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Two problems

Decide whether there exists a controller §5 C)KkE F ', 8E.
Synthesis: If so, compute such a controller.

For reasonable systems and speci cations, the problemsda@dable.
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Distributed control synthesis
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Two problems, again

Decide whether there exists dstributed controller st.
(&1 Ci)k k(Sn ChkKkEE"'.

Synthesis: If so, compute suchdastributed controller.

Peterson-Reif 1979, Pnueli-Rosner 1990
In general, the problems anrendecidable
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Architectures with shared
ArchitectureA = (P;V;R; W)

1 P nite set of processes/agents
1V nite set of Variables
T R PV : (ax)2Ri areadsx.

I R(a) variablesread by processa2 P,
I R %(x) processeseadingvariablex 2 V.

W PV :(a;x)2 Wi awrites tox.

I W (a) variableswritten by processa2 P,
I W %(x) processeswriting to variablex 2 V.

Example

variables




Distributed systems with shared variables

Distributed system/plant/arena

A =(P;V;R; W) architecture.

I Qx (nite) domain for each variablex 2 V.

a Qra Qw(a) legal actions/moves for process/player2 P .
o 2 Qv initial state

whereQ, = sz, Qy forl V .
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Distributed Synthesis

Given a distributed system and a speci cation
Problem existence/synthesis of programs/strategies for the preses/players
such that the system satis es the speci cation
(whatever the environment/opponent does).

Main parameters
' Which subclass of architectures?

I Which semantics?
synchronous (with our without delay), asynchronol

' What kind of speci cation?
LTL, CLT , -calculus

Rational, Recognizable
word/tree

' What kind of memory for the programs?
memoryless, local memory, causal memo

nite or in nite memory
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An example: Romeo and Juliet

Romeo and Julieagainst theenvironment

Want to communicate through the same communication line.
At any time, one line is broken.

Environmentlooks whereR&J are connected, and then, atomically, changes
(possibly) the broken line.

Romeo/Julietlooks status of lines and, atomically, chooses where to emhn



Romeo and Juliet (continued)

Architecture

Variables:
X1: Romeo's current line.
X2: broken line
x3: Juliet's current line.

Agents: Romeo, Juliet and Environment.

Read/Write table

Q1= 1;2;3;4g
Q2= f1;2;3;4g
3=11,2;3;4g

Romeo | Juliet | Environment
Read | fx1;X29 | fX2;X39 | fX1;X2;X30
Write fx19 fXxsg fXxo0
X1 «—»R ) CRTE i SRR o SRS
IR O read-write ability

o read-only ability




Symmetric architecture

ArchitectureA = (P;V;R; W)

I Restriction:
8a2P; ;& W(@) R(a)
8a;b2P; R@\ W(bh) 6 ;( R(b)\ W(a) 6 ;

1 DependenceaDb() R(a)\ W(b 6 ;| R(b\ W(a) 6 ;

Legal and forbidden architectures

P
B—0
P A
mi
on Qo
oD po
H H
§lor g

Forbidden (not symmetric) OK



Distributed Game/Control

Game ove(P;V;R;W)

" G =(Po;P1;(Qu)xav i ( a)aze ;% W).
1 P = Pg] Pi: partition of the set of players/processes in tearisand 1.
Players of teanD cooperate together against tearh

' Rulesof the game for playea given by 2 Qg Qw (a)-



Romeo and Juliet (continued)

Legal moves: 5

X1:3

Qr@ Qw(a)

01

X1 .
: x2:4 Xo .

1

7‘E—>x1:3




Romeo and Juliet (continued)

Legal moves:, Qr@ Qwa
X1 :3 Xlil;’,‘E—’xl:3
X501 X2 14 X211

A distributed play of the asynchronous system, R&J against E
X1 1 2 1 .
Xy #Il R 3 R 4

1 Jl2 Jja E E Ji1

i#/'\/\E
1 \ / AN

J
1




Distributed Behaviors

A
= f(&dja2P;q2 Qwglf #:d)g,
" (&P D (b;g, R(@\ W()6;, RO\ W(a)6 ;
1 Play: Mazurkiewicz (real) traces ovdr ; D)

A nite play 1#/2\ /1\

1 \J—>J/3 4\.]
2 4 1

1 Move: extension of the current Mazurkiewicz trace follogithe rules.
1 The game is not \position based", nor \turn based".

