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® What are formulas?
e Monadic Second Order Logic (MSOL)

e Program logics like LTL, CTL, the p-calculus.

® What are models? Transition systems.
e Finite transition systems given explicitly.
e Graph of configurations of some machine.
e Graph given by rewriting rules.
e Process rewriting graphs.
e Automatic structures (over words and trees).
e Regular graphs
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® From pushdown to regular graphs.
@ Verifying regular properties.
@ Higher order pushdowns.

® Recursive program schemes.

® Non-regular properties of pushdowns.
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From pushdown to regular graphs



® Pushdown machine (deterministic):
(@Q,5,T,q0 € Q6 : QxEXT — Qx{pop, push(z) : z €'}, F C Q).

® Configuration: (¢, w) € @@ x I'*.

@ Configuration graph
enodes: configurations
etransitions:
(q, zw) — (¢',w) if thereis a € X and d(q, a, z) = (¢, pop)

(q, zw) — (¢, 2’ zw) if there is a € ¥ and d(q, a, z) = (¢’, push(z’))

@ Rem: The input alphabet and accepting states do not play
any role. Determinism is also not important.
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Pushdown system: P = (Q,T,A)

Rewrite rules: ACQxT xQ x ({e}UT?)

gz —q gz — g2z

Pushdown graph: G(P)
Vertices: () x I'*
Edges: quw — ¢’w’ according to the rules applied to prefixes.

@ (, Is always the initial state and _L is the initial stack symbol.

TM graph: rules of the form agb — ¢'a’b or agb — ab’q’ without
restrictions on the place of application.
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@ This is (a part of) the graph of the system:

goL —qoal q1 L —qoal
qoa —(opaaq qoa —(1

q1a —(q1
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Pushdown system: P = (I',A)
Rewrite rules: A CP(Q*) x P(Q*)
L— L' for L and L’ regular languages.

Prefix-recognizable graph: G(P)
Vertices: '™
Edges: wu — w'uifw € L and w € L’ for some L — L',

Rem: Prefix-recognizable graph of finite degree is a pushdown
graph.

Thm [Carayol & Wohrle]:  Prefix-recognizable graphs are
e-closures of pushdown graphs.
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® A relation R C I'* x I'* is rational If it is recognizable by a finite
automaton with two heads moving asynchronously from left to
right.

® A relation R C I'* x I'* is synchronous rational if the heads of
the automaton always move together.

® A graph is rational if it is (I'*, R) where R is a rational relation.
Rem: TM graphs are synchronous rational.

Rem: Synchronous rational are also called automatic.
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® Synchrnous rational graph: grid
R, = {(0"1™,0"**1") : n € N} R, = {(0"1™,0"1"*!) : n € N}

00 — 001 — 0011

T

0 —— 01 — 011

)F A T

€ > 1 > 11

® Rational graph: Given (uq,...,u,), (vi,...,v,) of a Post
correspondence problem define:

R:{(uil...uik,vil...vik):il,...,ik c {1,,71}}

e In general this is not a synchronous rational graph.
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® The >.-tree 1s X* with the root £ and wb the b son of w.
® MSOL over }.-trees:
succy(x,y) | Z(x) | = | ¢ A | Jw.p | 32

® Semantics in the X-tree.

+ G,V E succy(x,y) iff V()b =V (y)

+ G,V EIZaiff G,V|A/Z] E o forsome A C E.
Thm[Rabin]: The MSO theory of the X-tree is decidable.

Thm[Caucal]: A pushdown tree can be defined inside the
> -tree using MSOL formulas.

Cor[Muller, Schupp]: The MSO theory of a pushdown tree is
decidable
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® Pushdown rules: gz — ¢ gz — q'Z'z
@ Configuration is represented by a word ¢z,z,—1 ... 21.

