGA q = ( `; v) 2 Q
I Discretepredecessors ofX � Q by anaction a:

Preda(X ) = f q 2 Q j q a��! q0 and q0 2 Xg

I Time predecessors ofX � Q:

Pred� (X ) = f q 2 Q j 9t � 0 j q t��! q0 and q0 2 Xg

I Zone= conjunction of triangular constraints
x � y < 3, x � 2 ^ 1 < y � x < 2

I State predicate (SP)P = [ i 2 [1::n](` j i ; Zi ), ` i 2 L, Zi is a zone
(`1; 2 � x < 4) or (`0; x < 1 ^ y � x � 2) or (`0; x � 2) [ (`2; x > 0)

E�ectiveness of Pred a and Pred �

If P is a SP then Preda(P); Pred� (P) are SP and can be computed
e�ectively. (There is asymbolic versionof Preda and Pred� .)
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X is a state predicate

I cPred(X) =
S

c2 Act c
Predc(X ) uPred(X) =

S
u2 Act u

Predu(X )
cPred and uPred aree�ectively computable

I Pred� (X ; Y ): Time controllable predecessors ofX avoidingY :

q q0 2 X

Pred� (X ; Y ) is e�ectively computable for state predicatesX; Y

I Controllable Predecessors Operator:

� � (X ) = Pred�
�
cPred(X); uPred(X)

�

� � (X ) is e�ectively computable for state predicateX.
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I CP: check that(`0; 0) 2 W �

I CSP: by def. of� � there is a strategy
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game automaton' a ! -regular control objective.

Theorem (Decidability of CP [Maler, 95, De Alfaro, 01])

The (Safety) ControlProblem isdecidablefor Timed Game Automata.

Theorem (E�ectiveness of CSP)
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Example of Computation

x := 0 `0

[x � 4]

`1

[x � 5]

`2
[x � 5]

Bad
x � 4; c1

c2

c3; x := 0
x < 2; u

x > 3;u

� � � � � � � � �
0 1 2 3 4

� � � � � � � � � � �
0 1 2 3 4 5

� � � � � � � � � � �
0 1 2 3 4 5

Skip
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Example of Computation

x := 0 `0
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`1
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`2
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Problems with Dense-Time Control (I)

x := 0
y := 0

`0 Bad

y > 0
c; y := 0

x � 1;u

The System

The Controller isZeno!!!
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Problems with Dense-Time Control (II)

x :=] 0; 1[
y := 0

[x � 2]

`0 `1

`2

Bad
x = 1 x := 0

a

y = 1
z := 0

b
z > 0
y := 0

c

d; x � 1

d
x � 1

I Let � i : time spent in`2 on loopi
I The controller must ensure:

P i =+ 1
i = 0 � i < x0 � y0

The Controller isNon-Zenobut not Implementable !!!
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Partial Conclusion
Assumptions:

I Timed systems withfull observation
I Ideal controller that operates indense-time

Results:
I Control Problem is decidable for! -regular objectives
I Control Synthesis Problem is e�ective
I Positional (or Memoryless) strategies are su�cient

Advanced Topics:
I Partial Observability

Patricia
I Implementation

Karine
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Timed Automata [Alur & Dill'94]

A Timed AutomatonA is a tuple(L; `0; Act; X ; inv; �! ) where:

I L is a �nite set of locations
I `0 is the initial location
I X is a �nite set of clocks
I Act is a �nite set of actions

I �! is a set oftransitionsof the form `
g ; a; R

����! `0with:
I `; ` 0 2 L,
I a 2 Act
I a guardg which is aclock constraintoverX
I a resetset R which is the set of clocks to be reset to 0

Clock constraintsare boolean combinations ofx � k with x 2 C and
k 2 Z and �2 f� ; < g.

Back
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Semantics of Timed Automata
Let A = ( L; `0; Act; X ; inv; �! ) be a Timed Automaton.

A state (`; v) of A is in L � RX
� 0

The semantics ofA is a Timed Transition System
SA = ( Q; q0; Act [ R� 0; �! ) with:

I Q = L � RX
� 0

I q0 = ( `0; 0)
I �! consists in:

discrete transition : (`; v) a! (`0; v0) ()

8
>><

>>:

9 `
g ; a ; r

����! `0 2 A
v j= g
v0 = v[r  0]
v0 j= inv(`0)

delay transition : (`; v) d! (`; v + d) () d 2 R� 0 ^ v + d j= inv(`)

Back
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De�nition (Outcome in Timed Games)

Let G = ( L; `0; Act; X ; E; inv) be a TGA andf a strategy overG. The
outcomeOutcome((`; v); f ) of f from con�guration (`; v) in G is the
subset of Runs(( `; v); G) de�ned inductively by:

I (`; v) 2 Outcome((`; v); f ),

I if � 2 Outcome((`; v); f ) then � 0 = � e��! (`0; v0) 2 Outcome((`; v); f )
if � 0 2 Runs(( `; v); G) and one of the following three conditions hold:

1 e 2 Actu ,
2 e 2 Actc and e = f (� ),

3 e 2 R� 0 and 80 � e0 < e; 9(`00; v00) 2 (L � RX
� 0) s.t. last(� ) e0

��!

(`00; v00) ^ f (� e0

��! (`00; v00)) = � .

I an in�nite run � is in 2 Outcome((`; v); f ) if all the �nite pre�xes of �
are in Outcome((`; v); f ).
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