1 Winning condition: set of nite or in nite Mazurkiewicz traes R( ;D).
Team O wins plays of// and loses plays dR( ;D) n

Romeo and Juliet
W imposes fairness conditions to the environment.
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Memory for strategies

i Each player only has a partial view of the global history.
1 Memoryless: move can depend only on the current state.
i Local memory: a player can remember itsad history.

Causal memory (intuitively, maximal history a player caseole)
1 Players gather and forward as much information as possible.

1 but no global viewthe choice for an action cannot depend on a concurren
event.



Winning strategies

Tuple (fa)azp , Wheref , tells playera 2 P how to play.

Memoryless fa:Qr@ ! Qw) [ Stop
Local memory fa:(Qrea) Qra)! Qw(a) [ Stop
Causal memory fo :M( ;D) Qg ! Qwa [ Stop

R R R
i#/z\E/l\E/??

1 3 4\
S



Winning strategies

Tuple (fa)azp , Wheref , tells playera 2 Py how to play.

Memoryless fa:Qr! Qw [ Stop
Local memory  fa:(Qgra) Qr(a)! Qw(a [ Stop
Causal memory fa : M( ;D) Qg ! Qw(a [ Stop

2
f -maximalf -plays
Given a strategyf = (fa)az2p,, One looks at plays which are

1 consistentwith f ; all a-moves played according th, (f -play).
1 maximal f predicts to Stop for all a-moves enabled at with a 2 P.

Winning strategies
A strategyf is winning inG if all f -maximalf -plays inG are inW.




Finite abstraction of the causal memory

Distributed memory
A distributed memoryis a mapping : M( ;D) ! M satisfying the following
equivalent properties:

1. (m) is recognizable for eacin 2 M,

2. is an abstraction of an asynchronous mapping (cf. Zielonka)

3. can be computed in a distributed way
(allowing additional contents inside existing communiicats (piggy-backing),
but no extra communications).

Strategy with memory
fa:M  Qre)! Qw [ Stop
the associated strategy is de ned by
fa(ta)= fa( (t);0)

If M is nite then f is a distributed strategy with nite memory.
If iMj=1 thenf is memoryless.
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Deciding whether tean® has acausaldistributed (memoryless) WS is undecidabl
for rational winning conditions.

Proof. Simple reduction of the universality problem for rationahte languages.



(Un)deciding games

Proposition: (Folklore)

Deciding whether tean® has acausaldistributed (memoryless) WS is undecidak
for rational winning conditions.

Proof. Simple reduction of the universality problem for rationahte languages.

Peterson-Reif Madhusudan{Thiagarajan Bernet{Janin{\i{&wicz

Deciding whether team 0 has a winnirigcal distributed strategy isundecidable
even:

1 for reachabilityor safetywinning conditions.
1 with 3 players against the environment.




Madhusudan and Thiagarajan (Concur'02)

Setting
i Architecture: A = (P;V;R; W) with R(a) = W (a) foralla2 P.
I Moves: , are built from local moves for variablegx  Qyx  Qx:
Y
a— ax
x2R(a)

I Strategies withlocal memory: associated withariablesand not with agents,
and only predict the next actiongnd not the next state:

feiQcl 28100
action a is enabled by(fy)x2v at some nite playt if
8x2R(@); a2 fy( o, (1)

I The environment decides whidtransition should be taken among the
actionsa enabled by the strategies.




Madhusudan and Thiagarajan (Concur'02)

Restricted control synthesis problem

Given a distributed system and acognizablespeci cation,

Question existence of aclockedand com-rigid non-blocking winning
distributed strategy withlocal memory.

1 clocked fy(w) only depends ofwj.
1 com-rigid a;b2 fy(w) impliesR(a) = R(b).




Madhusudan and Thiagarajan (Concur'02)

Restricted control synthesis problem

Given a distributed system and acognizablespeci cation,

Question existence of aclockedand com-rigid non-blocking winning
distributed strategy withlocal memory.

1 clocked fy(w) only depends ofwj.
1 com-rigid a;b2 fy(w) impliesR(a) = R(b).

1. The restricted control synthesis problem is decidable.
2. It becomes undecidable if one of thed condition is dropped.




Mohalik and Walukiewicz (FSTTCS'03)

1 Controllable actionsR(a) = W (a) is a singletorfor alla 2 Pg.
i Environment actionsR(e) = W(e) = V andP; = feg.
I Moves: ¢ Qv Qv.