0 Hence we can identify configurations with some nodes of the
tree (QU )™

gz — ¢ Gz — ¢'2' 2

/'\q, / N\
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®lLetp: @ — P(Prop) be a valuation. This extends to
p:QxI"—P(Prop) by plqw)= p(q).

So we have a model M (P, p).

Model checking problem: Given a pushdown system P with a
valuation p and a formula o check if M (P, p), qoL F «a.

0 Example: Alternating reachability

Is there a choice of successors in £ nodes such that
every path from v passes through F..
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® EF logic
pl-alanf|I)a [IFa
INo dGa!

@CTL
EF -+ ( El(CklUOCQ) | El—l(CklUOéQ) )

oG,v F dF« iff there is v’ reachable from v with G, v’ F «

oG, v F JdG« iff there is a path from v s.t. for every v’ on it we
have G, v F «.

® ;i-calculus
P|-P|X|a|laVp |aAP ]| {(a)a|laa | pX.a|vX.a
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Thm: Model checking problem for the p-calculus is
EXPTIME-complete.

Thm: The model checking problem for EF-logic is in PSPACE.
It is PSPACE-hard [Bouajjani, Esparza, Maler]

Thm: The same problem for CTL formulas is
EXPTIME-complete.

Rem: The problem is with 3 aU (.
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® Take ASPACE(n) machine M and input w. Construct P,:
P, has alt. reach. prop. Iff w € L(M

Ei/\f
]
: a HAﬂ
ANV T A

configurations accumulated conifigurations

© How to check that a sequence of accumulated configurations is
correct?
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® Simpler problem: Given a word w of length n decide if the stack
is of the form w”_L for some k.

qa —q, q, qL —qr

q,0 —q,_; Qo0 —qr

x\q
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p-calc EXPTIME-comp
Alt reach | EXPTIME-comp
CTL EXPTIME-comp
LTL EXPTIME-comp
EF PSPACE-comp
reach PTIME
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0 TM graphs are synchronized regular.

0 As reachability is expressible in MSOL, synchronized regular
graphs may have undecidable MSO theory.

Thm: The FOL theory of a synchronized regular graph is
decidable

® Every FOL definable relation in a synchronized regular graphs
IS synchronized regular. (Induction on the definition of the
relation.)
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Thm [Thomas]: There is a regular graph that has undecidable
FO-theory.

® Consider a Post correspondence problem (uq, ..., u,),
(vy,...,v,) and the associated graph:

R = {(’U,Zl coo WUqy U4y UZk) : ’il,... ,’ik © {1,,71}}
0 [Morvan] The problem has a solution iff there is a vertex with a
Self-loop: Uiy oo o Uy, = U4y -0 Ugy
o We want a fixed graph with undecidable FOL theory.
0 G(U) Post graph associated with an universal Turing machine.
o For every M and w: w € L(M) iff the Post correspondence
problem has a solution starting with w#c(M)+# . ..

o Equivalently: w € L(M) iff in G(U) there is a vertex with a self
loop and with prefix w#c(M)#.
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© Push-down and prefix-recognizable graphs have decidable

MSO theory.

© Push-down graphs have bounded out degree.

© Synchronous rational graphs have decidable FO theory. But

may have undecidable MSO theory.

0 Rational graphs may have undecidable FO theory.

Cor:

The strict inclusion of the classes of graphs.
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0 2-stack Is a stack of stacks. There are operations on top-most
stack and of copying the top-most stack.

® A system where all paths are of the form ¢t q¢5q5

q1|al —  qq|aal — e = qi]d¥]—
¢2la”] — @[] — - = gldad]...[a"]-
gslallaal ... [a®] — qslad]...[d"] — -+ — @la®] — ¢sL

0 2-stack gives additional power. If considered as an accepting
device 2-store automaton would recognize {a*b"c* : k € N},
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® 2nd order pushdown system (@, T', Inst)
e A configuration is a sequence [sq][ssa] ... [sg] € (I')*
e Instructions:

¢ Twv ™2 ¢'Tw]fwlv

A pbopo /
q wuv — qv

o Similarly for higher orders: stacks become of type ((I'*)*")
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® The n-th level of Caucal hierarchy consists of e-closures of
n-level pushdown graphs.