I Strategies:local memorywith stuttering reductionso that a playera 2 Pg
cannot see how long it has been idle.

1 Previous settingsvith local memorycan be encoded.

I two constructions to solve the distributed control problesnbsuming
previously known decidable cases.
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Series-parallel architectures

Theorem: PG-Lerman-Zeitoun (FSTTCS'04)

Distributed games withrecognizablewinning conditions are decidable fareries-
parallelsystems andcausalmemory strategies.

De nition : let A =(P;V;R; W) be some architecture.

1A is aparallel productif
P=A] B withR(a)\ W(b)=; forall(a;b)2 A B.

1A is aserial productif
P=A] B withR(a)\ W(b) 6 ; forall (a;b) 2 A B.

1A is series-paralleif it can be obtained from singletongRj = 1) using serial
and parallel compositions.

1A is series-parallel i the associated dependence relatioesinot contain a
P,: a—b—c—d as induced subgraph.

1 Behaviors of series parallel architectures are serieal{@hposets.



Proof outline

Team 0 has a WDS) it has a WDS with a\small" distributed memory.
Induction on

Di cult case: serial product.

A B A

1. AWS onA] B induces WS on the restrictions of the game foandB.
2. Replace the WS o\, B by WS with small memory (induction).
3. Finally, glue together these WS oA and B to obtain a WS onA [ B using

small memory.
Main problem

Team 0 must know on which small game it is playing.
Team 0 has to compute this information in a distributed way.



Embedding causal memory inside games

Proposition: PG-Lerman-Zeitoun (LATIN'04)

For a distributed gameG and a distributed memory , one can build a gamé&
such that

team 0 has a WDS irG with memory
i
team O has a memoryless WDS @& .

Proof.




From distributed to sequential games
Theorem: PG-Lerman-Zeitoun (LATIN'04)

Given a nite distributed gamdgG; W), we can e ectively build a nite sequentia
2-players gameé@;‘fN) st. the following are equivalent:

I There exists anemoryless distribute®VS for team 0 in(G; W).

I There exists a memoryless WS for player 0@ W).
' There exists a WS for player 0 if©; V).
Moreover, ifW is recognizable then so Y}
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2-players gameé@;‘fN) st. the following are equivalent:

I There exists anemoryless distribute®VS for team 0 in(G; W).
I There exists a memoryless WS for player O( W).
' There exists a WS for player 0 if&; ).

Moreover, ifW is recognizable then so Y}

Naive ideaConsider the game on the global transition system.
Main problemThe controller has more information than its causal memory.



From distributed to sequential games
Theorem: PG-Lerman-Zeitoun (LATIN'04)

Given a nite distributed gamgG; W), we can e ectively build a nite sequential
2-players gameé@;‘W) st. the following are equivalent:

I There exists anemoryless distribute®VS for team 0 in(G; W).
I There exists a memoryless WS for player O( W).
' There exists a WS for player 0 if&; ).

Moreover, ifW is recognizable then so Y}

Consider the game on the global transition system.
The controller has more information than its causal memory.

Solution

1 The opponent controls the linearization to be played.
1 Using reset moves, he can replay di erent linearizationstfte same play.

1 The winning condition?V makes sure that the strategy followed by the
controller is indeed distributed.



Open problems

1 Generalization to arbitrary symmetric architectures.
1 Generalization to non-symmetric architectures.
1 Reasonable upper bounds for synthesis?
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Pipeline

Restrictions

Pnueli-Rosner (FOCS'90)

Unique writer:jW %(x)j =1 for allx 2V

Unique readerjR *(x)j =1 forallx 2V

Acyclic graph (0-delay)

No restrictions on moves:a = Qra) Qw () foralla2pP.
Synchronous behaviorsPglo?  whereq” 2 Qy are global states.
program withlocal memory f, : QR(a) ' Qw foralla2P.

Speci cation: LTL over input and output variables only.

I Input variables: In = W (environment)
I output variables: Out = R(environment)




O-delay synchronous semantics

Example
W—2]
&
V)—{ b2
Programs:f, : Q,! Qx andf,:(Qx Q,) ! Q.
up Uuz U3 |
i Input: 2(Qu Q).
Vi Vo V.
o - ° 1
up Uz Us
. Behavior: & Y1 V2 V3
1 X2 X3
Z1 2y Z3
. Xn = fx(uz  up)
with n X for alln> 0.
Zn = fo((X1;v1) (Xn;Vn))




Undecidability

ArchitectureA,

Pnueli-Rosner (FOCS'90)
The synthesis problem for architectuf®, and LTL speci cations is undecidable.




Decidability

Pipeline

Pnueli-Rosner (FOCS'90)

The synthesis problem for pipeline architectures and LTleggations is non ele
mentary decidable.

Peterson-Reif (FOCS'79)

multi-person games with incomplete information.

=) non-elementary lower bound for the synthesis problel
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Decidability

Adequately connected sub-architecture Qx=Qforallx 2V
©— —®
O— —@

Pnueli-Rosner (FOCS'90)

1 An adequately connected architecture is equivalent to agton architecture.

I The synthesis problem is decidable for LTL speci cationglgipelines of
adequately connected architectures.




De nitions

Causally well-connected

Visibility( z): set of input variabless such that there is a path fronu to z.

The architecture iscausally well-connecteifi there is a (uniform) way to route
variables inVisibility( z) to z for each ouput variable.

Example Qx=Qforallx2V
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Causally well-connected
Visibility( z): set of input variabless such that there is a path fronu to z.

The architecture iscausally well-connecteifi there is a (uniform) way to route
variables inVisibility( z) to z for each ouput variable.

Example Qx=Qforallx2V

The architecture is causally well-connected if thapacity of internal variables
is big enough

If the architecture iscausally well-connectethen we can useausal strategies
instead oflocal ones.



Causally well-connected

Theorem (PG, Nathalie Sznajder, Marc Zeitoun)

The synthesis problem for @ausally well-connectearchitecture isundecidablaf and
only if we can nd two output variables; z°2 Out such that the setsVisibility( z)
and Visibility( z% areincomparable
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Theorem (PG, Nathalie Sznajder, Marc Zeitoun)
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Causally well-connected

Theorem (PG, Nathalie Sznajder, Marc Zeitoun)

The synthesis problem for @ausally well-connectearchitecture isundecidablaf and
only if we can nd two output variables;z°2 Out such that the setsVisibility( z)
and Visibility( z% areincomparable

Proof. Only if part

b
b6 b o

Theorem: Kupferman-Vardi (LICS'01)

The synthesis problem wittiocal strategies is decidable for pipeline architectu
and CTL speci cations (or tree-automata speci cations)n all variables

[€
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Decidable architectures

Examples

Finkbeiner-Schewe (LICS'05)

All these architectures are undecidable if we allow speations onall variables
(information fork criterium).




Open problems

I Characterize decidable architectures for

I input/output speci cations
I without the causally well-connectedness assumption




Open problems

I Characterize decidable architectures for

I input/output speci cations
I without the causally well-connectedness assumption

1 InvestigateRobust speci cationdor synchronousarchitectures.

Decidable with asynchronous semantics
Undecidable with synchronous semantics




Kupferman-Vardi (LICS'01)

Ring

' Unique writer: jW (x)j=1 forallx 2V

1 Possibly several readers

1 Possibly cyclic graph (1-delay)

' No restrictions on moves:a = Qra) Qw(a foralla2pP.

' Synchronous behaviorsPg*?  whereq” 2 Qy are global states.
I program withlocal memory:f, : QR(a) ! Qw foralla2P.

1 Speci cation: CTL overall variables.




1-delay synchronous semantics

Example
W— 2]
(X
V)—> b2
Programs:f, : Q,! Qx andf,:(Qx Q,) ! Q.
. up Uuz U3 I
I Input: \61 Vo Vs 21(Qu Q) -
uUp Uz U3
. Behavior: B, V1 V2 V3
1 X2 X3
Z; Zp 173
. X =fy(uy up)
with n+oT X foralln> 0.
Zpi1 = f2((X1;v1)  (XniVa))




Decidability

two-way chain

Kupferman-Vardi (LICS'01)

The synthesis problem is non elementary decidable for
I one-way chain, one-way ring, two-way chain and two-way ying
i CTL speci cations (or tree-automata speci cations)n all variables
1 synchronous, 1-delay semantics,
1 local strategies.
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