Rem: 1-stlevel graphs are prefix-recognizable graphs.

Thm [Carayol & Wohrle]:  n-th level Caucal graphs are
precisely those that are MSOL interpretable in n-tree.

® A 2-tree over the set I'is ((I'*)*, {succ, : z € '}, succy) where

e (v|w|,v|wz]) € succ,
o (v|w], v|[w]|w]) € succy
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® A 2-tree over the set I'is ((I')*, {succ, : z € '}, succy) Where
e (v|w|,v|wz]) € succ,
o (v|w],v|w]||lw]) € succs

@ A 2-tree iIs MSO-definable in the iteration of a normal tree.
Iteration Is an operation introduced by Muchnik that preserves

MSOL decidabillity.
Cor: MSO-theory of n-tree is decidable.

Cor: Every graph in the Caucal hierarchy has decidable
MSO-theory.
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Thm[Engelfriet]: Alternating reachability problem for n-th level
pushdown-graphs is n-ExptiMe-hard.

Thm[Cachat]: The p-calculus model-checking problem for n-th
level pushdown graphs is solvable in n-ExpTiME.

Rem: Not clear what is the complexity for other logics of
programs.
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® For a function f : N — N we define a 7 tree:

<

a a a a

IE b v

Y
\

Y

| b
@ Define Towery(n) = n and Towerj,,(n) = 27°ver(™)  Moreover
Tower,(n) = Tower,(n).

O T'rower, tree is an k-level graph that is not (k£ — 1)-level.

O T'rower, tree is not in the Caucal hierarchy. It has decidable

MSO theory (follows from morphic predicates of Carton and
Thomas).
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Part IV

Recursive program schemes



@ Fr = x| a(F(bx))

F(c) = a(F(bc)) = ala(F(b(be)))) = ...
0 In the rewriting the size grows “from the middle”. Pushdown?
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@ Fr = x| a(F(bx))
F(c) = a(F(bc)) = ala(F(b(be)))) = ...
0 In the rewriting the size grows “from the middle”. Pushdown?
@ Fr =g (a(F(bx))) x
0 Equations generate infinite trees (infinite terms).
C

fC: ~ —
g g\ /b c hb—ph—cC

g _)g/
\QQ

~
a
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@ Fr = x| a(F(bx))
F(c) = a(F(bc)) = ala(F(b(be)))) = ...
0 In the rewriting the size grows “from the middle”. Pushdown?
@ Fr =g (a(F(bx))) x
0 Equations generate infinite trees (infinite terms).
C

FC: / —_—
g g\ /b c hb—ph—C

g _)g/
\CLQ

~
a

Thm[Courcelle]: The meanings of (1st order) recursive

schemes = pushdown graphs.
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Recursive scheme: formally

®Types: 0, 0—-0, 0—-0—0, (0—0)—0

®> constants: ¢c: 0, f:0—0.
® Var variables: x: 0, z:0— 0.

® V grammar nonterminals: #/:0—-0, G:(0—0)—0— 0.

® Applicative terms over X U Var U V.
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®Types: 0, 0—-0, 0—-0—0, (0—0)—0

®> constants: ¢c: 0, f:0—0.
® Var variables: :0, z:0— 0.

® V grammar nonterminals: 7:0—0, G:(0— 0)

® Applicative terms over X U Var u'V.

G =(,V,S, Prod)
Fzi...20 =T
oeFz1...2,:0
er : 0 an applicative termover XUV U{zy,..., 2}
(no free variables)

® One rule per nonterminal.

> ()
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G =(X,V,S, Prod)

® Fty...t, =g |z :=1t1,...z := tg] if there is a production:
Fz1...20 =71

olft —g t' then (st) —g (st') and (tr) —g (t'r)
® This means “reduce where you want”, I.e., call by name.

@ This rewriting system is confluent and the result is a term
(in general infinite).

@ The meaning of the grammar is the result of rewriting of S.
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Thm[Knapik, Niwinski, Urzyczyn]: Meanings of 2nd order
safe schemes = 2nd order pushdown systems.
Similarly for higher orders.

® Example of a second order grammar:

Fir = f (F(Dy)z) () Dyy = v (vy)
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Thm[Knapik, Niwinski, Urzyczyn]: Meanings of 2nd order
safe schemes = 2nd order pushdown systems.
Similarly for higher orders.

® Example of a second order grammar:

Fyz = f (F(DY)z) (Yz) Dy = ¢(1by)
@ Safety allows to destroy the callers environment.
8 Fyux = [ (F (f(¥x)) ) x
Fgc| F(f (brzr)) a1 | F(f (Wax2)) 22 | F(f (Y323)) 23

/ (%%3) — f (f (¢2$2) I3) — f (f (f (¢f1$1)$2)$3)
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o Stack [sy][si_1]. .. [s1] € ((T' x N)*)*.

® 2nd order pushdown system with panic (@, T", Inst)
e A configuration is a sequence q[sg]|[sk_1] ... [s1] € @ x ((I' x N)*)*
e Instructions:

glwlo "8 ¢ (ak — 1), w)v

dlawly == ¢'Twlv

dwlv =2 ¢/ [w][w]v

e popo /
quwv — qv

panic

ql(a, Dwlv — ¢'[v] ... [v1]
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1 push(a)
la push.,
la| Lla push(b)
la | Lab push,
la | Lab | Lab push,
la | Lab | Lab | Lab push
La| Lab]| Lab| Lab push,(a)
la | Lab | Lab | Laba pop,
la | Lab | Lab | Lab panic

la




Foxr = o(For)

. F(Am)n

. F(Am)n, o(Fozx)

.F(Am)n, o(Fox)

. F(Am)n, po(Fpx) ‘ .

®)

Panic

> [
o || o
S || §
< || C
= || §
TZ
< 1[5
o [0 |[o
S|l E| &
<< || =% [T
S| £ &
o ||
<[ |5
BN
S S| S
[ 5
S| S-|] S
S| £l &
TS
<[ [[S

. F(Am)n, Fox
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Thm[Knapik, Niwinski, Urzyczyn, W.]: Meanings of 2nd order
schemes = trees of 2nd order pushdown systems with panic.

Thm[Knapik, Niwinski, Urzyczyn, W.]: For every 2nd order
scheme, the tree defined by this scheme has decidable MSO
theory.

Question: Do unsafe schemes express more than safe ones?

Question: Decidability of equivalence between schemes.
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Verifying non-regular properties
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® Given P and « decide if « holds in the initial vertex of G(P).

o Construct an infinite pushdown game G(P, «):
G(P7 Ck) — <Q7 F) A) QEa Qz‘h ACC>

o pushdown system with states partitioned between Eve and
Adam

0 Property:
« holds in the initial vertex of G(P)
Iff
Eve has a winning strategy from the initial vertex of G(P, «).
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OB

G={(Vg, Va, R, \:V — C, Acc C C¥)

® Inf, (v): the set of colours appearing infinitely often on a path v.
® Parity condition colours are numbers {0,...,d} and:

v € Acc iff  min(Infy(7)) is even.
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Thm: Every game with a Muller winning condition is
determined, I.e., from every vertex one of the players has a
winning strategy.

Thm: In a parity game a player has a memoryless winning
strategy from each of his winning vertices.

Def: To solve a game Is to determine for each position who has
a winning strategy from this position.

Thm: There is an algorithm for solving finite Muller games.

[Martin, Emerson & Jutla, Mostowski]
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gL — glal — qlaal - glaaal — -+ — glaF L — - -

[ — |

¢l —gqal —qaal — - —qla" 1L —---

@ We have that:
qo IS a vertex of Adam and ¢; of Eve;

Q(qo) = 0and Q(q1) = 1.
0 Eve has a winning strategy in this game.

® The game solving problem: Given P with a partition (Qg, Q)
of states, and a function (2 : ) — N decide who has a winning
strategy from the initial vertex of G(P).

Thm: The problem of solving parity pushdown games is
ExpTiMe-complete. The MC problem is PTIME equivalent.
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In contrast to the finite-state case, there are now natural
winning conditions which are no more monadic

second-order definable and occur at higher Borel levels
than B(X5). [Thomas, STACS'95]

PR
@42 —@ 3

G= Vg, Va, R, \:V — C, Acc C C¥)

® ht(v) the height of the stack at position v
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Unboundedness conditions

® Unboundedness condition The height of the stack is
unbounded: v e Acc iff  Vn.3iht(v;) > n.

® Strict unboundedness condition The liminf of the stack height is
Infinity: ve Acc Iff Yn.3iVj > . ht(v; > n.

A
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G={(Vg, Va, R, \:V — C, Acc C C¥)
@ Strateqgy for player 0is o : V* x V; — V such that
o(vvy) € R(vg)

® A strategy o for Eve is winning from v if all plays from v
respecting the strategy are winning for Eve.

(TN
OB L

@ Positional/memoryless strategy for Eve is a function o : Vo — V
such that o(v) € R(v).

Thm: Inthe game with unboundedness conditions Eve
has a memoryless winning strategy.
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Thm: Inthe game with unboundedness conditions Eve has a
memoryless winning strategy.

0 G;.. game with the objective to reach the stack of height .
o If v is losing in some G, then it is losing in G.

0 Suppose v is winning in all G,.. Let o, be a strategy Iin ;.
We construct o, winning in G.

0 Take a successor that is chosen by infinitely many strategies.

0 0, IS memoryless and winning.
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® The strategy 0., never visits a vertex twice.

@ If o, Is winning for unboundedness then it is also winning for
strict unboundedness.

Cor: The game is winning for unboundedness iff it is winning for
strict unboundedness.

Cor: The same for disjunction of unboundedness and a parity
condition.
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O There is a winning strategy for Eve in unboundedness game iff
there is a memoryless winning strategy.

@ Modify a pushdown system P in such a way that states seen
with the current stack contents are recorded in the top of the
stack.

N

q1, (1 2)w Q, (1@2)w @3, (q1q2q32)w  qa2, (q1q2q32)w

® Make a position losing if the current state is the same as
recorded on in the top of the stack

unboundedness in P = safety in P’
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)L — ¢lal — ghaal - ghaaal — -+ — ghaF L — - -

o |

¢ L —gqgial —qlaal ~— -+ —qgia" 1L — -

O Infinite memory is need to win.

. — p.54/5



Thm: Winning conditions that are unions of explosion and parity
conditions admit memoryless strategies. Intersection of Bichi
and explosion conditions may need infinite memory.

Thm[Cachat & Duparc & Thomas]: Strict unboundedness
condition is X3-complete in the Borel hierarchy.

Thm[Cachat & Duparc & Thomas, Bouquet & Serre & W.,
Gimbert]: Games with winning conditions that are

combinations of parity and explosion conditions can be solved in
EXPTIME.

Thm[Serre]: For every finite level of the Borel hierarchy there is
a winning condition complete for this level and such that games
with this conditions are decidable.
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0 Deciding levels in Caucal hierarchy.

0 Complexity of model checking in Caucal hierarchy of weaker
logics (that cannot express alternating reachability).

© The power of panic give more than Caucal hierarchy?
0 Good class of conditions for pushdown games.

0 Quality of strategies in pushdown games.
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